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On the Unstable States in Quantum Field Theory 
Tetsuo GOTO 


Departmen: of Physics, College of Science and Engineering, 
Nihon University, Tokyo 


(Received July 25, 1958) 


The unstable state in quantum field theory is investigated. Its properties are studied 
in detail by making use of Lee’s model. The renormalization procedure is proposed and the 
corresponding Z-factor has values only between zero and unity. In the limit of g (the coupl- 
ing constant) =0, the Z-factor becomes unity in contrast to Naitd’s Z-factor which becomes 
one-half: 


§ 0. Introduction 


Recently many authors”? have investigated the properties of an unstable 
particle. Araki et al.” proposed two methods for defining the mass and lifetime 
of an unstable particle. The corresponding Z-factor, however, can take values larger 
than unity, or negative or complex values and this causes the well-known difficulty 
of renormalization procedures proposed by them. Nait6* investigated the produc- 
tion and the decay of an unstable particle in the stationary treatment and defined 
its physical state. The physical state of an unstable particle defined by Naité is 
essentially identical with the “approximate eigenstate” proposed by Glaser and 
Kallén. The Z-factor cannot take any value except OS<Z<1 and it is interpreted as 
the dissociation probability. However, Naitd’s unstable state has a curious property. 
In the state defined by him, the cloud of 46-particles leaks out appreciably to the 
region where the distance from the centre is larger than 1/# (#: mass of a @- 
particle). The region in which a @-particle is found becomes larger as the coupl- 
ing constant becomes smaller. This curious fact causes the curious properties of 
the Z-factor which tends to one-half instead of unity at the weak coupling limit. 
Nakanishi” treated the problem of an unstable particle by an interesting method. 
However, his treatment is a mathematical generalization of quantum field theory 
and the physical meaning is not clear. We, therefore, investigate the unstable state 
in quantum field theory by a method the physical meaning of which is clear. . 

A physical stationary state is defined as an eigenstate of the total Hiamiltopiae 
with an appropriate boundary condition. For simplicity, we employ Lee s model. 
The physical state of a stable V-particle is obtained from the stationary Schrédinger 


equation H|¥,>=E|¥,.> with the boundary condition that there are no 0-particles 


at sufficiently large distance. The Schrédinger equation with this boundary condition 
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becomes the equation to determine an eigenvalue of energy E which corresponds 
to the mass of the clothed V-particle. With the boundary condition that at suff- 
ciently large distance there is a @-particle which is a plane wave or an outgoing 
wave, the Schrédinger equation is not the equation to determine an eigenvalue 
of energy but only the equation to decide the behaviour of a state which has an 
arbitrary energy. The state is called a “scattering state”. It is well known that 
boundary coonditions are determined according to physical reasons. An unstable V- 
particle decays into an N- and a @-particle. A 6-particle which is emitted from an 
unstable V-particle is composed of only outgoing waves. Thus we expect that the 
Schrédinger equation with an appropriate boundary condition which is determined 
according to such a physical reason describes an unstable state. 

In $1, the general properties of asymptotic behaviours are discussed in stable 
and also in unstable states. The relation between the pole of the one particle pro- 
pagator and the eigenvalue of the total Hamiltonian is also considered. In the later 
sections we employ Lee’s model® and study in detail the properties of an unstable 
state. In § 2, we shall derive the equations which determine the energy eigenvalue 
for an unstable V-particle and it will be shown that the equaticn will be identical 
with that given by Araki et al. In §3, the properties of the state vector for the 
unstable state derived in §2 are discussed and hermitian and non-hermitian pro- 
perties of the total Hamiltonian are considered. It is shown that the state of the 
unstable particle does not belong to the so-called ‘‘ Hilbert space”? spanned by 
ordinary states (scattering states etc.) 

The renormalization procedures are proposed in § 4 and the Z-factor is consi- 
dered and it is shown that the Z-factor is interpreted as the dissociation probability 
of the physical unstable state. Our Z-factor is essentially identical with that pro- 
posed by Nakanishi. The arguments of this section are analogous to those in the 
theory of nuclear disintegration. To understand the nature of the physical unstable 
state, we briefly study its time development in § 5. 


§ 1. General properties of “ asymptotic behaviours ” 


We will begin to examine the eigenvalue problems and corresponding boundary 
conditions in quantum field theory. For the sake of simplicity, we consider the 
case in which a-neutral scalar field ¢ interacts with a Dirac field ¢. The total 


Hamiltonian H is decomposed into two parts, the free part H, and the interaction 
part H,; 


each Wel | (1-1) 


H, contains the mass renormalization terms 0/2 ¢ and 0m dy. Now let us consider 
the eigenvalue problem of the Schrédinger equation 


FY Oy = BEY, (1-2) 
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i) The case of a stable boson state. 


(Pole of one particle propagator and 
energy eigenvalue.) 


At first, we consider the one particle state of a stable boson. _ In this case, the 
state vector is given by 


IZ) =U(0, —2)|g,) (1-3) 
where He = Ee, (1-4) 
and the matrix element (¢,|H,|%) is easily calculated and the result is 

(Go| 7, | 7) =0, (1-5) 
i.e. {| H,U (0,— ©) |g) =0. (1-6) 
From (1.6), it is easily proved that 

{Go| (t) U (z,— 00) |e, =0 (1-7) 

where the operators are expressed in the interaction representation. Phiedthing 
(1.7) from t=—co to t=+ oo, we obtain 


(gl dtl (UC =) |¢0)=0, 


1.e. {| (S—1) |e.) =0. (1-8) 


From this equation, we can determine the renormalization constant 0 and it is 
clear that this procedure is equivalent to the procedure to determine dy” from the 


pole of a one particle propagator. 
To investigate the asymptotic behaviour of the state, we expand the state | ¥) 


into free particle states, i.e. 


|) =c* (0) 0) + |dx dy g(x, y)a* (x) b*(y) 0) (1-9) 
+ deve ere 
where ie eye \ dk e'** a*(k) 


b* (x) =| ak e** b* (Ik), 


and a*(k), b*(k) and c*(k) are creation operators of a fermion, an antifermion 
and a boson of momentum fk, respectively. |0) is the free vacuum state and ¢(x, y) 
is given by the following equation: 

g(x, y) =Ola(x)b(y) |") (1-10) 


where a(x) and b(y) are hermitian conjugates of a* (x) and Bm ‘y ): 
According to the formal solution of | 7 , equation (1,10) is written as follows : 
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9 (8, y) Ola) Cy) mail 


=| ak en tker—y) (lak) b(—k) |?) idan 


FoF 


where we assume that the total momentum is zero. 
Integrating the angular part, we obtain 


1 
ee ATR Bn 
E-—2V B+-m? (*) 


o(x, y)~|k dk ev 


and from this expression we can gain information about the asymptotic behaviour 
of g(x, y). For the stable boson, E=#<2m and thus g(x, y) vanishes as |x— 
y|=r goes to sufficiently large values. (Of course, we assume F(k) has no sin- 
gularity on the real axis of the &-plane. This assumption is very plausible.) 


ii) - Unstable case. (> 22) 

The stable one particle state is a solution of the Schrédinger equation (1-2) 
with the boundary condition that at an infinite distance from the centre of gravity 
fermions, antifermions and bosons do not exist. (This statement is not exact, for 
the true vacuum state contains fermions, antifermions and bosons and thus as the 
distance goes to infinity the state contains fermions, antifermions and bosons which 
belong to the vacuum state. Therefore, the boundary condition should be correctly 
stated as follows: as the distance goes to infinity, the state goes to the vacuum 
state.) 

For the unstable boson, we decompose the total Hamiltonian H into two parts, 
ie. H, and H,. By analogy with the stable case, H, contains a complex mass and 
H, has the complex mass renormalization term. However, to preserve hermiticity 
of the total Hamiltonian in the ordinary sense, we have to relate the imaginary 
parts of the mass and the mass renormalization term. That is 


Im “=—Im dp’. 

Now, we intend to solve the Schrédinger equation (1-2) with the following 
boundary condition: As the distance from the centre of gravity goes to infinity, 
the state contains only outgoing fermions and antifermions. The eigenvalue cannot 
be real, that is, the total Hamiltonian is not hermitian because the boundary condi- 


tion is such that probability is not conserved. For the unstable, just as for the 
stable particle, we can derive the equation (1-5), i.e 


(G0'|H,| ¥) =0 . (1-5) 
where Hi! |\¢o') =E* |g’). 
The formal solution of (1-2) is given by the equation 


1 “ 
PT lel eae H,|¥). (1-13) 
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The singularity of (1-13) must be determined by boundary conditions. 


For ordinary cases, i.e. for boundary conditions which 
preserve hermiticity of the Hamiltonian, the singularity 
is determined as follows: 


ae gb Pie 
E— H, E—H,+ie 


SS prea . . 
In the case of an unstable particles, E is complex and 


hence there is no singularity on the real energy 

a) ordinary case axis. However, there exists a pole in the lower half 
plane of E and we must take account of this pole. 
(See Fig. 1) 

This is just equivalent to taking into account the 
boundary condition for the decaying state. To see 
this fact, let us consider the component of the state 
which ‘contains only a fermion and its anti-particle. 
Its amplitude is 


eg se 


#8 \ kdke'™” 


ee G2 
E— 3 m+ Re @) 
b) ‘unstable case 


irV w?—m? 
Fig. J bach path of w | ~| dw e E_ ae a in) 


where the integration path is given in Fig. 1 b). 


Thés o(r)~Cene jade e® et Silt) (1-14) 
where ~,=pfp—ip; and C is a constant. 

The second term vanishes and the first term increases exponentially as 7—>0o. As 
is seen, there are only outgoing waves of a fermion and an antifermion. 

Now, it is clear that the formal solution (1-13) with the specification of ts 
singularity is obtained by analytical continuation of the ordinary case. (See Fig. 1) 
Hence we can determine the renormalization constant 0° with the pole of one 
particle propagator which is continuated analytically to the lower half plane as a 
Then the second method proposed by Araki et al. can be 


function of energy. 
In this paper, however, we do not intend 


extended to more general field theory. 
to discuss the general case, but study in detail the structure of the unstable state 


by making use of a special model, i.e. Lee’s model. 


§ 2. The eigenvalue problem for an unstable V-particle in Lee’s model 


In this section we consider the eigenvalue problem in Lee’s model. . To make 
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the boundary condition clear, we use operators represented in configuration space. 
The Hamiltonian of Lee’s model is 


H=m, $+ fy +m oy fy +myw ox Pvt jax at (x) (2— #)'Pa(x) 
_ “4 jax dx! p(x) Y(x—x’)[a(x') f} ¢yt+herm. conj.] (2-1) 


where a(x) =|dk a(k) e 


a* (x) =hermitian conjugate of a(x) 


Y (x) =1/ (27) ud dk e~*** (p24 f2) "4 
p(x): a cut off factor 
a(k): an annihilation operator of a @-particle of momentum k. 


It is clear that a(x) and a*(x) are annihilation and creation operators of a @- 
meson at the point x. 7%, my and fe are the “bare”? masses of V-, N- and @- 
particles respectively and g is an unrenormalized coupling constant. To avoid am- 
biguity in the calculations, we introduce the cut off factor o(x) which suppresses 
divergences at small distances. In our case, there is no eigenstates whose eigenvalue 
is smaller than my+y. (We consider the sector (N, @: V) in which a bare-V 
particle or an N-and a @-particle are present). State vectors can be expressed in 
general as follows: 


8) =C|V)+| dx o(x)a* (x) |N) (2-2) 


where |V)=¢7|0>, |N)=¢x|0) and |0) is the vacuum state. Operating with 
the total Hamiltonian H on this state, we obtain 


H\P)=[mC— 9 |dx F(x) ¢(x)]|V) (2-3) 
+ |da{ (my-+ Wea) 4) 9 (x) ~=CgF (x) a" (x) |N) 
where F(x) =| de’ p(x’) Y(x—x’). 


Now, we study the Schrédinger equation 
Al P)=£|P) (2-4) 


with the boundary condition that as r=|x| goes to infinity, there is only an outgo- 
ing @-particle, or more precisely, 
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lim Y(r) ~sem (2-5) 


where Re K>0. 


The physical meaning of this condition is that at large distances there is only a 
decay product emitted by the unstable V-particle which was located at the origin. 


From equations (2-3) and (2-4), the equations for e(x) and C are derived 
as follows: . 


C(E—m,) +59 \F(#)9(@) dx=0, 


[E—my— (—#)'*]9(x) = as 4 CF(x) 
or 
[(E—my)*—p? + #]g (x) = He 9G [E=myt+ (O— 4) F(x) 4286) 
and what we have to do is to solve equations (2-6) under the condition (2:5). 
Setting 
g(x) =u(r)/r 
F(x) =f(r)/r 


=1/r-: in| ik ooh oe 


(2+ Rk) 


we can write the third of eqs. (2:6) as below: 


> 


[(E—my)?— po + 


sy] u(r) =~ C9(0) 


where 


g(r) =in| dice Ems RHE], | (2-7) 


The solution of (2-7) which satisfies the boundary conditions 
i) u(0) =0 
ii) lim u(r) ~e” Im A>0O 


rao 


is easily obtained and the result is 


SOLON epee NN ye perey hie | eee / 
u(ry=— 22 ete | ar! gr! far! e'g(r')} 
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where — A?=(E—my)*?—--. (2-8) 


Substituting this solution in the first of eqs. (2-6), we have the equation to 


determine the energy eigenvalue, i.e. 


Cwwelnip +2ng| "dr bernr Gao. (2-9) 


Here, we have to keep in mind the following fact: the eigenvalue equation (2-9) 

is meaningless if the integral | dr u(r) f(r) diverges. The convergence condition 
0 

for this integral restricts the magnitude of Re A. The function f(7) decreases as 

e~"” where u(r) behaves as e*” for large r. Then the convergence condition for 


the integral is 
ke Ace 


If Re A>yp, eq. (2:9) has no meaning and hence the eigenvalue problem does 
not hold. 

We intend to rewrite eq. (2:9) by means of the Laplace transform. The 
Laplace transform and its inverse transform of u(r) are given as follows: 


u(s) =|"ar Cr ary Re s>s, 
C+to 
u(r) = | ds u(s) e™ U2 s.. 
271 C-ia 


The function f(7-) can be written as follows: 


SN ee fe kp(k) ikr 
f(r) sin ak eer Fo) 


=in| dk oth) oars 
—o+ip (pv + R°) / 


Setting k=is, we obtain 


f(r) =| “ds 2) om 


+p (2—s)1A 
Cc 
. . ® Substituting these formulae into eq. a 9), we have 
Fig. 2. Integration path C) the following equation, 


E—m,) +273 7 f\a \ seis) Pe 
( 0) 75 ru(r) one ayn =—0 
or 
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ie 9 0 , 
(E— my) + 27°; C ote, u(s) =0. (2-10) 


(For the path C,, see Fig. 2) 
By a similar method, we can obtain the expression of u(s) : 


(E—myt+V #—0°) x 


u(s) = ECL doe ia) 
2 @ (p2—o2)1h 


-: i 
(o— A) (o +s) (s— A) 


where — A’=(E—my)?— 2 


(2-11) 


From (2-10) and (2-11) we have the following equation which determines the 
energy E: 


(E—m,) —'g*\ ds |ae se (ts) op (ic) Ga Abt oases 


IE Cane peas?) lie (pil Ea) 


x : =) (2-12) 
(o— A) (o+s) (s— A) 


As is proved in the Appendix, it is possible to represent (2-12) as follows: 


1 
B—m,—*gi\ ds emt my+V B= 8) 5, =, 


or by virtue of the definition of A 


mde apie: se (is) 1 =—() 2.13 
(E—m,) ngtil lV a a a fl Fa le ( ) 


where the path J’ is shown in Fig. 3. 


+ip 


Fig. 3. The path Fig. 4 The pathes I’ and I” . 
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By putting s->ik, (2-13) becomes 


Pw) 1 ae ¥ 
6g°\ dk —=0 (2-14) 
(E— My) +7°9 ‘\. - VE B+ pe E—my—V P+ 

where J” is shown in Fig. 4. ; 
Deforming the path /” to /”’, we can obtain the same formulae given by Araki 
et al. (See Ref. 1) eq. (3-6)), that is, 


LP k'dk 2(b V f+ R—m,+ mn 4+ Anig?y , 
Mo gE g \, V E+E ( ) (/2+k+my— m,)?+72/4 ff 
ko? (k) 1 = T72e 
1+ 27%9*\ dk —— - - = 4r'grt 
2 | 7 v\, V2 (/4+k+my—m,)?+72/4 
where 
o(V (E—my)?—) V (E— my)? — 2 =§—-i7, , (2-15) 


E=m,.— ae 


a 


§ 3. The state vector for the unstable state in Lee’s model 


The state vector obtained in the last section cannot be normalized in the or- 
dinary sense, since the amplitude ¢(7) increases exponentially as 7 goes to infinity. 
This is inherent not only in quantum field theory but also in all stationary treat- 
ments of unstable states in wave theories. For example, in the case of the spon- 
taneous a-disintegration of nuclei, the same situation appears. At r—oco only the 
decay product emitted by unstable states is present. Thus we obtain the knowledge 
of decay products by studying the state vector at roo. For example, we will 
study the momentum distribution of decay products. For the measurement of 
momentum we have to make observations in a large region of space and hence 
the momentum distribution of the decay product is given as follows: 


f(p)=I| dr u(rye™|/ adr u*(r)u(r) (3-1) 


where R, and R,—R, go to infinity after the integrations are performed. The 
evaluation of (3-1) is easy and the result is 


f(p) =2Az/|(Ar— p)?+ Az’) (3-2) 
where A=AptiAy. 


As is easily seen from (3-2), the momentum distribution of decay products has a 
maximum at p= A, and its width is given by Ap,. 

_ We shall consider the reason why Glaser and Kallén could not obtain the com- 
plex eigenvalue. As the unstable state obtained in the last section cannot be nor- 
malizable, it is not contained in the space spanned by ordinary, normalizable states. 
Though the total Hamiltonian is hermitian in the so-called “Hilbert space” of 
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ordinary states, our unstable state does not preserve hermiticity of total Hamiltonian, 
To derive the eigenvalue equation, Glaser and Kallén expanded the eigenstate | 7) 
‘into only normalizable states and hence they took account of only the ordinary 
Hilbert space which preserved hermiticity of the total Hamiltonian. This is just 
the reason why they could not obtain the complex eigenvalue of the total Hamil- 
tonian. Contrary to the result of Kallén, ours is the same one as that given by 
Araki et al. who obtained it by analytical continuation of the S-matrix. This fact 
corresponds to the arguments given by Mller” in quantum mechanics. 

Our state has the main part at large distances, only a small portion is found 
near the origin. This is interpreted as follows: At the beginning, the main part 
of the particles is near the origin and then it decreases as the time elapses. As 
the V-particle probability decreases the decay products increase and run away far 
from the origin. At last, after infinite time, there are only decay products at infinite 
distances from the origin and there is nothing near the origin. Our state corres- 
ponds to this fact and represents the asymptotic expression of the state after infinite 
time. In section 5, we will study the time dependent development of the unstable 
state and the above statement will be shown more concretely. In such a treatment 
of the unstable state, it is sufficient to take account of the ordinary Hilbert space 
and then hermiticity of the total Hamiltonian is preserved. 


§ 4. Renormalization procedures and the clothed 
state of an unstable V-particle 
Now, we shall consider the procedure to remove the divergences which appear 
in the limit of p(x) going to 0(x). For this purpose, let us study the eigenvalue 
equation (2-15), 1.e. 


WOptmn—M, 


at wake 12> 
= aol a= 6 2 3! 2 k +47 g 
dm=m,— Ms 2nig?| Oz er i Ce SEALE ref : 
Ts. 672 ° ke dk lk 1 | —4nigeé 
9 {1 + 27°¢9 aie pe ( nary i 
where Op=V Pe (2-15) 


é—in=p?(V/ (E—mn)?— 2) V (E-my)—B  E=m— (i/2) re 


It is natural to define the mass renormalization constant Om by the first of eqs. 
(2-15). The main problem of renormalization procedures is how to define the 
charge renormalization constant 7. As the interaction strength for the decay process 
is closely related to the decay constant 7s, a clue to the charge renormalization 
he equation to determine the decay constant 7.. 

das a mean value of the momentum of an outgo- 
hand side of the second of eqs. (2-15) as 


procedure may be contained in t 

In eq. (2-15) € is interprete 
ing meson, we can rewrite the right- 
_ follows : 
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Ani gp E~ An! g* p?(@)@E (4-1) 


where ® is a mean energy of an outgoing 0-partible and v is its velocity. (Of 
course, we assume that »~((E—my)°—/”) ~p(@).) 

Now, let us consider the behaviour of @-particles. As is seen from the express- 
ion for u(r), ie. eq. (2-8), the incoming wave is present only in the region rsl1/p 
and in the region 7>1/y there is only the outgoing wave. Thus we can interpret 
that the wave function w(r) in the region 7>1/f represents decay products only. 
And then, defining the wave function in the region r<1/y as the clothing of an 
unstable V-particle, we will calculate 47|u(r.)|?(7-~1/) which is the probability 
of finding @-particles on the surface of a clothed V-particle. Assuming “>Re A, 
we obtain an approximate expression for u(r,) : 


=I (a(—A) —9 (A) ee (4-2) 


u(r) ~ 
where g(A)=| dr e-* g(r) 
vO 


and we have used the following approximation : 


(if FPGA g(r) ~|"ar e*“” 9(r) 


|" dr e” g(r) ~0, 


Te 


since g(r)~e-* as r is large. From (4-2) and the expression for g(r), it is 
easily found that 


Ar |u(1.) P~47%g%¢*(@) oC? (4-3) 


(Of course, ¢(H#)~p(@), etc., are assumed.) 
By comparing (4-3) and (4-1), the following relation is obtained : 


4 aS 
4x! PS =~Ar|u(r,) |? vO (4-4) 
and hence the decay constant y, is expressed as follows: 
a 2 
Ya Az |u( 7.) |" OE d 
0 Wr (2;— My — on) +72/4 


It is natural to interpret the decay constant 7, as_ the product of the probability 
A|u(r,) |? of finding the @-particle on the surface and_-its escape velocity wv. 
Then, setting 

WD 


cl 2ntg{” Bak iog) : | 
Ox (ox +my—m,)+72/4 


=1, (4-6a) 
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we have 


7s=47|u(r,) |? v. (4-6b) 


In order to interpret 47|u(r.)|? as probability, we have to determine C? as the 
normalization constant of a clothed unstable state and then it is given by the follow- 
ing equation : 


C?=1+42 edt u*(r)u(r). (4:7) 


From the above discussion, it seems to be natural to identify C? as the charge 
renormalization constant. Z. Then the charge renormalization procedure is as 
follows : 

9-=Z9 =C* &, (4-8) 
where ¥, is a renormalized coupling constant. 


By considering (4-6a), it is seen that 
} 2 


Z = 2 ’ (4-9) 
1+2ntge| a 0(R) J 
OK (mytop—ms)? +72/4 
and hence it is clear that the Z-factor satisfies the following inequality, 


05-42-51, (4-10) 


Contrary to Naitéd’s definition, ours goes to unity in the weak coupling limit. 

To conclude this section, we study the relation between the Z-factor (=C’) 
and the factor (1/14 27°9?|\dk---) =Z, 
The state in which Z, is interpreted as the dissociation probability is expressed as 
follows : 


Jn =Zd"| |V-+R9 | dl (=) "oe ane ag|N)]. (4-11) 


This state is identical with Naitd’s physical state of an unstable V-particle. The 
region of this state in which @-particles are found is r<<1/A, and as the coupling 
decreases this region increases. To compare the clothed unstable state with the 
state (4:11), we decompose u(r) -6(r.— r) into its Fourier components. By virtue 
of g(r)~0 for r>1/p, the Fourier component v(k) of uUtPO C71) Is as 


follows : 


EY =7gC 1 | 24 argc”) sin kr 
BE Fragen Baas Js 


e = (k= Aly Sf eg GRAD Fe 
— (g(r) sin iAr dr|(ik+ A)e ' + (ik—A)e || 
: (4-12) 
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The second term of (4-12) is zero for k<|A| and it rapidly oscillates and then | 
becomes effectively zero for k>yv. For k= +7A, however, the second term is equal } 
to the first one, but the sign of the second term is opposite to that of the first 
one. Then, v(k) has no pole at k= -+7A. As the first term is identical with the | 
amplitude of a 0@-particle of momentum & in the state (4-11), the state of the | 
unstable particle is nearly equal to the state (4-11) excepting the region near the 
momentum k=+iA. Thus we can write the unstable state as below : 


|wy=c[ Iv) +29 {ak (2% Ro 2 FO) ___a,* IN) | 


Ox Ms— My— W,— 1735/2 


where 1 PRS 1 near the point k= +A, 
= otherwise . (4-13) 
This state is identical with the physical unstable state proposed by Nakanishi. Then | 


we can write the Z-factor as follows: 


Z= (4-14) 


1+2ng| ae REO —-fOF 


On : (m,— my — wz)? +7°./4 


§ 5. The time development of unstable states” 


In the foregoing sections, we have studied the stationary treatment of unstable 
states. The stationary Schrédinger equation for unstable states has been treated as 
an eigenvalue problem. We shall study, in this section, the time development of 
the unstable state and the time-dependent Schrédinger equation will be considered 
as an initial value problem. The basic equation is 


i<_|PO)=H|PO) (5-1) 


where Poy =( ah a(k,t) a*(k)|N)+6(4)|V). 


In this case, the state |V(z)) is normalizable and we can expand the state | %(z)) 
into ordinary eigenstates of the free Hamiltonian, which are normalizable and ‘pre- 
serve hermiticity of the total Hamiltonian. From (5-1), we obtain the simultaneous 
differential equations for a(k, t) and b(t) : 


ja Cre ACs yA), 
0b 0 


With the aid of the Laplace transformation, the general solutions of (5-2) are 
easily obtained : 


On the Unstable States in Quantum Field Theory 15 


b,+iglae 60). __a() 

b(E) = bn“ peril 20K E+i(my+ox) 
E+im,+¢"\ dk Ok) 1 

20K E E+i(my+or) 

cee anci: paraent a panes 


ss 6 ah ies b(E ‘ 
E+i(my+ox) Ve E+i(my+ox) ! a ae 


where b(E) and a(k, E) are Laplace transforms of b(t) and-a(k, ¢) respectively, 
1.e. 


b(h) =|" at e-F* b(t) 


a(k,E) =|ae e- alk, t) 
0 


and 4, and a°(k) are initial values of U(¢) and a(k, 2), ie. 

bG—0) =D) | 

Gb, £=0) =a (kh), 
From (5-3), we can obtain a(k, t) and b(t) by means of the inverse Laplace 
transform, that is, 


eee | de e” b(E) 


71 J —two+e 


1s —tm+e 


Ags )= hl de oe alk, EB) e>0. (5-4) 


To perform the integration of (5-4), it is useful to take advantage of the analytical 
properties of b(E) and a(k, E). The denominator of b(E) is identical with the 
one particle propagator Sy’ which has already been investigated by Araki et al. 
When the state (4:13) is taken to be an initial state |¥(0)>, it is seen that the 
time variation of this state is given by e~"”s ‘—G,/4|(0)) and the wave front of 
@-mesons is placedat r=v¢ for sufficiently large time, where the velocity v is given 
by 
~9[ (m,— my)? — ff) ?/ms— mw. 

The physical meaning of the above fact is clear and the norm of the state vector 
|%(t)) is conserved, hence the total Hamiltonian is hermitian. That is, the decrease 
of the norm of |¥(0)> is compensated by the increase of the norm of the state 
composed of an N-and an outgoing 6-particle. 


§ 6. Discussions 


Nakanishi’s exact state of the unstable V-particle has zero norm contrary to 
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our state which is not normalizable. Though we are very much interested in his 
treatment, it seems to us that the physical meaning of his state is not clear. Under 
what boundary condition did he solve Schrédinger equation H|%)=E|¥)? What 
kind of relations are there between the exact and physical states of the unstable 
V-particle? It seems to us that the procedure to construct the physical state from 
the exact state is only artificial. 

Our eigenstate of the total Hamiltonian is composed of the decay products and 
the physical unstable state. The separation of the physical V-particle from the 
eigenstate is not unique. But the meaning of the separation is clear. The uncer- 
tainty presented in the treatment of the decaying state may be inherent in the © 
fundamental nature of quantum theory. In the preceding sections, we have supposed 
that the surface of the unstable state is sharp, but this is not essential in our 
treatment. We need to assure only that the cloud of @-particles decreases rapidly 
near the point r~7r,. We are unable to define the behaviour of the cloud precisely 
because the interaction region has a tail. In the theory of nuclear reactions the 
same situation occurs. (See Ref. 8) and 9)). Our treatment is the natural appli- 
cation of the method used in particle mechanics to the field theory. There is no 
drastic reformulation of the field theory. 

The author wishes to thank Professor R. Utiyama for his kind guidance and 
encouragement. 


Appendix 


=A 
» Fig. Al. Fig. A2. 


We intend to calculate the integral (2-12) 


I=\ do\ds F(s)Glo ee 
\. [as so) <1 ietsaaheteans Ay GELS 


where F(s) and G(s) are odd functions of s. 


Setting s=—co, we obtain 
- 1 
I=|de [as F(s)G(c) (A-1) 


 (s—o)(s— A) (o+ A) 
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where the path C,’ is shown in Fig. (A-1). 
By deforming the path C, and C,’ into I’, and 1, the integral J is written as 


_ follow: 


I=\do \ds F(s)G(o). vat, 
\g ig MS PES GLA (OA) ‘soi 


where /’, and I’, are shown in Fig. A-2. 
We can write (A-2) as follows: 


T=2ni\ds F(s)G(s)— "4 Ngai las Fs) Glo ~~ 
IF st— A? |¢ [as Sees | Gis (s— A) (o+ A) 
! (A-3) 
From (A-2) and (A-3), the integral J becomes as follows: 
I=ix\ds F(SG dee 
in|ds F(s) @s45 
+3 (ds ae : | 1 _(¢s— A) (F(a) G(s) —F(s)G(o)) © 
Gini e ee Aty (etAR lL. Geao 


+A (F(c)G(s)+F(s) G(c))], 


where we choose the path /,=/’,=J" since the integrand has no pole on the in- 
tegral path. It is easy to see that the second term becomes zero because F(s) 
and G(s) are odd functions. Then we obtain 


I=ix|ds F(s) G(s) 


s—A 
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Building up of the elements in stars by helium capture, neutron capture and proton 
capture is considered. A possible model for the formation of the iron peak is presented. A 
new neutron source is suggested. 


$1. Introduction 


A whole evolutionary scheme of the universe (including the stars and the 
interstellar gas) was proposed by Taketani, Hatanaka and Obi? among others. 
They explained the differences between the characteristics of stars belonging to 
Populations I and II. We believe that their evolutional scheme is well-founded and 
very interesting ; hence it would be worth-while to investigate the role of nuclear 
reactions in stars according to their scheme. 

The theories of nuclear reactions in stars have been extensively developed by 
many authors.” Recently, detailed calculations on the rates of the a-process reac- 
tions have also been given by Nakagawa et al.” and by Hayakawa et al.” It is 
the purpose of this note to investigate the subsequent reactions of a@-process. In 
§ 2, the a-capture processes are discussed up to the formation of the iron peak 
together with the conditions under which the capturing process takes place. The 
explanation of the iron peak of Hoyle et al. is undoubtedly interesting, but their 
calculation is much oversimplified. The first point is that the abundances of the 
proton and the neutron should be much larger than the ones deduced from the 
equilibrium equation. The second: “the freezing temperature”? should differ from 
one nucleus to another, etc. A possible model for the formation of the iron peak 


is presented in § 2. In § 3 and § 4, proton and neutron capture processes are dis- 
cussed respectively. New neutron sources are suggested. 


+ The outline of the contents of the present paper was read by one of the authors (S.N.) at 


the International Congress on Theoretical Physics held at the University of Washington in Seattle 
September 1956. 


* Now at Instituto de Fisica Teédrica, Sao Paulo, Brasil. 
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§ 2. Formation of the iron peak 
a) Preliminaries. 

It seems rather difficult to explain in a clear cut way the formation of the iron 
peak” in the abundance of the elements due to the fact that the abundance of iron group 
is greater than one of the neighbouring elements by the order of 10%. One may ex- 
pect that the binding energies of the iron group nuclei are so large that the thermal 
equilibrium theory may provide a reasonable ratio of the abundance in conformity 
with the observed results by suitably choosing several parameters which describe 
the conditions of internal space of the stars. The latest attempts along this line 
are those by Burbidge, Burbidge, Fowler and Hoyle,” after several earlier works. 
Since our results presented at the Seatle conference (1956) were somewhat different 
from theirs, we will briefly describe our procedures and calculations. 

Firstly, we will consider many possibilities other than the equilibrium theory. 
Is there any particularity in the nuclear reactions which lead to the anomaly of the 
observed value for iron? Unfortunately we do not have favourable phenomena for 
this purpose. But we believe that it is impossible to decide definitely that there 
is no anomaly in nuclear reactions, because we do not have detailed information 
about the comparatively low energy region. 

To proceed further, it seems desirable to observe the situation under which the 
formation of the heavy element takes place. Let the temperature of that situation 
be 2X10° °K or more. In this case we may observe that the nuclear reaction by 
helium capture can proceed to those nuclei farther than the iron group. The energy 
teleased by a-capture reactions is as follows, 


Ne” + a@—> Mg*+9.33 MeV, (abbreviated in Ne”— (9.33) Mg™). 

Mg*—> (10.00) Si* > (6.94) S® > (6.7) A* > (7.3) Ca® 

> (5.29) TiS (0.18)Sc*> (3.64) Ca" (9.23) Ti® 

— (9.36) Cr’ —> (7.45) Fe®—> (6.13) Ni® > (4.5) Zn™ 

— (2.55) Ges (0.7) Ga® 5 (1.88) Zn (5.26) Ge” 

—> (4.51) Se — (5.26) Kr” > (5.32) Sr™*— (4.9) Zr® 

£5 (0.7) Y8*5 (2.73) Sr®—> (2.9) Zr" +++ 
Thus the reaction can proceed to Zr” at least. The subsequent elements are Mo 
and Ru whose masses are hardly determined ; hence we have no empirical data to 
give the released value of the energy. Then, if the semiempirical mass formula by 
Weizsicher and Bethe is used to infer the energy release, the results are 

Zr" — (3.7) Mo” => (3.2) Ru” -> (2.6) Pb™— (2.1) Cd’ 
_» (1.5) Sn" (1.0) Te? £5 Sb? 25 Sut? «+ 

The exothermic reactions can take place beyond the mass number 110. The exact 


formula used here is 
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Mass =993.94 A—086Z+13.35'1A"*+-0.627'227 A"? +83(Z—A/2)?A~ +2, in 
mmu. The mass of an a-particle is 4003.86 mmu. The equilibrium theory can be 
applied only to the case in which the abundances of the a-particles as well as the 
protons and the neutrons, etc., are much reduced to the values expected from the 
statistical mechanics. This seems to be unrealistic. 

b) Does the @-capture reaction stop at Ne’? 

According to the calculations performed recently by the Tokyo group” and the 
Kyoto group,” the reaction Ne”®+a@—Mg™ is so slow that the helium 4 is com- 
pletely. converted into neon 20 before the formation of Mg™, consequently it is 
impossible to build elements heavier than Mg™. Is it true? To consider this 
question, it will be necessary to reexamine the assumptions made in their papers ; 
the constancy of the ratio of @ to C’, O'%, Ne” in the convection core. It is 
equivalent to a good mixing assumption in the core. If the mixing rate is rather 
low compared with the reaction rate, the supply of -He’* is deficient in the region 
where C, O, and Ne are being produced. Then the rate of the reaction 3a—C* 
is reduced, because the rate of this reaction is proportional to the cube of the 
helium density. In order to maintain the observed radiation from the star, higher 
temperature is needed ; then the reaction Ne*®-+a—>Mg™ may proceed. We now 
assume that this is the case and the heavier elements are produced subsequently. 
Let us estimate the condition under which the a-capture reaction can proceed. 
ce) Temperature necessary for the formation of the iron group 

Since the internal structure of stars in the later stage of the steller evolution 
is not well established, we will make a very rough approximation for inferring the 
real condition. Our chief interest lies in the order of magnitude consideration. Let 
an element A’ (mass number 47+4) be formed by an a-capture of an element A 
(mass number 47). Since the mixing is not great, the reaction rate of 3a—>C” 
equals to the reaction rate of A+a@-— A’ approximately, because the reaction rate 
of forming the element A from C” is very large compared with both reactions 
mentioned above. In other words, the reaction is restricted essentially by the reac- 
tion rate of 3a-—+C”, which should be determined by the observed radiation intensity 
from the stars. This reaction rate is 


Pse ~~ 10” Pg Keliey g-B2I7 on sec} 


> 


where /,(10°) is the density of a@-particles measured in 10°g/cm*, T is the tem- 
perature measured in 10°°K. This leads to the fact that p,° is proportional to e®2/”, 
Since this formula is not correct for low temperature, we put 


re 14.4/(2+7o) 
a= e 


and choose T, and ¢, suitably. If we assume T,~ 1.8 and p,~ 10>, Psa iS ap- 
proximately in conformity with the observed radiation. On the other hand, the 
reaction rate for A+a-— A’ may be given by 


pa~ 10% 9,(10°) 04(10°) T*” exp(—23.4Z78/T"") exp (3.73 Z'2 A’) cm7? sec™ 
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center 


core 


Fig. 1 


where A is the mass number and Z is the charge number of the element A. 
Putting p;,=pf4, and »,=107?, we can know the temperature 7’ under which the 
element A’ is produced. The results are as follows: Mg™ begins to be produced 
at about T7=1.5( x 18° °K), and Fe® at T=7.4, Ni® at T=8.2. The calculations 
hitherto described are based on the assumption that there is only one resonance 
level at the most favourable energy value. If the reaction rate of a-capture is 
reduced by the factor of 10-°*, Mg™ is produced at temperature as high as T’=2.9, 
and Ni® at T=12. Since the exothermic @ reaction can proceed to go beyond the 
mass number 100, the reaction chain does not end at Fe™®. But, if some endo- 
thermic reaction begings to take place with a comparative rate at the temperature 
at which the production of Fe™ proceeds, a considerable part of C'? may be convert- 
ed to Fe™ only. 
d) Urca-process 

Let us consider the Urca-process of Gamow-Schénberg” as one of such endo- 
thermic reactions. This is, for example, 


Fe® + e- > Mn*®+y, Mn™—>Fe™®+e7 +». 


The energy escapes in the form of neutrino (and antineutrino) by these /-decay 
and inverse f-decay, so that the raising of the temperature 7’ may be prevented. 
In general, the reaction rate of the following type 


(Ae te (A, 2-1) ty. (A, 2D oA, Z) eee, 
is pr (1+7 kT/Q) (1-1/2), 


where ¢: the mean life of the decay of the nucleus (A, Z—1), Q: the maximum 
electron energy for the f-decay of the (A, Z—1) nucleus, 7,1= (C.e/my)(14+0.98 
x 107° (fic) m 297! O°? (RT) e"""" |-', the notation of which follows that of refe- 
rence 7). It is assumed that the electron is extremely relativistic, while the nucleus 
is non-relativistic. As to (Fe™®, Mn’), this reaction rate turns out to be equal to 
wheukeactioniratesohy 3@2> Cat T1~20 10° *Kule Therefore: theo Urcamprocegsnis 
not important so far as the energy production is concerned. The a-capture PEsietiOn 
is not stopped at Fe by the Urca process. One of the other endothermic reaction 
possible in such a situation is the (7, p) reaction. This possibility was suggested 
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to the authors by Professor C. Hayashi of the Kyoto University. 
e) (7, p) reaction, (7, 7) reaction 

The threshold energy of a (7, p) reaction in the vicinity of Fe® is so great (~ 10 
MeV) that one may infer that (7, p) does not take place in a low energy region 
(~10°°K). But since the Coulomb barrier for a proton is considerably lower than 
that for He‘-nucleus, the reaction rate of (7, p) turns out to be not negligible as. 
shown below. The energy density for the photons is assumed to be expressed by 


the Planck formula. 
py dv= (87hv*/c*) dv/ (exp (hy/kT) —1). 
The cross section of the reaction A+7 (photon)—>(A—1)+ proton is 
o,= (2/k) 0 T{ (E,—E,)?+ 7/2)*}", £,=ho=hkc, 


where we assume the reaction proceeds through 
the resonance level higher than the ground 
state of A-nucleus by the energy E, as shown 
in Fig. 2. Hence the reaction rate of a (7, p) 
process is 


py = (An, T/T) (exp(E,/RT) —1) 7! E, (A-1) +p 


where 7 is the number of nucleus A per cm’, 


n=6 X10".A>p,(10?) ~ 6X10", As, Gi 
ig. 2 


and /",, I’, and /’ are the partial widths for 

a proton and a photon and the total width, respectively. Then we get 
pr~6X 10% 04(10°) I, (eV) LP, (eV) /LAT (eV) (exp(E,/kT) —1)], 

Bc th Vice 

E(MeV) 

Let the density of the resonance level be (100 eV)~' and the threshold energy be 

10 MeV, we get 


pr ~ 5X 10% 04 (10°) 7, (eV) AT (10°) exp[ —1160/T (105) J. 


I',(eV) ~ 10° exp[ —G], G~ —1.32 Zi? A’. 


If we put /',(eV) ~ 10°, 4(10°) ~ 107°, the reaction rate becomes 
Pr ay 10“ T (10°) 1 Q—5/7005)] 


If p, becomes approximately equal to p, described in c) of this section, the a- 
capture process does not proceed to synthesize heavier elements by balancing the 
building up by the a-capture and the breaking down by the (7, p) reaction. This 
temperature is calculated to be about 1810°°K. We have assumed the Planck 
formula for the energy distribution of photons. Actually the high energy photons. 
of non-thermal equilibrium may present more than expected by the Planck formula : 
the temperature may be reduced somewhat. Thus the (7, p) reaction will have i 
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function by which the iron peak may be produced. 
Sometimes the (7, 7) reaction can take place instead of the (7, p) reaction. 
For example, we have in the vicinity of Fe and Ni® 
Co"+p— 9.52 MeV 
Ni” + 2—11.38 MeV 
Fe*+p— 7.15 MeV 
Co*+n—10.23 MeV 
Mn” + p— 12.1 MeV 
Fe” + n—10.1 MeV 
Mn”+ p— 10.56 MeV 
Fe® +n— 7.64 MeV. 


Nie ~- 


Co | 


Fe*+7— 


pert | 


If Ni® is formed by the reaction Fe*+a—Ni®+6.13 MeV, Ni® is converted to 
Fe® by emitting two protons and two neutrons through the above reactions. These 
neutrons are possibly one of the neutron sources of neutron capture processes dis- 
cussed in § 4. 


§ 3. Proton capture process 


The subject of the present section is to discuss the proton reactions by 4z- 
nuclei formed by the a-capture process. For lighter 4” nuclei, it is well known 
that the C—N cycle, the Ne—Na cycle, etc., can take place. The cyclic reactions 
including 4” nuclei with smaller mass numbers than 40 have been studied by 
Imoto, Ogawa and Yamaguchi.” The reactions are more complicated if the heavier 
elements are concerned, as will be shown in Appendix I. 

The branches of reactions are illustrated in the diagram in § 4 together with 
the neutron capture processes. It is observed in series of reactions that the proton 
capture reactions tend to build heavier elements in general. The cyclic reaction is 
possible only for (Fe—Co) chain. This fact is favourable to the formation of the 


iron peak in the element abundance. 


§ 4. Neutron capture process 


The neutron source in the nuclear reactions of stars is of importance for the 
synthesis of the elements heavier than the iron group. A. typical reaction” is 
C8 (a, n)O%+2.2 MeV which was proposed by Cameron and Greenstein. Fowler 
et al!” added Ne”(a, n)Mg”, etc. This reaction can take place only when the 
proton is absorbed by C” (or Ne”) and subsequently the a-particle must be absorbed 
by C3 (or Ne”) with a reasonable reaction rate. But, according Cs a model Bf 
nuclear burning of stars, protons may be almost exhausted in a region where He 


nuclei are produced. It will be more promising if neutrons can be produced by 
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proton collisions only. The exothermic reactions of such kind are found as follows. 
K*(p, 2)Ca®-+0'57 Mev , 
V"(p, 2) Cr°+0.40 MeV , 
Te™(p, 2) Ru®+0.5 MeV , 
Cr*(p, 2) A*®—0.14 MeV. 


The elements of the left-hand side of (p, 7) are necessarily /-active, because an 
element having the maximum disintegration energy smaller than 0.78 MeV gives an 
endothermic reaction. 0.78 MeV equals the neutron mass (in MeV) subtracted by 
the proton mass and the electron mass. On the other hand, if the maximum dis- 
integration energy is much larger than 0.78 MeV, this element should be quite 
unstable, so that it is not useful as a neutron source. This is the reason why we 
have only four elements for this purpose. Among these four reactions, the second 
reaction V”(p, 2)Cr, will be the most effective one due to a comparatively large 
abundance of V. It does not seem impossible to supply the necessary quantity of 
neutrons. This neutron source may be added to the (a, 7) reactions discussed by 
Cameron,” Greenstein,” and Fowler et al.’ as well as the reactions between two 
heavy elements (for example, C”+Ne”—>2+S"+4.2 MeV) discussed in reference 
3). The chain of nuclear reactions induced by neutron capture is given in Appendix 
II. The series of reactions in Appendix I and II is summarized in Fig. 3. 


<— 


We have discussed under the assumption that the heavy elements are synthesized 
from hydrogen by nuclear reactions. If this is true, and if the mixing rate in the 


stars is small, the observational existence of heavy elements in population II stars 
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should be explained by a non-nuclear origin. 
elements of globular cluster stars and other 
count for the existence of heavy elements. 


probable at present that a primordial State of the universe already contained some 
heavy elements in addition to hydrogen. We may arbitrarily consider a special state 
including nucleons, hyperons, mesons and others as an initial condition of the universe, 
which may bring about an improvement on the theory of element synthesis, 

We are deeply indebted to Professor T. Hatanaka, Professor S. Obi, Dr. H. 
Takebe and Mr. M. Shimoda of the University of Tokyo, and Professor C. Hayashi 
of the Kyoto University for very helpful discussions. 


The effect of accretion of heavy 
causes may not be sufficient™ to ac- 
If we assume that this is true, it seems 


Appendix I 


The exothermic reactions induced by proton capture are given. One may re- 
gard this table as a data concerning the interaction between the heavier elements 
formed in an inner core and protons surrounding this core of stars. Several ab- 
breviations are made, for example, K“+ p— (3.85) A*(a@) means K+ p> A*4+ He! 
+3.85 MeV in the center of mass system. The other example is Ca"+ p— (4+ 
6.5) Ca®(3*) + p-> (0.23) K*(a), which means that 1). Ca" + p— (Sc®+4 MeV), 
2). (Sc*) >Ca®+6*+6.5 MeV, 3). Ca®+p—>K® +He'+0.23 MeV, 4). the life- 
time of the intermediate nucleus (Sc”) is shorter than 1 day, 5). the production 
of K® will be negligible compared with other processes for the very low energy 
(say, <0.5 MeV) proton. 6). the maximum energy of #* emitted from Sc® is 
6.5 MeV minus twice the electron rest energy. 


Ca” + p— (1.64+5.96) Ca" (8+) (0.44, 10°y) K"(K), 


Cat +p (4+6.5)Ca®( ) + p> (4.96+2.2)Ca®(B"), 4 (1.1) A*(a), 
(0.23) K® (a) + p——*> (8.34) Ca®, 


(10.12)Ca® 
K" + p> (3.85) A¥ (a) + p— (6.5) K®, 
7 (2.14) Ca® (a), 
‘x (10.47) Ti*, 
K*®: life=1.3X 10° y. 


Ca®+ p — (6.87 +:3.6) Ca“ (8+ +7) + p— (6.89) Sc*+ p 
: 7 (1.38) Ca® (8, 89%), 
\.(1.46) A" (8*, 11%), 


K*® + p— (1.64) A® (a) > (0.8) Cl? + p> (7)S"(@), 
es 4 (10.2) A*+ p— (6.5) K®, 


“4.(0.07) K® (a) 


Ti* + p— (2.91 + 4.99) Ti” (8*) + p > (4.0+6.7) Ti®(F*) + p> (6.73) V®, 
4 (10.40) Cr(7), 


3 51 
i 7a a0 ay iP TA) VV" Fp OsoyCr’, 
A 5(6.73) ) pP ‘\.(0.92) Ti (a); 
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Cr+ p—> (5.3 +3.1) Cr (8+) > (0.75, 28d) V"+ po (10.70) Cr®, 
4 (0.62) Ti*(a@), 
Cr®+ p> (6.55) Mn®-> (0.6, 140 y) Cr+ p> (7.56) Mn™ 
— (0.54, 290d, 0.847) Cr“ (K), 
Cr+ p> (7.9) Mn® + p= (2.73) Cr” (a), 
(10.18) Fe + p > (6.2) Co” (0.7, 270d) Fe”, 
F POLICE es 
“4 (1.37) Ti*(a), 
Mn®*+ p—> (8.70) Fe™!+ p—> (5.06 + 3.46) Fe® (8*) > (0.22, 3y)Mn"(K), 
(0.35) Cr’ (a), 
(0.40) Mn**(a@) > (1.38, 290d) Cr* 
Fe™+ p< 9 
9b,973 (3.39) Fe® (a), 
P\. (9.52) Ni” 
Ni® + p> (5.52) Cu™— (2.23) Ni" + p > (5.9 + 3.93) Ni*(8*) 
4 (0.23) Co (0.7, 270d) Fe”, 
(3.2) Ni(a), (1.02 +2.23) Ni*(a, P*), 
Ni®?-+ p> (5.94) Cu®*+ pS (7.70) Zn™+ p> (4.0+3.1) Zn®(8*) 
Zn” (1.35, 245 d) Cu” + p> (4.58) Ni®(@), 4 (1.67) Cu’*(a), 
4 (8.8) Zn® + p> (5.1+1.00) Zn (K), 
(2.26) Cu® (a), 
Zn” + p> (6.54 +2.9)Zn*(9*) + p> (6.6) Ga” + p> (4.64) Zn® (a), 
x (8.55) Ga®, 
(2.73 +. 1.68) Ni®4(a, 8*) +p>(7.39)Cu®, 
Ga" + p— (4.36 + 2.01) Ge" (8*) > (0.24, 11d) Ga™+ p— (5.04) Zn (a), 
Z (2.54+1.65) Ge” (a, 8-), 
Ree (1.36, 32%) Se”, 
(2.56, 68%) Ge", 


\\(7.02) Co (2.30, 72d) Fe®+ p> (7.15) Co® 


Ge®+ p — (5.2) As® (0.37, 76d) Ge" + p 
(1.28) (Gace (Ze) ‘ (6.80) 


As”: life=18 d, 
Se" + p> (4.36 +7.7) Se” (8+) > (0.87, 127d) As®+ p> (5.0) Ge? (a), 
(9.5) Se®, 
Se® + p— (5.28 + 1.36) Se” (8*) +p\> (1.27) As" (a), 
(0.71) As*(a), (6.42-+3,3)Se" (8+) +p2 0» Br 
~> (6.42 +0.6) Kr*(8-), (0.88) As® (a), 
(1.44) Ga (@), 


Ge” we 
\\(6.75) As®, 
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a (9.20) Kr, 
Kr" +p > B8+3.6+1.61) Br® (29+) + pS (3.84) Se*(a), 


3 7(0.88+3.5)Se*(a, *), 
Kr" + p— (4.8 +2.2) Kr® (8+) + p> (6.2+ 4:1) Kr®(*), 
‘0.3, 2X 10° y) Br* + p= (3.8) Se* (a), 
(10.1) Kr®. 
: x (2.65, 95%) Kr*#(6*), 
Kr¥ + p> (6.0) Rb (0.77, 83d) Kr*+ pr (7.0) Rb" (1.0, 5%) Sr*(9), 
~(0.65+2.0, 92%) Kr°(8-), 


Rb™: life=34d, ~>(0.65+1.9, 8%) Se”(8*), 
Sr™+ p— (4.4+3.5) Sr (8*) > (1.1, 65d) Rb*(K) + p= (3.52) Kr®(a), 
(9.5) Sr, 


Se” + p> (7.36 +3.8 +2.2) Kr" (28*), 
(0.75 +0.68) Se” (8-), 


Kr*+ p— (6.83) Rb®, 
Sr* + p— (5.9 +1.7) Sr* (8*) + p— (6.6) Y*— (3.74, 105 d) Sr, 
Sr™+ p> (7.2) Y" + p 8.10).Zr™ 
4.01255) Sx (ay 
Appendix. II 


It has been suggested in § 4 that V”(p, 2)Cr” may be one of the neutron 
sources for the formation of heavy elements. Jn this connection exothermic neutron 
reactions are given in the same notation used in Appendix I. 


Cr°+ => (9.15) Cr (0.75, 28d, 4.18)Cr?(K, 87), 


Cr® + (7.93) Cr® + n> (9.72) Cr®+-n (5.8 +2.85) Mn® (87), 
(1.75) T??(-) +2 (6.234 2.45) V"(8-), 


Mn® + 2— (7.26 +3.70) Fe* (8-) +n— (7.64) Fe” +2 — (10.10) Fe”, 
(2.56) Gr*(@)., 


Fe® + > (6.37) Fe® (1.56, 45d) Co” + 1 = (7.49) Co™— (2.81, 5.2 y) Ni® 
‘(0.47 +3.70) Fe*, 


Ni®? + 2— (8.53) Ni?’ + 2 = (3.08) Fe™ (a), 
(1.51) Fe" (a), “(10.6) Ni® + (6.66) Ni” (0.063, 85 y)Cu™, 


Cu? +7: (7.91+1.68, 62%) Ni*+2— (6.07 + 2.10) CaPi(s)3 
\(7-91-40.57, 38%) Zn*+ n> (7.93) Zn?” (1.35, 245 d)Cu"(8*), 


> (1.18) Co™(a), (4.04) Ni" (a), 
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Cu” +n (7.0+2.63) Zn™ (8-) +n (6.9) Zn", 


Zn™ +n— (5.2) Ni®*(q@), 


“4 (2.44) Ni®* (a) > (0.063, 85 y) Cu* (37), 


(10.22) Zn” 7 = (6.4+0.90) Ga®(3*), 
4(0.47 +2.10)Cu® (a, Bo), 


(2.66 +2.63) Zn® (a, f), 


Ga® +2 (7.68 + 1.65) Ge” (3-) 


“(7.68 +0.67) Zn® (?) 
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A model of extremely high-energy nuclear collisions which describes Landau’s model ap- 
proximately or satisfies the constancy of transverse momenta of secondary particles as special 
cases is applied to the nucleonic cascade process in the atmosphere. The model contains some 
free parameters which specify the dynamical character of the nuclear collisions. The fact 
that the diffusion equation is solved analytically in a rather simple form on certain assump- 
tions makes it easy to find the best values of the parameters by comparing with experimental 
information if available. Applications to extensive air showers are presented. The main 
results obtained are as follows. (i) If the energy spectrum of secondary charged pions at a’ 
high-energy collision is well approximated by a power law spectrum E-"dE, 2>n>1.5 is 
consistant with the lateral distribution of high-energy muons far underground. (ii) Any 
model in which the energy spectrum, the inelasticity, the ratio of charged-to neutra] pions 
are independent of an incident energy in a wide range of 10!2~10!7 eV seems unable to ex- 
plain the altitude variation of the electron component. (iii) The lateral distribution of the 
electron component is insensitive to the energy spectrum of neutral pions at a high-energy 
collisions and also to the primary energy. Further discussions on our model and the solution 
of the diffusion equation are given. : 


§ 1. Introduction 


The knowledge about the interactions between elementary particles in the ex- 
tremely high-energy region is very important for the fundamental ground of field theory. 
Information on the high-energy interaction is being given by the study of jet showers 
and extensive air showers (EAS). These phenomena, though so complicated that 
we are frequently confused when interpreting experimental results, provide only 
clues to give us information on such interactions for the time being. 

Jet showers and EAS have a rather complemental character to each other 
concerning the behavior of high-energy. collisions. The former, though they are 
rather lower-energy phenomena than the latter, seems to give us more dinect infor 
mation on the angular distribution of ‘secondary particles. And the latter will give 
us information on the energy flow carried by secondary particles, that is, the in- 


slasticity of a high-energy collision. a . i a a 
In order to get the true situation concerning high-energy collisions, it is very 
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important to pick’ up those measurable quantities in EAS which are well influenced 
by the dynamical character of the high-energy collision. We have obtained some 
important clues which are essentially different from what we had before ‘and force 
us to build a new kind of nucleonic cascade theory to analyse EAS. There are 
two important clues, one concerning the angular distribution of secondary particles 
and the other ‘concerning the inelasticity at a high-energy collision. Two years 
ago, J. Nishimura” pointed out by analysing the data~available at that time that 
transverse momenta of secondary particles Pp were nearly constant (~yc, # the 
pion rest mass). Recently, this fact has been confirmed by the analysis of jet 
showers by the Japanese group” and the Bristol group.” That is, the transverse 
momentum of a secondary pion is almost independent of energies of an incident 
particle and of the secondary pion, its value being about 400 MeV/c, and its fluctua- 
tion is rather small. This result is the best established fact among the studies of 
extremely high-energy phenomena in recent years. From this result, if we assume 
one to one correspondence between: angle and momentum of a secondary pion, we 
can obtain the energy distribution from the angular distribution, giving the result 
dE/E”, n being nearly equal to 2, at least for secondary pions.” 

As another character of high-energy collisions, the importance -of inelasticity 
has been pointed out. From an analysis of EAS carried by the Russian group,” 
it is asserted that the average value of the inelasticity observed in EAS is about 
0.3. However, this value is not acceptable for the following reasons. Recently, S. 
Miyake” has pointed out that,.if we took into account the fluctuations in depth at 
which the first collision of a primary cosmic ray particle with an air nucleus occurs, 
the interpretation of the results on EAS would be much modified. And he has 
suggested that the average value of the inelasticity may be larger than 0.3. Even 
if the fluctuations are negligible, the inelasticity obtained by the Russian group is 
not consistent with our previous calculation.” Experimental data concerning the 


attenuation length of the electron component, if the fluctuations are negligible, give © 
a nearly constant value of about 200 gem~ over a wide range of primary energies, 


10%~10" eV. In our previous paper, therefore, we suggested that in order to ex- 
plain this fact it is necessary to introduce a model having increasing inelasticity or 
a stronger energy dependence of multiplicity with increasing incident energy. On 


the other hand, there is no plausible theoretical interpretation except Landau’s: 


hydrodynamical theory.” In his theory an incident particle after a collision can 
not be discriminated from secondary particles, and the elasticity will be defined 
as a ratio of the energy carried by a particular secondary particle with the largest 
energy to the energy of the incident particle. This “apparent” elasticity decreases 
slightly with increasing energy. Considering these theoretical and experimental 
situations concerning inelasticity we think it necessary to extend further the analysis 
both theoretically and experimentally. 

Apart from the direct connection of the structure of EAS with the elementary 
interactions in the high-energy region, EAS themselves have a striking feature that 
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the lateral distribution of the electron component is independent of shower size and 
altitude at which observations are made, i.e. mountain elevation and sea level, and 
isin agreement with the Nishimura-Kamata function of age = 1.3.” 

In our previous paper” (hereafter quoted as A) we analysed the structure of 
EAS with use of a rather crude model (hereafter quoted as the model I) and 
pointed out that the inelasticity strongly affects the altitude variation of the electron 
component. We also showed that the lateral distribution of the electron component 
is insensitive to a model concerning the high-energy collision and also to primary 
energy.” 

In this paper we shall develop a somewhat improved nucleonic cascade theory 
and its application to EAS with use of another model (hereafter quoted as the 
model II) on the high-energy nuclear collision, taking into account the experimental 
situation as stated above, the constancy of the transverse momenta and the effect 
of inelasticity to EAS, and comparing with the result from the analysis based on 
the model I. The main characteristics of the model II are as follows: 

(1) The model II contains some free parameters which characterize the 
dynamical property of the high-energy collision. Landau’s model is included ap- 
‘proximately by properly fixing the values of the free parameters which are introduced 
in the model. 

(2) The requirement P;=const. is also satisfied by fixing the parameters 
“properly. 

(3) After a collision, most part of the incident energy is carried away by a 
few secondary particles and the residual energy is shared mainly with secondary 
‘particles having rather low energies. 

The model II was derived through the analysis’? * of Landau’s model. His 
model was derived with use of the relativistic hydrodynamical description. Since 
it is not clear whether the model with varying values of the parameters can be 
derived or not on the basis of the same hydrodynamical description, the model II 
sshould be regarded as a phenomenological one including his model as a special one. 
“The characteristic feature of his model was the introduction of those interactions 
‘between secondary particles, whose existence has been confirmed by the pion-pion 
jnteraction in a GeV region, and from which the characteristic (3) was derived. In 
the model II this feature plays in some sense a role of inelasticity, and in connec- 
tion with it the “apparent” inelasticity is introduced, which will be described in 
detail in the next section. 

The advantages of our nucleonic cascade theory based on the model II are as 
follows. The exact and rather simple solution of the diffusion equation can be 
derived without fixing the parameters. This fact makes it easy to investigate other 
unknown properties of the high-energy collision. That is, our parameters could 
also be applied to any other theories by changing their values, and our results would 


* Hereafter reference 11) is quoted as B. 
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a 


be rather simply modified by estimating the effects of the change of the dynamical . 
aspects of the high-energy collision in. our model. A similar treatment was done | 
by S. Olbert and R. Stora’ using Fermi’s'” and Landau’s” models. However, their ) 
work is rather mathematical and much more complicated than ours and it does not 
seem to be very useful for further applications. Further, our results may be interest- | 
ing in the sense that they somewhat resemble the electron-photon cascade theory and 
the cascade function is so simple that their change with the value of the primary — 
energy, inelasticity and/or other parametets can be read from the graphs by chang- 
ing the units of the scales of the ordinate and abscissa by some simple factors. We 
hope that our results will give a useful tool for the development of cosmic ray physics 
as well as a fundamental key to the future theory of elementary particles. 

In the next section, the features of the model II will be given. First, the 
assumptions introduced in the model will be explained and then the angular and 
number distributions of secondary particles in the center of momentum system will 
be given. Further, a comment’ on the “ apparent”’ inelasiticity in the model II will 
be made. Finally the energy spectrum of secondary particles in the laboratory 
system will be derived. In §3 the recurrence formula of the diffusion equation 
will be derived and general expressions of nucleonic, electron and muon components 
will be given. The analytic solution of the diffusion equation will be derived in §4. 
In §5 some general properties of our nucleonic cascade theory will be described. In 
§ 6 the results of numerical calculations will be given by fixing the parameters so 
as to satisfy the constancy of the transverse momenta, and comparison of our results 
with the model I and experimental data will be ee F inally, our main Tesulés 
will be summarized in § 7. 


§ 2. The features of the model 


2-1. Assumptions in our model 

We introduce the following assumptions for the model of extremely high-energy 
collisions : 

(1) The collision cross section is independent of the energy of a colliding 
particle and also independent of the kind of a colliding particle, i.e. a nucleon or 
a charged pion. 

(2) The number of secondary particles produced by a nucleon (or a pion) 
of energy &, in the lab. system colliding with a nucleon is given by 


n=2(bE,)%, ; (231) * 


where 4 and d are constant parameters. 
(3) Nucleons and charged pions are not distinguished from each other. The 


* 

In the case of nucleon-(or pion) nucleus collisions, some modification is necessary. - But as 
far as pions emitted to the forward direction in the center of momentum system are concerned, the 
model does not depend on whether a target is a nucleon or a nucleus. 


On this point see the next 
subsection. 
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only difference between them is the decay effect of charged pions which may be 
neglected for energies above 100 GeV. The decay effect will be estimated in Ap- 
pendix II in an improved approximation. 

(4) The fraction » of secondary particles are nucleons and charged pions and 
the rest of secondaries are neutral pions. The production of nucleon pairs and 
strange particles are disregarded. v is a constant parameter. 

(5)* The angular distributions of the energy and the number of secondary 
particles are given by power functions of an angle between the directions of the 
incident particle and a secondary particle in the center of momentum system (C. 
M.S.). The values of the powers do not depend on the incident energy. 

The assumptions (1)~(4) are similar to those in the model I. The essential 
difference between the models I and II is based on the assumption (5) and its 
details will be described in the next subsection. 

2-2. The angular and energy distributions of secondary particles in the center 
of momentum system 

We assume the angular distributions of the energy and the number of secondary 
particles, when a nucleon (or a pion) collides with a nucleon in the C.M.S., as 
Follows : 

E*=Q0*-*,  dn/dd*=B0*-*. (2-2) 
Flere 0* is an angle between fhe directions of an incident and a secondary particles 
in the C.M.S.. dn is the number of pions emitted at an angle between 6* and 
4* + d0*, and E* is the energy of the pion emitted at the angle #*. Ce and is. 
are normalization constants determined by requirements : 


7 d. ( dn n 
ihe pests pra 
ape lear 2 2-2 
0 [2 
am /2 x—O* min d 
\ 7 iia a dt =f,*, \ E* eae d0*=E,*, (2-3) 
0* min el 


where E,* is an incident energy in the C.M.S.. 
When a nucleon (or a pion) collides with a nucleus, eq. (2-3) must be modified 


as follows: 
a /2 am 
dn dn = 2. 
| Spe =n | ape ar (2-4) 
0 n/2 
a /2 x—-0* min 
n _T* 
| be 2 dd" = By, | \ i let le 
8* min call 


and parameters a and f in eq. (2-2) may now be modified respectively to different 


* See the footnote on the previous page. 
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ones, a’ and )’. Here n,, Ef and n,, E% are the numbers and the total energies 
of secondary particles emitted in the forward and backward directions respectively 
in the C.M.S. for an incident particle and a target nucleon in the target nucleus. 
According to Landau’s theory” or the jet model,” », and £,¢ are not too much 
different respectively from 1/2 and E,*, and m, and Ef; are approximately given 
respectively by ¢-2/2 and ¢-H,* where ¢ is the number of nucleons in the jet 
tunnel of the target nucleus. The parameters a’ and /’ in the collision with a 
nucleus are different for the forward and backward directions, but as far as we are 
concerned with the forward direction, a’ and 2’ may be the same as those of the 
collision with a nucleon. Thus eq. (2:3) is modified only for the backward direc- 
tion. We assume that the parameters a@ and , which are closely connected to the 
model, are constants not depending on the energy of an incident particle. 

6*,, is the minimum angle of secondary pions which is necessary to avoid the 
divergence of the total energy. In Landau’s theory, for example, a, 8 and 6@%;, 
are well approximated by the following expressions. 


sarpun! ash pina 

373” V3" 
The comparison of eq. (2-2) with Landau’s theory is made in Figs. la and 1b. 
If we require P;=const. ~pc, a and 6*,, are given by 


abot, 0%, 00 (Ey*/n) “8, (2-6) 


Ga 
oe 
ps Landau’s theory 


a=1 Dain ie Ligh oes (2-5) 


10? 


Die 


10 


Fig. la. Angular dependence of an emitted pion energy for incident energy E)*=103 GeV. 
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Fig. 1b. Angular dependence of pion number for Ey)*=108 GeV. 


Jereafter we do not fix a, # and 6%;,, but regard them as free parameters. Only 
-estrictions for @ and f are 


a+f>1, 1>f>0. (2-7) 


3q. (2-7) means that most of particles belong to a low-energy region, and great 
sart of the energy is carried by a few particles which are emitted in small angles 
(0*~0%,,). The maximum value of the energy Ejax in this distribution is from 


eqs. (2-2) and (2-3) given by 


Ex ATP 1 pao (2-8)* 
n 1—f 


and it is proportional to E,*”* for Landau’s theory. Ex, is rather large and 
comparable with an incident energy ,”, and their ratio varies slowly with energy. 
‘Jence it may be more convenient to introduce a parameter “aq” which is the ratio 


Me Pet a» to Fg * 5 cla Css 
poo rh eee ae) (2-9) 


does not necessarily mean the most probable value of the largest energy carried 


* 
Pinax 
Hereafter we use 


by one secondary particle ; this is somewhat smaller than Extax- 
x, 8 and a instead of a, # and Omi, as a set of parameters. 


* To derive eq. (28), the upper limit of the integral (23) is put equal to 1. 
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The energy distribution of secondary pions in the C.M.S. is from eq. (2-2). 
given by 
anja =C Qi), (2-10) 


where C is a normalization constant and 
d= (1—f)/a. (2°11) 


0=0.52 for Landau’s theory. 
2:3. Inelasticitiy 

It may be convenient to estimate the value of inelasticity in our model for 
understanding of the nucleonic cascade. The most probable energy of the pion that 
carries away the largest energy among secondary pions is in Landau’s theory, estimated 
in the paper B, and is of the order of several tens of percent of the total energy. 
In our model we may regard it as the ‘‘ apparent” elasticity and can estimate its 
value from eq. (2:10). The most probable energy of the pion having the largest 


energy is given by 


Brac 
eo dn 
A= | E* E* 
jeaiegne 
R/* 
where E’* is determined from the requirement 
oe ak 
dn 
— * 
| “Gee 4B 
E’* 
A simple calculation shows 
* 5 il (l—6)/6 
AE 1 ay ae 5 
Ten Ss ao+1—o 


« 


and we may define the “apparent” inelasticity in our model as 


Ltd oe 
RS —— O 
‘ Se) . Sea 


In Table 1, the values of 7 for several different values of 0 and a are listed. In 
Landau’s theory 7 is approximately 0.5. Even for a=1, 4E* is smaller than E,* 
as it must be. Hereafter we shall in most cases put a=1 for numerical calcula- 


Table I. The values of y for several different values of 8 and a 


0.1 | 0.2 | 0.3 | 0.4 | 0.5 | 0.6 | 0.7 | 0.8 | 0.9 | 1.0 


0.44 
0.64 


0.46 
0.65 


0.50 
0.67 


0.54 
0.69 


0.60 
0.72 


0°67 
0.76 


0.77 
0.85 


1.00 
1.00 
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jons. In this case 0=1/2 gives us the apparent inelasticity 7 of 0.5.  For- 
unately, our diffusion equation could {be solved exactly for a=1 and ‘the cascade 
fanction becomes so simple that we could easily observe consequences ai changing 
values of the parameters. As the solution for a1 is somewhat complicated, we 
will give an approximate treatment in Appendix I for the sake of practical use. 

Attention must be paid to our definition of the apparent inelasticity. In our 
model there is some possibility that a neutral pion has the largest energy, since a 
secondary particle having the largest energy is not always a survival of the incident 
article. If nucleons play an essential role compared with pions in the nucleonic 
sascade process, that is, nucleons carry away most of the energy in nucleon-nucleon 
~ollisions, the fraction v should be taken slightly larger than 2/3 compared with 
-he case that pions play an essential role. That is, by taking the parameter v 
sroperly the probability that a nucleon or a charged pion has the largest energy 
secomes nearly equal to unity. Since, as far as the particle having the large energy 
's concerned, the number of such particles is small and the decay effect of such 
particles may be negligible, there is no difference between nucleons and charged 
pions. Thus we hope that even if nucleons play an important role for the inelas- 
‘icity, the proper choice of the parameter » will result in a satisfactory approxima- 
sion. In this approximation we put the energy spectrum including dn°/dE* both 
mucleons and charged pions as 


dn dn (2-13) 


If the inelasticity were small, however, our device of the inelasticity would be far 
¥rom the real situation. In eq. (2-13) we took the same spectrum for charged 
ions (including nucleons) and neutral pions. This is not necessary for the follow- 
ing calculation, but is used only for simplicity. 
2-4. The energy distribution in the laboratory system 
We use the notation in the laboratory system (L.S.) as follows, 
E,*->£E,, E*->E, 
ERK (forward) > En, EX Le 
E*,. (backward) > E,. 
‘The relations between the quantities in the C. M.S. and those in the L. S. are listed 
in Table 2. These values in Landau’s theory are approximately given by 
4 yma ie CPD Diag ~ E,, 
E, eee 
j OMEOY 2) caidie lad OF 67 _~ constant. 
calculated from eqs. 


‘The energy distribution of secondary pions in the L.S. can be 
(2-2), (2:3), (2-8) and Table 2, and is approximately given by 
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Table 2. Relations between the energies in the C. M. S. and in the L. S. 
in nucleon rest mass unit 


LM Bb al Dies for forward 


— F* R* ey 2 
Be eee oe Ext Bt for backward (6/*=z—6*) 


Ey=2E)* he =aEy 


Ey (1-8) 1. \ 1-8 
E,\=Ey* Ex, =Em Sa é eae) : om 


ie | 


ox 1 / Ey (/1-8\ 1 \/G-®) 
an * pK min ne 0 3 
E,= Eo" Exvax 9 Ey 4 are 8 ) n|2 


(E,/Ey)'!~§ (1—8) /8-d(E,/E)*® for Ey>E>E,, 
dn=j. (2-14) 
E(E,/E,)*°-d(E/E,)® for E,>E> Ey. 


The first one of eq. (2-14) corresponds to the distribution of pions emitted in the 

forward direction and the second corresponds to that in the backward direction im 

the;GeM.S.,. Here 
a 0.677 for Landau’s theory, 


= 2: 15 
I= a 1 for Pa»=const., 


where we assume the symmetrical distribution between the forward and backward 
directions in a nucleon- (or pion-) nucleon collision, i.e., ¢=1. If it is a nucleon- 
nucleus collision, we use the quantities a’ and 0’ which are related to the power 
indices in the backward direction in eq. (2-14) as stated in § 2-2 and € may be, 
in Landau’s theory, proportional to the number of nucleons in a jet tunnel of the 
nucleus. The distribution in the forward direction in a nucleon-nucleus collision 
does not change in Landau’s theory (see the paper B). Eq. (2-14) is the funda- 
mental assumption, which we constructed from Landau’s theory, for the calculation 
of nucleonic cascade processes. Any model which resembles or is well approximated 
by eq. (2-14) by changing parameters Ey, E,, H,, 0, « and ¢ properly can be 
treated in a framework of our cascade theory. 


§ 3. The diffusion equation and the recurrence formula 


The diffusion equation of the nucleonic cascade is if the decay of charged pions 


is neglected given by 
ONG 2) ws | 7, GME y La ; 
oe NEE, x)+\dE reper 2 eye (3-1) 


where N(F, x) dE is the differential number of the nucleonic component having. an 
energy between E and E+dE and dn‘/dE is given by eq. (2-13) with eq. (2-14). 
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x is the depth from the top of the atmosphere measured in the nuclear collision 
mean free path. : 
Expanding N(E, x) as 


NE, 2) =De" = f(b), (3-2) 


and inserting it into eq. (3-1), we can derive the recurrence formula for each gene- 
ration as follows. 


Fé) =|ae RAL ee ES (3-3) 
dE 

Eq. (3-2) gives the most probable number. Fluctuations in the depth, at 
which the collision of the nucleonic component of each generation occurs, are neg- 
lected. As there are many particles after the 2nd generation, fluctuations will be 
smeared out and be small. Only the important fluctuation is due to the depth at 
which the first collision occurs. This fluctuation, as pointed out by S. Miyake,” 
may change the aspect of EAS at the elevation of observation even if we observe 
EAS initiated by primary particles with the same energies. In this case, measuring 
the depth from the point at which the first collision occurs, Zl (2 =z], Vis 
the depth of the first collision measured from the top of the atmosphere), the 
differential number of the nucleonic component is given by 


NCE, 2’) ape" = (EB), (3-4) 


instead of eq. (3-2). The number of neutral pions at a depth between x and 
-z+dzx and with an energy between E and E+dE, is given by 


Pee: co id 
Noite eye ee Set fin (B)- (3-5) 
vy = > 


[While the number of neutral pions as a function of z/(=x—2,) is 


y Ss @ ape ee tc en {S12 fil) +0(2") (EI, (3-6) 


where 0(x’) is the delta function. The number of muons at depth x is approxi- 


mately given by 


Baila 
Nelli) = En eae yp fon D> (3-7) 


‘and the number of muons as a function of .r’ is given by 


B al we — “ a 
Nu (EB; pi seeaee See é = fs ee te) ( ) 
0 
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where B is the decay constant of pions. 
In order to solve eq. (3:3) using eqs. (2-1), (2-13) and (2-14), it is con- 
venient to introduce a new energy unit. In this unit we represent the energy with 


the notation &. 


1 Lf Le Nye 
E=A&, A=— ) : 3-9 
b Ge i ) : 


The factor A is nearly equal to unity, hence this unit is of the same order as the 
nucleon rest mass unit or GeV unit. On this scale the corresponding relations of 
Ey, E, and E, in Table 2 turn out to be 


Ey Ey=ae,, 


BE, Oe, =e%, (3-10) 
E,— &,=const.=0 (for simplicity), 

where 
ije=l-d/0-1/ 2. 

If we put 


AMB=hO=(-) rA-9) (4) ©, G-) 
eq. (3-3) can be replaced by the relation between f,(€) and h,_;(&), i.e., 


dé’ ( && 
GOES 


~) ha), (3-12) 


ek S 
dé’ p 
hy (6) =| na (©) +4 
ek 


e/a 
where 
y=2(0—d)/(2—a). 
The first term in eq. (3-12) is a contribution from forward secondary particles 


and the second term is a eonGephon from backward respectively in the /-th colli- 
Sion in dis Cais. 


§4. The solution of the diffusion equation for a single Page 
incident in the case of a=1 


The boundary condition for the case in which a single particle with energy 
&, (or & in our unit) impinges at the top of the atmosphere is 


So(€) =8(E—E,)_ or h,(€) =€,0(€—&,). (4-1) 


The solution of eq. (3-12) under this boundary condition can be divided into different 
types corresponding to different energy regions. Putting 
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h’(€) for &>&>6&/ (Region I), 
hile) — pe) for Sib 8s ek’ (Resign TT), (4-2) 
VAC) for &)” >E>6&”” (Region Id), 


where 
é/ fo ev = Gl. ei = Ells 
we divide eq. (3-12) correspondingly into the following three equations : 


£9 


dé’ 
h,; (€) = | é/ his Co) , 
Ey’ de! ek dé! Eg dé! ok A 
p) =| Sra + | Gia sel S(S) me, 
€ Ey’ ek 


EQ u ek a 


q(é) = | aes (ey + | yh (ce) +e | (Spin ce) 


€ eo” ek 


*9 dé! & NF 
+k \ a (=) Hoy (€’) : (4-3) 


Eq’ 


‘Our model is valid only for the energy region where the jet model is valid, i.e. 

E210" eV for air nuclei and the main contributions to EAS come from such a high- 

energy region (it will be shown that this is actually so for the electron component). 
Thus it is sufficient only to give h,°(€), p,(€) and q,(€) in most cases. 
The solutions for eq. (4-3) with the boundary condition (4-1) are 


hy (€) =E,0(E—E,), py(E)=% (€) =0, 


é* \t 
ite) ae Pi (€) =a, (€) =«(—-) ) 
* So 
and for 1=2 
yn 2! é&, ¥~ 
ne) =a (In) 
1 E \ 2-1 
Luge (ine) 


—KF,_2(&, 6) 2 


| k 
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—BoO( e+e ; ~)Fi-2(& #) (ere pap ie ey, (4-4) 
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Fig. 2. The numerical curves of f,(€)é*(v(1—6))-! for various generations. 
as a function of € with use of eq. (4+4). 

These curves have the same values of f;(€)€2(v(1—d))—1, where Efi (€) is: 
an energy carried by nuclear active particles of /-th generation, at intersecting 
points on them with the broken line representing {;(€)€(v(1—d))-!=const. 


The scales of the right-hand ordinate and the upper abscissa are represented 
for incident energy &)=108. 
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where 


GMS 
£0 (In £2. 
E/ ON N i 
Fins (E,, a) = | 4 é E 


é \ é (2yr (4-5) 


ek 


The numerical values of £,(&)&(»(1—6))-' as a function of &€ with use of eq. 
(4-4) are given by a set of curves for various generations in Fig. 2. On these 
curves the loci of f,(€)&(»(1—9))~'=const. form a set of straight lines represented 
by the broken lines. 

The solutions (4-4) are somewhat complicated but eq. (3-4), i.e. the solution 
of the case in which the nucleonic cascade process starts at the depth x, can be 
reduced to a rather simple form. Corresponding to eq. (4:4), we divide N(E, 2’) 
in eq. (3-4) to three forms, i.e. 

AWE, 2") 
2 (E, x’) for &>&>&, 

esNibea) =u(i—2) en (2 Harte ~1P(& x!) for &/>E>8", (4-6) 
Mee 7) for 6) eee, 


where 


HEE, et) =F (A—d)»)' hs), 
DE, 2) =>) (1-8)! prs, 


QE, 2 =D 7 (A-A)"GaO. (4-7) 


Using the following notations, 


2=4(1—0) vz’, | 

L(V z) = 53 : ; ee (,: Imaginary Bessel function of zeroth order) 
z=0 (ZL!) 

J(, 2) ike ee (4-8) 

Gig, 2) === ~ {eh (Jz peu \ele(ee 1) h(,/zIn-£.) 


alan) 


we get 


6 (E, 2) =1,(,/zin-®), 
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Fig. 3. Number of nuclear particles of energy 
€ as a function of depth. 

The depth is measured from the depth at which 
the first collision occurs. 

§=1/2, k=2, v=2/3. 

4: the optimum point derived from eq. (55) 
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Fig. 4. Number of neutral pions ot energy ¢€ 
as a function of depth. The ordinate represents 
only the first term of the right hand of eq. (36). 
The depth is measured from the depth at which 
the first collision occurs. 
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0 
= oe", ») (14 ~—)}. (4-9) 
Thus we have the solution of the diffusion equation, using the imaginary Bessel 
function and its single integration. The functions in eqs. (3-2) and (3-5) are 
given in Appendix III, for which we get solutions similar to eq. (4-9) only by 
changing the imaginary Bessel function of zeroth order to that of 1st order. Asym- 
ptotically they are quite the same as eq. (4-9) except simple factors for large values 
of the argument of the imaginary Bessel function. 

The numerical values of eg. (4-6) with use of eqs. (4:7) and (4-9) are 
shown for various pion energies in Fig. 3. For &,=10", for example, the curves 
of €=10°, 10° and 10‘ belonging to the region I are represented by full curves and 
those of €=10* and 10? belonging to the region II represented by broken curves. 
The similar curves for eq. (3-6) are also presented in Fig. 4 where the first term 
in the right-hand side of eq. (3-6) is taken as the ordinate. It will be interesting 
to note that in the region I the curves depend only on the ratio €,/€ and do not 
depend separately on & and €. Moreover, the effect of 0 and vy appears only as a 
function of (1—¢)», which may be roughly interpreted as inelasticity in the sense 
stated in §2-3. The boundary of the regions I and II or II and III depends on 
the value of & only. For the region II and III the contribution of backward emitted 
particles which contains the factor « or x is of the order of several per cent to 
that of forward emitted particles and tends to zero with increasing depth where 
—Jow-energy particles become dominant. Thus the forms of the solutions for the 
regions II and III are not so different in the first approximation from that of the 
region I. From Figs. 3 and 4, we can use approximately the solution I all over 


the region within errors of 10 per cent. 


§5. Semiquantitative properties of the solution 


5-1 Semiquantitative properties of the nucleonic cascade process 
The nuclear cascade function given by ea. (4-6) can be well approximated 
with use of the asymptotic formula of the imaginary Bessel function 
I(t) = e"/V 2at (5-1) 
with an error of 1/87. With this approximation the asymptotic formula of eq. 
(4-6) is given by 
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(1—a)v 


Y, ———— 
V 477/1—0) vay 


N(é, 2’) dé= exp{—2/+dy+2V (1—4)uz'y}dy, (5-2) 


where y=In(€,/€). When x/=1, 0=1/2 and v=2/3, errors are of 7 per cent for 
€,/E=10 and 1 per cent for &/&=10* respectively. Similar formulas for the regions 
Il and III can be obtained, but since differences between them and eq. (5:2) are 
not significant for application eq. (5-2) will be used over all energy regions with 
some caution. 

The coefficient of the exponential in eq. (5-2) is closely related to a generation 
which contributes mainly to the number of nuclear particles. The generation / 
contributed mainly by nuclear particles having energy y(=In€,/&) is from eq. (4-7) 
given by the condition 


Sapo ec ie (5-3) 


and 7 is approximately given by 
I~V (—4)vz'y (5-4) 
and the width of 7 is of the order of //. 


From comparison with an exact numerical calculation with fixed parameters, 
it is shown that this approximation gives very nice agreement with true values. 
This circumstance could be interpreted as follows. In the upper atmosphere the 
cascade process is mainly affected by particles of energies in the region I, and 
towards the lower atmosphere the difference between the solutions in the regions 
I and II becomes small. 

Using this approximation, we shall analyse the semiquantitative properties of 
the cascade process. 

It will be interesting to know the depth z,, at which the number of pions of 
energy y becomes maximum. This can be easily estimated from eq. (5-2) as 


Im= (1-0) vy—2. (5-5) 
The half width of the cascade curve is 
AXm= $42 (1d) vy = 44+2V 2,45. (5-6). 


The comparison of eq. (5-5) with the exact calculation is shown in Fig.'3. “Tt 
gives nice agreement in the region I as well as the regions II and II]. The number 
of nuclear particles of energy y at 2,, is given by. 


N(E, Xm) dé=/ (1—8) v/4ry exp{y— (1—8) (1—v) y} dy. (5-7) 
The energy of those nuclear particles, &,, which contains most of the energy of a 


cascade in y(=Iné,/&) unit at any fixed depth, x, is also estimated from eq. (o-2ye 
and is given by 


In(€,/€,.) =»/(1—08) or €n=€, exp{—v/(1—0) - 2x} (5-8) 
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5:2. An approximate formula for the electron com ponent 

Next we shall derive an approximate formula for the electron component. As- 
‘suming that two 7-rays produced by a decay of a neutral pion of energy E’ have 
the same energies E’/2, we obtain as the total number of electrons at depth ¢ in 
‘radiation unit in a shower initiated by a primary of energy E, 


Eo t 
/ LON VA 
NE, 0, )= | az'| “N0( pst \vonl #0 4= 
I Seealiee Ga /—-) 21 =, 02-1), (6-9) 


where m is the ratio of the collision mean free path to the radiation length. 

With use of the approximate formulae for /7(E’/2, 0, t—t’) given in Appendix 
TV and for N,o(E,, E’, t’/m) corresponding to eq. (5-2), eq. (5-9) turns out to 
be 


N E, ae (1—¢) (T—p) ae / 1 
if Mm a 
eee exp i f(E’, 2), (5-10) 


t—t—a (t—r)'” 


-where 


F(E, #) =dy'+(1=+)¢+2,/ C= vy 42V (ra) (y’—B) —-t 


and 
yo=ln (E,/26-), 9’ =In (E)/E’), a=1.4, 2=0.56. 


The integration of eq. (5-10) can be made by the double saddle point method, 
as long as the saddle point (y,, ¢,) falls into the following region: 


Cay, = iyo OsiGXt, (5217) 
where y,, ¢, can be determined by the requirements : 


9f/99'\ won =9, Af/8t'|y ==. (5- 12) 


We can find out two solutions of eq. (5-12) satisfying the condition (5-11). 
One solution situates in the region A, where a shower is in a growing up stage, 
and the other in the region C, where a shower is in a decreasing stage. In the 
intermediate region B between the regions A and C, where a. shower develops 
near the optimum depth, there is no solution satisfying eq. (5:11). However, in 
the region B, N.(E,, 9, 2) may be well approximated by the approximate formula 
of the cascade function initiated by a single photon. | 
Thus, using the results derived in Appendix IV, we obtain 
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for region A 


(y.—8) me? (— \<t-a< Oh) me ( fed 


(m—1)?(1—0)» \ a1)“ A 
— ,1-y ae" mi? fm IN? (0a ve 
UN SCE 0, t)=2.8/7e —_ ( y m—l1 ‘ Om \ Aol 
Jeet [ Oy-- #24] _ 2 +{ m=1 A —1| (a) |, 
x( ae = m—1 A (0?) One kA 


for region B 


(n—B)Fm(I-1) ge @ (4 
Eek j ) trac Dey 


= —_— Se Na2 1/2 
NGG, 0, 1) 26, & ex aL i=? ) m 
V VY 7 


72—1 


Mean PN exp — (a) +2 (=a) (y,—)], (6-13) 


and for region C 


Or (55>) <ta< ae ae ( — fs 


a l—vy an agi nol? ee N\ 1/2 
=?2. 4 w od 
N, By, 0, )=28/me* F(A) (1) 


Bg) eal Fp O91 


where ¢, is given by eq. (A IV. 4) and 


1 Sheqe?'y aS ie «pl EA ei 
—— Spe mt Lo=q1 oye 5 


A =V {m—(m—1)d— (1—6)}?—4(m—1) (1—d) dv, (5-14) 
yo=ln #,/26.. 


As shown in eq. (5-13), 4 means the attenuation length at the tail of the 
electron component in EAS and is larger than the nuclear collision mean free path. 
Moreover, the changes of 4 for changes of 0, » and m are easily calculated. 


Mh/dv=i(1—8)/\/ (4-1), 
Md] dd=1/8\/ * {m—v—4(1—v)}, 
di/dm=i/my {8+ (1-8) y+ (1-8) (1—») } (5-15) 


From eqs. (5-15), the effect of the dynamical character of the high-energy collision. 
on the electron component in EAS could be estimated. 
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Sf curve 
10° 
10* 
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Depth in radiation unit 


Fig. 5. Comparison of the approximate curve derived with eq. (5+13) 
| with the correct altitude variation of electrons for Ey=10° mc*. The 
values of the parameters are given in Table 3. 


As an example, if we take the values of the parameters given in Table 3, we 


obtain 
A4=4.1 (rad. unit) (5-14’) 


and eqs. (5-13) and (5-15) turn out to be 

for region A 0.16 (y,—0.56) <t—1.4< 0.43 (y)—0.56), 
N,(E, 0, t) =0.48 exp[0.66 (y.—0.56) — 0.53 (t—1.4) }, 

=or ion B 0.43 (y,—0.56) <t—1.4< 1.7 (4—0.56), 


a 1/4 
NEUE 20, 1) =0.39( 20" exp| — 1.4) 42 G1) (058) |, 


(5-13') 
and for region C 1.7 (y)— 0.56) <¢—1.4< 209 ()—0.56), 
N;(Eys: 0, 1) =0:34 exp| 1.3(y,—056) 0240-14 J, 
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and 
4i/dv=7.1 (rad. unit), 4/4/dd=3.9 (rad. unit), (5159 
4i/dm=2.8 (rad. unit). 


§ 6. Analysis of extensive air showers 


—Results of numerical calculations— 


The values of the parameters used in numerical calculations are tabulated int 
Table 3. The choice of these values are due to the following reasons: First, the: 
parameters are fixed so as to satisfy the constancy of the transverse momenta, that: 
is, @=1. a is put to be unity for mathematical simplicity. Secondly, the apparent: 
inelasticity 7 is taken to be 0.5 for comparison with the results derived with the: 
model I. Using these values of the parameters, f=1/2, 0=1/2 are obtained. 
Further assuming the collision to be a nucleon- (or a pion-) nucleon collision, we: 
obtain «=1 and¢=1. Taking the formula of multiplicity to be »=2E}", i.e. b=1,. 
d=1/4, we obtain k=2. The values of the other parameters are the same as: 
those used in the paper A. The transverse momentum is taken to be 400 MeV/c. 


Table 3. The values of the parameters used in the 
numerical calculation 


fet y=07 d=1/2 
(i c=1 E=1 
p=1/2 k=2 r=1/2 


multiplicity »=2E)!/4 

collision mean free path 90 gem? 

radiation unit 38 gem? 

critical energy 85 MeV 

decay constant of charged pions, B=148 Mc? 


With use of these values of the parameters the energy spectrum of secondary 
pions at the high-energy collision in the L.S., eq. (2-14) turns out to be 


‘ 0(E,/E)'** dE/E,=4(E,/E)*?dE/E, for narrow cone, 
Pts 


= 6-1 
«0 (E/E,)"° dE/E=3 (EB, E,) 1" dE for wide cone. ae. 


It must be noted that the differential energy spectrum in the narrow cone is propor- 
tional to Edi, 
6-1. The energy spectrum of high-energy nuclear particles 

There are evidences’ that EAS always accompanies high-energy nuclear particles 
(210" eV) very near a shower core. However, at this time, no data enable us 
to discuss their properties more quantitatively. Therefore, we present only the 
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Igy spectrum at mountain elevation and sea level for a primary energy E,=10° 
* in Figs. 6 and 7, respectively. Comparing these figures with those of high- 
Tgy muons, we see that the contribution of early generations is smaller for high- 
itgy nuclear particles than for high-energy muons. (see Fig. 8) Thus the study 


ithe energy spectrum of high-energy nuclear particles would be useful only for 
scking rough consistency of a model. 
2. The lateral distribution of high-energy muons 
Since muons have very weak interactions with matter and the long life-time, 
ry come directly to the points of observation from the points of their creation. 
sides, we showed in the paper A that most of high energy muons (2100 GeV) 
created at the first stage of nucleonic cascade. Moreover, the Coulomb scatter- 
is quite negligible for such high energy muons. ‘These situations make it easier 
derive information about the high-energy collisions from experimental data of 


vons. Actually we can estimate the energy spectrum of secondary particles produced 


10? 10° 10" 10° i 


Energy in nucleon rest mass unit 
Fig. 6. Integral energy spectrum of nuclear particles at mountain 
elevation (720 gem-*) for E)=10° Mce?, ele : 
Each numbered curve represents the contribution from each gene- 


ration. 
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10° 10° 10° 1” 10° 


Energy in nucleon rest mass unit 


Fig. 7. The integral energy spectrum of nuclear particles at sea 
level for Ey=10° Mc?. 

Each numbered curve represents the contribution from each gene- 
ration. 


in the high-energy collision from the lateral distribution of high-energy muons, usin 
the fact that P, = const. 

An experimental datum fitting the above stated situations is the one given kb 
the Cornell group.” The experiment was performed far underground, its dept 
being 1600 m. w.e. which corresponds to about 500 GeV of the lowest energy « 
muons. The experiment shows from the analysis of the decoherence curve th: 
the lateral distribution of such muons is nearly constant near a shower core withi 
a radius of 13 meters and falls off rapidly outside the radius. 

If we assume the energy spectrum of secondary pions at high-energy collisior 
in the L.S. to be proportional to E-"dE and the constancy of the transver: 
momenta of the secondary pions and also the pions to be produced at the averas 
height ~15km, we can obtain the lateral distribution of high-energy muons, th 
result being 27p(r)rdroc2ar"~ rdr, within a radius of about 10 meters. In ot 
model we obtain (7) oc r~°? from eq. (5-2), only taking muons into account - 
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Fig. 8. Integral energy spectrum of high energy muons at sea level 
for Ey=108 Mc?. 
Each numbered curve represents the contribution from each gene- 


ration. 


lhich parental pions belong to the first generation. 

It is interesting to check how much the nucleonic cascade process changes this 

uation. The numerical curve of the lateral distribution for #,=10° Mc? is shown 
Fig. 9. In the calculation, assumptions are made that a muon moves along the 
me direction as its parental pion and the angular spread of pions is only due to 
wat of the last collisions by which they are produced and also the production point 
“muons is the average height of respective generations. The lowest energy of 
cons is taken to be 500 Mc?. The effect of backward emitted pions in the C. M. 
js taken into account only for the first generation. Their contribution from other 
snerations is negligibly small. 

As seen from the figure, (7) is nearly constant for 7 <10m. The mean 
idius is found to be a little too small, partly due to the neglect of the angular 
sread of pions belonging to earlier generations. A similar distribution was also 
ntained for H,=10' Mc*?. Thus if the energy spectrum of secondary pions at the 
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S Density per meter square 


Distance in meter 


Fig. 9. The lateral distribution of high energy muons for 
Ey=108 Mc*. 

Each numbered curve represents the contribution from each 
generation. 


high-energy collision could be well approximated by a power law E~"dE, n shou 
not be smaller than 1.5. On the other hand, »=2 from the analysis of j 
showers.”’» If 222, the form of the lateral distribution of high-energy muot 
would become concave near a shower core. Therefore, it may be concluded 2. 
n21.5, if the decoherence curve corresponds really to the flatness of the later 
distribution.* 

The lateral distribution of high-energy muons is insensitive to a value of tl 
nuclear collision mean free path; then it depends only on the energy spectrum 
secondary pions and the ratio of charged to neutral pions. If we considered th 
the contribution of the first generation is main (see Fig. 9), we expect that t! 
lateral distribution of high-energy muons will give an important clue to the ener; 


* It is noticed by J. Nishimura that the lateral distribution becomes slightly steeper than 
our case near a shower core, when the fluctuations of transverse momenta are taken into accou 
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spectrum of the high-energy collision. Therefore, it is desirable to measure a lateral 
distribution of high-energy muons directly, not a decoherence curve. 
6-3. The altitude variation of the number of electrons 


The total number of electrons was calculated with use of the cascade function 
an Approximation B, by taking into account neutral pions produced by nuclear 
jparticles of energies greater than 10° Mc. It was confirmed numerically that the 
contribution from nuclear particles of energies lower than 10° Mc? is negligible. The 
mesults for the altitude variation of the number of electrons with the model II are 
shown in Figs. 10 and 11. These are very similar to those with the model I in 
their shape. But there is an essential difference in the optimum depths of the 
electron component as shown in figures. In the case of the model II the optimum 
mlepths are deeper than those in the case of the model I. Corresponding to this 
wlifference, the attenuation lengths at mountain elevation and at sea level in the former 
“ire somewhat longer than in the latter. 

These differences result from the following fact: Neutral pions of high energies 
sare produced much more in the model II than in the model I. Such high energy 


10° 


10° 


Model I (q=0.5) 


10° 


10° 


28 32 


4 BP arte 16 20 ois 


Depth in radiation unit 


Fig. 10. The altitude variation of the electron component for 
E)=101 Mc?. 
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Fig. 11. The altitude variation of the electron component for 
Eo=108 Mc?. 


neutral pions are produced in the earliest two or three generations and conduct 
dominantly the optimum depth of the altitude variation. 

This fact is actually confirmed with the charge exchange model which is the 
modification of the model I so that colliding charged pions with air nuclei exchange 
their charges and escape as neutral pions with a probability of 1/3. With this 
model the optimum depth of the electron component situates between those of the 
models I and II (see Fig. 11). 

We pointed out in the paper A with the model I that the attenuation length 
varies largely with primary energies. This fact is also unchanged in the case of 
model II as expected. Moreover, the optimum depth of the electron component 
depends on the primary energy strongly, though the optimum depth for EAS 
initiated by a fixed primary energy could be adjustable by changing the energy 
spectrum of neutral pions and the parameter v. Therefore it is difficult to explain 
with our models I and II the experimental data available at this time, that the 
attenuation length of EAS is nearly constant over the region of primary energies 
10“~10" eV. From the theoretical point of view the attenuation length should 
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increase with the primary energy, if the mechanism of the high-energy collision, 
i.e., the energy spectrum, the inelasticity, the ratio of charged to neutral pions, and 
so on, would be independent of the incident energy over a wide range 10"~10" 
eV. Before considering this discrepancy between theory and experiment, it is most 
desirable to obtain experimental altitude variation curves for different primary 
energies, taking into account the fluctuation in the depth at which the first collision 
of a primary particle occurs, as pointed out by S. Miyake. If the experimental 
fact as stated above were still correct, even if an interpretation was made by con- 
sidering this fluctuation, it would become necessary to introduce some serious modifi- 
cation of the mechanism of the high-energy collision, as has been conceived to date. 
6:4. The lateral distribution of electrons 

With the model I we have shown™ that the lateral distribution of electrons is 
insensitive to the value of inelasticity and also to the primary energy. We reexamin- 
ed this conclusion with the model IJ. The calculation was made on an assumption 
that the lateral spread of electrons is only due to multiple Coulomb scattering of 
electrons, and the effects of the 
angular spreads of nuclear active 10° 
particles and two-photon-decay of 
neutral pions are negligible. The 
procedure of calculation is given 
in Appendix V. 

The calculated results . are 
shown in Figs. 12 and 13. In 
the broken parts of curves there 10° 
are some errors, because of the 
following reason. The shower age 
in the three dimensional cascade 
theory’ depends not only on the 
primary enery F but also on the 
distance from the shower axis as 
a function of (Er/&,7,), where &, 
is the critical energy in air and 7, 
is the Moliére unit. Accordingly, 
the smaller r/r, gets, the more 
showers initiated by individual 
neutral pions are found to have 
ages larger than two. The ap- 
proximate formula is no longer 
applied to the case of such an age. , ; | 
For r/r,<5-10~* the number of | 10” orn 10- 
such showers becomes considerable, Fig. 12. The lateral distribution of the electron 
but the contribution of such show- component for Ey)=104 Mc’. 


Arbitrary unit 
a 
rs) 


10 
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10° 


ers to the density of electrons is 
not large. For such a region, 
however, it becomes meaningless 
to evaluate the density more ac- 
curately, because of the neglect of 
the angular spreads as_ stated 
above. 

We again find that the lateral 
distribution is insenistive both to 
the energy spectrum, as is found by 
comparison of the model II with 
the model I, and to the primary 
energy. 


Arbitrary unit 


§ 7. Summary and conclusion 


First we shall summarize the 
advantages of our model and cas- 
cade theory and the main results 
obtained from the analysis of EAS. 

(1) The model II contains 
some free parameters which char- 
acterize the dynamical property of 
the high-energy collision. |The 


: rr 
parameters are adjustable so as to 


Fig. 13. The lateral distribution of the electtron 
satisfy the constancy of the trans- component for Ey=10° Mc?. 


verse momenta. 

(2) The diffusion equation can be solved analytically and rather simply if 
the decay of charged pions is neglected. This fact makes it easy to investigate 
unknown properties of the high-energy collision. The accuracy of the solution is 
good for nuclear particles of energies larger than 10? Mc?. 

(3) In our model the energy spectrum of secondary pions in the forward 
cone in the L.S. is proportional to E-“*® dE. 221402 1.5 is consistent with 
the lateral distribution of high-energy muons far underground. 

(4) The lateral distribution of the electron component is insensitive to a model 
of the high-energy collision and also to the primary energy. 

(5) For the altitude variation of the electron component, the numerical curves 
show that the optimum depth is rather deep. To shift it to the upper atmosphere 
could be made by properly changing the energy spectrum of neutral pions and the 
parameter v and other parameters as far as the altitude variation for a fixed primary 
energy is concerned. However, it is doubtful that the altitude variation as a func- 
tion of the primary energy can be explained with use of the energy spectrum of 
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neutral pions and v and other parameters fitted for one fixed primary energy. 

In this paper we have analysed EAS in connection with the dynamical characters 
of the high-energy collision taking into account the constancy of the transverse 
momenta. And we have seen that the constancy of the transverse momenta and 
the energy spectrum of secondary charged pions are consistent with the results 
derived from the analysis of jet showers. As stated in the introduction, EAS should 
furnish us information about inelasticity. However, we could not say anything about 
it at this time. This is partly due to the absence of reliable data concerning the 
altitude variation of the electron component over wide range of primary energies. 
Therefore we have only examined how much the energy spectrum of secondary 
neutral pions changes the altitude variation as compared with the case of the model 
I in which the spectrum is monochromatic. 
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Appendix I. The approximate solution of the diffusion 
equation for a<1 


For a<1, the solution corresponding to eq. (4-4) is somewhat complicated, 
as we cannot divide the energy region in a simple manner as in eq. (4:9) .2) at 
depends on the generation / and must be divided into more energy sections than 
in eq. (4:9). We divide the energy region of the m-th generation as follows : 


Region I: a@/& >&>a" Ey, 
Region II: Wale > e> ala ef, -j=0, 1, 2-1, (AI; 1) 
Region III: a’ &’ se pal" é,’, 


where 


1 a AV ie YE 
El ae =o, a gl a’ =a". 


We define the solution in each energy region as follows: 
Region I: By (e)s | 

Region ile Ae) = fir! (€) +hi(€), j=), ip e's nls (AI-2) 
Region III: p,(€), 


and 
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eee 


mite) = 
; \ gat 
1+7 (1-1) L+ j(k— 
Ena (In( (+ qQtié »)) 
Asn (6) = al Skeet a ) ; wee day oes art 
Ahab (i= =— Pia Ke) hia (&). (AI-3) 


As the energy region II is much smaller than the regions I and III, we omit the 
region II extending the solutions in the regions I and III to the region II and con- 
nect them properly ; then we have two new regions, 


Region I: a’ &<E<a'E, solution h,°(€), 


Region II: a’ 7é<€<a"&/ solution p,(€), 


(in) 


A - a 
4 ©) aU ty 


wii 


19 = Gn f(o(Z8)" =F (nS) 
= j xe (( (> ne é! Ne m 


mh (i—2)1 


(AI-4) 
fice 


(Eg/al “lk 
k 


This solution coincides exactly with the solution (4-11) if we put a=1, and as far-as 
h,°(€) is concerned, it is exact. As we mentioned already that the main term in 
pi(€) is the same as h,°(€), and we can use the solution I all over the region 


without introducing a large error (10%). The solution of eq. (4-2) in the region 
I is given by a7 


as a' &, 
NE = 2 (2) (2) “va-aerS (Geestryae: 


oS € (71)? 
(AT, 5) 
The upper limit Z, for the summation is given by 
a’, In&,/é . 
—*=1 or ,=——%_. AI-6 
E "In (1/a) Sh” 


The generation giving the most contribution to the summation of eq. (AI:5) is 
given by 
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ts / Come (1~8) n(- 4"), (AI-6’) 


It is noted 7’ is smaller than /,. 
We could approximate eq. (AI-5) as 


10* 


S 
— 
| 
= 
® 
J 
z a=1 
--- a=1/2 


Pei) 2 259 4) 556 7) 8-9 910 


Depth in collision mean free path unit - 
Fig. 14. Number of nuclear particles of energy € as a function 


of depth. 
Comparison of the case a=1/2 with a=1. 


6=1/2, k=2, v=2/3. 
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p—( 1am &)-ro( 2) 


We introduce a new parameter 


Nt, 2) =i() va-a e~*1,(29/2A—8) zn( 4"), (AI-7) 


where 


U! =v’ (1—0) xin(&/é). 
Using these approximations we could apply eq. (AI-7) to the analysis of EAS 
similar to the case of a=1. 
Appendix II. The effect of decay of pions 


Here we only give the decay effect of charged pions which is important for 
low-energy pions. We assume that all: charged particles are pions, and put a=1 
for simplicity. Corresponding to eqs. (3-11) and (3-12), a simple calculation shows 


= gaat &e peel 1 : 
fr(sy=v A=3) ( : ) TSENG TE h,* (8), (AII-1) 


where B is the decay constant of pions and 


ek fos} 
dé! 2 dé! EF =4 
+ — * / * / “! 
h, (€) | &’+ B/(i—1) nese) +e) &+B/(1—-1) mE CY(S ) 5 (AIl 2) 
In the region I where h,°*(&) is the solution, 
1) i) £9 
dé’ * dé" = dé 
LAG =| | ei oe \ ee . 
t ( ) ) é’+ B/(l—1) ) "+ B/(l—2) i Soawrage si bf (AIL 3) 
that is, 
hi (€) =h;' (€) + B(@hK* (€) /AB) | nao ++. (AII- 4) 


We only take into account the first and second terms. From eq. (AII-3) the 
second term is derived as follows: 


1 7) 


ele) Le ; | dé’ 1 ie E, 1-2 
Sohiatat {4 aN (In +4ln a) + (AILS) 


OB 


R=-0 gE” & 


€ 


A simple integration of (AII-5) gives 
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’ 


B=0 (l— 1)! 


_ ane? 


“8B Ar, €), (AII-6) 


where 


eee tee Lene /e)! (ee U1) ) 
oi N Dy [=1 2 1 i! (i—1+7)! 


(All: 7) 


Since the depth and the generation to which pions of energy € mainly contribute 
are from eqs. (5:5) and (5-4) 


Im~(1—8) y Iné&,/é, (AII-8) 


I~V (1—4) vx Iné,/E ~ (1—4) vp In&,/é, 


the order of magnitude of eq. (AII-3) is estimated by using these relations ; 


Als. 6)~ 2 {in@a—a)ey +1) +2— 4-2 ow | (AII-9) 
ee y Vy a 
where y=In&/é. 
Then eq. (AII-6) becomes 
ree) a> (are ey ee 1 (AII-10) 
Be cleo? wddne Ul mln fen lneofe 


Assuming the form of h#°(&) to be 


1 E 7-1 
*0 E — ] 0 P 
BAS) Ga)! (a9) 


and comparing it with eq. (AII-4) using eq. (AII-10), we obtain #=(/—1)™, 


1. @; 


(AMD) 


$3 < 1 os TEL 
Leh fowl (In ere 


and from eq. (AII:1), 


\1+6 & 5 g=1 7 
F*(6) =v —2)( 2.) BTS (In( AEE at) )) |e 1)!. (AII-12) 


mate J contained in the factor (€+B/l) of eq. (AII-12) by 4 
ccount of the decay could be 


Thus if we approxi ' 
given in eq. (AII-8), the cascade function taking a 


well approximated by 


1+6 —al , & \ 
N(é, 2) = (1—4)»() 5 Pr Ere) i(2 Jva—e)x np). 


(AII- 13) 
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This solution may be useful even at a rather low energy of about 10 GeV with an 
error of 10 per cent. 

Next we shall estimate the muon component. The number of muons having 
energy € is given by 


NG, 2) = (42 oS} 2 fh). (AIL-14) 


€ x 0 (7+1)! 


The main contribution in the summation for fixed x’ comes from the generation / 
determined by 


iP {i oyue! leva is = (AII-15) 


thus for &;=10* and €=10’, for example, 
D~ 4.62’. (AII-16) 
On the other hand, for fixed 7, the maximum of e~” x” in eq. (AIJ-14) occurs at 
nae 
Thus, if the depth of observation x is much greater than 7, i.e. z>/ or x>4.6, 
the difference between (ew a''dx' and jew a! dx' becomes negligible. Then at 


0 0 
a deep enough depth, say at sea level where x~12>4.6, eq. (AII-14) could be 
approximated as 


NE, 2) =N,(E, ©) = 3S fis © = at (4(©). (AIL-17) 
Using eqs. (AII-12) and (AII-15), we finally obtain 
ae 1 E, \etvt- 
Wiese aS 0 : : : 
ae E+B/((1—6)v Iné,/é) ( Iné,/é Senate 


The approximate formulae in this chapter were derived by using only h,’(€) 
which is correct in the region I, i.e, &>€>2&/*. The approximate formulae in 
the region II and III could be obtained in a similar manner, though the derivation 
is rather complicated. However, as stated in § 5, the differences between the solu- 
tions in the region I and the regions II and III become small at the lower atmos- 


phere. Thus the formula will be useful to analyse the quantitative characters of 
EAS. | | 


Appendix III. The differential number spectra of nuclear particles and 
neutral pions without taking the fluctuation into account 


In this appendix the full expression of the differential number spectra of nuclear 
particles and neutral pions, eqs. (3-2) and (3-5), is given without taking into 
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account fluctuations in the depth at which the first collision: occurs. 
The differential number spectrum of nuclear particles is given by 


6, (& x) for Go ED Ey, 
+6 ui f 
N(, 2) = (1-8) ve“( 1) “APACE, x) for &/>E>6",  (AIII-1) 
‘love, x) for 6!’ >é>&", 


where 


HE, x) =33 7 (a—ay'nr, 


co 


OME, 2) 5 Se (C1 —9) ») ia (8). 


AG 
I! 

PE =D (A-dy)' pO, 
z (AIII-2) 


Using the notations 
z=4(1—0)»2z, 


(J,: The imaginary Bessel function of 1st order) 


h(V2)= Sere ihe 


IE, =) ay ee Et oy fel, Gi Ane,/) e Galn At, 
(AIII- 3) 


a x a i) 
ikke =) aay polinkee 
{eI (/z n&/) — (REDV EL, Wz InG E+ BL, (/ 2inG\/e) | 


we obtain 


HE 2) =f aye he mG Pe), 


DE, 2) =H (E, 2) —I,E, be a(S) &5 £, med z), (ATII-4) 


aut, x)=P.€E, x) +G,(E, x)—« ff ae Ye AGne AP cieees me 


pi) 


me “(4 i ays 4: ag age 


ek 
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In a similar manner the differential number of neutral pions is given by 
[sas a) for &>€>6&,’, 
D.(& x) for &/>é>6,", (ATII-5) 


SS 
Lave. B) Mog > ee”, 


—0d)(1—» oe Ne, i 
MEO see ee 
v 0 


where 


HE, 2) =,/ GO InbV/E 7, W/Z IEE) +8 (2), 


1) 
ET WL 
Pe, D=KE, 2) - LE, +0) S (—) boy T(E, 2), (ATT: 6) 


ek 


a) 


QE, =PlE, D+G(6, 2) —«{ | ey «, a Gem, (142) 


es. & k—1 


eo’ 
ae7 eX ; «kk 
k ( Be Ge ret , 
= | é! a * 0, 2( )( k—1 
eh 


and 


2=4(1—d0) vx 


MEAD) = eo uneye a {el (Vz Iné,/é) —V/ 1/k I, (Wz né//8) | 


(AIII-7) 


k2 a 
G (Sms) =4/ Oe nel fa ea {el (\/zIné,/) 


VTE RFD 12 InB72) + 1, W/Z 1n6776) 


Appendix IV. The derivation of an approximate formula for 
the electron component 


a. The cascade function used in §5 


Heisenberg,’” following the method of Landau and Rumer,” derived the follow- 
ing approximately analytic expression for the number of electrons of energies greater 
than € at the depth ¢ in a shower initiated by a photon of an energy W,: 


ITz(W,, &, t) ==)" exp {—1+2[ (¢—a) (yA Tt, (AIV-1) 


where y=In(W,/é), a=1.4 and 8=0.56. Comparing Hn(W,, &, t), where &, 
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10” 


The approximation B 
Landau-Rumer’s approximate formula 


10° 


-_-_— 


_- — 


/f Bale =10' 


10° 


10 
0 10 20 30 


Depth in radiation unit 


Fig. 15. Comparison of the Landau-Rumer’s approximate 
formula with the approximation B for electron cascade 
initiated by a single photon of energy Ey. The curves with 
the approximation B were reproduced from the paper by 
Rossi and Greisen (Rev. Mod. Phys. 13 (1941), 240) 


is the critical energy, with the cascade function in the approximation B, we find 
that the error is small concerning both the optimum depth and its longitudinal 
spread as shown in Fig. 16. The total number of electrons at the optimum depth 
in Heisenberg’s one is smaller by a factor of 1.4 than that in the approximation 
B, independently of the initial photon energy. Thus we use as a cascade function 
Heisenberg’s one multiplied by a factor of 1.4. The main differences between this 
modified cascade function and that in the approximation B appear at the beginning 
stage and the tail of the cascade process. But these differences will be small enough 


to be ignored, so far as we are concerned with the electron component arising from 


the nucleonic cascade process. 
b. The details of the saddle point method used in $5 
First we shall find the saddle point (y,, t) defined in eq. (5-12). From the 


next expression of eq. (5-10), we obtain 
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Of md yey ae =H t—t—-@ _g 
ean ne =o9+ / : ee ’ 
dy’ pat Al m Nv Mt Vo Ish 
vhs |. 5 Sete a +,/ Gao» | n — Yo—~M—-F —0, (AIV-2) 
Ot! Wan m m L iT 
(f— YEN! 
These equations can be solved with respect to 4 and 2—4—* as follows: 
Sa Sd eae |) 
ee he = {m—Un—1)6—(1—8)vit VY }P=Ag, 
y, A(m—1)?C—e)y 
bho eee _{m+(m—1)d—(1—8)¥+V¥— }?== By, (AIV-3) 
yea =P ~ Aim 
where / _is given by eq. (5-14). 
Therefore the saddle point (y,, ¢,) is represented by 
y= loos Bs Yo 2 
Ag GB: 
(AIV - 4) 
t= Ax (t' — Bs yo!) 
A,.— Bs 


where y,/=y,—f and t,/=t—a. 
With use of the conditions m>1, 1>»¥>0 and 1>0>0, it is easily shown 
that 


A icc Lad tal oy (AIV -5) 
Instead of the condition (5-11), we use the condition that 
O< tt 509 Mmedy's (AIV -6) 


The difference between these conditions is not essential. Substituting eq. (AIV-4) 
into eq. (AIV-6) under the inequality (AIV-5), we finally obtain 


B_ yy! >t! A_ yy,  (AIV-7) 
and 
As Wp > tel >Buy (AIV-8) 


As long as the initial energy E, and the depth ¢ satisfy the inequalities (AIV-7) 
and (AIV-8), the saddle point method can be used for the evaluation of eq. (5- 
10). The regions A and C called in §5 are defined by the conditions (AIV-7) 
and (AIV-8) respectively. 

Next we shall evaluate eq. (5-10). Eq. (5-10) turns out, by means of the 
saddle point method, to be 


UNG (hg One) a (lid) (+) a ta Yo = 91 "ary 


m to’ —t, 
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x exp{ fin, 1)}- | de'| dy’ exp] ( wu ee (26 Ve ees 


(2 Jyl=yy 
Ot th=t) 


7) yon 9) 4) | 


er 2 WAC DO) {Ga a yf aman 


il (t—2t/) 1? 


a7, 2 m m t,/ — 
Sa DG ieee Geek ak Pua PL 
Kexp (f(s 4)}-24] fi | 
Fr» ti) Dy ae" thee a3) won (AIV-9) 
where . 
5 qt, = — fied iy = ee a oN rita 
S(t) seks? {m+(m—1)d-(1—d)vtY } 
saree a) {1- Spy Um + (mV) 8— (1-0) v FV apie (AIV-10) 
and 
“oak a rf —( Of 09 
or’? dy” or’ Oy’ 


Be (4 )2{m4+ (m—1)0— (1-0) v FY} (m—(m—1)0- (1-9) » FY} 
16 2? m?*(1—0) vy, (4o— 31 — P) 


(AIV -11) 
Substituting eqs. (AIV-10), (AIV-11) into eq. (AIV-9), we finally obtain 


ae SEN /2 1/2 
N.(E,, 0, ¢) =2.8)/2z e-« 1 = as le ( m ) 
Wf ee 


at t—t,—@ 
ee ey ky =( t—t, ) 


ts WL) Ome OPE oy 
x exp| 5 Gna1) (iP) 
+] 1 [m+ (m—1)8—(1-av FY JI ea) |. (AIV-12) 
20m 
Putting 
Leite t 'm+(m—1)d—(1-8) "=v. }, (AIV-13) 
A 20m 
we obtain 


00) ae S CE 
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Ly mo e Am “! a A Oy A—1Y 
(1—0)¥(m—1)? One Se ~ (m—1)? A 


From eqs. (AIV:7), (AIV-8), (AIV-12), (AIV-13) and (AIV-14), we get eqs. 
(5-13) and (5-14). 


Appendix V. Calculation of the lateral distribution of the 
electron component 


It is assumed that the lateral spread of total electrons are only due to multiple 
Coulomb scattering, whereas the lateral spreads due to the angular spreads of 
nuclear active particles and of two-photons-decays of neutral pions are negligible. 

As the structure function an approximate formula of the Nishimura-Kamata 
function under Approximation B 


Geet yt "YC [1+ Jexp{—ats) (7/7) 
=(r/7r)°*L(r/7, 5) UV 4) 


is used which was derived by Nishimura and Kamata.™ This formula coincides 


with numerically evaluated values of the N—K function for s=0.6, 1, 1.4 and 2 
within errors of several per cent. 

Let 7,°(E, x) dE be the differential number of neutral pions produced by 
nuclear active particles of the (J—1)th generation, at the depth x measured in the 
nuclear collision mean free path. The number of electrons at depth ¢ (in the radia- 
tion unit) and at the distance 7/7, (7,: Moliére unit) from the core in the showers. 
initiated by the neutral pions is given by 


IT, CE, 9%, t, rr) dBy2a @/ riya Ce) 
=dE-22(r/r,) d(r/r) \m0(E, “1B, 0, t—', r/r),  (AV-2) 


where 
IT(E, 0, t—t’, 1/1) 22(r/1,) 4 (7/7) =22(7/ n)yd(r/7,) 


6+%0 
nl M(s) K,(s,—s) (/ E é ; 
= {4 Se (oe) explAs) @=2) 4 logsIf(r/n 8) 
(AV -3) 

is the lateral distribution of an electron shower started by a single neutral pion 
having energy E at depth z’. Inserting eq. (AV-3) into eq. (AV-2) and using 
the saddle point method, we get | 

HI, i, 0; t, 7 7,)alo.22 (7/7,)a(7/7,) = '(E) dE-22(r/r,)d(r/17,) 


2 M@KG —3) (E . 
a ($+1)V U6) 6 Jay. ; y exp[A:(s)¢] (m6): fia Ft) (r/71) *X(r/14, 3), 
(AV-5) 


x 
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where 
sc. ts ; 
Gz (s) =In(~ —)*8+4:(s)t—3 Ins—In(s+1) +InM(s) +In{ fr_1 Et) /€}, 
Oe, 1 
4 
er’ yy. am dy & 
fit) =| ee Oe ein (AV-5’) 


0 


and s is determined by g,/(s)=0. The other notations except for m are the same 
as those used in the paper A. 


It is worth noting that in the right-hand side of eq. (AV-4) the factor 
fis (&t) 
a 


coincides with the total number of electrons in a shower initiated by a neutral pion 
of energy (Er/&,r,) (see eq. (13) in the paper A). Consequently, to evaluate 
eq. (AV-4) the same procedure can be used as was done in the paper A, if we 
evaluate the factor (7/7,)~°%(7/1,, s) for several values of r/r, and s. 

A shower age s in the three dimensional cascade theory depends not only on 
the primary energy and the depth but also on the distance from the shower axis 


mountain altitude (720 gcm~%) 


10° 10° 
(E/€.) (7/71) 


Fig. 16 
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sea level 


2.0 


0.8 


10 10° 10° 10* 10° 10° 10’ 10° 
(E/€)-(7/71) 


Fig. 17 


as a function of (Er/&,7r,). In our case s depends also on the generation /. 5s as 
a function of (Er/&,r,) and Z is shown in Figs. 16 and 17 at mountain altitude 
(720 gem~”) and sea level respectively, where the collision mean free path and the 
radiation unit are taken to be 90 gem~” 


9 


and 38 gem~ respectively. Since shower 
ages in the figures coincide with those of one-dimensional cascade showers when 
r/r,=1, these figures will give a rough measure of ages of cascade showers initiat- 
ed by neutral pions of various energies produced at various depths. 
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Octupole Type Deformation of Nuclear Surface 
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The shell structure dependence of the surface rigidity to nuclear octupole type deformation 
is examined. In order to calculate the energy change due to octupole type deformation, a 
coordinate transformation which transforms a deformed surface into a spherical one is intro- 
duced. The results of our calculations are in good agreement with the trend of experimental 
data suggested by low lying odd parity states of even-even nuclei and display a characteristic 
shell structure dependence as well as quadrupole type deformation. According to the deformed 
potenital model, it is shown that octupole type deformations are closely connected with quadru- 
pole type deformations. This fact may play an important role in determining the spin values 


of low lying odd parity states of even-even nuclei and in understanding a mechanism of 
asymmetric fission. 


§ 1. Introduction 


In certain regions of elements, even-even nuclei possess rather low lying states 
of odd parity. These states were observed first in a-decay spectrum of the heavy 
even-even nuclei having Z~90. and N~136.” The states of this type are found 
also in the even-even nuclei in the rare earth region with Z~60 and N~90.” 
Analyses of gamma-transitions from these states suggest that these states may re- 
present the existence of the octupole type oscillations of nuclear surface and systematic 
occurrence of these states may suggest a close relation between octupole type surface 
oscillations and shell structure. An asymmetric fission of heavy nuclei is also one 
of the evidence of existence of this type deformation of nuclear surface.” 

The EF 3-transitions of the j-forbidden type occur in odd-A nuclei having neutron 
or proton numbers 43, 45 and 47. This may suggest that the surface rigidity for 
octupole type deformation is very small in the subshell of nucleon number 40. 

Some of the qualitative properties of octupole type oscillations of nuclear surface 
have already been discussed by Copenhagen group. Bohr and Mottelson have 
estimated the electric-dipole transition probabilities and attempted to obtain informa- 
tion about octupole type distortion.” Fréman has studied odd parity a@-transitions 
of even-even nuclei and estimated the order of magnitude of octupole type distor- 
tion.” Recently, Lee and Inglis have calculated the energy change associated with 
pear-shaped deformation using the nucleon wave functions of a spheroidal harmonic 
oscillator potential.” They found that this energy change was always positive but 
they could not examine the shell structure dependence of pear-shaped deformation 
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pecase of their neglect of spin-orbit coupling term. 

In this paper, according to the theory of MSY® on the surface rigidity, we 
ees seth cis nls C, of closed shell (core) to octupole type deformation 
| J ‘ ucture dependence of C, (§ 3), and examine qualitatively 
-he properties of octupole type oscillations (§ 4). The theory of MSY is not a 
eomplete theory of the quantum mechanical description of collective oscillations, but 
it can reflect the behavior of surface rigidity®® correctly. In §2, we introduce a 
moordinate transformation which transforms an arbitrarily deformed surface into a 
spherical one. As the results of this transformation, the kinetic energy part of a single 
article Hamiltonian becomes to depend on the deformation parameters, and in the 
mase of small deformation we can expand this part as power series into the deforma- 
ion parameters and treat these terms as perturbations. This coordinate transform- 
tion may be applicable to many problems as a general method for a boundary 
hape perturbation. C, (the surface rigidity for quadrupole type deformation) by 
ur coordinate transformation coincides with that by Moszkowski’s transformation.” 
n order to examine the shell structure dependence of surface rigidity, we take into 
ccount a spin-orbit coupling, and for simplicity neglect the Coulomb interactions 
tween protons. Therefore, C, of this paper is the surface rigidity of neutron core. 

According to our calculations, the surface rigidities to octupole type deformation 
isplay characteristic shell structure dependence, which agrees well with the general 
end suggested by empirical data. According to the deformed potential model, 
tupole type deformations are closely connected with quadrupole type deformations. 
Phis fact may play a very important role in determining the spins of low lying 
dd parity states of even-even nuclei and in understanding the relation between 
rowth of nuclear deformations and the process of asymmetric fission. Simple and 
ualitative discussions on the behavior of octupole type oscillation are given in § 4. 


§ 2. Deformed potential model and surface rigidity 


Using the theory of MSY” on the quantum mechanical description of nuclear 
urface rigidity to nuclear octupole type deform- 
for the moment of inertia 
urface rigidity to 


collective motion, we calculate the s 
ation. This theory is not complete in order to account 
of nucleus,” but reproduced the qualitative behavior of the s 
)quadrupole type deformation in good agreement with empirical data.” We suppose 
‘that the behavior of the surface rigidity to octupole type deformation is also well 
:reproduced by this theory, hence we use this theory as a basis of the calculation. 
We assume that a nucleus is composed of a core (closed shell) and several 
,extra-particles in an unfilled shell, and use the adiabatic approximation to the surface 
- motion of the core and the motion of the extra-particles compared with the individual 
core-particles. On these assumptions, the motions of core-particles 


particle motions of 
by a deformed infinite square well potential. If we 


are described approximately 
define the deformed surface of core as 
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RO, 9) =RlL+ >) May Van, ¢) |, (1) 


then the surface rigidity C,, is defined as the expansion coefficient of the tota 
energy E..,.(@) of the individual particle motion of core-particles in this deformec 


potential” : 


N ~— 
tre) = ; E,(@) id alae Bay Ein + >) [Any 


P= 


ER, (2) 


and 
Sai ee (3) 


where N is the number of the core-particles and R, is the mean radius of the cor 
and we assume that the deviation from the equilibrium spherical shape is small} 
E,(@) is a single particle energy in the deformed infinite square well ste 
This potential is expressed as follows : | 


0 : inside the deformed core, | 
U(r; a) = (4) 


co: outside the deformed core. 
The Hamiltonian tnat describes the single particle motion is 
Hap / 2M ak ss-Ur 7 a): (5) 


In the following calculations, we neglect the #-dependence of C,,. This simplifica- 
tion is equivalent with the assumption of axially symmetric deformation. We describe 
the particle motion in the coordinate system fixed with the core and select the z- 
axis so as to coincide with the symmetry axis of the core. The surface of the 
core is expressed as 


RO) =Rf(O) =RIL+ 3) aYn(@, 9) |, a. 


in this coordinate system. 


In order to calculate the energy eigenvalue E,(@) to the Hamiltonian (5), we 
introduce a coordinate transformation — 


r=r'f), 0=0" and g=¢’, 


FO) =1+S aYn(G', $1), (6) 


where (7, 0, ¢) and (r’, 0’, g') are polar-coordinates in the body fixed frame before 


* In general, the principal axis for the deformations of different / are independent except fo: 
the conditions of constancy of volume and center of mass. If a deformed surface is expressed a: 
eq. (1’), then the relative phase of each order (J) of deformation are strongly restricted. We mus 


pay attention to this fact in the case of the quantum mechanical treatment of collective oscillation 
of nuclear surface. 
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.nd after this coordinate transformation, respectively.* We consider only /=2 and 
6, in the following calculations.** In the expression (1’), a, and a, are eliminated 
vy the conditions of constancy of volume and center of mass: 


i aS 
aes a eee S? ty! 
d > NNN’ )AnAntAnrr =0 
i n=0 4 iin mnt, ae =O) ¢ : > n&nt anyy > dy, | 


\ 


a +3 as (1nn’) Anan + 37 ener Va ah 


n nt nit=0 


g 3 
+4 DY oa nn'alln! Gay ayn ayi=0. 


n nt ntl nei=0 


LESS =\| Yievi) sind dé do. 


lving these equations and picking up the first several terms, we have 


Z ats ? 


eee 1 = 2 mi 
ot | ai 57 


¢ « 


9 
iy ——— a olla i 
V/ 4x N35 7S 


As the results of the coordinate transformation (6), the deformed potential 
(r;a) is transformed into a spherically symmetric. potential U(r’) : 


ay= 


* The Moszkowski’s transformation!© 
X= DARX,, Y=DAPY’ and Z=DZ, 
X24 Y?+ LZ =F," 


‘§ written as 


r=r’/V D“sin? &’ + D°cos? 6’, tand=D-*/2tan@’ and g=¢’, 


n the polar-coordinate. Here, we put D=1+WV5/4z a, and expand it up to ae’, then this trans- 


formation is approximately 


r=r ful’), 6=9u (0) and g=¢'; 


Z(6, 195 © a} Dai yg 
ful) =1+= a+ a3(1- 7 2a) Y29(, v) OV An 


ay 11 ie OY 09 Sy 9 Y29 
gO) = 9+ NA oeN a) 00 «14V 4x08 


a” Y40(8, ¢) ’ 


In this approximation, the surface of core is 


: eT ee 9 ; 
| Ru (0) = aielnagell TH age) tot i ele 


Fi 


il 


*k The deformation of J=4 were examined by Suekane and Yamaguchi.’ 
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One aie ; 
Ue) =| Sk Fale ah 


and the Laplacian operator of the kinetic energy term is expressed as ) 


ee ee. (55) (4+ 1) ee abo eren a @ 


where 


tol (ane pee 
sind’ a0’ 80") sin?" Og” 


Then, Hamiltonian (5) is expressed as follows :* 


H=H,+ (8) 
H,=p?/2M+U(r’) +kU-8’, (9) 
A! =a,H, +a,H, + a? Ay + a,” 33 + apa, Hy, + aa;7 Hos, (10) 
where 
OF OPO) eee 
H,=2Y 4 = ioe OF stl ae ar'/ae’ > (10 1) 
12 20" SOY 652" eee j 
Wi idee MT ee BE (10-2) 
aXe. AY os 
: alan da, mbccasioaainas Ae, +5 , (10-3) 
OY, Ole 
Hoy= (8¥anYoy— 2/47) — 7 0) al + Wy (10-4) 
' OY. "0 Y. L2 
Hy= {6Y »¥ou—9 (3/357) Yo} d— 2. aa at + ) 
Xa a bagck (hte: ~ 
Basiae kee ch ok : ; 10-5 
Toa be & 00’ r’ rae ( ) 


Hyg {3 Yn Von Y 9 — 27 (3/357)? Y yp Yon —3Y 29/27 — 1/52} A 


OY ara Ya acy. OYE, OY. Lc? 
+1903, /35n) 112-10 Yh sr tt i sh 4 <5 ie Yul (4' + 


(10-6) 


* In this treatment, we assumed that I-s-coupling term is not affected by this coordinate 
transformation. It may depend on the origin of the I-s-coupling term whether such assumption is 
valid or not. Since the I-s-coupling term used in the shell model is set up under the assumption 
of the spherically symmetric averaged potential, the adoption of I-s- coupling term in such a trans- 
formed coordinate system would not always be nonsense. 
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‘We treat H’ as a perturbation. The eigen-function of H, is a single particle wave 
function ¢f1im(r) of the jj-coupling shell model and its corresponding eigen-value 
lis Ev; In the expressions (10), we neglected the terms of higher order than a. 
sand a,", and reserved the terms of aa, and a,a,? in order to investigate the coupling 
between the deformations of order 2 and order 3. As the results of the coordinate 
transformation (6), the volume element is transformed as follows: 


r’?sin@ drd6dg=f*(0') r® sin@’dr'di'd¢’, (11) 
eso that we must pay attention to that the orthogonality of the wave function $y jm 


mdoes not hold now and we must use the non-orthogonal perturbation method. 
The energy of a single particle in a deformed potential is expressed as 


pa) (a) — Ents (a) Sary, ss v3 sey Us aha + cis ape + AAs” Ries : (12) 


he total energy Ee.e(a) of the system is given by summing up Enzjm(a) according 
to a suitable order of shell filling of the core-particles* and is written as follows: 


Evore (4) =>3 | (a) =E,+ Aa, + Ba,’ + Ca,’ + Da,a;’. (2’) 


Any odd power term of a, never appears in the expression (2’). Accordingly, the 
quilibrium value of a, is exactly zero. This fact means that, if C, is positive, the 
tupole type surface oscillations oscillate around a spherical equilibrium shape, even 
if the surface rigidity C, is very small, ie. even if the surface is very deformable 
tupole type deformation. We can rewrite the expression (2’) as 


Eoeore (a) =E,— B(a,°)? + Baz’? + (C + Da,’) a,’ + Da,!a;’, @”) 
where a,° is an equilibrium value of a, defined by 
as =—A/2B, (13) 


and 


0 
As =a,—a 2: 


Therefore, the surface rigidities to quadrupole and octupole type deformations are 
given by 
C= 28, (14) 
and 
C,=2(C+Da,’), (13) 
‘respectively. The expression (15) shows that the surface rigidity (or deformability) 
to the octupole type deformation is closely related with the quadrupole type de- 


- formation. 


* In the calculations of Ecore(a), the order of shell filling of the core particles is determined 
-s0 as to make the absolute value of A in eq. (2/) as large as possible. And the sign Onwae deform- 
ation a» is determined so as to make the product aA negative. The orden of shell ee and the 
Hfralue of A determined in this way agree with the results of Moszkowski and Townes”). 
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For the “spherical” square well potential, the effect of the “finite” wall. 
height can be given approximately by 
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§ 3. Surface rigidity to octupole type deformation 


14) 


Evo, to = Ew.ro(1+4o/Ro)™ 5 


4,=[72/2MV,}". 


(16) 


Therefore, we can take into account the effect of the “finite” wall height by re- | 
placing the nuclear radius R, by 


Ry =Ry+4: 


' 


In the case of the spheroidal potential, we adopt this procedure as the first 


approximation, since our calculations are performed in particular under the condition 
that the deformation of the potential is small. 


Vas, VMISY ; * 
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The level distances 
in this figure are written in unite of h?/2MR’,?. 


1.0 
0.8 


1.6 


Level. distance: 


We take the same values of R, and ) 
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R,=1.4x A™*X10-" cm, V,=36 Mev. (17) 


The energy denominator E},;—E%,,,, in the perturbation calculations are de- 
termined from the empirical values of binding energies in a similar way to MSY. 
These values are listed in Fig. 1. The distance of two succesive levels (nl 7) and 
(n'l’j’) is calculated fromthe 
difference between the bind- epee 
ing energy of the last neutron 
of |(nlj)-closed shell++one 
(v'l'7’)-neatron|y-nucleus and 


that of [ (lj) -closed shell— 


one (z/j)-neutron]y-nucleus. 


We picked up only a set of 
nuclei with proton closed 
shell. When we cannot find 
such a set of nuclei, we use 
a set of nuclei with neigh- 
boring even Z.* 

Results of our calcula- 
tions on C3’ of neutron shells 
are shown in Fig. 2.** Fig. 
2 shows that C;’ also have 
similar strong shell structure 
dependence as C,.” C,” 
corresponding to the shelis 
of neutron numbers 16, 20, 
32, 40, 56, 64, 82 and 90 
are very small. Therefore, 


we may expect that the 


| effects of octupole type de- Neeclachinsies 
formations are easily observ- 
ed in nuclei in the neigh- Fig. 2. The surface rigidity of neutron core, C3¥, in unit 
borhood of these shells. As of h2/167MR,/. In this figure, the rigidity of the 
‘ f region between two successive closed shells may be 
pointed out in reference 8, reduced very much because of the coupling of the 
C, are very large at the core and extra-particles. 


* These values are in general smaller than those of MSY. We calculated them from a single 
set of proton-closed shell nuclei but in MSY the level distances of several sets of proton configura- 
tions around a closed shell were averaged. This is a reason for the discrepancy. In general, the 
“Jevel distance determined from a set of nuclei with odd proton number is considerably larger than 

that of nuclei with even proton number. 
+k In order to calculate the surface rigidity Cs 
| of proton shells. ? 


| 


P of proton shell, we must use the level distnces 
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the closed shells of magic numbers, while C, are not always large there, e.g. 20 
and 82. In nuclei in the neighborhood of these closed shells, the low lying levels 


due to octupole type collective oscillation may be observed. > 
C’ calculated from our 


: model are compared with | 
a CP pyary due to hydrodynami- 
cal approximation” in Fig. 
3. In this figure, we assum- 
ed N=Z, for simplicity. The 
qualitative behavior of C,; | 
agrees well with the empirical 
evidences described in § 1. 
For nucleon numbers greater 
than 100, the calculated 
values are not very reliable 
and we signified this situa- 
tion by the dotted line. This 
unreliableness is due to lack 
of the exact knowledge about 
the order and distances of 
the levels of shells in this 
region. In our calculations, 
we used Klinkenberg’s level 
scheme™ up to the 3d,)-level. 
If we take into account the 
contributions from the 1;- 
level (and higher odd parity 
levels), then C, of N=90 
and 136 are reduced very 
much compared with the 
values of Fig. 2. The low 
lying odd parity states found 


_Neutron number : N=A/2 in a-decay spectrum may be 

0 50 100 related with smallness of C, 

Fig. 3. The surface rigidity of the neutron core with N=Z. of the core of Z=90 and 

C3” is calculated from our model, C3¥pyaro is and N=136. Those of the 
calculated from hydrodynamical aproximation. We nuoclen an cae h 

rare eart re- 


assumed that N=Z for simplicity. : 
gion are related with Z=56, 


64 and N=82. C, of the shell of nucleon number 40 is very small as expected. 
This may be closely related with the j-forbidden type E3 transitions. In these 
comparatively light nuclei, however, the configuration mixing also has an important 
effect and we can not draw a simple conclusion.” The final conclusion may be 
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given by a detailed study of the structure of levels in this transition. 


§ 4. Discussion and conclusion 


According to the results of our calculations, if a,” (the equilibrium deformation 
to the quadrupole type deformation) vanishes, the energy change of a single particle 
level associated with the octupole type deformation is always positive. This situa- 
tion occurs near a closed shell. But, in nuclei far from closed shells, a,’ does not 
vanish and the stability of particle levels against octupole type deformation depends 
on the magnitude and the sign of Da,’ in general, as we can see from the equa- 
tions (2) and (15): If the sign of D is different from a,’ and the absolute value 
of Da,’ is larger than that of C, then C; is negative. Such a nucleus is unstable 
against the octupole type deformation. These circumstances may play a very im- 
portant role in the process of nuclear asymmetric fission, that is, as the nuclear 
deformation becomes large, single particle level scheme undergoes a notable change 
and crosses over each other,” and a,” becomes large. Now, the nucleus whose C, 
becomes negative for large a,’ may undergo an asymmetric fission.* In this process, 
the superfluous energy which arises as the results of change of a particle configura- 
tion due to nuclear deformation excites the octupole type surface oscillations and as 
the results of this excitation the deformation of the nucleus grows up. 

The equation (15) shows that deformability C, to octupole type deformation 
is closely correlated with the quadrupole moment through a,’. As pointed out in 
§ 3, the equilibrium* value of the octupole type deformation is always zero. There- 
fore, it is sufficient to treat this type of surface oscillations according to a weak 
coupling scheme. This suggest that the levels due to this type surface oscillations 
will be observed as the levels due to surfon jump and the spin and parity of the 
lowest excited state of this type of excitation is 3-. In general, the 37 state due 
to the octupole type oscillations is higher than the 2* state due to the quadrupole 
type oscillations. In the nuclei with small C,, we can observe the low lying odd 
parity levels. The level scheme of these nuclei is determined by the values of a,” 
and D in equation(2’’). The value of a,’ may divide the nucleus into two cate- 
gories so called spherical and non-spherical nucleus, and the values of D is related 
with the coupling between quarupole type oscillations and octupole type oscillations. 
It may closely depend on a,’ and D which is the lowest odd parity state 1~ state 
or 3- state. Therefore, in order to study the effects of the octupole type deform- 
‘ation, it is very important to know the behavior of D. 

According to our calculations, the j-forbidden type E3-transitions cannot be 
considered as a simple surfon transition between a ground state and an excited 
state due to the octupole type surface oscillations. Our rough estimate. of the 


* There may also be a case in which C becomes negative for large deformation. In this case, 


\the stability of a nucleus to the octupolt type deformation LSA) Gass CTE OE IC CBO ee 


ig the net effect of C and Da;’. 
| 
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transition probabilities based on this simple picture are too large. The experimental 
evidences show that the nuclei which undergo this type of E3-transition possess a 
very complicated and delicate level scheme and, on the other hand, the surface 
rigidities of these nuclei are extremely small so that the interactions between collec- 
tive motions and motions of extra-particles may be essentially important in these 
nuclei. 

We have studied behavior of the surface rigidity C, to octupole type deforma- 
tions. The results of our calculations show that C, also displays the characteristic 
shell structure dependence as well as C, and agrees well qualitatively with experi- 
mental facts though the experimental data we have at present are not enough. 
We must calculate the coupling strength D between quadrupole type deformations 
and octupole type deformations in order to study these experimental data in detail. 
This calculation will be very complicated and laborious. 

Simple considerations indicate that the octupole type surface oscillations play a 
very important role in the properties of low lying states and the mechanism of 
the asymmetric fission. This type of collective oscillations may contribute also to 
the phenomena of nuclear reactions. 

This paper has been written basing upon the discussions between Dr. W. 
Watari and the author. The author wishes to acknowledge his co-operation. 
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The theoretical basis of the nuclear optical model is investigated for the elastic scattering 
of neutrons at low energies. It is argued in connection with statistical mechanics of irreversible 
processes that the characteristic feature of the optical model can be revealed by means of 
wave packets whose energy spread is wide enough to cover many compound levels. The 
giant resonance of the Lorentzian shape is fonnd to result owing to fluctuations in the 
interaction potential which is experienced by an incident nucleon in a target nucleus. The 
imaginary part of the optical potential or the half width of a giant resonance is expressed 
by the product of the second moment and the correlation time. The latter is closely related 
to the concept of portée introduced by Bloch, with whom we share the same opinion in many 
respects. The correlation time is shown by our method to reveal a feature of the fluctuations 
and can be evaluated, if the fourth moment is known. 


§ 1. Introduction 


Following the discovery of the gross structure of neutron cross sections,” a 
great number of experiments have provided evidence for the validity of the optical 
model in low energy nuclear reactions.” The theoretical basis of the optical model 
has also been investigated by many authors, since the pioneer work by Feshbach, 
Porter and Weisskopf.” In the present paper we wish to add a contribution to 
the theoretical interpretation of the optical model with a somewhat different point 
of view from previous: ones. 

The basic points on which we stand are the following. (4) The characteristic 

| feature of the nuclear optical model can be revealed by such a wave packet of a 
bombarding particle that has a coherent energy spread enough to cover many levels 
of the compound nucleus. (ii) The wave packet decays owing to fluctuations in 
its interaction potential while it passes through the target nucleus. (iii) The gross 
structure of the cross section is determined not only by the second moment of the 
compound level distribution but also by the average period of the fluctuations ; the 
imaginary part of the optical potential is found to be proportional to the product 
of these two quantities. 

Friedman and Weisskopf® have emphasized that the concept of the wave packet 
is of great importance to interpreting the nuclear reactions. In order to get infor- 

“mation about individual compound levels, we have to know what is happening 

during the period of at least one oscillation of the compound nucleus. This requires 

: 
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the wave packet to be longer in time than the oscillation period. In other words, 
the energy spread of the wave packet must be smaller than the level distance. If 
the wave packet is shorter than the oscillation period, or the energy spread is larger 
than the level distance, on the other hand, there is room for introducing the ir- 
reversible decay of the incident wave, as has been shown by Van Hove” for macro- 
scopic systems. For nuclear systems the oscillation period corresponds to the period 
of the Poincaré cycle, during which an initial state recurs. The irreversible process 
is meaningful only for time shorter than the period of the Poincaré cycle. 

When such a short wave packet strikes a nucleus, it interacts with individual 
nucleons in the nucleus through a potential 1’. This results in the excitation of 
compound states as well as the phase change of the incident wave. If one observes 
the potential U sitting upon the incident particle, 7° fluctuates rapidly in time with 
the period of z. The fluctuations may be regarded as random, because of the 
random distribution of the target nucleons ; hence this gives rise to a sort of noise 
which causes the random dissipation of the incident wave.* The dissipation even- 
tually appears as the formation of compound states, if one waits for long enough 
time, so that the outgoing wave consists of two parts, the one similar to the incident 
packet and the other being a tail coming through the compound states. The optical 
character of the ‘nucleus is revealed, if one is concerned with the first part alone.** 
The separation of the outgoing wave into two parts is meaningful only with the 
initial wave of the short packet length; otherwise the separation is merely formal, 
because the dissipation of the initial wave cannot be defined but there appear periodic 
oscillations representing the compound states. 

The above.considerations allow us to infer how the amplitude of the incident 
wave declines. - The incident wave may be represented by the superposition of waves 
corresponding to respective compound states with such phase changes of the order 
of Uz that possess randomly distributed values. The simple average of these phase 
gives us a constant phase shift that can be interpreted as due to a real optical 
potential. The noise arises from the mean square of fluctuations, so that the 
amplitude decreases according to the square of time in the initial stage. Since the 
phase correlation does not extend beyond the correlation time z,, the amplitude 
decrease turns out to be directly proportional to time, as is seen in the problem of 
random walk. Hence the rate of change in the amplitude may be given by*** 


(POW, ae 
the second moment times the correlation time. Here we assumed that 7, is of the 


order of the internucleon distance divided by the velocity of the bombarding particle 
in the nucleus, and is practically equal to 7. 


* The interpretation of nuclear reactions in terms of noise theory was. attempted by C. E 
Porter, Nuclear Physics, 4 (1957), 472. fae 


a A similar consideration was also made by C. De Dominicis, Jour. de Phys, 19 (1958), 1 
*** In this paper we take # as unity. Therefore, energy has the dimension of reciprocal time 
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The quantity W given by (1-1) is nothing but the imaginary part of the 
optical potential. This interpretation is in sharp contrast with that proposed by Lane, 
Thomas and Wigner,” who identified W with the square root of the second moment. 


Our interpretation is quite analogous to that by Bloch,” if t, is related to his 
“ portée” SG through 


as PRES. (1:2) 


The existence of the correlation time or the portée results in the Lorentzian gross 
structure which corresponds to the one described by the optical potential. 

The qualitative considerations described above are formulated in a mathematical 
way «in § 2, taking the elastic scattering of neutrons as an example. Our mathema- 
tical formulation is made as elementary as possible, emphasizing physical implications. 
Hence important, but involved parts, for example, the investigation of detailed 
behaviours of wave packets in nuclear reactions, are left for a separate paper.” In 
§ 3 various ways of the interpretation of the optical model are compared in the 
light of our interpretation. 


§ 2. Mathematical formulation 


The Hamiltonian of the total system consists of the target or the core Hamil- 
tonian, H,, the kinetic energy of the incident nucleon, K,, and its interaction with 
the target nucleus, U (n, c) : 


H=H,+K,+ VU (n, c). (2-1) 


The interaction energy is decomposed into an average potential, U(m), and the 
residual part, V (7, c), which is regarded as a fluctuating part of the potential : 


V=U(n)+V(n, c). (2-2) 
We choose the unperturbed Hamiltonian as 
H,= Ak Kat O(n), (2-3) 


and denote its eigenstate and the eigenenergy by |a) and E, respectively, so that 
(H,—E,)|a)=0. (2-4) 
The eigenstates |a)’s describe the scattering by the fixed potential U; hence E,’s 


form a continuous spectrum. Since we are concerned with the elastic scattering, 
the core state is left in its ground state when we speak of |a). The average potential 


U(n) is so chosen as to satisfy 
'{a'|U|ay=0. (2-5) 
It is convenient for our discussion to introduce the interaction representation, 
in which the fluctuating potential is expressed as 


Viet ve ee (2-6) © 
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Then the fluctuations in space due to the distribution of target nucleons appear as 
the fluctuations in time which the incident nucleon sees as it goes through the 
force fields of the individual target nucleons. Of course, the motion of the latter 
also contributes to the fluctuations but its period is so long that we may neglect 
the time correlation of the target nucleons for simplicity. 

The wave function of the total system in the interaction representation varies 
in time as 


P(t) =U(t, th) P(t), (2-7) 
where U(t, ¢,) is the transformation function expressed as 
U(t, to) =—e' ot pitt ei to e—*Ho to. (2 -8) 
Suppose we have such an unperturbed wave @ at time ¢, that is obtained from 
Y(t.) by switching off the interaction with the target nucleons adiabatically, and 
ask how large the amplitude of the unperturbed wave at time ¢ is. The amplitude 
is given by 
(P| PC) )=@|UG 4) 19). (2-9) 


In our case @ is expressed by the superposition of the unperturbed eigenstates 
O= | |a) dEp,(E,) (al), (2-10) 


where p,(E,) is the unperturbed state density. The integrand is practically constant 
over an energy interval 0 with its center at E.,. 

For calculating (2-9) it is convenient to express the transformation function, 
by employing the integral equations 


t t 


U(t, 4) =1-i] de VU 4) =1-i| dr UG, V(t), 
as 


t a 


U(t, 4) =1-i| V) dt'—\ ae \ dt" V(t)U(t, UV"). (2-11) 


to to to 
Substituting this in (2-9), the second term in the right-hand side vanishes by virtue 
of (2-5), since the core is left in the ground state in elastic scattering. The con- 
tribution from the last term has to be investigated carefully. This gives us 
t wu 


@|U(t, t,) |) n= — \ dE, | aE. 0, (By) (Ee) \ dt! \ dt” 


to to 
(Hay t/-Eq -iFk - ~ ~ 
XK et Bar t/-FE ? Se Ey(t/ ” . Ca’ | Vs) (|S Vay (Pl\a’) <a|®), (2-12) 


where |s) means a compound nucleus state and |s> its time reversed state, as we 
use the convention adopted by Bloch.” 
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First, we notice that the non-diagonal elements with respect to the unperturbed 
States can be dropped owing to the randomness in the phases of (IVa) Om If 

| there is any phase correlation, there does not occur the dissipation but Re tt 
ing which results in a fine structure in the cross section. The latter ma ie ihe 
case, if the energy width of the wave packet covers only two or three at ; 
levels. The randomness in phase ensures that the wave packet propagates ar a 


changing its shape, consequently without delay.. In this approximation we may 
write 


@|U(t, t) |) n=—(O|U(,, t)|@)-a2| de’ | de” f(t —0"), (2-12) 


to 


where we used the abbreviations 


\ dE, p.(E.)(@\a) (a\®) o2(4) 


0, =>) 07 (4) = (2-13 
3 4 \dE.p, (Ex) (®|a) a|) 
with 
o,’(4) =(4|V|s) S|Via) for 4=E,—E,, 
and 
fit) = Diaee (4) € aaa, (2-14) 


dse3" (4) 

For a fixed state |a) the quantity o,°(4) has a discrete spectrum as a function of 
4 with an average separation D of the levels of the compound nucleus. We note 
that (M|U(t, t,)|®)7, declines to a vanishing value after a time interval oz’ even if 
there appears no appreciable fluctuations due to f,(7). At this stage we may dis- 
criminate several different situations according to the relative magnitude of various 
parameters defined above. 

I. 06<D } 

This corresponds to the use of a sharp coherent beam or a long packet, and 
the result is essentially the same as the case without E, integration in (2° 13)% 
Due to the dicrete spectrum of o,’(4) an appreciable contribution appears only when 
E, is equal to one of the compound levels £,, and therefore the result is a collec- 
tion of many sharp resonances, if the incident beam of a wide energy width is a 
mixture of such long packets. Let us confine ourselves to a special case in which 
this collection reveals a giant resonance behaviour corresponding to the intermediate 
coupling in Wigner’s sense... For the case in which the envelope of a single giant — 


* In the so-called direct interaction the assumption of randomness no longer holds. As far 
as we are concerned with the over-all property of nuclear reactions, however, this assumption seems 
to be allowed. It may be worth remarking that the same assumption is adopted for explaining the 
distribution of level spacing; see N. Rosenzweig, Phys. Rev. Letters, 1 (1958), 24. 
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collection has an approximately Gaussian shape the width is given by the root 


second moment, o, 

ile -@s 14 95) 

This corresponds to the use of a medium spread of the wave packet which is 
enough to wash out the structure of the individual sharp resonances but still retains 
the gross structure which has been described successfully by the cloudy crystal ball 
model. In contrast with the case I, o,?(4) is now a slowly varying, continuous 
function of 4; therefore, we may replace the J summation in (2-14) by an integ- 


ration. 


| dx (4) e** 


- 1 (4) =p, (4) 027 (4). (2-15) 
\ d4x(4) 


fa(t) = 
In this case f,(7) ‘may be considered as a continuous function of time which declines 
to nought in a characteristic time t,. The inverse of 7, is approximately given by 
the overall energy spread G of the function %(4), which is closely related to the 
concept of portée proposed by Bloch. The second moment which was defined by 
(2-13) is independent of /,(t), and thus insensitive to the fluctuations, whereas 
the fourth moment ((4E)*)= ¢a|V*|a) involves the first indication of fluctuations. 
Explicitly, we have 


{ (4E)*) =30,'— o, (2%)... (2-16) 


where the second term stands for the effect of fluctuations. For the case in which 
the fluctuations are represented by a Gaussian random function, it is easy to deter- 
mine the function f,(7), which is 


at modi ee 
fale) =exp( = é), | (2-17) 
where G may be given by 
Gtx Dn Fe (4) ; 
Diaea’ (4) 


The result shows clearly that G is the measure of the energy spread of o7°(4). 
At this stage we may again discriminate two cases according to the relative magni- 
tude of o, and G. 

Il. A. G>o, 


In this case we have the asymptotic behaviour 


(2-18) 


t 


oa | de'| de” fue — “y= Sta) W, . (2:19) 


where 3 
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| W=v/2 (2). . | (2-20) 


Physically, the period of fluctuations G~' is much shorter than the time scale in 
which we are interested, so that it is possible to choose a time_ interval which 
includes many fluctuations and is at the same time much shorter than the relaxa- 
tion period for a giant resonance. Under these assumptions we have 


F(t) =(@|U(2, 4) |9)=14+ @|UG, t)| Pn 
=1+4 F’(t,) (t—t) +--+ 


In conformity with expressing f,(7) as (2-17) and (2-19), which hold only ap- 
proximately for higher orders in t, we may express F(t) as 


FW) =exp| -Y- ea) |F@), 
for |t—t,|<G~'. Then the differential equation for (P|U(t, t,)|%) is given by 
d 1 ene * 7 
© OU 4) = IU 1). (2-21) 


The solution of this equation (2-21), when tran$’formed back to the original 
representation, is given by ives 

(P|U(t, to) |PY=(|U to, t,)|P) -exp{—W/2(t— bo) +i ay (t~ty)} (2-22) 
This means that we have the Lorenzian shape of the giant resonance, of which 
the centre is located at E., and the width is given by W. Clearly, this special 


case corresponds to that which was described by the cloudy crystal ball model. 
Under the assumption of Gaussian random modulation the fluctuation frequency 


G~ is given by 


1 ({(4E)) — 344) 2-23 
2 A ((4E)’) | yaa 
I B iS Sa 


In this case the effect of fluctuations does not show up in the observed result 


and we have 

(OU (t, )|P)=—|U ty %)|Pexp{— GE —t6)*o0'/2} (2-24) 
In general, the validity of this formula is limited only to the region of small (¢/— 
g time behaviour from this knowledge for a 
the collection of compound resonances as ap- 
ds to the case treated by Lane, Thomas and 


_t) ; however, we may infer the lon 
special case in which the envelope of 
proximately Gaussian. This correspon 
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Wigner” and the width of the giant resonance is given by the root second moment. 
The situation is evidently different from that described by a complex potential and | 
it is only natural that we have quite a different value as the width of the giant 
resonance. 

Ill. d>c 

This corresponds to the use of a wave packet which is so broad in energy 
compared with the root second moment that even the gross structure of the reso- 
nance is washed out. Therefore, we expect a uniform, monotonic behaviour of the 
cross section as a function of the incident energy. For high energy scattering we 
observe such a behaviour of cross sections, but this seems to be due chiefly to the 
overlap of giant resonances, namely W being larger than the distance between two 
adjacent giant resonances. 


§ 3. Comparison with other theories 


Our interpretation may become clearer, if it is compared with other theories. 
Feshbach-Porter-Weisskopf’s theory.» In their original theory the scattering 
amplitude, proportional to 7 below, is separated into two parts as 


G=<y) + GD): (3-1) 


where < ) means an average over the energy spread of an incident beam, and 
the first part is interpreted as to contribute to the shape elastic scattering, while 
the second part to the compound elastic scattering. The physical meaning of the 
separation is, however, dependent on the length of the wave packet of a bombard- 
ing particle relative to the oscillation period of the compound nucleus, as has been 
discussed in §1. For a long wave packet the first part represents the potential 
scattering due to the contributions from distant levels and the second part the 
resonance scattering. Since the outgoing wave packets from these two sources are 
approximately of the same length, they interfere with one another, so that the 
cross section reveals an envelope of ordinary resonance cross sections observed with 
sharp beams, if the beam consists of a mixture of such long packets. For a short 
wave packet, on the contrary, the first and the second parts are distinguishable, 
so that they do not practically interfere with one another. Thus one can get a 
distinct separation, one being interpreted as shape elastic and the other as compound 
elastic.* 

Friedman-Weisskopf’s theory.” They correctly emphasized the importance 
of introducing the wave packet. Our theory is an extension of theirs. 

Lane-Thomas-Wigner’s theory.® They identified the root second moment 
with the imaginary potential, and this was calculated to give too large a value, 
about 20 MeV, compared with the observed one. Several authors have then tried 


* It is almost needless to mention that the distinction is practically possible, only if inelastic 
channels are open. 
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ito reduce the value of the second moment, for example, by taking into account the 
‘effect of the core polarization.” However, this is found in §2 to correspond to 
ithe case IJ. B, in which the current description of scattering in terms of the optical 
}model is not possible. 

Lane, Thomas and Wigner assumed the strength function of a Lorentzian 
‘shape and correlated it with the observed gross structure through the second moment. 
It is well known, however, that the second moment diverges for the Lorentzian 
‘strength function. In order to obtain convergent moments, we must have a distri- 
‘bution dropping rapidly towards wings, such as a Gaussian distribution. In fact, 
‘the distribution of reduced widths in a certain narrow energy interval is found to 
be Gaussian,’” and the superposition of many Gaussian distributions is likely to give 
.a Gaussian one. Hence we expect that the envelope of the strengths of individual 
-compound levels shows a Gaussian gross structure which gives convergent moments. 
However, such a gross structure is not always observed. It has been familiar in 
the magnetic resonance absorption in solids that the presence of modulation may 
reduce the absorption line shape to Lorentzian, the absorption width being given by 


(1-1).” Such a modulational narrowing effect seems to take place in nuclear 
reactions, too, due to the fluctuation in potential, as has been discussed before. Once 
this is taken for granted, we can derive the Lorentzian gross structure as well as 
a correct order of magnitude of the imaginary potential.* 

Bloch’s theory.” Our theory is a time-dependent version of Bloch’s one. Bloch 
has shown that the relation between the second moment, M,, and the imaginary 
potential is given by 


W=7M,/6*, (3-2) 


where G* is the portée introduced by him, slightly different by a numerical factor 
from our G defined in (2:18). The portée is defined in such a way that the 
matrix element of the interaction V, |(a|V|d)|, is practically constant for |E.—£,| 
< 6*, while it practically vanishes otherwise, where E, and #, are the eigen-energies 
of respective single particle states, ja) and |b). The introduction of the portée 
allows him to calculate the second moment as 


M, = 2|a|V|b)|? S*/D,, (3-3) 


where D, is the single particle level spacing. He has further argued that the con- 
‘tribution to the imaginary potential comes mainly from the repeated second order 
| processes that come back to the original single particle state in every two steps in 
‘the sense of perturbation theory. This procedure is nothing but the method adopted 
'by Van Hove” in his theory of irreversible processes, although this was not men- 


tioned by Bloch. 


* Such an argument has been made by N. Yajima and S. Takagi, Soryushiron Kenkyu, 15 


(1957), 245 and by S. Takagi and M. Yasuno, ibid, 287. These authors reached a conclusion very 


/ close to ours. 
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Furthermore, Bloch investigated the structure of the Green function in nuclear 
reactions based on Wigner’s theory.” He compared the distance between poles of 
the Green function in the energy plane with the energy spread of the irradiating 
beam. Since the integral over energy passing through the poles can be replaced 
by an integral along a path, parallel to the real axis, shifted by a positive imaginary 
value equal to the energy spread, the distribution of the poles appear to be con- 
tinuous, thus giving rise to a dissipative. process. A corresponding procedure is 
made in our calculation in (2-12’) and thereafter, in which the rapid oscillation 
caused by the discrete spectrum of o,(4) is smoothed out by taking the 4d-summa- 
tion. It has been important in this procedure that we have a coherent energy 
width large enough to cover many levels. Although Bloch did not notice that the 
beam width should be that of a wave packet, this fact was implicitly taken into 
account in his theory. Indeed, Sunakawa'® has shown that the introduction of the 
imaginary part in energy, which makes it possible to shift the integral path, is 
equivalent to the use of the wave packet. 

From the above discussions one can see the essential equivalence of our theory 
to Bloch’s. However, our version may appeal to intuition, by introducing the wave 
packet, serves to give a clear meaning to the portée in relation to the fourth mo- 
ment or to the fluctuation in potential, and is successful to demonstrate the energy 
independence of W which was merely assumed by Bloch. 

Multiple scattering theory. Theories other than those mentioned above seem 
to have little connection with the present discussions, and one has only to consult 
with a review article by Lane.’ However, we shall add a remark on the multiple 
scattering theory. 

The substitution of (3-3) in (3-2) gives one 


W = 2n|(alVbyP/D,. (3-4) 


Since the right-hand side corresponds to the transition probability, this may express 
a simple interpretation of the imaginary potential in terms of the absorption of an 
incident nucleon by individual nucleon-nucleon collisions,’® namely 


W = Wwo)-n, (3-5) 


where v is the velocity of the incident nucleon inside the target nucleus, o the 
nucleon-nucleon collision cross section and m the density of target nucleons ; the 
average of vo should be taken by taking into account the Fermi distribution of 
target nucleons and the Pauli principle for the final states. The evaluation of Ww 
along this line is refined with the aid of the multiple scattering theory.'” 

In such theories an implicit assumption is always made that the transition 
amplitude due to the collision with a target nucleon can be defined unambiguously. 
This is not always the case, however, as we have seen in the case IL. B in § 2, 
where the amplitude changes quadratic in time, but not linear in time. The linear 
variation of the amplitude begins only after tT, owing to the effect of fluctuations ; 
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Ibefore z, no irreversibility comes in, so that one cannot speak of the. transition. 
Thus the multiple scattering theory has the basis in the occurrance of the irreversible 


|Process and its validity conditions should be examined in a way described in the 
| present paper.* 


§ 4. Remarks and discussions 


Since we have restricted ourselves in the foregoing discussions only to the 
ressential points, in order to elucidate the physical nature of the optical model in 
nuclear reactions, a number of remarks may be useful to help understanding. 

In our formulation the concept of the wave packet has been employed only in 
the 4-summation in (2-13) as the coherent energy spread and the spatial spread 
of the packet is referred only qualitatively. It will be more interesting to study 
how the shape of a packet changes in the course of a nuclear reaction. This has 


been carried out by Nagata and Yasuno’™ for resonance scattering. A more ex- 
tensive analysis suitable for our purpose has been made by Sasakawa® and has, 
indeed, confirmed our qualitative considerations. Since mathematics of this analysis 
is involved, this work will be published as separated papers. 

Our way of approach will be extended in several respects. For inelastic scatter- 
ing, for example, the motion of target nucleons may become so important that we 
shall have to take the space-time correlation into account, although the space corre- 
lation alone is considered in the present paper. The effect of the space-time corre- 
lation will be treated in an analogous way to the theory of neutron scattering by 
Van Hove,’ and such a theory will shed light on the. transport phenomena in 
nuclear matter. res 

Leaving out such extension of our theory to future problems, we add some 
comments on the validity of the optical model. Since the exponential decay of the 
single particle amplitude holds after z,, the correlation time, the Lorentzian shape 
of the giant resonance does not extend to wings of a resonance peak. Practically, 
however, the wings of two resonance peaks overlap with one another, so that the 
rshape at wings is of no practical interest. The shape at a resonance peak is 
determined by the behaviour at the tail in time of the amplitude. The detailed 
shape of a resonance line depends or how good the approximation adopted in (2-19) 
fis, or how good the convergence of our expansion with respect to moments is. 
Although the expansion in powers of Vr, is expected to converge rapidly enough, 
iin contrast with perturbation theory, because Tt, or G-! is very small, the conver- 
igence will have to be examined by calculating higher moments. 


* In general, the transition probability should be interpreted in such a way that i‘ is saan 
‘by the product of the second moment and the modulation time. This remark wi eee y és e 
»quantum mechanical formulation of the decaying state attempted, for example, by A. or is 
“paper read at the High Energy Conference at Genéve in July, 1958, was kindly informed by Profes- 
i 


r G. Takeda. 
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Although our aim in the present paper is not the detailed comparison with 
experiments, it may be worth while to mention a feasible way to test our theory. 
We have remarked that the Lorentzian shape of the giant resonance is not identical 
with the distribution of reduced widths, the latter being expected to be Gaussian 
on the basis of indirect evidence. If one observes elastic cross sections by means 
two beams of different energy resolution, both the giant resonance and the individual 
resonances due to compound levels may be observed for the same target nucleus 
in the same energy region; the former may be replaced by the mass number 
dependence of cross sections for nearby nuclei. This will make the comparison 
between the above two distributions possible. However, one has to be cautious 
about the coherent energy width, because this is usually different from the energy 
width of a beam and is difficult to know how large it is. 

Finally, we give a rough value of the imaginary potential based on eq. (2-20). 
Since the correlation time is approximately given by the internucleon distance, about 
1.2X10-" cm, divided by the velocity of the incident nucleon, about 1X 10" cm- 
sec-', we estimate 


=o; £.0.8.X.10" seci*—=80, MeV. 
Adopting the value of the second moment calculated by Lane, Thomas and Wigner,” 
o,— 20 MeV, 
we obtain W=9 MeV. 


This is considerably larger than the observed value, about 3 MeV, but the correc- 
tions due to the polarization and statistical effects’ may reduce the second moment 
so as to give a right value of W. A more quantitative result will be obtained, if 
the fourth moment is evaluated. 


In conclusion the authors would like to express their thanks to Professor M. 
Namiki for his helpful discussions. 
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The radiative K-y decay is analysed as a means of obtaining information on the pro- 
perties of the muon and Q.E. D. at small distances and (or) on the type of the weak Fermi 
interaction. To express modifications of the properties of the muon and of Q. E. D. at small 
distances cut-off factors are used. If we use, for example, Feynman’s cut-off factor with cut- 
off radius (1/4) >0.3x10-!% cm, it is shown that the effects of these modifications may be 
measurable with the present experimental techniques, provided that the values of the axial 
vector and vector coupling constants are greater than or equal to that of the tensor coupling 
constant: |C4|~|Cy|=|Cr|. If |Cr|>|C4|~|Cy| and (1/4) <0.3 107 cm, on the contrary, 
the effects of the tensor interaction are measurable. When (1/4)>0.3xX10-"3 cm and |Cr|> 
|C4\|~|Cp], it is hard to distinguish these two effects. 


§1. Introduction 


The present quantum field theory with point interactions has the divergence 
difficulties. In order to. overcome these difficulties and to get a consistent finite 
theory, quantum field theory would have to be improved in some small regions. 
We are thus interested in testing experimentally the limit of applicability of the 
present quantum field theory at small distances. To make sure the existence of 
these small regions and know their properties experimentally, it is necessary to com- 
pare some theoretical predictions based on the present theory with the experimental 
results, which may reflect the properties of these small regions. The electron and 
the muon which have no strong interactions, would be suitable for this purpose. 
In the case of strongly interacting particles, on the other hand, it is difficult to 
calculate the theoretical predictions with required accuracy. 

Recently the value of the anomalous magnetic moment (a.m.m.) of the muon 


has been reported by Coffin, Garwin, Penman, Lederman and Sachs.” The value 
obtained by them is 


du= (2.17 £0.75) ; 
p= ( gee Gee 


where dv and 4, are anomalous and normal magnetic moments of the muon res- 


pectively. If we assume that the muon is just a heavy electron, then the theoretical 
value is, on the other hand. 


Radiative K- Decay and Ouantum Electrodynamics at Small Distances 99 


Po Thies a 5 
d= | +0.75 to ben (1-2) 


Many authors have pointed out that the difference between the theoretical value 
and the experimental one of the a.m.m. of the muon may reflect the limit of appli- 
cability of Q.E.D. or the structure and interaction properties of the muon. Though 
the standard deviation of du in (1-1) is too large to conclude that the theoretical 


value of dy deviates from the experimental one, we may infer the limit of appli- 
cability of Q.E.D. as® 


AY S | (35 
Pn 
where A, is the cut-off momentum for a muon and m the muon mass. 
Next, let us consider the high energy electron-proton. scattering observed at 
Stanford.® From this experiment we may put the lower limit of A, the cut-off 
momentum for an electron, as 


A 2 
Pye be (1-4) ** 
where M means the nucleon mass. Thus there may be a possibility that the muon 
has some electromagnetic structure different from that of the electron.”*** In this 
paper we shall propose an experiment by which this possibility may be tested.**** 

For this purpose we shall consider K*>y*-+v-+7 decay process. The reasons 
why we would like to select this decay process are as follows. 

I. For the radiative K- decay we have the three Feynman diagrams shown 
in Fig. 1 (a), (b) and (c). In Fig. 1(c) there is a virtual muon line from which 
a photon is emitted. If the virtual muon line and the muon-photon vertex are 


* We shall use the unit, #=c=1, throughout this paper. 
**k To get this value we assume that the charge distribution of the electron is of an exponen- 
| tial type and its r.m.s. radius is smaller than 0.8107" em. 

*&* The electron and the muon have very similar properties except for their masses. If one 
assumes that the masses of elementary particles consist of their self energies alone, the difference 
between the electron and muon masses seems to mean that both particles have different electro- 
magnetic structures. 

*bek After completing this manuscript a new value of the a.m. m. of the muon is reported by 
Lundy, Sens, Swanson, Telegdi and Yovanovitch (Phys. Rev. Letter, 1 (1958), 38). The value 


obtained by them is 
Ap= (1.30.5) (a/2m) “0, 


which agrees with theoretical value (1-2) within the experimental error. 
As will be seen from Table 2 and Fig. 3 the radiative K-y» decay may be used for testing the 
validity of Q. E. D. in the domain (1/A) 0.3 10-! cm. If Q. E: D. is modified in this domain the a. 
“gm. m. of the muon may differ from the theoretical value (1-2) by 6g, where |éd4|20.03(a/27) po. 


“This corrected value, 4u= theoretical value (1-2)+é, also agrees with the above experimental 
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Fig. 1. Feynman diagrams for Kt->p*++v+y7 decay. The black box represents 
virtual strong interactions such as the creation and annihilation of a baryon pair 
and other more complicated processes. 


modified at small distances, then the distribution of the angles of emitted photons 
to the muon direction is modified at large angles by measurable extent. 

II. In the case of the electron-proton elastic scattering? and the large angle 
electron pair production on hydrogen,®® the momenta of virtual photons and electrons 
in these processes are space-like vectors. On the other hand, our process con- 
tains a virtual muon with time-like momentum. This process may, therefore, ex- 
ploit further indication on the modification of Q.E.D. at small distances. 

Ill. The mass of a K-meson my, is greater than that of a pion m,. The modi- 
fication of Q.E.D. at small distances would, therefore, be more effective for the 
radiative K-4 decay than for the radiative 7-4 decay. The ratio of the frequency 


of radiative decays to non-radiative ones for K-mesons is predicted to be larger 
than the same ratio for pions: 


Oe aera TT 


EOS 
Ktopety Ty +y ( ) 


These are the reasons why we would like to select the radiative K-~ decay and 
not the radiative 7- decay. 

IV. The production ratio of K *-mesons to K~-mesons is greater than unity and 
the positive charged muons produced in the decay processes is not captured by 
nuclei. For this reason we have selected the process, K*—>y*+v-+y7, and not the 
process K~—p7 +y-+47. 

Although we have shown that the »radiative K* decay is suitable for our pur- 
pose, one might think that the influence due to the types of interactions among K, 
/ and v would be so great as to mask the effects of the electromagnetic interac- 
tions discussed above. This is not the case, however, if only the vector and the 
axial vector interactions are dominant in weak Fermi interactions, 


Cp~Cs~0 and |Cy|~|C,|>|Czl, (1-6) 


as has been deduced from pion decays” and nuclear f-decays®. If, on the contrary, 
the tensor interaction were dominant in K-meson decays, as has been argued by 
Hiroshima group” through the analysis of the K%, decay process,* the radiative K* 


* There seems to be a possibility that further experiments on K decay may exclude the 
tensor coupling, just as in the case of the experiment on H,é®) 
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decay would provide another means to verify the strong tensor interaction, and the 
effects of the electromagnetic interactions would be masked to great extent. Anyhow 
the radiative K* decay may be used in either way. 

To express the modification of the virtual muon line as well as that of the 
muon-photon vertex to which one virtual muon line is connected, we shall use two 
typical form factors F, and F, given by (5-2) and (5-3). If F, function with 
(1/A,) 20.3 X 10~"cm is used and there holds (1-6), it will be shown in §§ 4 and 5 
that the effects of the tensor interaction on the radiative K* decay are smaller than 
those of the modification at small distances. If |C;| >|C4|~|C;| and (1/A,) <0.3X 
10-“cm, on the contrary, the effects of the former becomes larger than those of the 
latter. If (1/A,) 20.3 10-"%cm and |C;| >|C4|~|Cy|, it is hard to distinguish these 
two effects. If F, function (with (1/A,)20.9X10-“cm or (1/A,) <0.9X 10-"cm) 
is used instead of F, function, then the same relations hold. 

The fraction of the radiative K*—* decay, in which the energy of the emit- 
ted photon is greater than 1 MeV, amounts about 0.6% compared with all other 
K* decay modes. When K*-mesons are stopped in a large liquid bubble chamber, 
one may identify some K *-decays with the radiative K*—p* decays. To know 
the existence of the above mentioned effects, it is necessary to observe the distribu- 
tion of angles of the emitted photons which produce electron pairs with respect to 


the muon direction. If a number of large angle decays are observed, then we may 
conclude that there exists either the break down of Q.E.D. at small distances or 
the tensor interaction in the radiative K-» decay, or both. 


§ 2. Transition matrix elements 


Before entering into the radiative K-» decay, we shall recall previous analyses 
of the pion decay.””~'? As is well known, a pion decays into a muon or possibly 
into an electron, with or without the emission of a photon. Experimental relative 


A ‘. 
frequencies of such decay modes are”, 


rere LP eV (hz 
T—>pe+v ‘ ‘ 


Te+Vt?T — 10-5, (2-1) 


and oe 1 ay 


It has been pointed out by Huang and Low” that, if one estimates the magnitude 
of transition matrix elements using a cut-off perturbation calculation with a cut-off 
momentum equal to the nucleon mass, the following set of magnitudes of coupling 
constants of weak Fermi interactions may explain the experimental relative fre- 
quencies given by (2-1): 

ICal~[CelZ/Co] and Cp~10"* Ca. (2-2) 


The scalar coupling constant Cs is not determined from the pion decay alone. 
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Next we shall enter into the radiative K-meson decay. We do not know at 
present whether the parity of a K-meson is even or odd and its parity is definite 
or not. For definiteness we shall, for the time being, discuss the transition matrix 
elements assuming that K-mesons are pseudoscalar particles. We shall further 
assume that weak Fermi interactions take place at a point and Q.E.D. are modified 
at small distances. Then the requirements of gauge invariance when F=1 and 
selection rules lead us to the following form for the matrix elements : 


m= (27) w(p,) E41) P,0(— pr) $(p) An 9 (bi+ Pet k= B), 
where 


(i7p+m) 
=(31C aha Cafe ree ill (p— pv") 


+Cu fal FU(P—2)"1-1175 


+{CuGalp-8) +Cr Gr(p-) f “2. rs (2-3) 


irk 
=F Ca G, (p a k) To) +, 


where w and wv are Dirac spinors for the neutrino and the muon emitted respectively, 
@ and A are, respectively, the amplitudes of the K-meson and the photon, and fp, 
Py p, and k are energy-momentum four-vectors of the K-meson, neutrino, muon 
and photon respectively. 

The function F in (2-3) may depend on the momentum of the virtual muon 
line in Fig. 1 (c), and exhibits the modification of Q.E.D. at small regions. 
This function can express not only the modification of the virtual muon line but 
also that of the muon-photon vertex at small distances. If Q.E.D. is correct in any 
small domain, then this function reduces to unity and the second term in (2-3) 
vanishes. 

If weak Fermi interactions take place at a point, then /, and f, are constants. 
G4, Gy and Gy are functions of (p-k). Estimates of f;, fy, G4, Cy and G, based 
on a cut-off perturbation calculation of black box parts in Fig. 1 (b) and (ane 
with a cut-off momentum equal to nucleon mass, give?!” 


fal lfalae|Galm Grol |Gpl. (2-4) 


When the K-meson is a scalar particle and not a pseudoscalar one, following 
relations hold instead of (2-3) and (2-4) 


= (MC; Serf Cy “4 SA Foal) yal e Ns 
maa Lek premwg tas 7h bth 
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+1 Cr Gr! (p-#) +C.Gi'(p-4) | 2 7, 


OCk (pe irk 
+ (p-k) Vaio (2-5) 
and \fs| ~ fol ~|Gr’| |G’ | ~|Gr'|~ | fal. (2-6) 


If the parity of the K-meson is not definite, the following quantity must be used 
instead of [°,d(p) or I’,/6(p), 


I, bp(s) +P, b.(), (22%) 


where ¢, and ¢, are the pseudoscalar and scalar parts of ¢(p) respectively. 
Now we may use (2-2) and 


C.~0 (2-8) 
in the process concerned. In fact the experiments on K-meson decays show 
Kety gy 
Kopt+y 
which means CpxCs~0. 


In (2-3) and (2-5), we have chosen the special gauge, p,-A,=0, which means 
p=0. The 0-function in (2-3) leads us to 
es (my—m?’) (Sea}fi$:3) 


ZL x 
We get, therefore, — (p-k) /M?< (me —m’) /2M?~1/8. (2-9) 
(2-9) means that the third terms in (2:3) and (2-5) are negligible compared with 
C, fs or Cy fy term. In fact, it will be shown in §§ 4 and 5 that not only the 
| third terms but also the fourth terms in (2-3) and (2-5) are negligible provided 
that |C,|<|C,|~|Cu|. 

In the lowest order perturbation calculation G4, Gy, G.’ and Gy’ are finite but 4, 
fv, Gp and G;’ are logarithmically divergent. With a large variation of the cut- 
off parameter, therefore, the latter constants and functions of (p-k) might vary by 
many orders of magnitude. G,/f, and G,'/fv, however, remain unchanged approxi- 


mately’ and 


Gal fal |Gr/fol © |Gal/ fol © |Gr'/ fol S1- 


These properties as to the magnitudes of the transition matrix elements would hold 
for higher order radiative corrections* of the black box parts in Fig. 1. 


7 * The diagrams which belong to Fig. 1 (b) are divided into two classes according to whether 


| 4 
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According to the reasons mentioned above, one finally gets for pseudoscalar 


K-mesons 
P= —mCa fa ae ae TF (b— pi)" 
+ Cs fat PLP POT Mie a 
+C Grp) i 
re Lfal~|Grl. (2-11) 


(2-11) will remain unchanged, as the cut-off parameter is varied in a large interval. 
Analogous relations hold for scalar and parity mixed AK-mesons. 


§ 3. Transition probability 


In this section we shall calculate the transition probability of the radiative K-y 
decay, and use the following notations, 


aaa d=M/m, P,=(mR,mE), E=/R +1, 
RRs k= (ml, ml), 1=10, (3-1) 


amen and.) Cr) == (Coy) ; 
ZC (Cs 


where m, is the electron mass. 
The transition probability w is given by 


w= (27) 3} Simlipx/ fav] oes (3-2) 


where (y is the final state density, {dV {dt the total volume of space-time, $7 Ba and 
2 respectively, the summations over the final states and the spin states concerned: 


tice the integration over p, in (3-2), the following type of integrations appears : 


ssh: dR | a(cos 8) jar ad cael lagi cw ia 


x 0(C—E—l-/ R-+2+2RI cos 6), (3-3) 


where @ is the angle between I and R. This integration can be rewritten as 


We aR. enone (C—-E—-1) 
i 7 ce | aoa 0) 


a photon is emitted by a virtual meson line or by a virtual baryon line. When a virtual meson 
emits a photon, this diagram has no contribution to the matrix element, (2-3) or (2-5). 
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; C+1—2CE 
Me CR = ; 
t( cos @) a( l AC—ELR cos #) (3-4) 


If the energy of the emitted photon is smaller than 2m,, the photon can not 


create an electron pair and the radiative K *-" decay would be difficult to distinguish 
from K*>yp* +» decay. 

For this reason we have cut the /-integration in (3-3) at €. This corresponds 
to cutting the R-integration at h and not (C*—1) /2C as in (3-4). In this procedure 
0(€*) terms have been neglected. 

In this section we shall treat K-mesons as pseudoscalar particles. The results 
obtained would may be translated at once to the other cases. 

Case 1. F=1 and C,;=0. 

This is the case which was resently proposed by Feynman and Gell-Mann. 
Inserting (2:10) into (3-2), one obtains 


A,=o| F=1 and Cr=0 


=m, fal'(, ar\" aol al A(Rs icde6) 
ga 0 0 —o 
x I \2C(C—E) (CE—1) 
[E—Rcos 6? 
+(C—1 (F°—CE—R* cos *6) (3-5) 


ECC 1) (ER cos 8) —2C°E Mt, 


where 


et C?4+1—2CE 
OEE oe Gi af i— Z fe 


E(C’?+1—2CE) 2(C—E+R cos @) 
Further integrations with respect to 7 and @ of (3-5) lead us to 
R | C+1—2CE, (AA RNC +1— 20k) 
E 8C (C—E—R)? 


(3-6) 


he 
A,=22|C, f.l'm'| aR 


a9 


(C= Does 6 toy (EYRY RY! (3-7) 
+ (e412 2cm < og ( ) »} 


(3-7) agrees exactly with (7) of the paper of Flalho and Tiomno.” 
The transition probability for the non-radiative K-y decay is, on the other hand, 
given by 
Cra)" | | 
ca Lovin fal? mt =D, (3-8) 
The numerical calculation of the ratio of A, to w’ gives us 


A,/w’ 1.08 x 10-*. (3-9) 
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This ratio is very large compared with the corresponding ratio for the pion, which 
is about 1.50X10-**. The latter value is smaller than the experimental value, 
(3.3+1.3) X10-4.” This difference need not be considered too seriously because 
the number of the radiative 7-4 decays observed is very few. 

Using (3-5) we can obtain the angular dependence of the emitted photon 


Lines ©, ®, ® and © correspond to the following 
set of coupling constant (F=1); 

@=Cr=Ca, @—Cr=—Ca, 

@®—Cr=10Ca and @—Cr=—10Ca. 


When |Cr|=/Ca! or |Cr!=|10Cal, 


the corresponding lines are located 


between lines © and @ or @ and @, 


w in arbitrary scale 


0° Angle between the emitted photon and muon. 180° 
Fig. 2. Angular dependence of the photon to the muon. 


with respect to the muon. It will be seen from Fig. 2 and Table 1 that the large 
angle decay of the photon is very small. 
Case 2. F=1 and C0. 

Since the (p-k) dependence of Gp(p-k) is believed to be negligible, we obtain 


o| par =A,+ Ag+ Ag, (3-10) 


* This value is small by 4 compared with the value given by Huang and Low’). 
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A= Sm" (Ca fa) ™ (Cr Gn (0)) + (Ca fa)! (Cr Go(0)) | 


41% “ 1 
x={ aR | dé fav 40, ieanbaivesbe 
d Jo 0 


[E—R cos 6] 
x { (CPL SCE) (a— R cos 0) + CUR sint) Lr (3-11) 
and 
Ay= S m'\Cp G,(0) tS \. aR\an jaz A(R, , cos 8) (3-12) 


x (C—E+R cos 4) (E—R cos 6) 7, 


where Re and Jm mean real and imaginary parts respectively. The effects of the 
tensor interaction will be estimated in § 4. 


Case 3.. F#1 and C,—0. 
In this case we get 


w| Cp=0= Ait Aut As, : (3-13) 


oh epee 
ree Tm fal'{ a| ai\ dl A(R, 1, cos @) 
ta 0 0 — 0 


4l 
ee ate Re 

nasi ae 
x {—(C—E)?+R cos’ + (C—E+R aa all, (3-14) 


Ay= 2 m'|Ca fal? *far\ao (ai dl A(R, 1,,.603 8) 
ms 
f 


x {|F?-+1—2ReF} (3-15) 


x 42 E(C—E) 4.R? cos 8— (E—R cos 0) 1| 


and 
F=F(—2m’l(E—R cos 4) —m’]. (3-16) 


The effects of the break down of Q.E.D. at small distances will be evaluated in § 5. 


§ 4. Effects of the tensor interaction 


As was mentioned before, the following set of Fermi coupling constants must 
be adopted to explain the relative frequency of the pion decay given by (2-1) and 


the rareness of K-e decays: 
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Cys~Cpw0 and |Cy\~|Cr|2= 


Cr 


A (1-6) 


This set of coupling constants seems to be “ wiversal.” In fact (1-6) is consistent 
with all existing experiments in nuclear f-decays). The only exception is the K% 
decay, which was analysed by Hiroshima group.” Their analysis about the energy 
spectrum of secondary electrons seems to show that there are scalar and tensor 
interactions and probably |C; 


>|C;|.. From the view point of universal Fermi 
interaction, however, one may hope that further experiments on K¢, decay exclude 
scalar and tensor interactions. 

In this section we shall estimate the effects of the tensor interaction keeping 
in mind the above mentioned situation. As is well known, A, has the infra-red 
catastrophe. This means that the main contribution to A, comes from the process 
emitting low energy photons. As will be seen from the 0-function in (3-6) low 
energy photons are, in general, emitted at small angles. The angular dependence 
expected from A, alone, which is shown in Fig. 2 by curve A, shows this property. 
On the other hand, effects of the modification of Q.E.D. at small distances and of 


the tensor interaction appear at large angles. (See, Fig. 2) As a measure of these 
effects, we shall introduce the following quantity : 


8 
jaa We 
0 
Re ee (4-1) 
| dW’ ws! 
8 
where w=" a0" Rye 
v0 


The values of R, against some values of @ are tabulated in Table 1. From this table 
it seems difficult to know the existence of the tensor interactions if |Cp|<|C,4|. Fig. 
2 and Table 1 remain approximately unchanged for scalar and parity mixing K- 


mesons if |C4|~|C)|, |ful~|fr| and |Gp|~|G,’|. 


a — —— ———_—_—_-—_—. 
ee Ry60° Ri50° Ry35° Rj29° 
eee Phen 532. 201. 65.5 26.2 
apne (Cr=Cy) | se Ae an a. 


Table 1. Small angle-large angle ratio of transition probabilities. 


* If K-mesons are pseudoscalar particles, then Cs 40 does not contradict with the rareness 


of K-e decay. 


Radiative K-» Decay and Quantum Electrodynamics at Small Distances 109 
§5. Effects of modification of Q.E.D. at small distances 


Unfortunately we have not a consistent finite theory yet. If we introduce the 
iform factor F in the present theory as in the case of (2-10), therefore, the result 
lbecomes inconsistent with the framework of the present theory. For example, at 
: one of the condition of the unitarity of the S matrix, microscopic causality, 
auge invariance and Lorentz invariance, etc., is not satisfied. However, we may 
hope that this technique reflects some properties of consistent finite theory which 
rwill be found in future. 
Though this technique violates the framework of the present theory, we may 


mpose the following conditions on the form factor F. 


) F has a covariant form. 
) F plays the role of a convergence factor. 
) When all momenta involved in F satisfy the energy-momentum relation which 
s satisfied by free particles, F reduces to unity.* 

We are interested in the form factor which involves only one virtual muon 
omentum. In this case F has, in general, the form: 


F(q) =0(@) F.(q@) +9(-@) FY), (5-1) 
Lo -torg Oe 
here Iq) = 
0 for, ¢<0i; 


nd q is the virtual muon momentum. Even if we knew the character of one of 
these two parts, F, and F,, in principle, we could have no information on the other 
part. In the case of large angle electron pair production on hydrogen”, one may 
‘infer the feature of F,. On the other hand, our process concerns F,. We may, 
therefore, obtain further information of Q.E.D. at small distances. 

In order to estimate the effect of the modification of Q.E.D. at small distances, 


we shall use the following two form factors: 


Age iene 
— — = =f > A (5-2) 
ih COT ver 


yy Ne eg’, A (5-3) 
and F,(q) = (tm)t+ Ad (qs uD 


.F, or F, may express the modification due to the virtual muon line as well as the 
:muon-photon vertex part. Using these form factors one obtains Fig. 3 and 


* For example we may adopt the following form factor for the muon-photon vertex part, 


Ay?/{ (qa? +?) + (qo? +m") + gs + A,*}, 


i g, and gq: are four vectors of muons and q; is a four vector of the photon. This form satisfies 
1 ~ 


ithe conditions a), b) and c). 
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w in arbitrary scale 


Angle between the emitted photon and muon 


Fig. 3.: Angalar dependence of the photon to the muon. 


Table 2. Lines 5, 6, 7 and 8 corresponed to the following form factors and cut- 
off parameters : ; 


. A = 2 1 ~~ 
line: 5. a F=f, and fs SCS ai: 
m 2 
: wAg* 
line 6 — F,=F, and e Oy 
om 
% A, 
line 7 — F,=F, and Fa 1.00 
m 
} ote 
and line 8 — F,=F, and #-= 4.00. 
Mavs 


If (A*,/m*?) <C*—1, there may appear a pole in the F, function. In this case By 
function needs to be modified and the Baeees A line would be changed a great 
deal from A, line. 


As will be seen from Tables - 1 and 2, the effect of the modification of Q.E.D. 
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‘at small distances seems to be measurable, if (/,?/m?)<36 and is larger than the 
effect of the tensor interaction provided that |Cp|<|C,4|(~|Cy|). Our analysis has 
been based on the assumption that the muon and neutrino are created at a point. 
If weak Fermi interactions are smoothed out over some regions, then there is a 
possibility that this effect also appears at large angles. However, this would be 
negligible in comparison with the effect of the modification of Q.E.D. at small dis- 
tances if the domain over which Fermi interactions are smoothed out is about 1/M 
‘or smaller. The feature of F, appearing in (5-1) would be determined by large 
angle muon pair production on Hydrogen. 


Ro 
Rye0° Ri50° Ri35° Rj20° 
line 

A, line 532. 201. 65.5 26.2 
line 5 7.63 6.15 Fld 4.23 
line 6 25.2 17.8 12.7: 8.94 
line 7 39.4 18.6 10.2 7.16 
line 8 55.1 28.3 16.3 11.0 


ee 


Tabl 2. Small angle-large angle ratio of transition probabilities. 
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The relation between an exciton and a plasmon in insulators is investigated from a 

' view-point of an electron-hole pair approximation. It is shown that the usual exciton model 

is valid in the insulator having appreciably localized wave functions and that if-the wave 

functions are not appreciably localized but rather extended, a plasmonlike excitation becomes 

possible and appears above the continuum pair-band besides the exciton level below it. These 
behaviors are discussed in comparison with experimental facts. 


§ 1. Introduction 


The several peaks in optical absorption spectra of alkali halides have been 
analysed with the aid of the so-called exciton model by many authors..-"” The 
electron excited by photon and the positive hole left behind in valence band are 
coupled together through an effectively attractive Coulomb force so that a bound 
state will be formed. The bound electron-hole pair is known as an exciton. The 
exciton model has also been applied to interpreting not only the optical absorption 
peaks found in other ionic crystals like Cu,O,”” which constitute the hydrogen-like 
series, but also the structures of X-ray absorption and emission spectra in alkali 
halides.’*® 

On the other hand, it has been well-known that the charged particles with 
high speed suffer characteristic energy losses of about ten to twenty electron volts, 

| when they pass through a crystal.” Some peaks in the energy loss spectra in 
insulators have been considered to be due to excitation of plasma oscillations,” as 
in metals. The plasma oscillation, whose quantum is called “ plasmon” according 
to Pines, is an organized motion of many electrons coupled together by a long-range 
Coulomb force. Since, in insulators, the valence band is filled up by electrons and 
the conduction band is empty at zero temperatures, the organized plasma oscillation 
will be facilitated only by exciting electron-hole pairs. Thus, the plasmon in insulators 
appears to be related, to some extent, to the exciton model. 

It is the purpose of the present paper to make clear the relation between the 
models of an exciton and of a plasmon in insulators. This is made easy by the 
use of an electron-hole pair approximation. It is shown that in yoo insulator having 

appreciably localized wave functions the usual exciton model is valid as a possible 
If the wave functions are not appreciably localized but rather extended, 


| excitation. 
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so that collective couplings of electrons and holes become possible, then a plasmon-like 
excitation can appear above the continuum pair-band besides the exciton level below 
it. These behaviors ,will-be discussed in oe : 

The fundamental formulation of eigenvalue problem ‘for a possible excitation 
state is given in §2. §3 and §4 are devoted to the reviews of behaviors of a 
plasmon and an exciton in insulators from the view-point of an electron-hole pair 
approximation. . The. plasmon’ model in insulators is similar to that in metals except 
the effect of existence of a finite energy gap between conduction and valence bands. 
Both models are somewhat modified if we proceed to the second approximation in § 5, 
where the relation between an exciton and a plasmon is discussed. In § 6, the 
concluding remarks are given and experimental data observed in various insulators 
are discussed in connection with the present results. The important correction to 
an electron-hole pair approximation is the effect of scatterings of electrons to electrons 
and holes to holes, and the coupling between pairs having different momentum 
transfers. Even though they may serve screening effects to the effective potentials 
for an exciton and a plasmon, the essential results of the present approximation 
will not qualitatively be changed by them. 


§ 2. General formulation 


The Coulomb interaction between electrons in crystal is expressed by 


jfige 3\| dxdx! U* (x) Pet hee So ye) P(x). (2-1) 
Annihilation and creation operators of electrons are introduced by expanding the 
electron field “(x) with respect to Bloch functions, which constitute an orthonormal 
complete set : 


P(x) TPs D2 Oy KP yun (X), fun (*) = ah exp|[ik- X let (x), nt (2-2) 


where / is the index of band, k is the reduced wave vector which runs over values 
within the first Brillouin zone, and the Bloch function ¢,.,(x) is normalized in the 
crystal having the volume 2. 

In insulators, the valence bands are completely filled up by electrons aa the 
conduction bands are empty at zero temperature. If an electron is excited from a 
valence band into a conduction band, there is left a hole in the valence band. As 
we are interested in the excitation state in insulators, it is more convenient to 
introduce creation and annihilation operators of a hole besides that of an electron. 
These operators are introduced by transforming a, and a,* into bu and b,x, 
respectively, if # belongs to the valence band. New operators a,x, ay % by Ie ll 
b,,« correspond to the annihilation and creation of an electron in k-state of -con- 
duction band and the creation. and annihilation of a hole in the k-state of -valence 
band, respectively. They satisfy the following commutator relations : 
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[@ytes Gur nr} =0, [anaes Aus er |, = Oy .yut Ob pe 5 
Cet ON) “E255 8]. <8. bce. (2.3) 
(an ks On ese =0, Li, Burge |e ==0. 
The Hamiltonian of the system is given by 
H=H™” 4+ Hz, , (2:4) 


where H™ consists of kinetic terms of electrons and of interactions of electrons 
with nuclei at rest*, and H, is the Coulomb interaction between electrons given by 
(241).. As we use the Bloch scheme, we must be careful in ‘the choice of the 
unperturbed Hamiltonian. Let the Bloch function $u.~(*%) be the eigenfunction of 
Hartree-Fock self-consistent field Hamiltonian H, and &,(k) be the corresponding 
eigenvalue : 


Fy by.n (*) =E, (k) yx (%).- (2-5) 
Rien. the total Hamiltonian can be written as , 
H=H,+4H,-f, (2-6) 


where /’-is determined.in such. a way that an eigenvalue of H, is equal to an 
eigenvalue of H in the. Hartree-Fock approximation. . Determination of /” has been 
studied by many authors.” Thus, the terms on the right-hand side of (2:6) are 
given, by the use of new operators, as follows. 


A,=>">5 é. (k) i Be oy pap? é, (k) by Ow A paps e. (k) ’ (2 ; 7) ‘ 
ck v . v iv 


HT,=4 Sa DIP ID Vieloug ae (q) Kear See ene 8 + ay KG u.K + By rgb) 


pyro g k 
xX (Ay, x0 400,40 AD) 1 <g@o.kel + Ga nh oe, }d +x 41 -qho,k1) 
FF 4 = i Vika gun ak (q) (ay %Ov 5 ac by Avr + Ay Qt + by nbv i) ; 
pA q Fk 
| (2-8) 
(b) ‘ 
r=>) oIPDPD { Vie ke keke (0) — Vier ter Resheader be! (k)} 
py A k ke ; 
x (ay 7D ke Oy, toBy de + ay vk + by dy i) > (2 : 9) rots 


where - 


i i i i taken into account in the 
* Displacements of nuclei and thermal vibrations of lattice are not ta 


resent paper. : : , 
x 40K is half of the diagonal term of the Hartree-Fock potential T may still be subtracted from 


_ (2-9), as has been discussed by Tobocman (see reference 16)). Instead, the terms concerning 
ative Coulomb energies of an electron and a hole will be dropped after calculations, ensuring the 


neutrality of the crystal. 
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e 
Vint anteater -q.te (D = dx dx! Py tes (X) Pu (®) Pr.nr—4 2") Pons (%") eae li 


(2-10) 


) . . . 
S! in (2-9) means that the summation over 4 must be restricted only to valence 


a 
bands. 

Since we are interested in low-lying’ excitation states, it will be sufficient to 
restrict ourselves to the one-pair approximation in which the excited state is assumed 
as 


2 ited — 


+, (2-11) 
Late (q) ay oly a + fey (q) by p+qev.p a ho. (q) re bia ee 
Dp 


A 
At=s1>5 
7 vav 


4+ 8" (q) Oypigv.nl- ) haele) 


Y, is the ground state of the system, where there are no real electrons in conduc- 
tion bands at zero temperatures. The first term in (2-12) represents the state in 
which holes and electrons are created in valence and conduction bands, respectively. 
If the electron and the hole are coupled to form a bound state, so that the co- 
efficient has a localized character when it is transformed into coordinate space, then 
the corresponding state will be the usual exciton state. Otherwise, the corresponding 
state will represent the entities of electrons and holes moving freely to each other, 
in which we havé no interest. The second term in (2-12) represents destructions 
of the electron-hole pairs. If it couples completely with the first term, resulting a 
stationary wave of charge fluctuations, then the state expressed by them will cor- 
respond to the plasmon. The third and fourth terms represent scatterings of 
electrons to electrons and holes to holes, respectively. If we take these terms as 
virtual states for the real electron-hole pair state represented by the first two terms 
of (2-12), it will be seen that they serve some screening effects of higher order* 
to the effective potential for the electron-hole pair state. We ignore, therefore, the 
last two terms in the followings, because they do not seem essential in order to 
see the relation between an exciton and a plasmon. 
Eigenvalue problem is 


fsb re = ID oxeiboa > (2 : 13) 
or 


(E—H) A*¥\=(A*, H|_¥,+ (E—E,) A* €,=0, (2-14) 
where E, is the ground state energy of the crystal : 


H€,=E,',. (2-15) 


* The effect of the last two terms of (2-12) is partly taken into account in the unperturbed 
Hamiltonian Hp, in the lowest order, that is, in the meaning of Hartree-Fock approximation. 
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Multiplying (2-14) by (%!6, paep+q and (Ya, *b, p+q> Tespectively, from the left, 
we obtain the equations for a%’(q) and Be (q). 


[hw— {&.(p+ 4) —& (p)} Jae’ (q) 
+ D4 D1 User (Pp, p’, q) ae?" (q) —> 2) Usrctot (P,P, 2) Bp” (9) = 


clul pt clul 


yp 
[ho + {€.(p) —&,(p+q) } 8% (q) 
bes 2) Uvccre (P, P> DP» (q) ye x Ucrer° (p, p’, q) a?’ (q) =0, 
(217) 


where c and c’ are the indices of conduction bands, and v and v’ that of valence 
bands. The following notations were used. 


iw=E—E,, (2-18) 


Ch Vener (Pp, P; q) = Votqaetapip(P—P') — Visi 5) prig()- (2-19) 

In the reduction, we have neglected (%\a.%a.,»|Po) and (%\b,*d,»|%) in com- 
parision to unity. This is reasonable in the present one-pair approximation, because 
the number of excited electrons and holes is assumed to be a fraction of the total 
number of electrons in the crystal. It should be noted here that the coefficients 
with different q are not coupled with each other, as is seen from (2-16) and 
(2-17). This is the consequence of the one-pair approximation. 

In order to solve (2-16) and (2-17), we shall approximate U’s by using a 
reasonable condition realizable in real insulators. 


§ 3. Plasmon 


In this section, it will be shown that the plasmon can be a possible solution 
of a set of equations, (2-16) and (2-17), for an ideal case in which wave func- 
tions are not appreciably localized but are rather plane wave-like. 

By the use of the Fourier transform of e¢’/|x—x’'| and of the periodicity of 
Bloch functions, (2-19) can be written as 


Are? py Ao Ane? Vly * Alo! Z 
oe yios (Pp, P’ q) — Q\p prenanes ‘pl. p Q¢ Ch gp Plipl+q (3 1) 


where 


ay | dx Pup Pp (x) Py pi (x) exp|7 (p—Pp’) 7 x | 


= (n/2)| dx Un p p(*) Uy, pt (x). (3 i 2) 


59/ N is the volume of unit cell and | as means the integral over the unit cell. 


Condsider the ideal case where wave functions ¢,,)(*)’s are nearly plane 
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wave-like, and assume that values of C,}%,,,s do not appreciably change from one 
pair of bands, # and »v, to the other. This may be a possible assumption for the 
semiconductor having a nearly metallic character. Then, the value of Cytgy1%q°Cpr% 
will be comparable to that of CMY »:Cy%.g- If this is the case, the ratio of 
the first term to the second one on the right-hand side of (3-1) is roughly estimat- 
ed by replacing them by their averages over values of p and p’ within the first 
Brillouin zone, and is found to be of the order of (¢@°/Pinax), where Pmax is the 
radius of the sphere having the same volume as the first Brillouin zone.* There- 
fore, if we restrict ourselves to sufficiently small value of q, the first term is negli- 
gible compared with the second one, and (3-1) is approximated by 


a U ~ Iya 
UO tirvarer (Pp, P ’ qyeer tee 0g = FE Cyl CM oh a d < Pax: (3-3) 


Then, multiplying (2-16) and (2-17) by Cy. p+q/|hw— {€.(p+ q) —€,(p)}] and 
Ch p+q/[hw + {&.(p) +€, (p+ q)} ], respectively, and summing them over c, v and P. 
we obtain 


47° NG. spate 
sie Roremtig dh. (aL ts a spabalemiminc ss 
( Q¢ cy op Rw — {& 8. (p Higye E,( p) } >> DP! pl+q a (q) 
g6e Cp : tor 
i! [Cpt ap Papa Crue op or (q) =0, (3-4) 


Lg eo P ho— {E.(p+q) —€,(p)} oP 


47é Kem i 
1 + > Le p.peq! CS Le vot 
( 2Q¢ cv Dp Rot {&, (p) —€, (p+q} >> Plepl+g p (q) 


eAge AC. pp tql® , | 
iL. E Co on a =U. . : 
(Q¢ C0 Dp hw + {é, (p) — a (p+q)} p> pr pr+g&@p (q) =0 (3-5) 7 


These have a solution only if the determinant of the coefficients vanishes, or 


ca Ae? | yng s Lee : hie 
Lg eo & \ho— {&.(p+q)—§&(p)} ho + {€.(p) —, (p+q)} 
(3-6) 
The corresponding wave function is given by 
#.(Q =NX >| pian ee 
ow ho—{é,(p+q) —€, (Mice a 
Ge 
+ Ppt . 
ho + {&.(p)—&, (P+9)} po ahe a) ee: 


where 


* When p=p’, n=», and j= =o, the first term of 


(3- 1) represents an infinite Coulomb ener 
which should be dropped as noted before in the footnote mi 
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IMIA= >> | Meares Conta! J. 
oP \[ho— {&.(p+q)—E (pi? [hat {6 es (p+q)} P 
(3-8) 
It is seen that (3-6) and (3-7) are formally identical to the dispersion relation 
and the wave function for the plasmon in metals,” respectively. 
We have assumed above that the energy denominator is not zero, because we 
are interested in the bound state. Another solution with the energy 


ho” =E,(p+q) —€,(p) +O(1/2) (3-9)* 


corresponds to the scattering solution, in which an electron and a hole move freely 
to each other, and (3-9) constitutes the corresponding band spectrum, which is 
called “ pair-band”’. 

It is evident that the bound solution of (3-6) lies above the lowest continuum 
pair-band, say ftw”, because the left-hand side of (3-6) cannot vanish for Hw less 
than fw”. Assume, for simplicity, that the lowest pair-band fw” is separated by 
an energy gap from the nextly low-lying pair-band. If we restrict ourselves to the 
bound solution lying just above Aw” and neglect contributions of other terms con- 
cerning higher pair-bands in (3-6), the dispersion relation (3-6) is reformulated, 
in the limit of small q, as follows. 


os) Ee tee fy, (3-10) 
P (hw)*— i€.(p) —&.(p) }* 


where 


0 (OE | de lob) (=P ean) '/{E(P)—E(P)}, BT) 


Lm cell 


(ho.)?=47eh?n/m2Q, (o- 12) 


and v is the total. number of electrons occupying a v-band in the ground state. 
f® is the optical oscillator strength for interband transition and satisfies the relation 


PAPI (3-13) 


(3-10) is the well-known formula for a plasmon in the limit of small q, for which 
a detailed discussion has been given by Noziéres and Pines.” The plasmon energy 
is easily estimated from (3-10) and is given roughly by 


homhog {1+ (4o/Rou)?} + O(d,,/Nwu)s (3-14) 
where 4, is the energy gap between c- and v-bands and d,, is a quantity of the 


order -of the sum of their band-widths. Thus, the presence of a finite energy gap 
4,, is found to give a shift of the plasmon energy from the free electron value. 


* If should be noted that w+ {é&(p) bh (p+q)}+0, because &—€y, involving a  arites energy 
gap, is always positive and fw must not be negative. 
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If the higher pair-bands lie nearer the lowest one, so that terms concerning 
them cannot be neglected in (3-6), the dispersion relation (3-6) cannot be 
simplified to (3-10) and is difficult to be solved. It is also noted that if the plasmon 
level born out from fiw” overlaps the other pair-band, the plasmon will discipate 
its energy quickly to the continuum, because then the wave function (3-7) is not 
normalizable. These situations together with the shift of the level due to the pre- 
sence of an energy gap might disturb the plasmon to be identified in the energy 
loss spectra in insulators. Nevertheless, the same plasmon model as in metals seems 
applicable to interpreting energy losses found in the metallic semiconductors having 
a small energy gap. 


§ 4. Exciton in ionic crystals 


In order to review the exciton model in insulators, we shall take alkali halides 
as an example of typical ionic crystal and assume that the wave functions are 
highly localized to respective ionic sites, contrary to the case discussed in §3. It 
is convenient to use the Wannier wave function, which is related to the Bloch wave 
function by the relation 


Pun (*) =N-™ diexplik- R]g,(%—R), (Aedl) 


where N is the number of unit cells and R is taken as the coordinate of the 
halogen lattice point of the R-th cell. The Wannier function ¢,(x—R) is assumed 
to be appreciably localized around the R-th cell, so that it may be considered to 
behave like a linear combination of atomic orbitals from alkali and halogen ions. 

Let c and wv specify the lowest conduction band and the highest valence band, 
respectively. The bands are assumed to be well-separated from the rest. Consider 
a pair consisted of an electron and a hole excited in c- and v-bands, respectively. 
We shall begin with the estimation of the last coefficient U2i7'?(p, p’, q) in (2-16), 
which can be expressed with the Wannier functions as follows. 


Usita(p, p', q)=N-t >) exp|—iq: (RR) —ip-R+ ip! (R’—R’)) 


a (\ | dudx! g* (x—R)Q., (x— R’) g(x! —R")¢, (x!) am 


|x—x"| 


|) dxde' 22 Rope) 9@— RI G4(/—R)—£}. (4-2) 
x—X 
We shall discuss separately about cases which are expected to give a dominant 
contribution to integrals in (4-2), as c’ and v’ run over conduction and valence 
bands, respectively. 
(ij) When v’=v. For R’30, the overlap between ¢,(x—R’) and ¢,(x’) is 
considered to be sufficiently small so that values of the integrals will be much 
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smaller than that for R’=0, because ¢,(m—R’) will have a predominant contribu- 
tion from localized p-orbitals of a halogen located at R’. For R’=0, however, the 
first integral cancels out the second one, so that (4-2) vanishes. 

Gi) When c’=c. For R’AR, values of integrals will again be negligibly 
small on account of a localized character of ¢,(%x—R). For R”’=R, the first 
integral cancels out the second one, so that (4:2) vanishes. 

(iii) When c’4c and v’4v. The main contribution to the integrals will 
come when c’ and v’ specify the nearest bands to c- and v-bands, respectively. In 
this case, ¢,(x—R), which may be contributed dominantly from the orbital of 
excited state of a halogen, is expected to have the largest amplitude on A-th halogen 
site, even though its amplitude will be less than that of ¢,(x—R). Similarly, 
¢.,(x—R) is expected to have a large amplitude on alkali sites adjacent to the 
R-th halogen site. If this is the case, we can approximate (4-2) by taking R’=0 
and R’=R, and obtain 


Ue st, (p, p’,.q)= N~* pa exp{ —7(p—p’) -R| 


e 


x | |) duds! 92 (®—R) gu (2—R)95(#) 9.2) 


la—x"| 


2 
—{{ dear’ o(x—Ry g(x) 93 (x) pu" — Bf. (4-3) 

However, the values of integrals in (4-3) are considered to be much less than 
that of the Coulomb and exchange integrals between c-electron and v-hole, which 
constitute the main part of the coefficient U corel’ (p, p’, q), as is seen below. 
Further, it is found that the last term of (2-16) with the coefficient (4-3) is 
less than the second term of the same equation by a factor of the order of 
Ue", (p, p’, q)/[Nat+ t€a (Pp) — er (p+q)}]. Therefore, we can neglect the last 
term in (2-16), in the first approximation. We also neglect the last term in 
(2-17) by the similar consideration. In the same approximation as above, the 
second terms of (2:16) and (2-17) are replaced by the terms having the largest 
coefficients with c’=c and v'=v. The coefficients are given by 


cov =—(U%(p, p’, q) *=N —i(p—p’)-R]v(R), (4-4) 
U2 (p, p’, q) =[Unz(p, p’, 2) *=N > expl i(p—p’) -Rjv(R), ( 
where 


v (R) =v* (R) 
e 


={{ dede’ 92 @— Rg. Reh) ¢0(2) 


ix — | 
—f] dxdx! 92 (a Rye. (x) 92) 962 “RY (4:5) 
“The first term is the Coulomb. interaction and is usually larger than the. second 


term, which is the exchange interaction, so that v(R) is positive. 
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(2:16) and (2-17) are, now, reduced to 


[Zo — {E.(p +4) —&.(p)} Jap (q) +N“ 3) 3 exp[—i(p—p’) -R] v(R) a, (q) =9, 
y pr 


(4:6) 
[w+ {&.(p) —€,.(p+q)}]Fe(q) -—N~ > 2 exp[i(p—p’) -R]v(R) 7, (q) =0. 
jee (4-7) 


Thus, it is found that the equations for a and # are independent of each other in 
the first approximation. 

Multiplying both sides of (4-6) by exp[ip-R,|/[Aw— {€.(p+q) —&(p)} | and 
summing over p within the first Brillouin zone, we obtain 


ees 1 exp[zp- (R,—R) | 
Ss" : ee => R : 
_ Lexplip Roja (q) +5; 32 v6 ‘io 16,( para) —€-(p)} 


XD) exp[ip’: R] a%,(q) =0, (4-8) 
yp 


where it is assumed that the energy denominator does not vanish because we are 
not interested in scattering solution. We can take, in a good approximation, only 
the term with R=R, in the second term of (4-8). To see this, we assume the 
usual spectra for €,(p) and &,(p), ie., 


E.(p) =4,+ ap’, | 
E,(p) =4,+ 8p? | 
where @ is positive and # is negative, so that c- and v-bands are concaved upwards 
and downwards, respectively, and 4,,==4,—4, specifies the positive energy gap 


between the bands. If we replace the summation with respect to p by the integra- 


tion over the sphere having the same volume as the first Brillouin zone, we can 
see for small q that ; 


(4-9) 


RR) = exp|7p- (R,— R) | a 
ee Fras Auecy eaE 


2 2m 1 | 4y— he IR R\| 
= exp) *— er aS} eo ede has 
(22)*(a—f) [RR] LN (a@—B) Pak? 


for d4,>hw, (4-10) 


where pmax is the radius of the sphere replacing the first Brillouin zone. As the 
magnitude of 4,,—Aw for an exciton in alkali halides may be considered as com- 
parable with (@—) pmax, which gives roughly the sum of widths of ‘c- and v-bands, 
the value of J(R—R,) will. sharply fall off for |R,—R|>1/pmax. In fact, it has: 
been calculated by Takeuti® that even when |R,—Rj equals to a primitive trans- 
lation, the value of JUR—R,)/I(0) comes out to be about one tenth or less for 
(4.,—fiw) /l (eB) Pricey 


Thus, leaving only the term with R=R, in the summation with respect to R, 
(4-8) becomes 
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1 7s kneel : ; Dp’: pay 
( ry?) 2 Ere: 51 APG Del ome et, 


In order that 2s explipl Hy] as (q) £0, it must hold that 


il 1 

1+—v(R,)>)- as =. (4: 

N 4 P Rho— is.(p +g) —€&,(p} Af de 

This is equivalent to the equation for exciton level, which has been derived by 

Takeuti” by the use of the Wannier scheme. The wave function >} exp[ip:R)| 
P 


- aS (q) Ae.p *qv,6 0) represents the internal behavior of the exciton. It consists of 
a bound electron-hole pair in which an electron is at a distance R, from a hole, 
as is seen from that the wave function falls off exponentially as |R,—R| increases 
because ap (q) oc 3) exp| — ip: RI/[ho— {E.(p+q) —€.(p)}] and that R, in v(A) 
specifies the distance between cells to which an electron and a hole are localized 
respectively. It should be noted that the exciton state is represented by a linear 
combination of various pairs with a momentum transfer q, which represents the 


translation vector of the exciton as is seen below. 

We shall, now, discuss under which condition (4-12) has a bound solution. 
As has been given by Takeuti, the simplified calculation, assuming the usual spectra 
(4-9) for &,(p) and &,(p) and replacing the summation by the integration, shows 
that (4-12) has a positive solution Hw only when the condition 


(7/27) U (R,) / (a—f) Prax te 1 (4 : 13) 


is satisfied, where 7=(2/N) pmax, which equals67? for f.c.c.. This condition has 
a natural physical meaning that if an electron is remoted so far from a hole that 
the effective potential v(IR,) becomes too small to satisfy the condition, the pair 
cannot form a bound ‘state. When the condition (4-13) is satisfied, the energy 


level for deep-lying exciton is given by 
Hw dee~ (7/622) v (Ry) — (a8 / (a—B))¢. (4:14) 
‘The condition that Aw >O0O requires a condition 
(7/67") v (0) (dey <1. (4-15) 


This condition, however, seems too stringent. As was mentioned in the introduc- 
tion; the potential v(0) will be reduced by effects of ‘virtual processes which are 
not taken into account in the present first approximation of an electron-hole pair 
model, so that v(0) in (4-15) should be replaced by the effective potential thus 
reduced. " 

: It is expected from (4-14) that for crystals with a large energy gap 4,, the 
separation between the. lowest and next low-lying exciton levels will be given by 
-(7/6m*)[v(0) —v(t)] where 7 is a primitive translation. Therefore, the separation 


will be smaller for a crystal with less localized: ‘wave functions. 
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We shall discuss the equation (4-7). By a similar consideration as before, 


(4-7) can be transformed into 


st 
(1-Lo(R,) 5 Se rage fe, ay ae rer )> D> exp[ —7p’-R,]5%,(q) =0. (4-16) 
When the conditions (4:13) and (4-15) are satisfied, the expression in the bracket 
in (4-16) cannot vanish for positive fw. Therefore, Pan a ih: -R,|83,(q) must 
identically be zero for Aw given by (4-12). ae alee us to normalize the 
wave function of exciton, >} exp[zp- Ry] a (q) ac.» *qbv.p Po- 

Lastly, we shall Ehow that vodr pair model allows us to derive an effective 
mass equation for a moving exciton, which affords also a better understanding of 
the exciton model. Assume that v(R) can be regarded as a continuous function 
of R and behaves like ~(e?/R)exp[—«R] for a large separation R between an 
electron and a hole. Then it is found that 


>) exp[zp-R]v (R) oc 4ze?/ («+ p’). (4-17) 
R 


This suggests us that tne summation over p within the first Brillouin zone in the 
second term of (4:6) may be extended to tne whole momentum space, if 1/« is 
of the order of or larger than a primitive translation. This approximation will be 
permitted for the crystal where the wave functions are not appreciably localized. 
Thus, if we assume, for simplicity, tne spectra (4-9) for &,(p) and &,(p), (4-6) 
can be written as follows. 


3 
[hho dat 2 og =—(a —) ptt a («/a— aq (q) 


all : f ; , 
i > Se exp| a ) -R| v(R) Wor (aje=a)q (q) =, (4 < 18) 


pr 


where variables p and p’ were replaced by p———— i q and p’—- a q: respectively. 
a 
Define ¥,(r, R;) and ¢,(r) by 
Yq (r, R,) =exp[iq % R,| Oy (r) > (4 3 19) 
all 
by (r) = Nae x exp|ip i r| Ly («/a-8)q (q) : (4 - 20) 


Multiplying from the left of (4-18) by 271? enlist R,|-exp[ip-r] and summing 
over all p, we obtain 


[Ree de Pieg (a—8)P,"b4, (r, R,) 


all all 


+N'27'? exp[iq:- Rg| pa 2 2 exp| —i(p—p’) -(R—r) | 


x v(R)exp|ip’-r] Ayr (a/a—syq(q) =. (4-21) 
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| all all all> - all «4 : 
By replacing > > by ae and using the relation that 
Pp ? Pp-P') Pp 
all wx6 : aE BE 
4 . , 
Ne Ret eelaAR Pk ) : (R—r) |v(R) Sur), (4-22) 


(4-21) is recent as 


-{(af/a—B) pr — (@—-A)pr—vir) - E} gq; Re) =0, (4-23) | 
here heal nde ee Is 
E=hu+4,. (4-24) 


(4-23) is the well-known effective mass equation for an exciton moving with a 
translation wave vector q, and E is the energy measured from the bottom of con- 
duction band. R, specifies the coordinate of the center of mass, and r the radius 
lof the orbit. If we separate the center of mass motion, we have an effective mass 
bequation for the internal motion of the exciton. 


[—(a—A)p,?—v(r) —Ey}6,(r) =0, (4-25) 
| where c 
E,=E+ (aB/a—B)¢. (4-26) 


It is found again that the effectively attractive force is essential to form a bound 
| state. 


In the preceding two sections, it has been shown that an electron-hole pair 
| model can easily lead us to either plasmon or exciton model in the extreme cases. 
| However, if we advance to the second approximation, both plasmon and exciton 
| may be possible excitations, in which they will be coupled and modified by one 
| another so that the situation will become more complex. In order to make under- 
| standing of the situation easy,-it will be convenient to consider a monatomic .valence 
| crystal like Ge and Si. This is because their wave functions. will be less localized 
than that in low-lying bands in ionic crystals. ; is Seki 
| Before entering into the study of possible excitations in such a valence crystal, 
we remind how either picture of a plasmon or of an exciton has been obtained in 
the first approximation, according to different behaviors of wave functions. Two 
| points are instructive. First, when the wave functions are extended so that there 
| arises an enough coupling between creations and annihilations of pairs, there becomes 
possible an organized motion of charge fluctuation with a long wavelength, which 


is a plasmon. On the other hand, when the wave functions are appreciably localized, 


then the created-pair state is stable without being disturbed by other virtual states 
The second point is the difference 


_ and can form a bound state, 1e., an exciton. . 
| of the sign of potential U. It is effectively negative for the plasmon, as 1s seen 
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from (3-3), and is positive for the exciton, as is seen from (4-4) and (4-5). 
These general situations will not ‘be essentially altered even. for valencé crystals. 
Ue" (p, p’, q) is given again by (4:2), where ¢,(x—R) is assumed to be 
localized around the R-th céll, so that it may be considered as-a hybridized orbital 
concentrated around the R-th cell. Neglecting three- and four-centered integrals, a 
dominant contribution to the first integral in (4-2) is considered to be given when 
R’'=R and R”=0, and that to the’ second. one in (4-2) is given when R”=R’ 


and R=0. Therefore, (4-2) can be approximated by 


Scape Pp, aN” > {exp[|—i(p—p’) -R] teiren UR) —exp[tq - R] tren CR) }, 
(5+1) - 


where 


(5-2) 


tiyng(R) = || ded’ pf (xR) 9, (x—R) of (x!) (2!) 
Roe i |x—2x’| 


By the similar consideration, other U's are approximated by 
User (p, p’, q) =N "ex fexp[—i(p—p’) - R uenre(R) —expliq BE] tevcurer RD} , 
Use (P, P's 4) =N~ 33 {exp —i(p—P) Re] etaroro(R) — exp iq - R] tower (R)} 
Uneciei (Ps P's 4) =N~™ 3) texp| —1(P— P’) “RR teowrere RR) — exp ig - R] eorcror HR) } « 
(5-3) 


Inserting these expressions into (2-16), we are given 


[ho— {E.(p+q) —&,(p)} Jap (q) 
dnl Si > > {exp| —i(p— Pp’): R) téccryry CR) —exp[iq- Rj)u Ucruter (R)} ai’ (q) 


—N- > Ri pa texp[—i(p— P’): R] tree (R) —exp|zq: Rovers RY} 3G" (Q) =o. 
(5-4) 
We shall further take the simplification that in the terms including the factor 
exp[—ip-R] only the term with R=0 is left in the summation with respect to R, 
because the value of >itexp[—ip- R\/[Ro— {€.(p+q) —€&,(p)}]} will sharply fall 
off for R+#0 as disetssed before. Instead of the pape that only the term 
with c’=c and v’=v is left in the summation over c’ and v’, which corresponds 
to reglecting the coupling between (c, v)-pair and (c’, v’ )- -pair, we shall replace 
Ucctyy R)’s by the averages over various combinations of c’ and v’ when c¢ and v 
are fixed, and assume, for simplicity, (lcormry UR) )’s thus averaged are real. 


Multiplying (5: 4) by [hw— {€, (p+) — EAD) Sie. anu summing over c, v, 
and Pp within the first Brillouin zone, we obtain 


ae Vu ae re : ful | 
1+ ar 
( ve 4 ho— \&.(p+q) —&.(p)} ce 7 @ 
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s TAR. "a Wn ( ) 
Dew 4 VN elor rs 5. 
eee eG) | 
here nay ie SS | 
ee (q) = Cs (0) » — 22,exP [7q R| Ucootet (R) S (5 ; 6) 
Weg) = Ceterero(0)) — 33 exp Liq? R] eer oy Bios 


: eee means the averaging procedure mentioned above. In the same approximation 
las above, we obtain from (2-17) 


-+>B Veo) —_.___) 3) fs" (q) 


ho+ {E.(p) —€,(p+q)} clot pr 
1 W..(q) 
= PS = : pon ==) i 
Nee fot EP=HSe+ a} PP  nidulon grin 


| The equations, (5-5) and (5-8), have a solution only if the following equation is 
| satisfied. 


ig gape Vw (q) pall Vw) \. 
er {i 
By ( Nw ” Poets iia See Sa SP 


1 Wa(4) v1 W.(q) 0 

(ae ie : ==(), 

VEE fox {.(p+q) —&(P)} | Crs {E.(p) Seneca, 
(5-9) 


| This is the general dispersion relation for a possible excitation. We shall show 
| that both plasmon and exciton can be possible solutions of (5-9). Let the lowest 
| conduction band be cy and the highest valence band be v. Assume, for simplicity, 
| that the spectra of €,,(p) and €,,(p) are expressed by 


E,, (Pp) =A + anf’; Cae (5-10) 
E,, (p) =O Peels fg <0; 


| and are well-separated from the rest. 
If we restrict our consideration to the (co, V)-pair and separate the terms 


| concerning it from the others, then (5-9) can be written as follows. 


L+A*{(1—f) Veo (Q) +9 Weer 6) } N~ 


ogee {E,,(p+4q) —&,,(p)} hot {€.,(P) —&,,(p+q)} 


ah u i 
EAL V cea VW wae) (ge 
( a ere cian’ 


(5-11) 


| : : =0, 
| | (ies {€c5(P) ra yee 
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where 
— At Vin(q) Sz 1 met Vealq) =... \ 
N ap €,(p+q)—&(p) N so py €(p)—&(p+q) | 
pies te nase ane Vo (GQ) Sars Es gen Cede : | (5-12) 
N sop E.(p+q)—&(p) N eyo p &,(p)~&(pt+q) | 
A=(1—/f)’?=9’. j / 


In the expressions of f and gy, fw in the denominators were neglected since it was 
assumed that Aw <4,—4, for c#c, and v¥v, and the second equalities come from 
the assumption that J.—4d,>a,¢—~/,¢ for cAcy and v¥w. 

To see the qualitative behavior of bound solutions of (5-11), we take the 
simplification that 4,,—4,,> (@eo—r) Pmax» If the bound solution lies below the 
scattering solution 


ho, ~ €..(p +4) =& Cp), (5-13) 


it will be called the “ exciton-like”’ level, and, on the other hand, if it lies above 
hw,, it will be called the “ plasmon-like”’ level. Performing integrations instead of 
the summation 5}, it is easily found that we can obtain the following alternate 


solution according to the character of V(q) described below. 
(A) Exciton-like solution: The exciton-like solution is possible only if the 
following condition is satisfied. 
(7/6%*) 3V (q) / (eo— Boo) Pus > 1 > (7/67°)2V (q)/4,>0, (5-14) 


where ~ 


4, = a a (2 ePoal (@..— Bro) ) q> 
V (q) =A“ ASF) Veo +9 Wome] — (7/62) (1/2A4q)[ Ver — Were],t (5-15) 
T= (2/N) Prrar- 


Then, the shallow level is given roughly by 


ho. de (2/7) 4 (Wa Fe) Pool? ¥; (6z°/7) (a,,— Bon) Pinel (3 V) te (5 ‘ 16) 
and the deep lying level is given: by 
Tiwex = da— (7/622) V- (5-17) 
From (5-12) and (5-14), we can see that f= 9 < Vow(q) / (4os—4y) <1. There- 


fore, f and gy can be neglected and A can be taken as unity. Thus, V can be 
written as 


Ve Vaan (q) /Kinter ) (5 S 18) 
where 


fee lee (7/67°) GY cons (q) [244) [1 Or CW hdl V cor) eh (5 - 19) 
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Comparing (5-17) with (4-14), we find that the exciton-like solution can be con- 
sidered as an exciton, even though it is modified somewhat from its simplest model. 
The modification arises through the term of destruction of pairs, which may be 
considered to play a role of screening the effective potential for the exciton by 
1/Kinter- The positive value of V is contributed predominantly by the Coulomb 
interaction between c,-electron and w-hole, as in § 4. 

(B) Plasmon-like solution. In order that (5-11) has a stable plasmon-like 
solution, it is necessary that the energy level lies above the continuum (S13). 
that is, 


hw, > Maximum of {&,(p+q) —€,,(p)}. (5-20) 
Then, the plasmon-like level is given approximately by 
Neorg, Af — (7/62?) (2V (q) / 4g) }”. (5-21). 


Therefore, it is required that V(q) is negative. This will be realized if the second 
| terms on the right-hand sides of (5-6) and (5-7) overwhelm their first terms for 
| sufficiently small q. If this should be the case for a sufficiently small q and if 
we can take that 


V coo (Q) = Wen (q) — —= TOK), } (5-22) 
|) then the dispersion relation (5-11) turns out approximately to be 
1 1 
1— N >t = —}=0. 
wig te {Eq(P+4) —€0(P)} hot {E..(P) —Eu(P+ 9} 
(5-23) 


| Comparing (5-23) with (3-6), we find that (5-23) corresponds to the dispersion 
| relation for the plasmon discussed in §3. That the effective potential for the 
| plasmon is —w(q) with a small q means, from (5-6), (5:7), and (5-22), that 
| the long-range correlation between electrons and holes is essential for the plasmon. 
| The deviation of Viw.(q) from We».(q) in real crystal acts to modify the disper- 
| sion relation given by (5-23) and to bring unharmonicities into the wave function 
given by (3:7), resulting a shorter lifetime of the plasmon. 

| Thus, the different character of the solutions mentioned above seems to be 
| decisively dependent upon the q-dependence of V(q). To see it qualitatively, we 
| assume, from the localized character of wave functions, that C2conovrer (R)> falls off 
| like Ctheovgprr (0) >: exp[—QR]* as RK increases, where 1/Q may be considered as a 
| parameter giving a rough estimate of linear extension of the wave functions. 
Taking f=7=0, A=1, and 7=67", and replacing the summation over R by the 
integration, we obtain from (5-6), (5-7), and (5-15) the following expression 


* Preliminary calculation, taking exponential s-wave functions, shows that the behavior of 


| Cttenuonrer(R)> for not so large R can be approximated by the exponential function. The deviation 
| Covov/e 


from the exponential decay for large R seems to bring qualitatively no essential change in the results. 
| 
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for V(q). 


V (q) sux [1— (4/32) (uk /u*) (2o/2o) {1 (Po/ 20)?" (G/ Pmax)*}*], (5-24) 
where 
Ug = Uj — (tel 2 Say (ie tga) he) La 
us, =Ués[ 1 — (tte/ 4g) {1 (ex/Ue) } J 
Ue = (Ucocrorvo (0) ), (5-25) 
Uex = (Ucovenrot (0) )s 
2, =672/0%, 
and 2, is the volume of unit cell. The values of uw, and u,, may be determined 


predominantly by the Coulomb and exchange interactions, respectively, between co- 
electron and v,-hole, and 2g may 


: 1.0 
be considered to represent a mea- 


sure of extension of their wave OQg/Qo=1 
functions. It is expected from 

(5-24) that V(q) becomes nega- 05 
tive for a sufficiently small q, if 

the wave functions are appreciably V(9)/u- 
extended so that 2,>2). Fig. 1 

shows an example of the q-de- oe 
pendence of V(q) for various 
values of 29/2). 

It will be suggested from 
(5-24) that it will be possible to 
classify insulators into the follow- 
ing three groups. 

Group 1. Uex/ue <1 and eg t= 
26/2, 1, so that V (q) is always 
positive for all gq. In this case, Qg/Qy= 100 
the condition (5-20) cannot be 
satisfied and the plasmon-like tae th 
solution is impossible for the 
(co, Vo) -pair. Therefore a possible 
low-lying bound state in the in- 
sulator belonging to this group rs 
will be only the exciton-like solu- Fig. 1. Typical q-dependencies of V(q) for Qg/2)=1, 
tion. Joni crystals, which have me. a <i her stae % i Sie 
appreciably localized wave func- @ooPmax?|dogng=1/4,and (—By,) = een: < 
tions, will belong to this group. 


= 2:0 
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Group II. Uex/ Up 1 and 2,/2,>1, so that V(q) becomes negative for small 
q, and, moreover, when V(q) is positive its magnitude is too small to satisfy the 
the condition (5-14). A- possible bound state in the insulator belonging to. this 
group will be only the plasmon-like solution. The conditions that we,/u,<1 and 
2o/2)>1 allow us to take Viw,(q) =~ Weo(q). Therefore, the dispersion relation 
(5-23) will be valid in this case, so that the usual plasmon picture is obtained 
except that the level is shifted by the presence of an energy gap, as discussed in § 3. 

Group Ill. (tex/u,) (2e/2o) 1, so that V(q) is negative for sufficiently 
small q and positive for remaining values of q. If V(q) has a sufficient magnitude 
to satisfy the conditions (5-20) 
and (5-14) for appropriate 
values of q, both types of ex- . Ase ska lve 
citation, the plasmon-like and tink , 
the exciton-like, will be obtain- 1.5 
ed. This is the intermediate rae 
case between two groups 
mentioned above. Some of 


2.0 


ho] do», pair-band 


valence crystals or intermetallic 
compounds may belong to this 


group. The plasmon-like ex- 
citation is responsible for a 
motion of the pair with a long 
wavelength and the exciton- 
like excitation is concerned 


exciton-like level 


with the remaining degrees of 2 02 0.4 06 08 10 
freedom of a motion of the ja . 

pair. Fig. 2 shows schemat- Fig. 2. Energy level scheme of possible excitations in the 
ically the appearance of those case of Group III. Both plasmon-like and exciton- 


like levels were calculated for V(q) with 9% 


s, depending upon g. 
levels, pe £ UP q =50, given in Fig. 1. 


Using the value of V(q) for 
2o/ 2,=50, given in Fig. 1, the plasmon- like level was calculated from (5-21), and 
the exciton- -like level from (5-16) and (5-17). Broken lines indicate unstable 
solutions which violate the conditions (5-14) and (5-20). 

We have hitherto assumed that (co, vp) pair-band is _well- separated from the 
rest and that rise (2,,—Pro) Pix These assumptions are evidently not satisfied 
in Ge and Si, so that the results obtained above should be considered only as 
qualitative for them. 


§6. Concluding remarks 


We-have discussed in the previous section the relation between a plasmon-like 
and an exciton-like solution, and have found that they are more or less deformed 
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from the simplest models of usual plasmon and exciton, respectively. Although 
the discussions have been given under rather simplified assumptions, the conclusion 
derived there appears to supply us with a qualitatively right direction to understand 
the relation between two models of a plasmon and an exciton in insulators. 

In reality, if an electron-hole pair is optically excited in alkali halides, an exciton- 
like bound state will be formed by the attractive potential, —V(q) between the 
electron and the hole. As alkali halides are considered to belong to Group I, V (q) 
is nearly independent of q, as is seen from Fig. 1, and is given by 

V = tel tater — 00) [reer 5 (6-1) 
where v(0) is given by (4-5), R being zero. Thus, the usual exciton model with 
a due modification of the effective potential seems applicable to alkali halides. On 
the other hand, if an electron ejected from v,-band is excited to higher conduction 
band, say c,-band, by charged particles with a high speed, relevant values of tex/uU¢ 
and 2,/2, may be somewhat increased, because the wave functions belonging to 
the higher conduction band will be less localized. Thus, there arises a_ possibility 


that V(q) becomes negative for sufficiently small q and a plasmon-like level appears 
above the continuum pair-band (c,, v). The plasmon-like level will be given by 
the similar formula as (5-21), and, therefore, the separation from the continuum 
may be small on account of a large gap J4.,,,. Further, the plasmon-like excitation 
will have a shorter lifetime than that expected from the usual plasmon model. 
Therefore, the energy loss due to excitation of the plasmon-like solution may hardly 
be dissolved from the loss due to excitation of scattering solution. Those situations 
appear to make the plasmon-like level difficult to be identified in the energy loss 
spectra. found in alkali halides.” 

In the case of X-ray absorption, both exciton-like and plasmon-like levels will 
be shifted from that discussed above, because the hole left behind remains at the 
X-ray level instead of the v-band. Characteristic structures near the K-absorption 
edge of KCl. have recently been discussed by Muto and Okuno,” and Parratt and 
Jossem”” on the basis of an exciton model. On the other hand, Leder, Mendlowitz, and 
Marton” have investigated the correlation between the characteristic energy losses and 
the fine structure near the X-ray absorption edge and have found that there is a 
relatively good correlation between them for NaCl, KCl, and KBr. However, it 
seems difficult to explain the energy losses in those crystals by the plasmon model. 

Valence crystal like Ge and Si is characterized by that the wave function is 
not appreciably localized and the energy gap between c)- and w-bands is small. 


It is supposed from (5-19) that the effective potential V is strongly reduced on 
account of the small gap, so that the exciton level will lie close to the bottom of 
the conduction band. The experimental evidence of the exciton has been obtained 
in Ge by Macfarlane et al.,*? and recently by Zwerdling, Roth, and Lax,” using 
a magneto-optical technique. If we consider that such a valence crystal belongs to 
Group III, we can expect that the plasmon-like excitation concerning the pair with 
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a long wavelength will also be obtained. If the plasmon-like excitation is brought 
up by the pair in which an electron is excited to higher conduction band, then it 
may be approximated by the usual plasmon, because the wave function will be 
extended. In fact, the second peaks of about 17eV in the energy loss spectra found 
in Ge and Si are matched with the theoretical value estimated by Pines on the 
basis of the plasmon model. However, the first peaks of about 5eV still remain 
‘to be explained. 

Leder and Marton*? have reported that the energy loss peaks found in several 
elements, Si, Te, Pb, Sb, and Mg, are shifted towards higher energies when they 
form compounds with O and S._ If a plasmon model is applied to this phenomenon, 
it might be explained by the shift due to the larger energy gap in compounds, as 
discussed in § 3. It has also been known that ionic crystals like BaO, MgO, PbS,” 
etc., have several peaks in the energy loss spectra. However, it seems necessary 
to have a further study to identify the plasmon-like excitation in those crystals. 

Shallow levels of exciton in Cu,O,” CdS,” PbI,,29 ete., have been observed to 
form a hydrogen-like series. An analysis by means of an effective mass equation 
shows that the orbit has a large radius. This suggests that the wave functions of 
conduction and valence bands are not appreciably concentrated around ionic sites. 
If this is the case, the plasmon-like excitation may also be observed in those crystals, 
for which the experimental study of the energy loss is desired. 

So far as an electron-hole pair model is concerned, the plasmon-like excitation 
is responsible for a degree of freedom of motion of the pair having a long wave- 
length and the exciton is a possible bound state within the remaining degrees of 
freedom. The electron-hole pair model is, of course, only an approximation to many- 
particles problem. However, it seems that the relation between two models of a 
plasmon and an exciton has been qualitatively clarified by the pair model. We 
have not taken into account of the effect of thermal vibrations and displacements 
of lattices, which will be reported in future. 

In conclusion, the author would like to express his sincere thanks to Drs. A. 
Morita and Y. Ichikawa for valuable discussions. The present work was partially 
financed by the Scientific Research Fund of the Ministry of Education. 
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The dispersion relations with the ordinary threshold energies are proved in every order 
of perturbation expansion for z—z, z—K, z—N, x—A, x—&, K—K, N—N, A—A, N—8, 
K—N, K—A forward scatterings. A counter-example is presented for N—A, N—S, S—S, 
A—£, S—E scatterings. Non-forward scatterings also are treated. 


§ 1. Introduction 


The dispersion relation was first introduced to quantum field theory by Gell- 
Mann et al.,” and its general proof was given by Goldberger.” But recently 
Bogoliuboy et al.” have pointed out that his proof was not mathematically correct 
in the treatment of the unphysical region, and using analytic continuation, they 
rigorously proved the dispersion relation for 7—WN scattering. Improving their 
technique, Bremermann et al.*) showed that using the usual axioms alone one cannot 
prove the dispersion relations for N—WN scattering and NN7 vertex function unless 
mz > (V2 —1)my. Ochme,” Karplus et al. and Nambu” independently investigated 
the lowest order term of the perturbation expansion of vertex function, and showed 
that the dispersion relation for 237 vertex function actually breaks down. Nambu” 
also proved, using his parametric representation, that the dispersion relation for 
NNy (or NN) vertex function is valid in every order of perturbation expansion 
if baryon number is conserved and if nucleon is the lowest-mass baryon. Very 
recently, Symanzik” has independently proved, using the same formula, that, in 
addition to this, the dispersion relation for 7—WN scattering is valid in every order. 
He also treated N—WN scattering, but could not give the dispersion relation with 
the ordinary threshold energy. 

In the present paper, we investigate the ordinary dispersion relations for various 
cases in perturbation theory, making use of the general integral formula of pertur- 
bation term presented previously by the present author.” We treat only the elastic 
scatterings by strong interactions. Our fundamental postulates are baryon number 
conservation and strangeness conservation. lso-spin conservation and parity conser- 
vation are not taken into account. No assumptions are made for interaction types. 

In §2, we summarize the main results of the previous paper and give a 
fundamental theorem for the present investigation. §3 and §4 are devoted to 

“prove the ordinary dispersion relations for forward scatterings, which hold in every 
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order of perturbation expansion for 7—7, z—K, 7—N, 7—A, m—&, K—K, N—N, 
A—A, N—£, K—N, K—A scatterings, but break down for N—4, A—£ and J— 
baryon scatterings. Finally, in § 5 we treat the non-forward scatterings, and prove 
the ordinary dispersion relation for N—WN scattering with half momentum transfer 
4d<m,, which cannot be furthermore improved by the present method. 


§2. Preliminary 


As a preliminary, we summarise the main results obtained in the previous 
paper.” Without loss of generality, we may assume that all particles are scalar 
and all couplings are direct,* since we are interested only in mass spectra. However, 
of course, selection rules are taken into account. Being unimportant, renormaliza- 
tions are not considered. 

Consider an arbitrary Feynman diagram G. Each line of G corresponds to a 
propagator 


1/{(pitq)?+me—is}, (i=1, 2, ---, @) 


where p;, g;, and m; stand for an integration momentum, a constant momentum, 
and a mass, respectively. The propagators which do not contain any integration 
momentum are separately considered for the convenience of the present purpose. 
a is the total number of the propagators which contain an integration momentum. 
All of the integration momenta p; are, of course, not independent. We denote by 
n the number of independent ones. Then the following general integral formula 
is derived by means of the generalized Feynman identity. 

Theorem 1. The absorptive part of the matrix element corresponding to G 
(apart from unintegrated propagators) is given by the following parametric integral. 
The integration region is 7;-0 (4=1, 2, -*:, a). 


ue a—2n— = 7 
Ag=const. | 73" (—V fq, 2)) dds xi—1) HT axz;,;. — (2+1) 


where 0°-”-function for s<0** is defined by 
Be (uw) = (u'"'/|s| (a), 
O(uy=l for “u>0; 
==U) *L0r =" tO). 


The notations used in (2-1) are as follows. 


OU = oe ee (225 


* Otherwise we have only to operate f(D) on (2-1). That does not bring any changes for 
the following arguments. 


* This case often appears for the second kind interactions. For s<0, the usual ‘expression 
Im 1/(V —ze) * loses its meaning. 
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The summation covers all possible sets (v,, Be gurls, Badosueh that bei stay ohooh 

are independent. nia Be n 
VQ, z)= Di 2(mi +a") -Q(q, 2)/U(2), (2-3) 
QO(q, x)= >) Uec(x) (+.2¢,%, = Xoo Icy = eee Le; Fe,)’. (2-4) 


C is a closed circuit belonging to the graph G, and C,, Cy, +++, C, are the lines 
belonging to C. The double signs correspond to the relative directions of Jo,» Wr? 
**,\Qo, on C. 


is Gill Sah aspera aon, (2.5) 
The summation covers all possible sets (v,, v5, -*-, Y»1) such that none of »,, v, 
-+, Y_1 coincides with any one of C,, C,, ---, C, and Par Pac sh eeare inde- 


pendent. The summation 5} in (2-4) covers all possible closed circuits belonging 
to G. " 

The proof of this theorem is found in the previous paper. 

Now, it is obvious from (2-2) and (2-5) that U(z)=20 and Uc{x)>0. 
Hence if all g;s are Euclidean vectors,** i.e. | 


g (Ss 4:4) 2 0 
for arbitrary real numbers a;, then we have an inequality 
Vig, PS 3} x:(m?Z+4?), . (2-6) 
i=1 


since the second term of (2-3) is non-negative definite. The constant momenta q; 
are, of course, not all independent. When we denote the external momenta by. &,, 


gq; is expressed by 
ie x Aish; 
where the coefficients a,; are real numbers. It is of importance that the choices 
of a; are not unique. If there is a special choice for which inequalities 
m-+q7 20 (for i=1, 2 je ayes @) (2-7) 
hold, then we obtain 
V(q, x) 20 (2-8) 


from (2-6), hence Ag=0 from (2-1). Thus we get the following important 


theorem. ; 
Theorem 2. When all external momenta &; are Euclidean, we have A;=0 


* For 2=1, U,=1. 


** Euclidean vectors can appear in the analytic continuation to unphysical region. 
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if we can find such a set of g; that momentum is conserved at every vertex and 
the inequalities (2-7) hold. 


$3. Forward scatterings—General considerations 


In this and next sections we treat the dispersion relations for elastic, forward 
scatterings. We denote the momentum and the mass of the target particle by p 
and m, respectively, and those of the projectile by & and #(S™m). 


For two momenta p and &, there are three independent scalar products: & 
p=—m, P=—y2 and (p+k)?=—x. « represents the total rest 
energy of the system. 
The dispersion relation is generally written in the following form* : 
2 
1g (o2 y= i P| Act) dk*+a polynomial of o? (S71) ey k 
7 r—o° 
Fig. 1 


where D, is the dispersive part of G. In the ordinary dispersion 

relations the spectrum of « is nothing else but the energy spectrum of the possible 

intermediate states. But the ordinary dispersion relations do not always hold, as 

has been pointed out recently. Our problem is to clarify in what cases they hold. 
Outside the unphysical region 


(m—p)? SS (m+p)’, (3-2) 


Ag (x) is generally non-vanishing in the ordinary dispersion relations. Hence we 
have only to consider the mass spectrum in the region (3-2), in which p and k 
become Euclidean, and therefore theorem 2 is applicable. 

For convenience, we introduce the following notion. When a diagram G is 
obtained from a simpler diagram S through the following operations, we call S a 
skeleton of G. 

1) to add simply any radiative correction. 

2) to increase the mass of any propagator. 

3) to add the self-energy part to any stable particle. 

It is obvious that if for S there is a choice of gq, satisfying the conditions of theorem 
2, then also for G such a choice is always possible. Thus Gis reduced k 
to S, but of course S is not uniquely determined. It will be appro- 
priately chosen case by case. 

Now, we investigate the spectrum of A,(«) for various diagrams 
G. First, consider a diagram that contains one-particle intermediate 
state (see Fig. 2). Denoting the one-particle line by a, we have 


i aN A » (o*) é 
Ait I | \ G d ‘|. 3-3 P 
a(©) wath —e+me—ié J —K+0°—i& eR Fig. 2 


* For the location of the singularities of a matrix element, see, for example, the Appendix 
of Matsuyama and Miyazawa.! 
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where Ag,,(«*) is the absorptive part for the graph without the line a. (3-3) is 


rewritten as 
A , = : 2 
Ae) ag2-3 (12 — me) Aer (x ) ‘ (3 : 4) 


(Tecmo Pig Kr — Wie 


Ag(x?) =| 


Namely, the continuous spectrum of Ag(«) is same with that of Ag(«). Thus 
such a diagram is reduced to vertex functions. The same is true for the one- 
particle-exchanging diagrams, Fig. 3 (a) and (b). Fig. 
3 (a) is especially simple, which is reduced to two self- p p> 
energy graphs, and (b) is equivalent to Fig. 2. 

Next, we consider the general diagrams other than 
Fig. 2 and Fig. 3. Apart from self-energy parts, these 


cannot be divided into two parts by cutting any one p k 
line. Any intermediate state contains at least two (a) 
particles. We denote the lowest energy of intermediate Fig. 3 


states by M(Sm-+yp). 

The non-exothermic case (M=m-+yp) is especially simple. In this case the 
region in which A, should vanish is the whole of the unphysical region. Since 
V is a linear function of «2, it must take its minimum at one of the end points 
of the region. Hence in order to prove Ag(«*) =0 for the region (3-2), it is 
sufficient to show V0 for p=(0, m), R=(0O, +p). It has been conjectured 
but not yet proved that the ordinary dispersion relations always hold in the non- 
exothermic case, provided that all concerning particles are stable.* For actual 
examples, we can easily choose g; so as to satisfy the conditions of theorem 2 for 
the above p, k. 

The exothermic case (M<m-++yp) is the central problem of the present investi- 
gation. The general treatment is quite difficult. Hence we treat only the diagrams 
that can be reduced to the skeletons, Fig. 4 (a) 


moa-(b). * p k 
(a) The region in which A; should vanish 
is 
(m—p)? SS M?. (3-5) 
To verify Ag=0 in this region, it is sufficient 
2 2 2.8 1, 2 Pp k 
to prove V0 for «=M? and « =(m—f)’. i 


For the latter no new technique is necessary. net 
For the former we present a choice of g;, which 
is the best one for these skeletons. We choose the momenta of the lines a, , c 


and d as follows. 
da=ma(ptk)/(matm), w= (pth) / (mat me)» 


qe=me(p+k) /(me+mu)» qa=Ma( pth) /(me+Ma)- 


. (3-6) 


* This problem is very interesting as a purely mathematical game. 
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Then, of course, we have 
mz +qz = 0 G =a, b, Cc, da) (3 cS 7) 


because of m,-+m,=M and m.+m,=M. Since qu, G, % and ga in (3-6) ared 
all parallel, the choice of g; in the hatched part is generally easy. | 
g, and gq, are uniquely determined by (3-6), namely 


h=p—Qa= (ms p— Mak) / (Ma tM). (3-8) 
Hence we have | 
v= oo (m; M+ Wa fl aide mM, pk) Fé (q+ Ms) *. (3 “9) 


As 2pk=m?4+s2—M? when «°=M?, the condition m,?+g,,=0 is written as 
m= {m,m? +m, [2—m_m,M?*/(ma+ms)} / (MatmM)- (3-10) 
In particular, when m,+m,=M, we obtain 
m= (mm? + img) / gM) —MaMy.- (3-11) 
For the special case m=yt and m,=m,, we have 
m?=m’—m,. (3-12) 
Quite analogously, we also obtain the condition 
ms = (mgm? +m, f2) /(m,+Ma) —MeMa (3-13) 


when m,+7g=M. 
(3-11) and (3-13) are our main results. These are also the necessary 
conditions for the validity of the ordinary dispersion relations. 
To see this, we consider the lowest order diagram, Fig. 5. From 
(2:3) and (2-4) with g,=p, q=k, and g,=q,=0, we have 


4 
— Z 2 2 2 2 2 
Ve > eM — La MM La fl + Agee [ol Bete Pe 
= 


4 
on account of U= >} a2;=1. Putting —(p+k)?=(m;+m,)? (the 
t=1 


Fig. 5 


4 
expected threshold energy), we can rewrite this, using $}2;=1, as 
s i=l 


V=xymjy + Lpmy?— (2, + Ly) (23m? + 242 — x,m2— 24mZ) + (x3M3— 2X, 4) 
Putting 2, ? 241714: Ms, 9X, Pg LO) ayo; “x, SD, We Have 
V=0-|m?— (1—9) { (mm? +m, 12) / (m,+m,) —m,m,} |. 


Because of ;=a, m™s=m», V becomes negative for very small 6 if the condition 
(3-11) is violated. Thus (3-11) is necessary for V0. (3-13) is likewise 
obtained. 

In the Appendix B, we shall discuss the relation between (3-11) and the 


necessary and sufficient condition (in the axiomatic formulation) obtained by 
Bremermann et al.” 
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(6) Fig. 4 (b) is usually referred to as the crossing diagram. This is im- 
mediately reduced to Fig. 4 (a) if we replace k by —k. Hence it is unnecessary 


to consider these diagrams separately. For Fig. 4 (b) the region in which Ag («) 
should vanish is 


Ch — By = — (p— ey (3-14) 
that is to say, . 


2(m?+ ) —MPSPS (m+p)?. (3215) 


Finally, we investigate the dispersion relation for vertex function. This is 
obtained immediately from that for the corresponding forward scattering by joining 
the two incident particles into a virtual one. For example, when 
the skeleton is represented by Fig. 6, the condition for m, is 
wiven by (3-11). In the lowest order (3-11) and (3-12) were 
presented by Karplus et al.” and Nambu” respectively. 

When we write 


V=DdSxrmit+y (x) p +yo(x)R+y3(x) (p+k)*, (3-16) 


Fig. 6 


it will be shown in the Appendix A that 7;(x) 20 (j=1, 2, 3) 
for vertex function. Therefore V is a monotonously decreasing function of x’. 
Thus if V(«?) 20 when «*=M’, then we obtain 


A, (e)=0. for KM. 


The vertex function thus is simpler than the corresponding forward scattering. 
Hence the cases of Fig. 2 and Fig. 3, which were reduced to vertex functions, may 
not be considered separately from the other general diagrams. In the next section 
therefore only the latters are considered. 


§4. Forward scatterings—Actual examples 


I. z—WN scattering 

at—WN scattering is a non-exothermic process. Hence we have only to show 
the existence of g; satisfying the conditions of theorem 2 for p=(0, my), k= (0, 
+m,,) about the non-crossing diagrams. On account of baryon number conserva- 
tion, the initial and final nucleons are connected by baryon lines only. We call 
this set of lines “ N-open-polygon”’, and any line which do not belong to the N- 
open-polygon “‘z-line”’. 

i) p=(0, mw), k=(0, m,). First we let p flow along the N-open-polygon. 
Next we let & flow as follows. If the initial and final pion lines are connected by 
z-lines only, we choose them as the path along which & flows. If not so, starting 
from the initial pion line, we go along the 7-lines which reach the vertex nearest 
to the final nucleon line on the N-open-polygon among the vertices which can be 
reached through 7-lines alone, and proceed along the N-open-polygon toward the 
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initial nucleon line until the vertex’ which is determined in the following way. 
Starting from it, if we can reach the final pion line through 7-lines only, we choose 
it. If there is not such’a vertex, we choose the vertex starting from which we can 
reach the possible vertex nearest to the final nucleon line through z-lines. And we 
repeat the above process until we can reach the final pion line. As is easily verified, 
the path chosen above never passes the same vertex twice, provided that any inter- 
mediate state contains at least two particles. Hence it surely reaches the final pion 
line. 

When p and & flow along. the paths stated above, we have G¢=—my or 
—(my—m,)? on the N-open-polygon and g?=—m,” or 0 on 7-lines. Thus the 
conditions of theorem 2 are satisfied. 

ii) p=(0,mwn),k=(0, —m,). In this case, as the skeleton we have only to 
consider Fig. 7 alone. The intermediate line is a nucleon line and 


therefore p+ can flow along it. p yh 
Thus the ordinary dispersion relation for 7— N forward scatter- M7 
ing holds. The same is true for 7—7, m—K scatterings. For pth 
am—A scattering, in addition to the N-open-polygon the “ strange- 
ness-open-polygon”’ should be considered, along which an energy te 
M,x—my flows. T—E£ scattering is similar. ; 2 k 
Il. N—WN scattering Fig. 7 


(a) Pure scattering 


We have only to let p and & flow along the respective N-open-polygons. 

(6) Annihilation and creation* 

This is an exothermic process. The skeletons are shown in Fig. 8 (b). 

i) —(p—k)?=(2m,)*. (3-12) is my = myr—m,2, which is of course valid. 
The hatched part is nothing else but 7—7 scattering, which is already proved. 

iil) p=k. This case is trivial likewise to the case (a). 


Thus the ordinary dispersion relation for N—N forward scattering holds. 
K—K scattering is quite similar. 


A—A scattering 


Ss 


(a) (b) (c) 
Fig. 8 ; Fig. 9 


* Originally, we should consider the exchange scattering Fig. 8 (c). But this can be converted 
equivalently to Fig. 8 (b),-which is more intuitive: 
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(a) Pure scattering 


The intermediate state N+ is non-exothermic. Hence an appropriate choice 
of gq; is easy. 
(b) Annihilation and creation 


In this case we have three kinds WLLL WLLL P 
of (irreducible) exothermic processes : x! rs choi 
2x, K+K, N+N. Therefore new Relea NI NIN 
skeletons other than Fig. 4 must be N joa 
considered, namely the two parts other A sq A A 
than the hatched part, which we call Fig. 10 Fig. 11 


> 


the “initial” and “ final stages”’, re- 
spectively, are modified as Fig. 10, which are summarized by Fig. 11, where m,= 
,=772,. and 7,7=My . 
i) When —(p—h)?=(2m,)°, we must first have 
qa= = (p—k) /2. 
Next, we put 
n=, (p— qa) / (mM, +My) =m,(p-+k) (2 (m,+my), 


Qu = My (P— qa) / (mM, +My) = My (p+k) /2(m,+my). 
Then, m2+g92>0 and m;+q;>0 are obvious from m,+myp>Mn. Finally, we 
obtain ; 
Gs=P—- ha {(m,+2m)) p—™m, k} (20m + Mur) 5 
ga = {— (m, + 2m)? me— m2 my? + (Mm, + 2m) m, (2m — Amz") } [4 (my + My) : 
=— {(miimy +m, (m +2my) mx} /(m,+my) 
Therefore the condition mai+4.; 20 becomes 
me(my+mx)2—= mem +My (Myt2Mx) Mas 
and my? (my+mx)2 = my my +mMK(Mxt 2My) Ma 
Fortunately, the experimental values satisfy these inequalities. q is similar. 
ii) p=k. This is quite easy. 
Thus the ordinary dispersion relation for A—A forward scattering holds.* 


The same is valid also for N— scattering because of mtm¢ = (ms? + 


m w) / 2. 
Contrary to these, N—A, A—& and any 3 —baryon scatterings do not allow 


the ordinary dispersion relations, because the condition (3-11) is violated for these 
cases. For example, we have 


* But it should be noticed that the higher threshold for K+K and N+WN are not ordinary 


ones, on account of my?+my*<m A’. 
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my <(m,mtmamy) /(MztMx) —MzMk 


for N—A scattering. But it must be noticed that we have no definite conclusion 
for A—' scattering if we take into account the isospin conservation. 
iil. K—WN scattering 

For definiteness, we consider K~ — WN scattering. 
K*—WN scattering is its crossing counterpart. 

The pure scattering is trivial. Hence we con- 


sider only the exothermic processes, the initial 


(or final) stages of which are shown in Fig. 12. 
i) —(p+k)?=(ma+my)?’. From (3-11).we must have 


me = (m,zmytmame) /(Mxa+mMx) —MaAMx, 


my = (myamytm,mx) /(Ma,+Maz) — MxM; 
which are indeed both valid. The hatched part is 7—A scattering. 
ii) p=(0, my), k=(0, —mx). We have only to put g,=q@=(0, mx) and 
gi= (0, my—mx) for the other lines on the N-open-polygon. 
Thus the ordinary dispersion relation for K—N forward scattering holds. That 


for K—A scattering likewise holds. But that for K—< scattering breaks down if 
parity is not conserved. 


§ 5. Non-forward scatterings 


In this section we discuss the dispersion relations for non- 


forward scatterings. We denote the initial and final momenta by x ~ 
p, k, and p’, k’, respectively. We choose the system 
p=(4, Vm? +f), p'=(—4, Vm? +h) (5-1) 


as usual. We then have* 
Pp Sp = Sn, OS = — 1, 2 E 
(k—R))?=4#, : (5-2) Fig. 13 
(pth)?=— (m? +2428 +20/ m= +2),) eee 
where w stands for the energy component of &. Unfortunately, these momenta 
are not Euclidean even in the unphysical region. Hence a modification is necessary. 
In the present case V can be written as 
Vai xemé+ (a) p+ 702) p°+ 19) B+ (a) bP : 
Ts () (R= R!)* 9, (c) (pk ae > 3053) 


* The last equation of (5-2) should be replaced by 
(p—R’)*= — (m2 + 2 +24?—20 Vm? + 2) 
for the crossing (or exchange) graphs. ; 
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Though 7, and 7, generally have no definite sign, it will be proved in the 
Appendix A that 


M+ Hots + Hat+4y; = 0. (5-4) 
By V’ we denote what is obtained by substituting 
p=p'=—(' +f), PHM =— (e+), 
(k—k’)*?=0, (5-5) 
(p+k)?=— (m?+ +28 +20 m+ £) 
instead of (5-2) in (5-3). Then from (5-4) we have 
VV" -- (9:6) 


Hence V0 follows from V’0. The momenta in (5-5) are Euclidean for 
ow <2+ 24. Non-forward scattering is thus reduced to the forward scattering of 
the particles with masses )/m?+ and 2+ (exothermic process).* There- 
fore it may seem that we could treat this quite similarly as we have done in the 
previous sections. But in this case a new difficulty appears. Since the external 
particles have masses larger than the ordinary ones, we must take into account 
infinitely various types of skeletons in the initial (or final) stage. Thus proofs 
become cumbersome. Hence we consider only N—WN scattering which is an important 
but simple case. Because of (3-12), we assume 4 m,’. 


(a) Pure scattering 

The skeletons in the initial stage are shown in Fig. 14. The vertex parts in 
Fig. 14 (a) are such graphs as Fig. 15,** and the hatched parts in Fig. 14 (b) 
are similar. 

i) —(p+22=(2my)?. (Ge. w= (m¥—#)/V m+). 

An arbitrary internal momentum q is written as 


ee Pe oe) Saas (5-7) 
2 2 
yw N, x ; 
is “ 
; ‘ \ 
s 
Seitocests) nee 
Fig. 14 Fig. 15 


* This replacement is owing to Symanzik.®) 
“** Self-energy parts should be removed by renormalizations. 
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where @ and f are real numbers. Then we easily obtain 
—gG=amy +P LS (\almy+|Blm,)?. (5-8) 
Therefore it suffices if we can choose @ and / so that 


lalmyt+|Bla.< my for N-line, (5.9) 


|almyt|Blm,Sm, for z-line. 
For simplicity we abbreviate (5-7) as g={a, §}. We then have 
pala €adh, ody 
Ja== (pt+k)/2= (1, 0}. 


We prove (5-9) for the following two typical graphs among Fig. 14. Other cases 
can be treated quite analogously. 


example 1 


{1, 0}. {1,0} 


‘ 2 — > + 
ype. sees] ( 
‘ 
Yc >! x 
: } 
~ - 1a 


ery 


{1, 1} {1, -—l} {1—r, 0} {1—r, 0}- {0, 1} {r, O} 
Fig. 16 
{@, 8}’s in the left-hand graph of Fig. 16 are given by the superposition of 


those in the right-hand graphs, where the bold lines denote the paths along which 
the indicated {a, f}’s flow, and where y=m,./my. 


example 2 

{1,0}  {1, 0} 

‘ = i et =P if Se + ¢ + , 

EEE 1 Swed j es el De Pe IS 4 H <—: Ves 

1 ae ! aos : AOS mae | wk I yes eON 

\ \ a ‘ z | 4 \ 

{1,1} {1,-1} {1-y, 0} {1-7, 0} {7/2,0} {1/2,0} {0, 1/2} {r/2, 0} {0, 1/2} {7/2, 0} 
Fig. 17 


Thus we can prove to be able to choose {a, £} so as to satisfy (5-9). 

ii) p=—k (i.e. w=—Vmy¥+2). This case is very simple, since p and & 
are parallel. For example, we have only to replace {1—7, 0}, {0, 1} and {7, 0} 
by + (my—m,) p/(myt+m,), Map/(my+m,) and +m, p/ (my+m,), respectively, 
for the right-hand graphs of Fig. 16. 

(6)  <Annthilation and creation 

1) —(p=kh)’= Cie Geen (my? + 4—2m,°)//mye+). Also in this 


case, the inequality (5-8) holds for q given by (5-7). Hence the decomposition 
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of {a@,f} in the present case is quite same* as Fig. 16 or Fig. 17, except for the 
first graph of the right-hand side which ‘is simply replaced by the N-lines in the 
present case. ; 

ii) —(p—k)?=(24)*, (Le. w= (my—L)/\/me+#). This case is quite 
analogous to the above. 

Finally, we must discuss the cases in which the lowest energy intermediate 
state does not appear, for these cases are not quite trivial for the non-forward 
scatterings. But we can easily treat these cases by applying the above-mentioned 
method, and so we omit the details. i 

Thus we can prove the ordinary dispersion relation for N—N non-forward 
scattering with half momentum transfer d<m,. When 4J=m,, the region of 
Ag=0 vanishes. Therefore we cannot further improve 4,,,. without- investigating 
the signs of 7,. 

The author is indebted to the financial aids of Yukawa Fellowship of Osaka 
University and Kumura Scholarship of Teikoku- Rayon Co., Ltd. 


Appendix A 
For a self-energy diagram Fig. 18, V can be written k 
as 
V&&, P=) i FA ae Pp 
Ath (A-1) : 
with 7 (a) = W(x) (Lr). 
The explicit expression of W(x) was presented in the k 
previous paper,” namely © , Fig. 18 Fig. 19 
I (2) SS yin, Dh"! Ege: (A-2) 
where the summation covers all possible sets (1, %, -*:, Ynsi1) such that pry, Pro, 


usps, are independent in Fig. 19, which is obtained by connecting the external 
lines of Fig. 18 (of course the supposed integration momentum fj in Fig. 19 has 
no corresponding parameter 2). 

Now, let us consider the general diagram Fig. 20, in which 
the external lines are named as A, B, C, etc. When all external 
momenta except A and B vanish, Fig. 20 is reduced to a self-energy 
diagram like Fig. 18. We denote the 7 in this reduced graph by 


ae ner 
Theorem 3. A triangle inequality Fig. 20 
gid pO = 7h (43) 
holds. 
proof. (A-3) is, of course, equivalent to 
wH® + wo = Ww. (A 4) 


* But @ and B exchange their roles on account of g,=qg,={0,1} in this case (e.g. {0,1}<—> 
fy, 0} in Fig. 16). 
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Since each:term of W is non-negative from (A-2), we have only to show that 
any term of W“* is contained also in either W“? or W (20. We denote an 
arbitrary term of W“%” by 2,2%2:''2%nii1, and the supposed momentum between A 
and B by pi”. As the term 2,.2)°+:2n.1 belongs to W%’, pi” must be expres- 
sible by ~,, pe, °**, Pasi, namely 


n+1 


PE =D) defies (A-5) 
oat 
where a;’s are some real numbers. Now, if we also have 
pyre= Sop. (A -6) 


where 6,’s are real numbers, then ~,, p2, ***; Pasi are independent* in the vacuum 
polarization graph obtained by connecting A and C. Hence 2, 2»:::Xn.i belongs to 
W“®, which is what should be proved. We therefore may assume that. (A-6) does 
not hold. Consider the graph in which p“” flows along AB and at the same time 
p© flows along AC. In this graph there are 2+2 independent momenta, and 
so n+3 momenta p,, po, ***, Pnii, PX”, pi? cannot be independent, i. e. 


n+1 


2 ai! prrapy” + fps? =0, (A-7) 


where a,'’s, a and § are real numbers. From the assumption, p{*® is not ex- 
pressible by 7, py, -**, Pasi when p’”=0. Hence it must be P=0, namely 
(A-7) is independent of p§*%, and so we can arbitrarily choose the value of p44. 
When we put p{*°=p{*” in particular, the graph under consideration becomes 
equivalent to the graph obtained by connecting B and C. Thus (A-7) (which is 
to be identical with (A-5)) assures that x,2)---x,,1 belongs to W%®. = (q. ee. d.) 

In the following we state the appease of this theorem. of 

G) Vertex function 

When we denote the external lines of momenta », & and p+ by A, B and 
C, respectively, ae ” and 7, in (3-16) are Set yo by gaa: 7“? and 7° as 
follows.** 


na YM” 4940 799) /2, 
m2 (GOP tO — yO) [2 (A-8) 
= (940 4 780 — 74) /2. 


Thus 7,20 (j=1, 2, 3) is obvious from theorem 3. 
Gi) Non-forward scattering ; 
When we denote the external lines of momenta p, k, p’ and k’ by, A, 8, C 


* Because all the other pj's (j=n+2, -, by are, oF course, expressible by p,, ---, Powis 
** These are obtained by solving the simultaneous equations VWAD=n+y2, YACO=y,+y3 and 
(BO) = 42+ 743, which correspond to p+k=0, k=0 and p=0, respectively. 
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and D, respectively, 7;(j=1, 2, ---, 6) in (5-3) are expressible by yo) Seater, 


as follows. 


1) ten (AC) 
BF I= 4 — 7, \ 


3+ y=?” — 7,4, | 


A: 
I= (9AP + FO — AO _ pA) 19 ( 9) 


eA B 
A= (7 + 76 a a 24) 


Hence 
MENT Yat Yat ays ye ye +4 4-9 FO — AO __ 7.8?) 
= Ci72) L(V AM 4.7 AP). EDD) Bs (44? + 7 6Cr) _ yA) 
; tg GO yg BP) (FO 4 Aa La SAOy or> Oy (A-10) 
The expression of 4;+72+7;+7:+4y; for the crossing (or exchange) pak ite is 
identical with (A-10). 
Appendix B 


Bremermann et al. have presented the expression of the maximum momentum 
transfer below which the dispersion relation can be proved by the usual axioms 
alone. It is 


A, .2=min G@eatoracr MM (B-1) 

with 
ue, CDH LEO ra Pb — bm =") \[e a— aie 
tics Ga nt ) eaaksee, poli 
(B-2) 


where m, # and M are same as in the text, and a and 6 are the thresholds of 
the mass spectra of the target and of the projectile, respectively, (ab). There- 
fore the condition under which the dispersion relation for the forward scattering 


holds is 
Git) 20 for 22=>M. (B-3) 


Now, we have obtained (3-11) as the condition for its validity. If there were 
no restriction for the masses of the virtual particles, we could put 


Gin lis 
O= 5+ 7, , (B-4) 
2t=ma+tm= M, 


where we required even for the higher threshold 2¢>M to be ordinary. Then 
(3:11) would be rewritten as 
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| diakomyrmntehy Rod eb (yt yee, (B-5) 
ZZ A ia Zz iz At 


When 2¢>a—b, (B-5) is equivalent to (B-3).* In particular, for N—W scatter- 
ing (B-5) becomes m, = (21) my when 2t=my+m,. 
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The low energy KN and KN reactions are investigated in the case in which the kaon- 
nucleon-hyperon interaction is of the scalar type, with the nonrelativistic approximation. Direct 
interactions between kaons and pions are not considered. The higher order effects of kaons 
and pions are examined in detail and their importance is emphasized. It is shown that, as 
far as the parameters are adjusted to fit the experimental data on the KW scattering, those 
of the KW scattering can be hardly reproduced. 


§ 1. Introduction 


In making the theoretical analysis of the kaon-baryon interactions in the language 
of the current field theory, the points of arguments will be as follows: (i) The 
types of interactions. (Scalar, pseudoscalar, or in other words, relative parities of 
the baryons. Existence of direct interactions between kaons and pions.) (ii) Existence 
of symmetries other than the charge independence and the strangeness conservation. 
Moreover, as to the dynamical features of the interactions, the points are (iii) the 
relativistic effects and (iv) the strengths of the interactions and higher order effects 
of kaons and pions. 

To any of these points we have yet no clear answer. The dispersion relations 
were applied to the determination of the types and the strengths of the kaon inter- 
actions.” With the present rough experimental data, it was shown that the pseudo- 
scalar (NKY)*-interaction is more likely than the scalar one, and that the kaon 
coupling constants 7° are of the order of unity both for the pseudoscalar and the 
scalar cases. As for the point (ii), Gell-Mann” suggested an attractive idea of 
“global symmetry ” which implies that the pions are coupled with py and A in a 
symmetrical way. This is, however, yet a mere conjecture. Pais” exanuncs the 
ease where not only pions but also kaons are symmetrically coupled with 2 and 4A. 


He showed, as far as one may neglect the (SA) mass difference in dynamical 


* Y means J and A. 
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calculations, that the assumption is apparently incompatible with the present experi- 
mental data. The possible existence and some favorable features of direct interactions 
between kaons and pions were suggested’, but we do not touch upon such a kind 
of interaction in this paper. 

In order to push a step further and construct a detailed theory we must explore 
the dynamical features as well as the kinematical ones. A number of such attempts 
have been made so far. The covariant lowest order perturbation calculation with 
the scalar and the pseudoscalar (NKY)-interaction was applied to the KWN scatter- 
ing”, but this is not reliable since higher order effects are important as we shall 
see. As for the higher order effects of kaons on the KN scattering, the Chew-Low 
approach® and the lowest order Tamm-Dancoff approximation” in the static theory 
were performed. However, the effects of virtual K and pions on the KN scattering 
which were neglected in these works are not necessarily small. In particular, the 
role played by pions is essential in the KN reactions*. The dynamics of the KN 
reactions has not been properly investigated so far. Although the KN and the KN 
reactions are far more complicated than the 7N reactions, the pion physics will 
serve as a helpful lesson. For instance, it would be possible to find a shortcut in 
such a meandering experienced in the dynamics of the 7N reactions before Chew 
and Low’s success. 

In this paper we are mainly concerned with the above points (iii) and (iv), 
and shall investigate the KN and the KN reactions at low energies using the Chew- 
Low approach”, deliberately considering the higher order effects of kaons and pions. 
We assume that the spins of kaons and hyperons are 0 and 1/2, respectively, and 
the parities of ¥’ and A are the same. The interaction Hamiltonian densities which 
satisfy the charge independence and the strangeness conservation are 


H, = (42)"2-if © Ny;tNz 


+ (4m) i(fOAP, P+ AO (LY X75 Z)z) the}, (1-1) 
Hr= (42)*?- (9 ATNK+9° 3 PNtK) +hee. (1-2) 


Here a particle symbol denotes the corresponding annihilation operator. A bold face 
letter denotes an isovector. /’=1 or i7;. f’s and g’s are the unrationalized and 
unrenormalized coupling constants. The natural unit ((e=f=1) is used. The terms 
containing = are not written, as effects of these terms on the low energy KN and 
KN reactions turn to be negligible. Direct interactions between kaons and_ pions 
are not considered. 

In the actual calculations we replace i7; by op/m, in the pion interaction H.. 
In the kaon interaction Hx, such a replacement would not necessarily be seo uiataeet 
Since we have at present no reliable means to treat the virtual pair creation and 
annihilation processes caused by the operator 7;, we shall not consider the case of 


io * We use the following terminology. The process K+N-~ K+N: KN scattering. The process 
K+N>nr+Y: KN capture. The KN reaction means these both types of processes in a lump. 


Low Energy Kaon-Nucleon Reactions 153 


1 =717, in this paper. On the other hand, the case of [’=op7/mx will probably be 
excluded by the experimental information that the Kp scattering at low energies 


occurs mainly through the S-wave kaons”. Hence we are eventually concerned with 
the case of /°=1, the scalar interaction. 


The scalar interaction is incompatible with the experimental fact that the K*p 
Scattering potential is likely repulsive. Nevertheless it is we think worthwhile to 
investigate this case now because the experimental data still does not seem sufficiently 
accurate to exclude this case completely. Moreover, we have in this case a clear 
and reliable way to disclose some characteristic features of the kaon dynamics, then 
this will provide important clues to the kaon dynamics. At the same time the de- 
tailed investigation of this case will offer another argument against or for the scalar 
interaction. Hereafter it should be understood that the scalar interaction, /’=1, is 
always assumed unless otherwise stated. For the order of magnitude of the kaon 
coupling constants, rather stringent restrictions were shown by the authors” in the 


case of the scalar interaction. This consideration provides a useful guide in the 
following. 


In the following Sec. 2, we estimate the recoil effects in the KN and the KN 
scatterings using the Tamm-Dancoff approximation or the Lee model. Here the effects 
of pions and K(K) on the KN(KN) scattering are neglected for simplicity. De- 
spite the relatively large mass of the kaon, the recoil effects are found to be fairly 
small at low energies and the static approximation can safely be applied. Further- 
more it is pointed out that the higher order effects are so large that the perturbation 
calculation is inadequate. In Sec. 3, we write down the system of the Low equations 
for the KN and the KN reactions including virtual effects of K, K and pions. 
Then preliminary discussions about an approximate treatment of the equations are 
given. It is pointed out that somewhat detailed knowledge on the pion-hyperon 


‘scattering is needed especially for the estimate of the amplitudes of the KN reactions. 


Sec. 4 is devoted to the study of the pion-hyperon scattering. A significant result 
obtained in this section is that the ‘‘ resonance” does not appear in the state with 
the total angular momentum J=1/2, provided that the ratio ( Fz/fr)*® does not 
much differ from unity. In Sec. 5, the KN and the KW reactions are analysed on 
the basis of the results of the preceding sections. Characteristic features of the kaon 
dynamics are revealed. Comparison with the experimental data is also given and 
some difficulties are pointed out. Finally the results are summarized in Sec. 6. 


Details of calculations are presented in Appendix. 


§ 2. Recoil effects on the KN and the KN scatterings 


In the zN reactions at low energies the recoil effects due to pions are not very 


appreciable and the static approximation has been successfully applied. While in the 
KN and the KN reactions it is naturally supposed that the recoil effects will be 


important because of the relatively large mass of the kaon. In this section we shall 
“estimate the recoil effects in the KN and the KN scatterings using the Lee model, 
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ignoring the effects of pions and K(K) on the KN (KN) scattering, for simplicity- 

Starting from the relativistic Hamiltonian and neglecting the contributions from 
negative energy states*, we have the following equation for the KN scattering 
amplitude f,(p) in the center-of-mass system. 


(ejnld) 8 el) SHRP = (24/47) | RK ( p, k) f.(k) (2-1) 
with 
K(p, k) =1/(o, x) aE ke + Ort Op —€,— Wy) (2-2) 
and 


S(p) =1= (A, +34) (87? (E, +p — &,— 4) 
x [ak /on (ete op —€p)? hn 7 Fp ee Se Wy). (2-3) 


Here q and p are the initial and the final momentum of the kaon, respectively- 
The energies of kaon, nucleon and hyperon are 


wp=(metp’), - &=(m¥+p?) and E,=(m/4+p’)”. 


The masses are all observed ones and the (2) mass difference is neglected. The 
index a@ discriminates the two isospin states with [=O and 1. The coefficient 4, is 


related to the renormalized coupling constants** as follows: (for derivation, see 
Appendix A) 


—9"+39y 0 
A= 8, i for tongs (2-4) 
In +Ix 1. 
The above equations differ from the corresponding ones in the static approximation” 
only in that the baryon masses are replaced by the corresponding total energies. 


Since eq. (2-1) cannot be solved exactly we use the first approximation of the 
Fredholm method. Then we have 


ae i< A, K (p, q) . Pp 2:5 
Fa(P) =9(P—4) FeS(p)[1—4, Dg] Ep + Wp— Eq— Wy 


with 
D(q) =P\ PEK (h, k) /40°S(k) (Ex +w2—€,—y)- (2-6) 


The symbol P stands for principal value. 
Now we examine the angular dependence of the amplitude. As is seen from 
eqs. (2-6) and (2-3), D(q) and S(p) are both independent on the angle qp. 


* Contributions from negative energy states appear as the P-wave scattering, which is quite: 
unappreciable at low energies. 


** The renormalized masses and coupling constants weakly depend on the kaon momentum. 
We replace them by constants. — 
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Consequently the angular dependence of the amplitude /,(p)- comes only from 


K(p,q). Then decomposing K(p, q) into partial waves, we get the phase shifts 
for the S-, P-, --- waves. 


k Ns (=1)' A, Ri. (p) 
tan Og,1) @l+1)[1—4, D(py] _ 


with 
Rsajy (pb) =pQ=p- (Vm + 2p’ +0,—§) 7, 
Rea (P) =Roejy (p) = p°Q?/2V my + 2p? 


where only the terms with the lowest power of p are retained. 

Fig..1 shows Ry»/(2/+1) in 
eq. (2-7) together with the corre- 
sponding static limit. We see that 
the recoil effects in the Born terms 
are fairly small. As for the higher 
order effects, since they are, roughly 
speaking, repeated accumulations of 
the Born terms, the recoil effects via 
the higher order effects will not be 
very appreciable also. Indeed, the 


(2-8) 


; ; 1.0 2.0 3.0 4.0 
calculation with a cut off energy 2.5 w/mx 


~3mx shows that recoil effects in- Fig. 1. The solid line: S-wave in the static limit. 
cluding the higher order terms are The broken line a: S-wave. 
at most of the order of 20%. b: P-wave. (Rpq/2)+ Rees) /3. 
: The abscissa indicates the kaon energy in my. 

In case of the pseudovector inter- 
action, though the scattering can occur through the S- and D-waves due to the 
recoil effects, the P-wave is dominant at low energies. Then in view of the experi- 
mental fact that the angular distribution of the K*p scattering cross section is nearly 
isotropic, the case of the pseudovector interaction will probably be ruled out. 

The scattering amplitudes for the KN scattering are obtained in a similar 


manner. We write only the results. 


tan 0,= ee a (2-9) 
*  3(E,+0,—my)(1+4.D(p) | 
with 
jie eee Pla, _ 1 He (2210) 
gs A) Raat Bric T (Ey ay—my)® (Ex +x —E,— Oy) 


and 


« 


eeieelanaGn 0 
olan able om) ci (2-11) 


156 A. Komatsuzawa, R. Sugano and Y. Nogami 


Contrary to the KN scattering, the integral equation for the KN scattering 
amplitude is solved exactly and, moreover, the waves other than the S-wave do not 
appear. These circumstances are due to the fact that only 4 or *' appears in the 
intermediate state in the present approximation. The recoil effects in the KN scatter- 
ing are of the same order with that in the KW scattering. 

In effect, the quantitative estimate shows that the recoil effects in both cases 
of the KN and the KN scatterings are less than 20% up to about 1.5m, of the © 
kaon energy w in the center-of-mass system. This estimate is little sensitive to the | 
choice of the cutoff energy. Therefore the static approximation may be safely appli- — 
ed within the range of energy just mentioned. 


Finally we remark on the higher order effects. The denominators (1—4,D(p)) | 
in eq..-(2-7) and (1+7,D(p)) in eq. (2-9) come from the higher order effects. 
D@)-+ D(0) #0, and D(p), D(p) are both slowly decreasing with increasing /p. 
With a cutoff energy Wmax¥2-5x (~hyperon mass), we have D(0)~0.7. Then 
if 4,71, (1—/,D(0)) ~0.3; the higher order effects enhance the amplitude to about 
three or four times of the result of the Born approximation. As the energy be- 
comes higher, D(p) decreases and the higher order effects become less important. 
Such a tendency is in contrast with the case of the pseudovector interaction where 
the corresponding function D is increasing with increasing energy ; the higher order 
effects are more important at higher energies. 


§ 3. The Low equations for the KN and the KN reactions 


In the preceding section we have seen that the recoil effects are not very 
appreciable while the higher order effects are important. In order to investigate the 
higher order effects it will be most appropriate to use the Chew-Low approach”. 
In this section we write down the system of the Low equations for the KN and 


the KN reactions in the static approximation and make preparation for an approxi- 
mate treatment of the equations. 


Noticing that the kaons are in the S-state and the pions are in the P-state, 
we write the 7-matrix elements for various processes as follows. 
K+N>5K+4+N: T,= —U,Vy°2T (wea) hy (Wp); 
KR+N > RANI Tea 9,0,- 20 (0;0,) (anys (3-1) 
K+N> 2 HY 4 PI =v, 08-22 (p,/inn) eee) Ua? (ae), 
Here the index a=0 or 1 denotes the isopin as before; the angular momentum. 
J=1/2 always. q and pare the initial and the final kaon momentum respectively, 
and p,, is the final pion momentum. v, and v% aré the form factors in the kaon 
and the pion interactions. The pion energy is w%=(m2+p2)??. 
Using the one meson approximation, or more precisely, taking into account only 
the states with one kaon or one pion in addition to the physical baryon states, we 
have the Low equations for h, and h,: 
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h,(z)= As = ahi - PU, ene «(,) |? ok Ave lh, JasCo,) |? | 
z+dm yz ee 
i tie yh ee & KE s (wp iets: 
+f ie ar , 
4 oy: Mz? 4 > ; or+dn+e’ (3-2) 
ee ee 1 {ao pins SLACD I SSe [hg (op) |? Vigo) 
z—dm Wp—Z 3 Wy “he 
+ male duk: Pa og? 3) [Kel (op) 4. ; : (3-3) 
S mr Die Y wo, + dm te 


The coefficients 7, and 4, are defined in eqs. (2-4) and (2-11), and the summation 
with respect to Y is done for A and 2. 4m is the mass difference of hyperon 
and nucleon. The matrix A is 


EG) 64 


which satisfies S Aa As= Fer and 3} Agp=1. hg(z) and ha(z) tend to h,(w) and 


h. (w) Peso tivels when the cormelar argument z tends to w+i€. The crossing 
relations are as follows. 


4g=—S3 Aarts, he (z) =>) Aashs(—2), 

4=—> vg ge oes Aggh;(—2). (3-5) 
Following CL, we rewrite eq. (3-2) in the form* ; (when 4,70) 

Ira) = [1-1 Ee) (3-6) 


with 


* Eq. (2) in I corresponds to eq. (3-6) with a=1. A(w) in I corresponds to Re %,(w) where 
W, (w) =lim Y, (z). From eq. (3-8) we have 


5 ened ie 
DW, =3 (\hol? + |F|2)/|3 Got ha) I, 
, QQ," = (Ro + [Kr + | Kr 19/13 roth) 
Further; using the following relations, 3 

o(K7 1 sidscani elie day tie 

o(K~ +p > BR’ +n) =4n-|3 oh) ?, 3 ii 

© g(K7 tp at and 2+3)=40-(pq'/pmn?) 2Ko Pi Ki P+ 1Kr |), 

we have ong 
W, =0(K7+p—>K~+p and K°+n)/o(K7 +p > K +2), 
(paiipmx2) UT =0(K- +p > 0+4 and-7+J3)/¢(K +p>K +/)). 
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I, ( )=("d opt i 1 7 CAD) 
Age p-— ae P (w, + dm)? (w,—2) (w,—4dm)?(w,+2) 


+| dof Pa ys CAC?) (3-7) 


Pp 9g 
nitvan Sibir ow (we + dm +z) 


and 


D,(w) => Aag| fig (o) |*//35 Aan hs) |, 


oe x (3-8) 
W* (w) =D) Ajs| KF (ew) |?/|) Aas hs (o* + 4m) |?. 
8,Y 8 
In the same manner we have from eq. (3-3) (when 7,30) 
5 ; S wl intyyp Saneeereh silt 
i ee [1-7-2 H.(2) | (3-9) 
2 AT aC 
with 
5 e 1 W,(o,) 
MW. (z) =| dw,: pu,” + 3 
t4(2) |e fee apna ene 
© 2 Wt (w*) sides 
do, l= vx? alle (3-10) . 
+) dos mz a wp (wz + 4dm—z) 
and 
W, (w) =>) Aas|hs (w) wap Ags hs (w) i 
3 (w) =D) {KE (w") |2/|hee(o™ +d) |. (3-11) 
Yr 


In eq. (3-7) the term containing W, represents the effect of K on the KN 
scattering, and the term containing (7 the effect of pions. In the calculation in 
Sec. 2, the terms corresponding to these have been dropped. Previously Stapp” 
applied the Chew-Low approach to the KW scattering, but he did not take into 
account these terms with @, and ben : 

Now as is seen from the forms of the denominators of the integrands in eq. 
(3-7), the first term in the curly bracket is dominant. In eq. (3-10) the first 
term in the curly bracket and the last term are important. In both cases the first 


term is known exactly, while w,, W, @, and W* are unknown. The most 
natural first approximation to make, concerning @., etc., is to substitute the Born 
terms for them. In case of the 7N scattering this first approximation is shown to ~ 
be a good approximation. In the present case too, this approximation will be 
effective unless the amplitudes containted in W,, etc., do not bear some singular 
behavior, e.g. resonance. In Sec. 5, we estimate the amplitudes by this method. 
The next step of approximation is to substitute the amplitudes obtained by the above 
first approximation to eqs. (3-8) and (3-11), which then gives a second approxi- 
mation, and so on. Thus we can examine the convergence of this procedure. 
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Next, we write down the Low equation for KY, which is directly related with 
the following amplitudes : 


BN > SPY 29 \ yf Up: 27 (g,/ mae) (ot op) yO KE (w,), 

EY —> BOY’ 8 l—v,v,:27(a,0,) he Aa,), 

TEN R+N:  —vfug-20 (ga pa/m2) (wt ag) ener (uay, C1? 
Ba Vg? Tad ge ti Un en, p,/m,) (arin) “ASR y (wey. 


The isospin index is a=0, 1, 2 for 7+Y—>7+Y’, and a=1/2, 3/2 for others. 
In7+Y—7z-+Y’, two angular momentum states with J=1/2 and 3/2 appear, in 
which only the state with J=1/2 directly couples with the kaon reactions: 


The Low equation for KY is 


R® (z*) — Pe 1 =\ doy: Pe, (ieee *(w,) he (wp) 40 BY, AEY®"* (ey) KP! (on) 
oe 


ao ON 8,¥! Wpt2*+4m 


© mYYIK (my) IVI om 
+2} dat Pa yas {ss fees op) 
7 mn U 


mz y ete ph 


Te (3-13) 


Br, pete (am) he (ols |. 


Wait <4 
‘The amplitude with the upper index J represents that for the reversed process in 
eq. (3-12); namely 
R+Y—>K+N: —v%v,-2 (qq/mn) (of oy) “2 RE (wp); (3-14) 
K4+Y 5 74N:. —vjv0%-2(p,/Mx) (o,05) 7? KE" (wp). 


Of course, T(a—b)=T(b— a) on the energy shell. K? (2*) > K2 (w*) when 
2* > w*+ié. Eq. (3-13) pairs with the equation for K,’, which we do not write 
here because it is unnecessary in the following. It is sufficient to know only the 


Born term of K.’: 


es (w) pee Bal (w+4m). ; , (3- 15) 
Here 
: Vol nubs Patel fe=G, hast 
pe =— 292 (Fs —fx), pr=—V/2 Gx fa—Intu), ono 


{n= Ia xz Dn fate bdsatnn [a}a= —V3 Gate= Tatas 


F - 7 
{Sis=Infa—IxSe > faj,=0. 


s = : . ' § . ‘ . - y 
The matrix BY and the corresponding matrix BY in the Low equation for KZ are 
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VR VE eek nS 
-1 
_ {-34 V3 eB i (tesh 
Ba-VvE(, |, Bays 0 a 
V6 \ 
The crossing relations are as follows: 
=D BLA. . KEG") =>) BL Ke (—2"—4m), 
; (3-18) 
p= SOBER, Ki (2) =D BGRZ(—2+4m). 
B 8 
Like eqs. (3-6) and (3-9), eq. (3-13) is rewritten as follows: 
(when i; 40) 
K? (2) = fe. Be [aig 5 Bre) || (3-19) 
2* 
with 
oo : ito ) Br (w ) | 
9 zy a \ di i « Pp + & Pp 
Bale | done, (wp,— 4m)? (w,—2*—4m)  (w,+4m)?(w,+2*+4m) 
(oo) 3 Aei'™ (Wi) 4 GE" (os 
d 1 Px a2 (3-20) 
+ | os Mz a | wo; (wx — 27) Oe (ar ei 
and 


KY (w) =K2"* (w) he (o) /|Ke(o— Am) [?, 

KE" (w*) =D AE (0) KE (0?) /|Ka(o") P, 

Fa (w) =S) BashS"* (w) Ky" (o) /|33 BAK (w+ dm) | 
Ew) =3 a KO (o*) hg" (o*) /| Bar Ks (o*) P. 


(3-21) 


The first approximation for eq. (3-21) is given by replacing the amplitudes 
by the corresponding Born amplitudes. » Here it should be noticed that, unlike eqs. 
(3-7) and (3-10), all terms in eq. (3-20) are unknown. As is seen from the 
forms of denominators, the terms including KY and K?:* are predominant. Physi- 
cally speaking, these two come respectively from the initial and the final interactions 
in the process K+N—>2+Y. In particular, the final interaction, which is the effect 
of multiple scatterings of the produced pion by hyperon, should be deliberately ~ 
examined. If there occurs a resonance in this scattering state, it would not be 
guaranteed to substitute the Born term for the amplitude in eqen3<21)¢ sAsutor 
the initial interaction, the multiple scattering of K+Y—>K+Y’, there occurs no 
strong resonance such as in the 7N scattering, as we shall see, and it seems not 
very misleading to substitute the Born terms. In the next section we shall study 
the 7Y scattering. . 
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§4. The pion-hyperon scattering 


In the zY scattering, effects of virtual kaons are small and, for the qualitative 
discussion we shall make in this section, the system may be considered as approxi- 
mately closed with z and Y. 

First, we observe the simplest case of fy= t:=fa, where the global symmetry 
holds. In this case, as Gell-Mann” showed, the 7Y scattering amplitudes are all 
expressed by linear combinations of the 7N scattering amplitudes. It is therefore 
apparent that resonance does not occur in the state with J=1 /2. Consequently 
the final interaction in the KN capture process, where J=1/2, is not extremely 
strong. 

By the way we present here the relations between the 7Y and the 7N scatter- 
ing amplitudes concerning the isospin components. We denote the 7-matrix element 
for 7+Y—z+Y’ in the state with isospin J(=0, 1, 2) by T7”’, and that for the 
aN scattering with [(=1/2, 3/2) by T,;. Then the relations are 


. mabe 
Det Take TP" =4(Tsj.+2T1),), To" =Tijs, 


TPT =V2 (—Tr,+T ap), (4-1) 


ee =4 (2T 5/2 ai ly) : 


From these relations it is readily seen in what case resonance takes place. 

Next, we consider the general case where fy#/f,, using CL’s effective range 
approach. The complicated notation hz””’ given in eq. (3-12) are simplified in this 
section as follows: 


het 7+23 3242 
Re: re Sepa+A Are’. (4-2) 
hi: zm+A>24+A 


The index 7 of w%, etc., are dropped in this section. The Low equations are 


GP FOE Pp Mae 6! Mag)? +9115? ; 4-3) 
h, (z) = 5 Ty dun, -25 us tb, tie +231 ap Wp te | ( 
3 ey p*\,24 het he EARS) Ae fe 4-4) 
hg (z) = Aes do, (5, Up ee > ap 6p He ( 


Wp,—2 B WO, Hz 


c bl2 Wak bl2 
cy £7) up AEE AVEE 53 cy VEE (4-6) 
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J 

| don(Pe)es 

[ on,( 2 oj] BEM MERE ps Cy AER AMEE | (4.5) 
NM 
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2f2 —10f2 ) (0, 1/2 
| H4f2 +28 | | 0, 3/2 
|__7 2 “2 | te aye 
7 THs CP Fa fort (1, die é 
2fe —2f2 1, 3/2 
Ag chal yh 2-1/2 
2f2 +22 2, 3/2 
co ay Ve tad for (Visti Wee nr ae (4-7). 
>) 1, 1/2 
‘3 2 fore ee = ; 
" (a Snaticgnion Higyey® 
ey ee 1G 
Tee BH rt es tae | 
c=3(, | )x@ 
seer 
= ed (4-8) 
Lata na Wr 
= 4( ye in Cl=—C!, 


Using the first approximation explained in Sec. 3, we have 


é 4s) (p'/Mx) Up 
ie == ra " A 0 qi ( d Pp 
(o) fa aCe a apy \ - Wz (Wp—W—1€) 
_8s¢, Bay? (4 (ey % 4-9)” 
i ~ 4 Aa fu ” v2 (wp, +a) aa 


The effective range approximation is to ignore the w-dependence of the integral in 
eq. (4-9); we put w in the integrand to be zero and \do, (p°/m2) v;/03* (WOmax/Mx) 
—1. Then we have the following result, 


: —1 
La [1-22 Winsdt —1} 346. | (4-10) 
w Tie ying 
where 6, is a complex constant, of which the real part is given by 
1.50 p?+6.00+35 /(p?—5) , 0, 1/2 
0.32 6 +0.58—0.90 /(2?—1) O}33/2 
—0.57 ¢ —0.18—1.98 /(7e@—-1 I, iy? 
Re t= : ERTEECTINER | of Fie wpe Ay (4-11) 
1.05 ?+1.69+0.84 /(p?—1) 1, 3/2 
—0.32 p?+0.11+40.42 /(p?+1) % 1/2 
1.28 o? —1.50+2.98 /(p?+1) a 3/2 


with p=fs/fn. 
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Similarly we have 


roan Li [er ap ti aay 
<a ie ioa Degli Comoe eee ce 
FT scoysmaasdaane | Cal ws Oe 


When p* is 1/2 or 1, the Born term coefficient 4, is zero for a= (0, 3/2) and 
(1, 3/2), then this procedure cannot be applied. In the case of p?=1--- global 
symmetry---, as was shown previously, the amplitudes of 7Y scatterings are con- 
nected with those of 7N scatterings. In the case of o?=1/2 there are no such 
connections as in the case of @=1. Then we examined, by the usual iteration 
method, the amplitudes for a= (0, 3/2) and (1, 3/2) which were found to be small. 
The Born term coefficients 2,, 742 and 4£ and the real parts of 6,, 2% and H¢ are 
plotted in Figs. 2(a), 2(b), 3(a) and 3(b) for p?=1/2~2. 


Fig. 2(a). The Born term coefficient A,. Fig. 2(b). The Born term coefficients 
Ae OM), Bs, 3/2), Cd, 12), Ag* and Aq°. 
PD (ty 3/2)" Bee ohtf2) PF 28273 /2). A’: (1,1/2), B’: (1, 3/2) forr+—>x+A. 


C/; (1,,1/2),,D7: C, 3/2) form Assn: A. 


From Figs. 2(a) and 2(b), it is found that the scattering potentials in the 
states with (J, J) =(1, 3/2) and (2, 3/2) are attractive and others are all repulsive. 
These results concerning the signs of the scattering potentials do not depend on the 
sign of p, and are same as in the case of global symmetry. 

From Figs. 3(a) and 3(b), we can see what state bears the possibility of 

occurrence of resonance. “If the real part of #6, is positive, the real part of 1/h, 
| may become to be zero, hence resonance occurs. For example, as to 7+2' 5743, 
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=4 


Fig. 3(a). The real part of He. The Fig. 3(b). The real partsof a and 
meaning of A,B,C,-:- is same aS in Me . The meaning of A’, B’,C’,--- is 
Fig. 2(a). same as in Fig. 2(b). 


only two amplitudes with (, J) = (0, 3/2) and (1, 3/2) have this possibility. 

As a result, there is no possibility of resonances in the states with J=1/2, 
while resonances may occur only in the states with J=3/2. As far as we take 
the scalar (NKY)-interaction, the total angular momentum in the KN and the KN 
reactions is always 1/2 in the static approximation, so that the possibility of resonance 
does not exist. Hence the KN and the KN reactions will be appropriately treated 
by the approximation method explained in Sec. 3. In the case of the pseudoscalar 
(NKY)-interaction, since the total angular momentum may take 3/2, we should be 
aware of the possibility of resonance. 


§5. The cross sections for the KN and the KN reactions 


Prior to entering into detailed analysis we summarize the experimental data 
for convenience of reference. 

(1) The cross section for the K*p scattering?’ is almost independent of 
energy or slightly increasing with energy and is about 15 mb, up to 200 Mev of 
the kaon kinetic energy in the laboratory system. The angular distribution is nearly 
isotropic in the center-of-mass system; the S-wave is dominant. 

(2) The data on the K*-nucleus scattering show that the cross sections for 
the processes K*+n-—> K*-+n and K*+n-— K°+> are both about 1/5, or smaller, 
of that for K*p scattering.’ This suggests that the scattering amplitude with 
I=1 is dominant. 

(3) The K*p scattering potential is likely to be repulsive. 

(4) The cross section for the process K~ +p — K~+p™ does not appreciablly 
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depend on energy and is of the order of 50 mb for the kaon kinetic energy 30~ 
100 Mev in the laboratory system. The cross section for the charge exchange 
process K~+p-— > K°+n7'® is smaller than that for the pure elastic K~p scattering. 
The cross section for the capture process K~-+ p—>z+Y™ is also not sensitive to 
the variation of energy, and is about 15 mb. 

(5) The production ratio of the hyperons in the K- p capture process™ is 
ae tS ASB: #241, 

Among the data surveyed above, the sign of the potential is apparently in- 
compatible with the scalar interaction model treated in this paper. The sign of the 
potential is same with that of the coefficient 4,; the K* p potential in the present 
model is attractive. If the experimental data become definite, only this will be 
sufficient to rule out the scalar interaction. However, we pass over this point and 
proceed with the analysis. 

At first we should determine the coupling constants. Previously we have 
estimated the kaon coupling constants in II, observing the K* p scattering, and have 
found gx+9z<0.7. The next question is on the ratio of g, and gy. Then we 
observe the experimental data (2), namely T,>7,. As is seen from eqs. (2-4), 
(3-6) and (3-7), this can be explained by taking a larger yx than gg. For simpli- 
city we take 7,=393; the Born term 4,=0, and 7, becomes very small compared 
with T,. There still remains ambiguity on the sign 9,=+)/39x. However, 


25 25 


mb 


20 


15 


10 


0 
1.0 tel Tez Tes 1.4 
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i Fig. 4. ‘The cross sections for (a) K++p—> K++, (b) Kt+n— Kt+n, (c) Kt+n—> K+. 
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Fig. 5. The cross sections for (d) K~-+p—>K~-+ ), (e) K-+p—>K%+n, (f) K-+port+¥y. 


numerical estimate shows that 7,x=+ 1/3 Yy is favorable concerning the data (5)- 
Next the pion coupling constants f, and fg are to be determined. Clues will 
be found in the data (4) and (5), but those are far more complicated than in the 
case of gy and gy. A tempting choice is, eg. fr=)/3 fy, then #7 and # are 
larger than fi provided Jx~1/3 9x. This choice would be favorable concerning 
the data (5). However, we take here*/,=fy=/fv=y/0.08, for simplicity. Thus 
I9=In=V 39s , ¥= fo fr=frev 0.08". (5-1) 
The explicit expressions of the amplitudes with this choice of the coupling 
constants are shown in Appendix B. In this case the coefficients 4, and #? are 
zero, hence the approximation explained in Sec. 3 cannot be applied for the procesess 
with 4, and #7. These amplitudes are obtained by the usual iteration method. 
Numerical estimates were made for the values of the kaon coupling constants 
g’=0.4 and 0.45, the cutoff energy @max=2.5m™, (~hyperon mass) and w7,,.= 
6m,,. In the calculations we dropped the term including the KY scattering amplitude 
in eq. (3-20), as its contribution is small and, moreover, it bears ambiguity concerning 
the interaction with =. The cross sections are plotted in Figs. 4 and 5 by solid 
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lines. The results of the Born approximation are shown in the same Figs. by broken 
lines, for convenience of comparison. The branching ratio of the hyperon production 
in the KN capture is shown in Table 1. aa : 
From these Figs. and Table it is oe eed Ene Be ta is 
~ processes K-+-—>72z+Y. In the Born approxi- 
seen that the higher order effects are mation gy/o,=3, independently of g? and 
fairly large. For the K*p scattering energy w. 
where the potential is attractive the higher 


order effects enhance the cross section by o A Og ae 
about five times. In other processes the °G 173 1.69 
higher order effects diminish the cross 11 L71 1.67 
section by two to three times. Although 12 171 1.69 
the pion coupling constant f? (=0.08) is 1.3 1.76 1-76 


smaller than the kaon coupling constant 
7g (0.4~0.45), the effects of pions are as large as those of kaons. This is because the 
pion Compton wave length is larger and that the pion interaction contains derivative. 

The results given above are those of the first approximation in the sense 
mentioned in Sec. 3. Now we examine the reliability of the approximation. The 
Kp scattering amplitude is the most sensitive one to the higher order effects, be- 
cause the potential for this is attractive. Hence we examine this by proceeding 
further to the second approximation. 

In eq. (3-7), the terms including unknown W@W, and (7 are rewritten as 


{i PW, + (p3/m) Wr +f do (p2/m2) Qt (5-2) 


d. : 
pi Si (w,— 4m)? (wa, +o) mztdm(Wp— 4m)? (wp+a) 


Here the integration variable has been changed as w7 > w,—4m in the last term 
of eq. (3-7). The form factors are all dropped for simplicity. The contribution 
of the second term of eq. (5-2) is negligibly small as is expected from the fact 
that the integrand is not singular and the interval of the integration is small. The 
unknown factor in the integrand of the first term is written as* 


(Kp total cross section) (5-3) 
(K~p pure elastic cross section) 


@, + (p2/pm2) by = 


The values of eq. (5-3) obtained by the first and the second approximations 
are plotted in Fig. 6, which shows that the result of the first approximation does 
not much differ from that of the second one. Then, considering that the main term 
in eq. (3-7) is obtained exactly, we may say that the first approximation for the 
K*p scattering is reliable. 

As for other amplitudes the higher order effects appear as damping factors ; 
the amplitudes are not so sensitive to the higher order effects as the Kp scattering. 
The first approximation for these is sufficient for the present semiquantitative dis- 


cussion. 


* See the footnote on p. 157. 
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Fig. 6. The ratio: —- o(K=p > K-p) 


Now we compare the above results with experiment. First, the coupling con- 
stants have been adjusted so as to fit the cross section for the KN scattering. The 
results shown in Fig. 4 roughly fit the experiment, as is expected. Next, as to the 
KN reactions the cross section for the capture is of an appropriate order of magnitude 
while the one for the scattering is much smaller than the experiment. This tendency 
comes from that the higher order effects diminish the amplitude for the KN scattering. 
If we take larger values of the kaon coupling constants, the cross section for the 
KN scattering becomes larger and may be able to fit the experiment. However, 
the cross section for the K*p scattering then becomes much larger than the ex- 
periment, as we explained previously in II. The discrepancy is, we would like to 
emphasize, inherent to the scalar interaction model and does not depend on the choice 
of coupling constants. 

As for the branching ratio of the capture processes, the result given in Table 
1 is imcompatible with the experiments. Though this would be remedied by an 
appropriate choice of the pion coupling constants, we do not follow up this further, 
because we have seen that the present model is not promising as a realistic one. 


§ 6. Summary and discussions 


We summarize here the results of the preceding sections that are most signi- 
ficant. 

(a) The recoil effects are not very appreciable at the center-of-mass energies 
of kaon below about 1.5m,, and the static approximation is effective at these 
energies. 

(b) Inthe pion-hyperon scattering resonances occur in some states with J— 
3/2 but not in the states with J=1/2, provided that the ratio ( Fa[fn* is 1/2~2. 

(c) The experimental cross section for the KN scattering is well reproduced 
with the coupling constants 9, =392=0.4~0.45 and Sx~ fer fxr=0.08. Then the 
amplitude with J=1 is predominant. There is little arbitrariness on the choice of 


the kaon coupling constants as far as they are adjusted to fit the experimental cross 
section for the KN scattering. 
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(d) The higher order effects of kaons and pions are very important and bear 
the following qualitative tendency: The amplitudes of the KN scattering are en- 
hanced whereas those of the KN scattering and capture are diminished. In other 
words the potentials for the KN scattering are attractive whereas those for the KN 
reactions are repulsive. 

(e) From the factors just mentioned in (d), it necessarily follows that, if we 
adjust the coupling constants so as to fit the experimental data on the KN scattering, 
the calculation gives much smaller cross section for the KN scattering than the 
experimental ones. This pessimistic tendency is not sensitively dependent on the 
choice of the pion coupling constants. Therefore we may conclude that the scalar 
interaction model treated in this paper cannot reproduce the experimental data, 
especially those of the KN scattering. Thus we have, in addition to the argument 
on the sign of the potential, another argument against the scalar interaction. 

The question naturally arises then as to what the type of the kaon interaction 
is. In view of the sign of the K*p scattering potential, the case of [’=i7, is favor- 
able. But for other points nothing definite can be inferred in this case because of 
difficulties of the pair processes. Recently Barshay® discussed on a hypothesis that 
the interaction of the form K*Kz* is dominant at low energies. We feel, how- 
ever, this is not the case because it immediately follows from this hypothesis that 
the KN scattering amplitude with J=0 and the one with J=1 are nearly equal, 
and moreover the cross section for the KN scattering and the one for the KN 
scattering are also nearly equal in contradiction with the experiment. The relative 
parity between + and A, which we have assumed to be even, might be odd. If 
experimental information about the reaction 7+p— K+ will be available, this 
will, combined with the one about the reaction 7+ p — K+ A, provide clues to this 
question. 
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Appendix A 


In this Appendix we obtain the coefficients 4,, etc., of the Born terms. For 
this purpose it is convenient to write the interaction Hamiltonian densities in the 
following form. 

Hyya=t(4t)"? f-V3 (41ab|3c) No75Na% 


Hen, =i (At)? fOV/2 (Mab|10) 2, 7,227 
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Hyan=i(47) "2 f° {(010a|1b) 37517 

—y/3 (11ab|00) A7; 2.7} (A-1) 
Hynx= (42)"29 {—V3 (1gab|tc) N.2.K3} 

+V/2 (4 $ab| 1c)3.N.Ko} 
Hynx= (47)"29® { (040a|4b) N, AK, 


+1/2 (44ab|00) AN, K;}. 


Here (}1ab|4c), etc., are the Clebsh-Gordan coefficients. The letters a, b and c 
indicate the third components of isospins. 

For simplicity we ignore the dependence of matrix elements on angular momenta. 
Then, contributions from various vertex parts of diagrams, except the factors 
(47) *? f7,, etc., are given in Fig. A-1. These factors are referred to as vertex 


factors. 

3 7 719 T 

VBI /2 / 1 / -/3 / 

N N Dy ‘3, DY A A y 

9 : ie 

K oe Ka K bad 

SL v2 1 v2 

N D3, ay N N A A N 


Fig. A.1 


A Born term consists, in general, of the two types of diagrams, uncrossed and 


crossed. Let the two vertex factors of each diagram be denoted by @ and #. (Fig. 
A:2) Then 


Auncrossea = — @+ (renormalized coupling constants) . (A-2) 


Fig. A.2 


Of course, 4=0 if the total isospin is not equal to that of the intermediate particle. 
The negative sign in eq. (A-1) comes from that in eq. (3-1), ete. 

In the uncrossed diagram, we assign isospins a, b, c,--- (not the third components) 
to the lines as Fig. A-2. Then for the process with the total isospin J, 
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Aevossea = 49° (2a+1) (2641) W (adcb ; e!) 


X (renomalized coupling constants). (A-3) 


where W(adcb; eI) is the Racah coefficient. 
For illustration we give some examples. 


Ex. 1 K -N KEN, 


In this case there is only the un- 


; K K 
crossed type of diagrams. The vertex “ 
pea 
factors are all 1/2. Then from the N A e vy N 


diagram of Fig. A-3(a), 4#=—292, ae Marea 1 1 
i2=0, and from that of (b), 2=0, (a) 
Aj=—2g3. Therefore K ie 
A=—29i and 4,=—293. s 3 
Ex. 2 K+N~>K-N. N y N N N 
vo V2 = S ae 


In this case there is only the 
crossed type of diagrams. In the diagram 
of Fig "A°4(a)) a=B=ty a =p=c= es eee 
@=1/2,e€=0. Then-eg.. (A-2) gives 

=1-2WQ44R5 01 ={ 


In 
In the diagram of (b), a=f=—7//3, Ap Cad =) 2. eal ee hen 


ne for [= is 


0 
for = 
il 
Therefore . 
A= —9x+393 and 4,=9x4+9s. 
Appendix B 


In this Appendix, we present the result of the first approximation for the 
amplitudes, with the coupling constants 


9=9.=V 39x, f=fra=fo=fr=V 0.08. 
RON KEN: 


4 4 Ag /3 AP p/3 
hyo) = AGF .(0), Ino) = ALLE, (w) SEEN”, 


R,(o) =1—- 24 (4 9° Fy (w) £9? F 4 (w) + (4—2V3) f° + (o)}. 
ra 


KitN— K+N: 
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h,(w) = ant {Ro (w) +71 29° p+ (4-273 SF" Px [Mn i > 


wo—dm w— dm 


NEA + oo an log! F__(o) +49 F, sw) + (4-273) £6.) f, 
7 . a - a ee 


h, (w) ie ate : {R (w) +7 29° p/3+ (4—=2)/3) f* Ra/ Ma LA, 


w— dm wo— 4m 


RO Onan lag F_ (w) +49°F,. (0) + (4-23) PG. Co) |, 


K=(w) V2 (V3 —Daf : [RF (w) +7 29° p+ 8f* p2/3mx 2 | 


wo— dm w—4m 


RE(w) =1 + Onan log? F_ (o) $4 f°C.(o) ~4/°GC-.. (0) |, 


T 


RF(w) ==4 (1) ar {F.—(o) +G_. (ow) +in Pata 


yo. (o+4m)? 
KA (w) V2 V3 =D9flV3 | RM) 44 27 PLSHAS p3/ 3m? ie 
w—dm w— 4m 
Ri(@) =1 + 2o OM oF _ (w) +$f°G,_(w) —§f°G_. (@) , 
with 
2 
Px (0) =P | do, ee . 
te) aan} ae (Gear) 
and 


m2 3 2 
Gis loye=P | dog “e Pal™n 
mn Wp (opt 4m+ta) — 


1) 


2) 
3) 
4) 
5) 
6) 


7) 


8) 


9) 


10) 


11) 


12) 


13) 


14) 
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A relation between collective motion and particle excitation in many fermion system is 
investigated. A method to construct collective coordinates is presented. Preliminary applica- 
tion to nuclear structure is done. Relations to other theory of collective motion are briefly 
discussed. 


§ 1.-: Introduction 


The nuclear shell model has been proved to be successful in explaining the 
structure of nuclei, and it seems to be a good approximation to describe the be- 
haviour of the particle in the nucleus as moving freely under an average potential. 
Accumulated knowledges on the nuclear level scheme, electromagnetic moments 
of nuclei and so on, however, show that in some nuclei the degree of freedom 
called collective motion plays an important role. 

Bohr” derived the collective motion of nuclei through the quantization of the 
hydrodynamical equation of the nuclear matter treating the latter as a continuous 
medium. Afterwards many authors have investigated the method of derivation of 
the collective coordinates in various ways”. Some of them quantize the hydro- 
dynamical equation without giving any justification to this procedure and others 
attempt to justify this procedure and to derive the laws of collective motions in a 
deductive way. Most of these, however, seem to us to have been performed without 
any connection with other models for nuclear structure.*? 

It is a difficult problem to clarify the origin of the collective motion. Though 
this can be argued qualitatively, it does not seem to have been solved satisfactorily. 
In this paper we do not have such an ambitious intention as to give an answer 
to this difficult question, but here we shall formulate a theory of collective type 
motion by constructing the latter from the particle motion. We hope it could give 
some clue to make clear the situation of the above problem. 

The nature of the collective motion is an interesting topic in the dynamics of 
many particle system. We have already known some collective coordinates : 


* Recently, Elliott?) and Moszkowski*) have attempted to show the connection between shell 
structure and the collective model. 


Collective Motion and Particle Excitation in Many Fermion System 175 


Tomonaga” generalized Bléch’s theory of sound wave which propagates in an assembly 
of Fermi particles in the case of one-dimensional motion. Brueckner, Gell-Mann 
and Sawada” derived the mode of plasma oscillation of many electron system in an 
instructive way. The method proposed here is a simple reformulation of their 
theories to the case of rotationary symmetric system composed of mutually interac- 
ting Fermi particles. 

Consider an assembly of Fermi particles of finite number. These particles are 
assumed to be influenced by a common average potential and interact with each 
other through two-body interactions. If the mutual interaction is absent, each particle 
occupies each individual level to the top of the Fermi surface. Hereafter we shall 
tentatively call this state ““vacuum’’. The excited states are described as those in 
which particles jump from the Fermi sea to states above the top of it. This cor- 
responds to the pure configuration in the shell model. Due to the mutual interac- 
tion, even at the ground state of the system, these excited states are mixed into 
the vacuum. In an excited state there appears a hole of a state a in the Fermi 
sea and a particle a’ above the Fermi sea. The pair state (aa’) has a definite 
frequency but it can be transmitted to other pair state due to the inter-particle 
interaction. Thus the situation looks like that of the coupled oscillators. The 
assembly of the coupled oscillators has normal modes of oscillation, and it may 
happen that the lowest frequency of the normal modes is far smaller than those of 
pair states. We may call this mode to be “collective” since in this modes oscilla- 
tors couple with each other in phase. The state in which this mode is excited 
corresponds to the mixture of the configurations of various single particle excita- 
tions with appropriate amplitudes. 

If the total system is invariant under the space rotation, we can attribute the 
definite angular momentum to each individual state a. The pair state (aa@’) can 
have various values of angular momentum resulting from the vector addition of 
two angular momenta associated with the states a and a’ respectively. We can, 
however, separate the pair state into different angular momentum states. The normal 
modes derived here, therefore, have definite angular momenta. 

The inter-particle interaction gives rise to the interaction terms between pair 
and particles, those between pair and holes and those between particles, and so 
forth, besides those between two pairs. These terms broaden the levels of the above 
mentioned modes and give the higher order correction to them. In other words, 
these normal modes are not independent of the particle motion in a strict sense. 
But if we do not consider the high excitation, the amplitudes of the states in which 
more than two pairs are simultaneously excited would be small and these interaction 
terms may be safely neglected. In this approximation we can solve the problem 
fairly accurately. Our approximation is considered to correspond to the case of weak 
coupling in Bohr’s theory. The case in which the interaction between pair excita 
tion and particle motion is strong probably corresponds to Bohr’s strong coupling 


case. 
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$2. Derivation of collective variables 


For the treatment of the system composed of mutually interacting Fermi par- 
ticles it is convenient to borrow the technique of quantized amplitudes because the 
exclusion principle is taken into account automatically. We can write the Hamil- 
tonian in the following form : 


H=H,+H, 
Hy =>jEs ae* aa, (2-1) 
H,=4>\V (aa,’ BP’) gh” As)* ag ag. 


ay* and a, are respectively the operators which create and annihilate a fermion into 
the state a. They satisfy the commutation relations of the Fermi particles : 


ay a,* FP a,* a, =O! (2-2) 


Since the total system is assumed to be rotationally invariant, the state a can be 
characterized by the set of three quantum numbers (7, /, ™,) and the eigenfunction 
belonging to the state a can be written as 


g.= 22) yre(9). 


Here, for the sake of simplicity, we do not consider the spin variable. Its inclusion, 
however, causes no essential trouble. /,(7) is the radial wave function and does 
not depend on azimuthal quantum number m,. The interaction term V (aa’, 8’) 
in =(2.1.) 1S 


V (aa, 8") =| pur (x!) Gu (8) V (24!) 95 (2) Ge (a!) dvd! 


where V(x, x’) is the inter-particle interaction minus the average potential. 

Now we define the operator } by the relation a,=b,* when the state a is the 
occupied state in vacuum. When the state @ is an unoccupied one we use the 
same notation a,=a,. 06, and b,* are, therefore, the annihilation and the creation 
operator of a hole into state a. Then°H, can be written in terms of a’s and b’s 
apart from the constant term as 


=>" Ey a* a,— SES by* 6, (2-3) 


where >)“ and >” denote the sum over the unoccupied states and the occupied 
states respectively. 

The pair formation operator is given by a,,* b.* by which a particle is excit- 
ed from the state @ under the Fermi surface into the state a’ above it. To separate 
a definite angular momentum state from this pair state we define the operators 

Aju (aa’) Tala Lut" li dep atte: daly ) ag be, 


D (2-4) 
Aim (aa ) => (— 1) (1, lo, Ma |LM) De aay 
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where.. (J, J4s— me Ma\|LM) are the Clebsch-Gordan coefficients. Because of the 
summation over m, the operators A;y(a@a’) and A¥y (aa’) do not depend on m, 
and mm. explicitly. The indices a and a’ of the operator A and A* denote the 
set (7, /.) and (m,, J.) respectively. Hereafter we use a@ in this meaning, 

The commutation relations of these operators are 


[Aru (ae’), Arw*(89’)] 
=9r1 Sum Oop Farr (2-5) 
— Die La— me mM |LM) (Le Tgp — m4, tg |LE'M) Ops) * Og 
—>3(— 1) mets (1, Lar— me Mar | LM) (ly Ler — mg Mar | L'M") Org s* Dg. 


The last two terms in this expression vanish when operated on vacuum. In the 
low excitation energy region the contribution from these terms would be small. 
This is just the case we are now considering. We may drop these terms in good 
approximation. A and A* satisfy, therefore, the commutation relations for Bose 
particles. If we call these Bose particles *, Aand A* are the annihilation 
and the creation operators of excitons. As can be easily verified, the exciton chara- 
cterized by (LMJ) is in the definite angular momentum state L the z-component 
of which is M. 

We can define, in general, the operator Afy(a@a@’) as >}(—1)™a (ly lar — ma Mar | 
LM) a.* a, and A;y(aa’) as the conjugate one of A?y(a@a’) where the operators 
az and a,* are the annihilation and the creation operator of the Fermi particle of 
@ state irrespective of whether it is under or above the Fermi sea. The commuta- 


< 


‘excitons ’ 


tion relation of these A’s is 


[Azu(aa’), Aru* (6P") | 
=S}(—1) mats (Ly Ley — mg Mar |LM) (ls ls1— m5 Mer|L'M") (2-5') 


Ds (Ours aa* A,— Os Ag)" 75 By 


The expectation value of this expression vanishes unless the states @ and / are 
occupied or the states a’ and /’ are occupied, and when the states a, §, @’ and 
B’ are all occupied the expectation value of (2.5) vanishes. In our approximation 
of low energy excitation only the combination (2.4) may have a physical meaning. 
The case in which the level @ or a’ is partly filled will be considered later. 

Now we shall investigate the motion of the excitons, The time variation of 


A and A* by free Hamiltonian H are 
Ary (aa!) = —i (Ey — Ex) Arn (ae) nee 
Aty (aa!) =i (Ex —E) Af (aa). 
Note that this equation of motion holds exactly in the sense that this does not 
depend on the approximation made in the derivation of boson-like commutation rules 
of A’s. We introduce the canonical variables g and p in place of A and A* 
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aunt, a) =) [Aaa aa) + (DAB aa!) d= (— Oh 


pin (aa) =i,/ Be Es | Ag, (aa!) — (—1)" Aru (aa). 


gq and p satisfy the canonical commutation rules in the same approximation as that 
for, A.and A* 


» 


lqzm (aa’) » Pru (8R’) ] =10 43 Onrer Onn Oums- (2-8) 


The equations of motion for g and p can be easily derived. We can construct a 
Hamiltonian #6, in terms of g and ~ which determines the motion of excitons : 


H,=>6,(LM) 


(2-9) 
Hy (LM) =3>){|pru (@a’) P+ (Ess — Es)? |r (@a’) |?}. 


3, represents the assembly of oscillators. Since #6, gives the same equations of 
motion of oscillators as those which H, gives, H—2, contains g and p no longer. 

Next we consider the terms in H,. We pick up those terms which contain 
two a’s and two b’s. These terms represent the creation and the annihilation of 
two pairs and transmutation of pairs: 


H,= 3 (SV (aa’, BR’) au* bo* ay* b3* + V (aa’, BB) an* be* bs ayy 
+ V (ala, BB’) bs dar Agy* by* + V (a’a, 88) be Agr bs as} 
—DIV (aa! BE) Oa Gar™ G34 Oir5 Gs iis) (2-10) 
aaa i 


The terms not written explicitly give the exchange interactions of pairs, interactions 
between pairs and particles and holes and the scattering terms of particles or holes. 
We denote the first two lines of the right-hand side of (2-10) as H.. 


We shall write V(aa’, 88") more explicitly. Developing the inter-particle 
potential V(«x’) as 


V(x, 2°) = 2iVi(7, r’) Y7°(@) 


where r=|x|, r’=|x’| and @ is the angle between x and x’, we obtain 


Vian Gove (2l,+1) (2l +1) (24+1) (2ly +1) 
aoe dane ata. 4z(2L+1) = ’ 


X (dz Ler 00|L0) (Zs Z,,00|L 0) (2-11) 


* We take the unit 6=c=1. 
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XG 1) Ma hme + Me La —2tteed titre) LoL) Ui lay =m, ms, |L—M)v,(aa’, 89’) 


where 
vz (aa’, 33") =| fa Me Me) Vig COifilDd, Go).airndr. 


Due to the factor (/, J.,, 00|L0) the exciton with even angular momentum is cons- 
_tructed only by the pairs with 7,+/,,=even. 

As we can choose the radial wave function Jatt), Teal, Ulan 88 =o; (aa. 
8’) =v, (a’a, 82). Moreover, if V;,(rr’) has some symmetric properties with 
respect to r and r’, v,(a@a@’, £3’) has additional properties such as v; (aa, Be) = 
v1 (BP, aa’) 


Thus we obtain the final expression for H, as 


H,= > u;(a@a’, 28’) aru (aa’) grau* (88) (212) 


where 


ux(aal, 99") =d,(aa')dr (89) /-¥ —V/ (Ey—B,) Vy Es) vs (aa, 86), 


dz (aa!) = | CLAD BIFFY GF DELO: 
7, (aa’) dn (QL +1) ( |L0) 


Putting 
He =H + H,=d.(LM) 
6 (LM) = 4 SN |r (aa) |? + (Eu — Es)? lara (aa’) 7} (2-18) 
+>) uz(aa’, 88) qru (@a’) gin (PP’), 


we have a familiar form of coupled oscillators. 
We can diagonalize 3, according to the usual procedure. Namely, the normal 
modes of these coupled oscillators can be found by taking the suitable linear com- 


binations of g. Thus we put 
gr (@a’) =I cr (aa@’) gin, Pim= diez (aa’) pry (aa’), 
where {c?(a@a’)} is an orthogonal matrix: a ef (aa!) e2* (B8’) =055 Oyr5 5 


Sic (aa’) c%* (aa’) =6,,,. Then (2.13) can be written as 
(acl) 


H = 4 D}{| Pia? + Enz*lgin!?} 
provided c"(aa’)’s satisfy the following equations, 
(By, —E,)%eh (aa!) + Suz, (aa’, 88") +, (B6", aa’) ch (BR") = Entei (aa). 


and EF?,,’s are the roots of the secular equation accompanying the above equations. 
“As stated in § 1, these normal modes may be called collective coordinates. 
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§ 3. Applications to nuclear matter 


The following description is only qualitative since we do not take into account 
the spin and isospin variables. The detailed investigation of actual nuclei will be 
done in other places. We shall see, however, that our collective coordinates would! 
play an important role in the nuclear structure. 

First we shall treat the nuclei of closed shells. Our vacuum corresponds to 
the state that the uppermost shell is filled. Since we shall consider only one kind 
of nucleons, doubly closed shell- nuclei will be most suitable. If the lowest excita- 
tion energy of our collective mode is far smaller than single particle excitation 
energy, our mode would have a physical meaning. 

We could find the energy of collective mode solving the secular equation. Here 
we shall, however, follow the procedure similar to that used by Sawada.” Suppose 
that the coupling terms v,(a@a’, 88’) are separable: v,(aa’, 88’) =v, (aa’)v;, (ff). 
Though this assumption looks very strange at first sight, it may not be so unrea- 
sonable to assume that for each L value the inter-particle potential could be expres-- 
sed effectively as proportional to h;(r)hz(7r’) Y;°(9), where hz; (7) is an appropriat 
function. Let an excited state of #(, be ¥ with the eigenvalue E. The ground] 
state is denoted by ¥%, its energy being E,: 


H, V=EV, XH ,0,=E,%,. 


| 


Since ¥ is an excited state it can be expressed by the linear combination of A* %, 
A*A*¥, and so on. The amplitude of A*¥, in ¥ can be found by computing 
(Pp F) and (P.qP>. Now 


(E—E,) (&ipru(aa’) VY = CE pry (aa’) ,H6|¥Y 
=—i(>\(uz(aa’, 88’) +uz(BB/ aa’))(¥ qty (BB) FY 


| 

= (E,, == fe) AAG Yogi (aa’) PT) > ; 

(E—E,) Pqtu aa’) P) =i Vopry (aa) VY. 

Thus we have the following equation, 


{(4E)?— (E,,— Ex)*} ( Poqin (aa’) #7) 
=>) (uz, (aa’, 88) + (ur (PS, aa’)) << Voaiu (BB’) FY 


where JE=E—E,. Since u;,(aa’, 88’) can be written as 


uy (aa’, 88") =u, (aa’')u,(BP’), uz(aa’) =d, (aa) / Ey, — Ey Ey—E,(—= SE 41 oe (aa’), 


we obtain a dispersion type equation for JE: 


eas 2u;? (aa’) ) 4x 2 (E,— E.) d;?(aa’) v,(aa’, al) — 
(4E)?— (Ea, — E,)? 2L+1 (4E)*— (Ey, — ie 
(3-1) 
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If vz<0 this equation has a root 4E which is positive and smaller than the smallest 


‘ T 2a," 
E.,—E,, provided that — ort = eae aes When the latter condition 


is not satisfied, the lowest root JE is larger than the smallest single particle ex- 
citation energy.* 


As the two-body inter- 


reed action we take the delta 
AE Fig. 1. type attractive force —47g 
t 4E for L=2(@) and L=3(0) for several 0 (x, x’) and the oscillator 
neutron closed shell nuclei. The solid type wave functions are 


lines are the energies of surface oscil- 


lations with L=2(fw2) and L=3 (fies) Z 
ee sm» Bohr’s theory **. function for the sake of 


simplicity. The numerical 
constants g in the poten- 
tial and v in the wave 
function are taken as the 
same as those used by 
Zeldes” for the estimation 
of nuclear energy levels. 
As the energy levels EF, 
we take the values used 
by Marumori, Suekane and 
Yamamoto” in the estim- 
ation of surface rigidity. 
4E with L=2 and 3 
thus obtained are plotted 
for several closed shell 


chosen for the nuclear wave 


10 


in L pees ee wees. po soa ai aS sui lies se. cin nuclei in Fig. 1. For com- 
30 40 50 60 70 8 % 100 110 120 ; ; 
ae neutron number parison the surface oscill- 


ation energies bs, bw, in Bohr’s hydrodynamical model are also plotted. 

The result for L=2 shows that if the levels which lie above the closed levels 
are of the same parity and are close to the closed shells, our collective mode seems 
to be easy to occur, as it should be. Thus the nuclei in which the 1d, shell is 
filled and the 2s.) shell and the higher ones are not filled in the sense of the 

shell model are the favourable ones for the collective motion. For the nuclei in which 


* In this case, the dispersion relation has an imaginary root which means that our collective 
mode is a dissipative one. However, in this case our approximation in constructing the collective 
mode is not good and the terms in H, other than H, are not negligible. Since the coupling term 
d;?2 v,, is not small compared with E,,—E,, we should take other approximation method, e.g., strong 

GE OL 
coupling approximation. 
** His curves are drawn for mass number A. We have reinterpreted them for neutron num 


ber N making a correspondence between N and A by the mass formula. 
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2d shell is just closed or those in which 1h shell is just closed, our collective motion . 
may easily occur, too. This seems to be in accordance with the experimental 
information. 

Next we shall consider the case in which the uppermost shell is partly filled. 
We denote this shell as a,. Since the energy value does not depned on magnetic: 
quantum number, we take the vacuum state as such that the m, states are equally 
occupied. Then the expectation value of commutator | Azy(a@a’), A* p,m, (a@a’ ) ] may» 


N N. N N N. 
be put to be O27, Sum 2, +1 when a=a, and 0;,;, Buu 1-7 when al = 


ry ’ . i WS N. 
ay where INGE 1S the number of nucleons In @ level. Thus we substitute a7 “a 
co 


Gym (aa) and Nae dru (aa’) in place of gzy(a@a’) in the coupling term of © 

~"do | 
(2.11) when w=a, and a’=a, respectively. Among the terms in H, other than. 
H, we shall only take the diagonal term with respect to the particle state of @, 
level from the interaction terms between exciton and particles in a, level. Then. 
our Hamiltonian can be written as 


H=H,+H 


(3-2) 
H!=S3U 14 (aa’) dim (aa’) 
where 
mn N 4 CLEY Cis: 
Uipwlae ees (2l.+1) (2lu +1) (p 7 
vd ? 2L+1' 4n(2L+1) (22, so 0 O|L 0) (CZ, l,, 0 0|L0) 


eee 
a Be lea Glee al, ad) J Eu Sng, (a, a, aa’). 


(3-3) 7 
To diagonalize this Hamiltonian we perform the following canonical transformation : 


V=SO, 7 =S5—‘as, pi =S"“ DS 
S=exp i{>) (piu (a@a’) cry (aa’) + pty (aa’)cty (aa’))}. (3-4) 


: 


The coefficients cz(a@a") are chosen so as to satisfy the following equations : 
(Ea, — Ea)* (chy (@a") + (—1)"cr_u(@a’)) + Stu; (aa,’ BB’) (c#y (88) 


+ (—1)"cz_u(8P’)) —Ury (aa’) =0. (3-5) 
Then 


=H (g, p) + Wim (3-6) 


where 
Wiu=}{>i (Eu —E,)? lerm (a@a’) + (— 1)"c¥ uy (aa’) IF 
+ Siu, (aa’, BR") (crm (aa’) + (— 1) "chm (aa’)) (ci (BR) + (sr 1) “Crom (88"). 
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— 210 rm (aa) (cry (aa’) + (—1)"c#_y (aa’)) 
=~ 22> ru (a0") (czy (aa’) + (—1)"c#_y (aa). (3-7) 
If we approximate c,y as 
Com (ae!) + (— 1) c¥_y (aa!) =Uzy (aa) / ( (Eq — Ey)? tu, (aa, aa’) ) 


we have 


= I Uy (aa’) 
Win=—3 an . = 3:8 
a = (E..— E,)?+uz(aa’, aa’) (3r8) 


The diagonalization of 3¢,(g, p) can be performed as was done in § 2. But, here 
the meaning. of g;y(aa,) or dru (@e') should be understood as mentioned above. 
Therefore the energies of normal modes would be different. from those obtained 
before. ‘ 

Due to the effect of external particles outside the closed shell the nucleus de- 
forms into a stable shape according to this canonical transformation. Thus the 
intrinsic shape of the nucleus would not be spherically symmetric even in the 
ground state. 

Here we discuss briefly the relation of our arguments to the theory of collective 
motion of Bohr. When we construct a linear combination of g,y(aa’) 


Or = 5 ba (aa’) dim (aa’) 
where 
az (aa!) =| far* (1) far)? dr/Ry! 


we get the effective part of the deformation coordinates a@;y of Bohr’s theory in 
our present approximation. Here WN is the number of particles and R, is a_para- 
meter characterizing the radius of the system. 

Whether these deformation coordinates a; are the good collective variables or 
not, or in other words, whether a;y are the normal coordinates of #6, or not, 
depend on the value of the potential parameter v,(aa’, 3’). Generally speaking, 
however, since v,(aa’, £8’) would be small when energetically the states a and ? 
lie far apart from a@’ and /’ respectively, the coupling between these far lying states 
would be small. In the simple case where only the particles in the top level of 
the Fermi sea are excited to the nearest possible excited state a Bohr’s collective 
coordinates coincide with ours. When the deformation is small, therefore, Bohr’s 
collective coordinates behaves very similar to ours. 

For L=2, a formal translation into Bohr’s /, coordinates can be done in the 
same way as in his theory. Namely we transform the normal coordinate gq to 
0;(i=1, 2, 3), @ and 7 according the following operator equations 


B cos iaee Qom Dyo (4;) ? 
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B sin han Oe >) gm (Dye (4,) + Du-» (4;) > 
0=>5 GoM Dui (4;) . 


Dyan (8;) (M, M’=—2, —1, -*:, 2) are the transformation functions for the spherical 
harmonics of order 2. Then we have just the same Hamiltonian of rotation and 
vibration in Bohr’s theory. Lastly we shall briefly discuss the approximation made. 
As can be seen from the formulation we have taken into account the coupling bet- 
ween pairs and particles or holes only partly in determining the collective coordinates. 
Moreover, our coordinates do not exactly satisfy the commutation relation of Bose 
particles. This fact as well as the omitted interaction should be taken into account 
when we want to calculate the higher order terms with respect to collective excita- 
tion. Thus our approximation may be valid when the states in which more than 
two pairs are excited are not mixed into low lying levels with appreciable amplitudes. 
In the case when the nearest possible a’ level lies far higher than the other unoc- 
cupied levels, excitation of two pairs into these levels would be another possible 
mode of excitation which would give lower level with given L than that of our 
collective modes. For some nuclei near magic one this situation would occur. 

The author should like to express his sincere gratitude to Prof. M. Kobayasi 
for his kind encouragement and to Prof. M. Nogami for his critical comment on 
the estimation of JE. 
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Continued from the previous works some properties of nuclear forces are illustrated in 
the analysis of d (7,p) m process. Especially a rather repulsive property of 1£,* the strong 
tensor forces of 3O and 3E* are pointed out, and the detailed forms of the potentials are 
discussed. Comparison with nucleon-nucleon scattering is made. Also the applicability of pion 
theoretical potential is investigated, and it is shown that its applicability is rather good. 


§ 1. Introduction 


Up to today there have been done many works on the photodisintegration of 
the deuteron, and recently we have had many advanced studies both in experiments” 
and theoretical treatments.?? However the experimental accuracy is not yet very 
good, and its theoretical explanation is not yet complete. 

The investigation into the photodisintegration of deuteron is very important, 
because it is the simplest nuclear reaction, and also because we may get many 
knowledges about the nuclear forces from it?. In the d(7, p)n process there exist 
some effects worthy of notice, and we can account for the experiments, when we 
treat these effects correctly. Therefore we may reveal many properties of nuclear 
forces by investigating how to explain the experimental results without inconsistency. 
(Jt is to be remarked that in nucleon-nucleon scattering there exist so many am- 
biguities that it is not easy to reveal the properties of nuclear forces frorn nucleon- 
nucleon scattering.) 

In the previous papers®** it has been shown that, to account for the isotropic 
part in the angular distribution at #,~11 Mev, the potential of ‘E would be rather 
repulsive in comparison with what has been estimated and the tensor force of *O 
would be strong at such energy.” As a continuation of the previous papers, here 
we try to investigate the properties of ‘EF, *O and *E indicated by d(y7, p)n at 
various energies. Also it is discussed what effects would appear at what energies. 
Especially the behavior of the incident 7 ray is elucidated.” Under such investiga- 
tion we also intend to research the applicability of the pion potential to d(7, p) 


* 1, 3O and 3E represent the singlet even, the triplet odd, and the triplet even states res- 


pectively. 
** Symbols used below § 2 are same with those used in the previous works®). 
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n. However, this report will not include the contribution from virtual pions.”* 

Applying the method same as the previous ones”, we show that, the proper~ 
ties of 'E and *O indicated previously are also effective to enhance the isotropic 
part at higher energies, smaller phase shift of 1D, is favourable at lower energies, 
the wave function of the deuteron influences on both of m.d.* and e.d., and others. 
Also it is indicated that the applicability of the pion potential’: is rather good. 

In § 2 we shall outline the general relations between d(7, p) and the pro- 
perties of nuclear forces at various energies. In §3 we illustrate the properties of 
1E indicated by m.d., and in § 4 about the properties of *O indicated by ed. In 
§5 we describe the properties of *£ known from m.d. ande.d. Then in § 6 some 
discussions are made concerning the previous calculations. Finally in §7 the con- 
clusions are summerized. 


§ 2. General situation 


Here we outline the relations between d(y, #) and the properties of nuclear 
forces without proof. The detailed elucideations are made below § 3. 

At first we explain the experimental results briefly. 

The angular distribution. —The most significant feature in-d(7y, p)n is that the 
isotropic part is large,” (which is near 5X 10-” cm’ in 20 Mev E,<300Mev,) and 
this is the point which have perplexed many researchers:” In this paper we pay 
most attention to this, because we can deduce many properties of nuclear forces 
from it.. Also in the angular distribution there exists fore-back-asymmetry, which 
increases slowly with the increase of energy.” At energies not so high it seems. 
that there is no difficulty to account for it.®*” 

The total cross section (o7)—There exists a maximum at E,—«#™2 Mey,. 
and it decreases with the increase of energy, and-near E,~250 Mey there is a 
resonance. The accuracy of measurement of o, is worse than that of the angular 
distribution, because more detections and knowledges are required in the former.’ 
The previous theories have given too small o, at E,>50 Mev.’” The reason will be 
explained afterward. B Preys ; 

In d(y, p)n the transitions to be considered are m. d., e. d., m. q., and e. q. 
However m. g. and-e. g. are much smaller than the experimental o,(See reference 
11 and Appendix.), and they become considerable in the angular distribution only 
at high energies. - (Although the influence of e. g- appear in the angular distribu- 
tion at lower energies, we can account for it easily.) Therefore the important 


* Such effect vanishes in the approximation that nucleon recoil is negligible. Therefore such 
effect is not important at lower energies. The previous calculations predict that its contribution is 


very small at Ey< 50 Mev®. Furthermore, note that such effect cannot yet be well treated by 


present pure meson theory. 
{ m. d. indicates magnetic dipole and so forth. 


# € is the binding energy of the deuteron. 
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ones are m.d. and e.d., and we investigate these two in the following. 
The transition matrices of m. d. and e. d., are!” 


+d|M"+M,,|'E) for m. d.,* 
and 7 +d|M™"|%OY fore. d: 


Here d means the ground state of the deuteron, and MM”, M7” represent the matrices 
due to nucleons and virtual pions respectively. Now we see at once that the elements 
which are concerned with the d(y7, p)m process are the states, 'E, °O, °E, the ma- 
trices MM", M™%, and also the incident 7 ray. The reason why many researchers 
have failed to explain this process consistently is owing to that more than one of 
the above elements are incorrectly treated in their theories. 

Now let us see what properties of these elements influence at what energies. 
Of M” we know well. For the 7 ray also we know in principle that as the 
energy increases, the electromagnetic wave enters in, and makes the computation 
very complicated. Therefore we should pay attention to it. Hence in the follow- 
ing we state how the properties of 'F, *O, *E and M* are reflected, and how the 
electromagnetic wave behaves at various energies in d(7, p)n. 

1.. E,< Several Mev. 

Near the threshold c,,,, is the main one, and it decreases as the energy increases. 
Except at the energies near the threshold o,, contributes mainly, and there exists 
a maximum at E,—«=2 Mev. 

For m.d. whose final state is 'E, the phase shift of *S,(0,”)* at low energies 
is well known, and once 4,’ is given, ¢,,. can be computed easily, because the shape 
of potential and the radius of hard core influences little at such low energies (only 
if it satisfies the effective range theory). ~The calculated o,,, can well account for 
the isotropic part at low energies. In e. d. whose final state is 3O, the phase shifts 
of *P are yet small, and the cross sections can be well accounted for by adopting 
plane P wave. 

Therefore we may say that at low energies only the property of 1S, is reflect- 
ed, and there is no difficulty in explaining the data. 

2. Several Mev< FE, < 20 Mev. 

Because the energy is yet low, the effects worthy of notice are a few. Perhaps 
we only need to take care of the properties of 15, °P, and f,(the wave function 
of the deuteron). . 

The values of 4° are not yet well confirmed at these energies. Generally speak- 
ing, the smaller 6,° is, the larger is ©,,.”(the isotropic cross section given by m. d.). 
At these energies ¢,,7? alone is insufficient to account for o;,(the isotropic cross 
section) which is given by the experiments. This fact indicates that 7,7” would not 
be small. To get larger o.2”, the three phase shifts of °P should be well separated, 


# In m.d. there exists a transition whose final state is 3E, but its contribution is negligible. 
* Phase shift is denoted by ér/. 
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as we may understand from the formulas of o.7”, which means that the tensor 
force of *O is strong. (See §3 and §4.) Also the influence of /7 becomes im- 
portant as the energy rises, but it is not so decisive as the properties of *E and °O. 

Therefore we may say that at these energies mainly the properties of *S, and 
8P are reflected. Also the influence of f, is not negligible. 

3. 20 Mev<£,< 50 Mev. 

In treating the photodisintegration of the deuteron, it is convenient to regard 
these energies as one region. In this region, besides the properties of "So and *P 
described above, the influence of 'D, wave, *F wave, and /, become important, and 
the effect of 1M" may not be negligible. As it will be shown in § 3, the smaller 
6,2(the phase shift of 'D, wave) is, the larger o,,;? is. As for f;, it seems that 
stronger tensor force of *E is favourable, and further the shape of *F potential (in 
another words the form of f,) influences. (See § 5.) 

4. 50 Mev< F,< 140 Mey. 

When E, surpasses 50 Mey, the situation becomes very complicated. M. d. and 
e.d. are owing to j,(k,7) part of 
the incident ray. At E,< 50 Mev only 
the first term of 7,(k,7) is effective, 
and we may neglect its higher order 
terms. However, at E,>50 Mev it is 
no longer permissible to neglect them. 
Owing to the neglect of these terms, 
the previous authors have given too 
small cross sections at E, >50 Mey.” 
(See Fig. 1.) Of course, in the analysis 
of the properties of nuclear forces from 
d(y, p)n, we have to take them into 
account. Now at these energies, in 
addition to many properties of nuclear 
forces written in 4, the higher order 


0.2 terms of j,(k,7) are concerned in 
the process, hence the situation be- 
Meta ch hn nae hele ab at ti ale comes quite complicated. 
20 100 180 — E, in Mev. 5. EL>140 Mev. 
Fig. 1. o¢q as the function of the energy is plotted Thers is no doubt that the con- 


to indicate the contribution of the higher order 
terms of j,(Ryr). 1, 2, and 3 denote that, the first y : 
one, two, and three terms of j,(A;7) are included important one at such energies. 
in the computation. Here the wave function of the However, it is yet unknown how much 


deuteron without including the D-state is used, contributions come from the nucleon 
and the final P wave is taken as plane wave for 


simplicity. parts. Notice that the contribution 


from the nucleon parts is still not 
negligible even at high energies. (See Fig. 1 and § 3.) 


tribution from the mesons is the most 


.% 4 tee JF 
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Table 1. The relations between d (7, p) » and the properties of the nuclear forces are sum: 


merized. 0 denotes that considerable effect appears at the corresponding region. The last column | 
indicates the effect of the incident y ray. 


21 | Baerey. E , fe lagen ene eee ee iv 
cote Several near 20 Main Properties 
ea Mev Mev 50Mev + 
S 1S$5 i 0 1 0 | Oo 0 Smaller 6,° is better. 
1D, } 2) 0 le 20 _ Smaller 62% is better. 
ap | 0 i () 0 V;, is strong. . 
3O 4} | : 
3F ) 0 0 
3 | | ) = Oy. Vigris) strongess ne: : 
Mz ly 2 ? yet not well known 
The higher order ] lai | rh They become important at 
terms of ji (Rr r)- | Ey, > 50 Mev. ; 


Recently there have been done several attempts to ‘interpret the data from 
pion theory.® Although such attempts are necessary, there may be a doubt whe- 
ther the present pion theory is powerful to be applied to such phenomenon. 

We may make in a table what we have stated above. In Table 1 the relations 
between d(y, p)” and nuclear forces are summarized, from which we may see 
the situation at various energies. é 


§ 3. Properties of 'E indicated by M. D. 


The magnetic dipole transitions are represented by *S,—>'S,, and *D,->'D, (if 
we neglect the small contribution whose final state is “E)™. Therefore we may 
expect that the properties of *°S,+°D,, ‘Sp and 1D, states would be reflected through 
them. In §3 we state the properties of 'S, and ‘D, indicated by m. d. without 
including the contribution from virtual mesons. The contribution of virtual mesons 
is calculated phenomenologically by Austern et al., and theoretically by Villars et al., 
and it is found that its effect is small under F,=50 Mev.” Therefore the follow- 
ing statement is decidedly important at lower energies, and at higher energies it 
is important in the sense that it explains some important effects. 

Without including M%, the formulas of m. d. are” 


Tr 9 e h z ME. 2 : 
Oma = (Fn — Hn) Gr get lo + toe) (1) 
2 2M ez ts i. 
Fn = tat) a ee ak (Too? + V2 Ty Tog COS (Oy — 9") + Tog" an 


where Jag = [us ug ar (3) Ina= | We ar, (4) 
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in the approximation neglecting the contribution from the higher order terms of 
j,(k; 1). Here the meaning of the symbols are as follows. 


U,: Radial wave function for *S, state of the deuteron. 

w,: Radial wave function for *D, state of the deuteron. 

U,: Radial wave function for 'S, state. 

U,: Radial wave function for 'D, state. 

M: Mean mass of neutron and proton. 

k: Wave number of nucleon. (#2=M(E,—€)/h’), 
as shown in the previous paper.” 

As seen from (2), to get large o,,7”, Ig, must be large and J,. must be small. 
(Because I> Iho, Iy2 is not important.) In the following we shall show that if 


0,° is smaller Iy is larger, and if 62 is smaller J,, is also smaller, and they are 
favourable to increase o,,,;?.. We discuss these in the following. 


I. When the energy is lower | 


1. The property of 'S,; wave. As we can see from (3), J represents the 
overlap ofS, wave with U,. In Fig. 2-the overlap of *S, wave with U, at E,= 
17 Mev (It corresponds to 30 Mey nucleon-nucleon scattering in energy.) is shown, 
from which we may see that, if the energy is not high, J, is determined by the 
first positive part and the first negative part of 1S, wave, and it is better, if the 
overlap of the former with U, is much larger than the overlap of the latter with 


oma at Ey=11 Mev 


Fm at 


E, = 17 Me 


NSP 

Fig. 2. The overlap of }\S) wave with 2 
3S, wave of the deuteron at Ey 
=17 Mev is shown. Here the wave 
function of the deuteron of F— S$!) 0 
is used.:--represents sin (Ar +6)°), 
sete e tenes represents sin (&r+6 °) 
(1—e-*7), with ¢=1.69 x, which 


Fig. 3. The relation between 65° and c,,7 at Ey=11 Mev and 


corresponds to zero energy value 17 Mev is shown.—indicates the upper limit, and —-- 
of ¢3). (It indicates the lower indicates the lower limit. Here the wave function of the 
limit.)—would be near to the deuteron of J-O—T—W+» is used. The figures, 0.2 and 
real 1S) wave at this energy. 0.4 denote the corresponding hard core radius of 1E in 
phowsl; ot hes rene unit of 1/K. At Ey~11Mev the lower limit for 0.2 is scarce- 


ly different from that for 0.4, and o,, i 

‘ .4, ma 1S near to the 
put ee . Crakaws type lower limit. At Ey= 17 Mev, perhaps, the shadowed part 
potential of 1£ without hard core would represent the relation between 6)° and mas 


¥ . . . . o 
gives 0)°=50° at this energy.) is in unit of 10-29 cm? Bs 
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U,. In the words of nuclear force, it is favourable to.give large m.d. cross sections, 
if 9,’ is smaller, and therefore 'S, wave is pushed out. 

To make the situation more clearly we have shown Oma as the function of 6, 
rat H,=11 Mev and 17 Mey in Fig. 3. (The situation is same also for Tas:) 
Here f, of I~-O—T—W*” is used (Its hard core radius is 0.2/K.), the D-state is 
taken in, and the influence of hard core is also shown. In the computation we 
have taken 'S, wave in the form,” 


“RO, =sin (kr + 0,°) (1 = e273 , (5) 


‘and have estimated the upper and the lower limits of o,,, by the variation of ¢. 
Here D, is the hard core radius of 'E, and € is dependent on D,. In the upper 
limit € is chosen so that (5) differs from kU,=sin(kr+0,°) by 1%- at- r=1/K. 
As the lower limit the zero energy value of ¢ (satisfying the effective ran range 
‘theory) is adopted in (5).*. 

For E,~11 Mev the lower limit at D,=0.2/K is scarcely differed from that 
-at D,=0.4/K, and the real value of o,,, is near the lower limit, because the energy 
is low. In Fig. 3 notice that, generally speaking, the smaller 0,° is, the larger the 
hard core radius is. Perhaps the shadowed part of Fig. 3 would indicate the 
relation between 0, and o,,, at H,~—17 Mev. (At 30 Mev nucleon-nucleon scatter- 
‘ing, 0,°50° for Yukawa type potential of *E without hard core,.and 0,’—40° for 
-the exponential type of *E with D,~0.4/K.) 

From Fig. 3 we see that smaller 0,’ is favourable to increase ¢o,,,, and there- 
fore is favourable for d(y, p). 

2. The property of ‘D, wave. Succeedingly we discuss the property of 
1D, wave. As we can see from formulas (2) and (A), if 0, is larger, Jj, is also 
larger. Speaking more in detail, J,,.=Jwa U, dr is given by the overlap of w, with 
U,, and if 0,2 is larger, U, wave draws in, and Jy, is increased. Now because ly 
nterferes with I, to reduce o,,<”, (See (2)) we may say that, if 0,’ is larger om” 
4s smaller. Summarizing our conclusion, 9,’ reduces the isotropic part, therefore 
the smaller 0,2 is favourable for d(7, p)7. 


II. When the energy is higher 


1. The property of 'S, wave. Now let us turn to the case in which the 
energy is higher. We have shown that, if 0,° is smaller, the overlap of the first 
positive part of U, with U, becomes much larger than the overlap of the first 
negative part of U, with U,, and therefore m.d. cross secHiohs are increased. At 
high energies 1S, wave enters in, and the overlap of U, with OF becomes very 
complicated. | Therefore it might be thought that the previous or the ne 
argument would fail. However, at high energies we can still show that, if oh is 
‘smaller, m.d. cross sections would be increased, about which we shall elucidate in 


tthe following. | 
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At high energies the electromagnetic wave draws in, and the second and the 
succeeding terms of j,(&, 7) cannot be neglected as in (3) and (4). If all terms 
of j,(k,r) are taken in, we get 

Iyg= (ute wof1— 2 (hr)? + J er) fd r= [ta ty IED dr 3)’ 

3! 5! kyr 
in stead of (3). 

Now because the higher order terms of (3)’ make the contribution from large 
r unimportant as shown in Fig. 4, we may state as follows, essentially only the 
first poitive and the first negative parts of U, wave are important (especially the 
first positive part) in J, even at high energies. Therefore we may conjecture that, 
even at higher energies, if 9,° is smaller, 7.d. cross sections would be larger. In 
Fig. 5 we have shown the relation between 0,° and o,,, at #,=100 Mev using U, 
of I-O—T—W. From Fig. 5 we see that, the higher order terms of 7,(2,7) 
enhance ¢o,,72, and smaller 0,° is favourable to increase o,,,:.* 

Concerning this, two further arguments are necessary. The contribution of 
the higher order terms of 7,(k,7) to Jy) is not given here, and the computation 
including J,, is not done here, because such computation is very complicated. But 
we might say that the higher order terms of j,(k, 7) would reduce J,, to be small, 
because the higher order terms of j,(k,7) reduce the contribution ‘of *D, wave. 


— 40° — 20" 0° 205 


Fig. 5. oq at Ey= 100 Mev is shown as the function 
of 69°. Here Ug of I-O—T—W is used, Uj is: 
taken as k Up= sin (&r +69) (l—e73(7-Ps)), with 


Fig. 4. The contribution of 1S) wave 
and j,(kyr) to m. d. at Ey=110 


Mev is shown. “ represents Uy) wave ; ¢=5.8K% for D,=0.2/K, and ¢=7.7K®) for 
taken as RUo= sin (kr +.6y°)(1—e-**), D;=0.4/K. 0.2 and 0.4 denote the corresponding 
with ¢=4.6K®) and-6)9= —309.** re- D,; in unit of 1/K. (1) denotes the case in which 
presents Uz of F—S, and represents , only the first tsrm. of j,(kyr) is taken in. (2) 
Unit. (kxcy eer, Udodicntes, that denotes the case in which the first two terms of 
Baty the car ar chore ieee Ji(krr) are taken in. Perhaps the shadowed 


part would represent the relation between 69° and 


effective at high energies. Tae : 
oma:** Oma is in unit of 10-29 cm’. 


_ * Notice that at such energies 69° is much different by the choice of potential. ‘ 
**  00°=— 20° for exponential type potential of 1E with D,= 0.4/K, and 6)°=30° for the Yuka 


. . ha 
type potential of 'E without hard core at the energy corresponding to E;=100 Mev. 
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Next it should be noted that, if separated contributions of M" and M* to m. d. 
cross sections which are represented by (M")? and (M/*)? may not be very large, 
the summed contribution represented by (M"-+M™*)? might be very large. There- 
fore we should not neglect the contribution of M” to m. d. even at high energies. 
2. The property of *D, wave. We have further to discuss the behavior of 'D, 
wave and its influence to m. d. cross sections at high energies. At first we should 
notice that at high energies, 9,° would be inevitably large, and J, would not be 
very small, therefore there is a fear that o,,,'? would be reduced largely. The 
point is. that, if 0,’ decreases quickly so that 0,° would be negative at high energies, 
say above E,~70 or 80 Mey,” then. large 0,’ is favourable owing to that the in- 
terference term cos(0,’—0*,) I I), becomes small or even negative in this case. 
(Notice that 0,°<0 and 02>0 in this case.) 


Ill. The ‘EF potential 


In the following we translate the properties of 9,° and 0, indicated above into 
the properties of ‘FE potential. 

To make 0,° smaller at various energies, especially at high energies, means 
that we should introduce hard core at short distances. This is in accordance with 
the requirement from p-p scattering which has been indicated by Jastrow.” In 
p-p scattering it is shown that, the isotropic part is very large, the cross section 
decreases rapidly up to about 150 Mey, and it is almost constant in 150 Mev~400 
Mev. To account for it Jastrow has introduced hard core in 'E and made 0,’ 
decrease rapidly so that 0,°~0° at 150Mey. It is interesting to note that the 
similar effect is suggested from d(7, p)m, but from rather lower energies. 

Next let us discuss about 0,2, We have seen that at lower energies 0,’ should 
be smaller, because 4,2 would reduce the isotropic part of d(7, p)7 at least at lower 
energies. The smallness of 0, at lower energies means that the outer region of 
1E potential (r>1/K) is very shallow. This is also in accordance with the require- 
ment from p-p scattering, for 4,’ would also reduce the isotropic part of p-p scat- 
tering.” It is very interesting to note that 0,2 reduce both the isotropic part of 
p-p scattering and d(7, p)n. 

The above two properties of 'E potential are mutually supplementary in the 
sense that, if hard core radius is larger, the outer region of potential would be 
shallower: this is the natural consequence from the effective range theory. (On 
the other hand the well depth should be deeper in such case.)’” . 

“Now we turn to the discussion of *E of the pion potential. The pion ae 
tical potential at *>1/K is almost due to one pion exchange which is represented by” 


yoo Longe ™ /Kr | (6) 
ce 3 ' 


If we aflont the Yukawa type potential at all distances, then it is required that 


g?/An=2.0 On the other hand in the pion theory g?/47~0.08. Therefore we 


see that the pion potential of 1% is very shallow at r>1/K compared with pheno- 
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menological potentials. 

At r&1/K two pion exchange makes the potential suddenly deep, and at short 
distances the pion theory indicates the existence of hard core. (But note that the 
argument on potential is not very effective at short distances.) 

Therefore we may state that pion potential of 'E is favourable to both p-p 
scattering and d(7, p)n at least in qualitative nature. 


§ 4. Properties of *O indicated by E. D. 


The electric dipole transitions are *S,+*D,>°P), °P,, °*P,+°F,, from which we 
may reveal the properties of the ground state of the deuteron and “O. Here we 
state the properties of °O indicated by e. d. : 

The formulas of o., and o,/” are’ 


ty Ce WA, Sk A : 
Cea 3 ; oe j Ke k 9 CRS i 6 Ode) (7) 
a 7 2 ME 46,0 4612 i611 4612 5 
Oe 3 } - é Fe “ Af Ble Mine ai ae ge ial? | (8) 
where 
L= [24 (ua—/ 2 wa) rdr, Lh Ur; (ue Fo.) rdr, (9) 
: V 


ucathes (a 579 0 akin 


in the approximation when only the first term of 7,(&,7) is included. In the 
following we investigate what properties of *O are indicated from d(7, p)n, especially 
what properties of *O are required to increase o,/?. 


I. When the energy is lower 


1. The main property of *O. At first from the above formulas we see that to 
make o,;” larger, the three phase shifts of *P, 0,°, 0;', and 0,° should not be small, 
and should be somewhat separated from one another. As an example we have shown 
the cases at E,~11 Mev and 17 Mev in Table 2 and Table 3. In these tables 
some sets of phase shifts which can account for p-p scattering at the correspond- 
ing energies are given, and o,;” given by these phase shifts are shown. (Here fa 
of I-O—T— W is used.) From these tables we can see at once that the larger 
and separated 0,’ are favourable to give large o,,;”. In another words strong tensor 
force of *O enhances o,;”, and is favourable for d(y, p)n. 

2. On the variation of *O. Succeeding the above discussion, we like to point out 
that, if the tensor force of °O is made somewhat stronger, o,? would not be in- 
creased, when the tensor force of *O is yet not sufficiently strong. This point may 
be understood immediately by adopting the set, 0,°=0,:=02=0°. The calculated 
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Gea’ for the set 0,/=0° (1) is also shown in Table 2 and Table 3. We see that 
there are not much differences: between o,? of I’ and I’, especially for E, = 11Mev. 
From these tables we may say as follows, if 6,°, 6,!, and 0,7 are smaller than the 
dashed sets of our tables, the corresponding o,,” are not much different. Further 
comparing I,’ with J,’’, and J,’ with J,’, we may say that, at low energies the 
detailed property of *O potential cannot be well known (Compare J,’ with I,”’), 
whereas at higher energies the influence of potential becomes more sensitive, for 
example at E,—17 Mev the sensibility of potential increases by a little (Compare 
I, with I,’). 

3. The shape of V.. We have seen that d(y7, p)n requires |V,|>|V,| for the 
°O state. But the angular distribution of d(7, p)m suggests nothing about the sign 
of V,. Nevertheless in the following we shall show that it is not impossible to 
discern the sign of V, of °O which is physically very important. (Notice that it 
can give one more test for the applicability of pion potential.) 

At first we see that because of |V,|>|V.| we get 

P) 0,>0, 6°<0, 6° is small, for V,>0, or Q) 0°<0, 6,°>0, 02 is small, for 
Table 2. Some phase shifts which can fit 18 p—p scattering data given by B—C—J—V") are 
shown (in unit of degree), and the corresponding cross sections of d(7,p)n at Hy=11 Mev are 
indicated. (Here the wave function of J~-O—T—W is used.) In oq the lower limit is used, 


because gq is near the lower limit value at this energy. Also in the last column the e. d. cross 


section for the set, 6,4=0° are shown. o¢q and o, are in unit of 10-*%cm?. 


Set 60° 6,° 6;} 6° eat” Ted oma oT 
we I; 45.0 23.0 —6.0 1.0 2.45 108.91 240 111.68 
IT, Mt —21.0 7.5 1.5 5.01 119.16 at 121.93 
WE 50.5 3.0 —4.3 1.4 1.15 111.10 2.19 113.29 
Dilie i —4.8 3.6 19 1.83 118.06 Zag 120.25 
IEE 0 0 0 1.25 113.46 


TT 


Table 3. Some phase shifts which can fit 30 Mev p—p scattering data given by C—V—J") are 
shown (in degree), and the corresponding e. d. cross sections of d(y, p)n at Ey=17 Mev are 
indicated. (The wave function of J-O—T—W is used.) Also in the last column the case for 
6,¢=0° is shown. (in unit of 107°? cm*.) : 


Set 50° 6,° Oy} 6, Toa? Cea 
1m 4024.5 —4.5 2.0 1.98 65.22 
Ih; PON ILGOS 8.5 2.0 | 253 68.96 
wre 47 14.5 =34i5 2.0 1.33 66.54 
IL/ Boi 1000 6.0 2.0 | 1.62 68.82 
Li’ 0 0 0 1.03 66.75 


oe EE 
V,<0, when the energy is not high. Now from the formulas (9), w= frat 
Ly Wa) Uy ar, and (7), Te (ee +3hr+5le), we sa easily see that, 1) Ii) gives 
small contribution to o,, because Ij) is very small (owing to the factor Xo), and 
further its weight to o,, is also small, 2) the contribution of 11, to ;o,2 is NO}; so 
different by the different sets of phase shifts, because 0,° is small, 3) the contribu- 
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tion of J,, is very important, because J,, is the largest one, and also it may be 
much different by the choice of phase shifts. Therefore it suggests that the magni- 
tude of o,, might be determined by the property of 9,', although not of 0,° and d/. 
Next because at lower energies, O..> ma, We conjecture that the magnitude of op 
might be decided by 0,' at lower energies. 

However, the above conjecture would be right, only if J,, changes much by 
the variation of 0,1. Now at what energies would such requirements be satisfied ? 
We can show that the requirements may be satisfied only at 7 Mev< £,<15 Mev, 
especially at 10 Mev<E,<12Mey. The reasons are as follows. 1) At £,<7 
Mev, 0,’ are yet small. 2) At E,<15 Mev, the P wave is situated at larger 
distances (P wave is very small at smaller distances.), and owing to it the displace- 
ment of P wave influences J,; very sensitively. (The overlap of Uy, with r(U,+ 
1; Wa) changes much by the shift of P wave.) 3) However, at E,>15 Mev, P 
wave goes in, and then the overlap of P wave with r(U,+.2,; wz) becomes very 
complicated, and J,, is already not sensitive to the variation of 0,'. These are the 
reasons why 0,’ is effective to decide the magnitude of o7 only at 7 Mev< E,< 15 
Mev. The situation may be seen from the actual computation. In Table 2 and 
Table 3 we see that, at E,~11 Mev o,; is somewhat different between the sets P and 
Q*, but at E,—17 Mev oz is not so different between the sets P and Q. (Notice 
that o,, of the dashed sets are too small, and they cannot account for the angular 
distribution of d(7, p)n.) 

In conclusion we may say as follows. There exists some difference between 
o, of the sets P and Q (o, of Q is larger than that of P) owing to the different 
values of 0,', or owing to the sign of V, at 7Mev<E,<15 Mev. The effect is 
remarkable especially at 10 Mev< E,<12Mev. (o> is differed by about 10% bet- 
ween P and Q*.) Therefore it is not impossible to know the sign of V, from 
the measurement of o, of d(y, ~)n at such energies. (The error of o7 must be 
within about 10% to discern the sign of V,.) 


II. When the energy is higher 


1. On the strength of V, Now we turn to the case in which the energy is 
high. It is interesting to see what properties of tensor force of ?O would be in- 
dicated at higher energies. Here we have shown the calculation at E,~87 Mev 
using the phase shifts of 170 Mev p-p scattering.” In Table 4 are written these 
phase shifts which are got on the assumption that only 'S, and *P waves are 
effective and the corresponding e. d. cross sections are given. In the computation 
we have used the previous method including only the first term of j, (2, r).** 
Needless to say that there exist many rough points in such calculation.** However 


> 


* For the analysis at Ey=11 Mev see reference 18. Notice its argument on the D-state pro- 
bability. , we 


** The discussion of d(y, p)n at such energy is done in § 6. Also see Appendix B. 
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we only wish to see the order of magnitude and to reveal the main property of *O.* 


From Table 4 we may easily see that 1) stronger tensor force enhances c,,'? 


ed 
also at high energies, 2) and further that the potential corresponding to the sets 
A seems to be more favourable to increase aun + 
2... On the. shape of V,. .From Table 4 we also see that, roughly speaking, the 
potential V,>0 gives larger o,/? and larger o,, than the potential V,<0 gives. This 
is contrary to the situation at lower energies. (See the calculation of I. 3.) Tables 


5 and 6 indicate how the contribution of V, to o,,;? changes with the energy. 


Table 4. Some sets of phase shifts (in degree) fitted to 170 Mev p-—p scattering data’), and 


the corresponding e. d. cross sections at E;~87 Mev are shown. (Here the wave function of 


I—O—T-—W is used.) Also in the last column the e. d. cross sections for the set 6,¢=0° 
shown (in unit of 10-29 cm?2). 


are 


E | 0 0 0 0.36 4.23 


Table 5. Two groups of phase shifts which can account for p—p scattering data!) are shown 
(to compute o-q?”). E denotes proton energy in laboratory system (in degree). 


Say. al E 


i igs ee 18Mev 30Mev 75Mev 170Mev 
, a ee 
350 | 52.0 47.0 41.0 19 
8,9 6.5 11.0 19.5 22 
@ 3) | =3.5 —5.0 ~10.5 Arai 
33 2.0 4.0 6.5 10 
50° ie 5e0 47.0 AVA) oot 19 
6,9 45 ~7.5 —15.0 9 
B ey Rants 8.5 145 24 
3, 1.0 1.5 2.0 87 


Table 6. o,-g*? at corresponding energies of Table 5 are shown. (in unit of 103579 em’). In the 
computation the wave function of I—-O—T-—W is used, and only the first term of j,(Ayr) is 


included. 


E,. (Mev) Ae, : 17.2 abt®) jn shi : . 87.2 


a 


Bi1, 


* -The discussion of d(y, p)n at such energy is done in 26. Also see Appendix B. 
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It is important to note that o,, is differ- 
ed by about 1/4 between these two 
cases. (Compare A,, and Cy with By 
and D,,.) In spite of that the difference 
of o,, by the shape of potential is large 
at E,=87 Mey, here we avoid to say 
further about what properties of V; 
would be revealed from the experiments 
at such energy, because the contribu- 
tion of M* at such energy is unknown 
and our approximation used is very 


rough. 


Fig. 6. The static 3O potentials given by 
B—W’* and F—S—T™ are shown. In the 
figure c represents central potential, and ¢ 


Ill. The °O potential 


Next we turn to the discussion of 
°O. potential of pion theory, and _ its 


represents tensor potential. 


applicability for d(7, p)n. 
1. At lower energies. The one pion exchange potential of °O is 
g 4 a 
yout Lm 14 Sio{l eee = Tee (10) 
from which we can see that the tensor force is much stronger than the central one” 
(See Fig. 6.) Also it is known that the potential in ;>1/K is mainly due to V™. 
(See Fig. 6.) 

Now we discuss its applicability to d(7, p)n. We have shown that the phase 
shifts of °O are already not small, and are well separated one another at F,~11 
Mev and 17 Mev, which indicates that V, of *O is much stronger than V, at these 
energies. At these energies the wave number of nucleon (&) are 0.665 K and 
0.854 K respectively. From the relation between k and potential we know that the 
partial wave with the angular momentum 7 is hardly affected by the potential at 


rSV1+1)/K. Therefore at E,~11Mev and 17 Mev the behavior of P wave 
is mainly affected by the potential at r21.2/K and r20.9/K respectively, which 
is the one pion exchange potential. Thus we may state that the *O potential of 
pion theory is very favourable to d(7, p)n, because its large V, of V® would 
make 0,’ large, and separated much, which would give large o,,'?. 

For the sign of V, of °O, we have stated that it would not be impossible to 


discern it by the measurement of o, at E,~10 Mev. However at present it may 
be yet difficult. 


2. At higher energies. From the calculation of II we see that stronger tensor 


force is also favourable for d(7, p)m even at higher energies, and that the potential 
corresponding to A is more favourable than other three. (Also refer to the discus- 
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sion of §6.) From Fig. 6 it seems that such properties of V, are not inconsistent 
with the properties of pion potential. However, detailed discussion concerning this 
point cannot be done here by the following two reasons. 1) In the potential at 
r<1/K many effects which are not yet well known contribute.” 2) There are 
many rough points in our calculation. 


‘$5. Properties of *E indicated by E. D. and M. D. 


Continuing the discussion of the properties of ‘E and *O, the properties of °E 

indicated by d(7, p)m will be elucidated here. 

I. On the D-state of the deuteron 
1. The D-state probability. We can easily see that the larger the D-state probability 
is, the larger o,/”? is. For o,;? is owing to the relative differences of 0,? to 0,° 
and 0,' on one hand, and to the relative differences of J, to Ij and J, on the 
other hand as may be seen from (8), and the relative differences of [,, to Jj) and 
I,, are increased by the larger D-state probability. 

To show the situation clear, we have adopted the two groups of phase shifts 
of Table 5 to the computation of o,;?. (They are connected smoothly for the varia- 
tion of energy, and can account for p-p scattering of 18, 30 and 75 Mev.””) In 
the computation we have used two sorts of wave functions of the deuteron, one 
is the wave function of J—-O—T—W (fi(2)) whose D-state probability is 6.4%, 
the other is that of F-S(f,(FS)) whose D-state probability is 2.5%. 

From Table 7 we see immediately that larger D-state probability is favourable 

to increase o,/? as is expected. The important point is that the influence of the 
D-state becomes more evident, as the energy is higher. 
2. The shape of D wave. We have seen that large D-state probability enhances 
o,;?. On one hand we have known from (2) and (4) that to increase Oma» Loo= 
{U, w, dr should be smaller, which indicates that large D-state probability may be 
unfavourable to Om”. In other words we have the trouble that larger D-state 
probability can increase o,/”, but may reduce Cina 

However, for the pion potential the situation does not seem to be so. We 
shall show that W, of the pion potential (in other words the pion potential of *£) 
can well avoid such difficulty, and is favourable to enhance both o,/” and o,,,?. 
In Fig. 7 it is shown how wz Bin. S Coe (FS)) tand ty etn OTe ie (aly 
(z)) interact with P wave and D wave at 30 Mev nucleon-nucleon scattering. As 
easily seen from Fig. 7, wu(7) is much larger than w,(F'S) at r<2.0/K. However, 
at r>2.5/K both are nearly equal, or rather w,(7) becomes a little less than we 
(FS). Because 'D, wave is an outer quantity we may presume that Tun=\O5 We 
‘dr is not so different between w,(7) and w,(FS), although the D-state probability 
of the former (6.4%) is much larger than that of the latter (2.5%). The actual 
calculation gives I),=0.1643K~°*” for w.(7), and 0.1713 K~*” for wa(FS) at By= 
17.2 Mev (at the energy indicated in Fig. 7), which indicates that los by w.(7) 


is not larger than J,, by wa(*S) at this energy. 
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On the other hand P. wave overlaps with w, much more (as shown in Rag. 
7), from which we may presume that w,(7) would give larger Tea” than wa(F S) 
gives, which is really verified in 1. We may state that, Wa (7) gives larger ea 
owing to its larger D-state probability, but it does not reduce Omi? much, although 
larger D-state probability seems to be unfavourable to om, ”. 

When the energy becomes high, 'D, wave enters in, and there may be thought 
w,(=) would make o,,,” reduced largely owing to its large D-state probability. 
But the situation is not so, for the higher order terms of j,(&;7) become effective 


Wa (z) 
<= w,(FS) 


SSD Ie wave 


~-=--=< D wave 


1 2 3 —» r(1/K) 
Fig. 7. P wave and D wave at 30 Mev nucleon-nucleon scattering 
are plotted together with w,(z) and w,(FS) to indicate their 
overlaps. The overlap of P wave with wy gives o.q?”?, and the 
overlap of D wave with wa reduces o,,q??. 


Table 7. oeqt? at corresponding energies of Table 5 are shown. o2q?” (xz) denotes oq?” given 
by fa (x), and oeg’? (FS) denotes ogq*”? given by fg (FS). They are in unit of 10-*9 cm’. 


7 


E, (Mev) 142 17.2 39.7 
Cea ts (qT) \ al 1.16 1.36 1.43 

a | i 
Feat? (FS) 1.02 1.02 0.73 
8 Cieal?. (Ge) || AAT, 2.04 1.06 
Feat? (FS) 2.08 Hes) 0.62 


at high energies, and if "D, wave went in, its influence would be largely reduced 
by the higher order terms of j,(k,7). (Refer to the discussion of § 3.) 
Il. The *E potential 
Now we discuss the properties of *E of pion potential from the view-point 
more general than what has just now been discussed. 


At first, note that the deuteron data is mainly determined by the potential at 
r>1/K.° The one pion exchange potential of °F is”® 


2 
om apn ap i Su(1 ibaa tees fet/xr (11) 
which gives the main contribution at r>1/K. The property of this potential is that 
V, is much larger than V, as in °*O. Further, V, is very small at 7 >2.5/K, and 
V, becomes rapidly deeper at r<2/K owing to the factor 1 +3/Kr+3/(Kr)? which 
is absent in the phenomenological potentials. Owing to such characters of VE by ckhd 
and w, become much concentrated at.0.5/K<r<2/K. Such w, would give larger 
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D-state probability, and makes 72° larger, on the other hand such W, can avoid 


to reduce o,,;? much, although there is a fear that Wy might reduce Fmd 
as we have discussed above. 


Besides, U, in this case tend to increase ous 


” largely, 


at lower energies, for U, which 
is much concentrated near r~1/K makes the overlap of U, with U, larger, and 


therefore makes o%?, and o,,, larger. (Refer to § 3.) From Table 8 we may see 
the situation. Namely U, (7) also tends to enhance m. d. cross sections at lower 
energies, where effects to increase o,, are only a few. (But such an effect is not 
so remarkable as the effects of 4S, wave and *P wave.) 


Therefore it seems that *E of pion potential is also favourable to d(7, p)n. 


Table 8. The lower limits (See §3) of Tmaq at Ey —~11 Mev and 17 Mev are shown (in unit of 
10-*9 cm?). Here the D-state is not included, and D, is taken as 0.4/K. (Refer to § 3) We see 
that Ug (x) enhances oma Somewhat. Notice that o,,7 is near the lower limit at E,y=11 Mev, but 
¢ma is much larger than the lower limit value at Ey 17 Mev. 


PLL 840 | vi 904 
aes, 45° 50.5° 54° Raw 30° 40° 47° 
26 — 
Cm) 2.70 2.12 1.75 ez alayet | iere2 1.16 0.71 
Oma (FS) 2.26 1.71 1.38 Oma (FS) | 1.72 0.85 0.60 


§ 6. Discussion 


I. dy, p)n at lower energies. 


From the calculation at E,~11, 17 and 22 Mev, we may summarize the situa- 
tion at lower energies as follows. 

There is no difficulty in accounting for the total cross section and the sin? 
cos? term in the angular distribution. To account for the isotropic part the 
following properties of nuclear forces are to be remarked. 1) To increase ores 
0). should be smaller. 2) To enhance o,/”, V, must be strong. 3) When these 
two effects are added it would not be impossible to explain the isotropic part. 
Comparing with p-p scattering at lower energies in which only 'S, wave and *P 
wave are important we may say that, to account for both p-p scattering and d(7, 
p)n consistently, the above two properties of nulear forces are required. 4) F urther 
it is remarked that the shape of f, influences above H,=several Mev. 5) Besides 
62 should be very small at lower energies, for 0,’ reduces ¢,,,;?. 


IL. d(7, p)n at higher energies. 

Now let us see the situation at. E,~90 Mev. At such energies Om” without 
including M* is estimated to be 10-”cm* at most, which may be obtained if the 
hard core radius of 'E is. taken to be~0.4/K. (See the calculation in § 3. IL) 

For c,/? the situation is as follows. Neglecting the contribution from F wave 
and the terms above the second order of j,(&,7), we can get (1~1.3) X10-” cm? 
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of o,,” at the energy in the case when V, is strong. (See § 4. II.) The second 
order term of j,(k,r) makes e. d. cross sections increase by about 30%, and the 
terms higher than the second one influence very little at this energy. (See Fig. 1.) 
Therefore if we include the higher order terms of j,(k,7), o.4” would be increas- 
ed to (1.3~1.8) X10-*cm*® when V, of °O is strong. Hence we see that, if *£ 
potential has large hard core and V, of *O is strong, we might be able to get 
about a half of the isotropic part ((2~2.5) X10-" cm?) at H,~90Mev in the 
approximation neglecting the contribution from F wave and M”%. 

The contribution of F wave at this energy is very difficult to estimate because 
the formulas of e. d. including F wave is very complicated. (See (2) and (3) of 
reference 20).) However, the formulas (2) indicates that F wave would act to 
increase o,;?2° Therefore we may conclude that without including M* we would 
be able to get more than half of the isotropic part at E,~90 Mev in the case 
when D,™0.4/K and V, of °O is strong. 

The important problem left is to see how much part of o;, can be got without 
including M™* at the energy which requires very complicated computation. 


§ 7. Conclusion 


We have elucidated the natures of d(7, p)m, and shown many properties of 
nuclear forces indicated by d(7, p)”, and further discussed the applicability of pion 
potential. In the following we summarize many conclusions in several parts. 


I. On the singlet even state. 


Firstly, the smaller 0,° is required, because the smaller 0,° increase ™. d. cross 
sections at all energies.' Secondly 0,’ should be small at lower energies, for the inter- 
ference of 'D, wave with 'S, wave acts so as to reduce the isotropic part when the 
energy is not high. 

The above property of 0,° means the existence of hard core at short distances, 
and the smallness of 0,’ at lower energies means that the outer part of 'E potential 
(r>1/K) is very shallow. 


The above properties of 'E are in agreement with the properties required from 
p-p scattering. 


II. On the triplet odd state. 


The three phase shifts of *P would not be small and would be separated from 
one another from rather lower energies up to higher energies to enhance o,,/?, which 
indicates that the tensor force of *O would be strong in 0.5/K < r<2/K. 

At lower energies e. d. cross sections are not very sensitive to the variation 
of V,, and at higher energies the dependence of e. d. on the shape of *O potential 
is very sensitive (besides the dependence on the strength of V,.). 

Also it would be possible to discern the sign of V,, if we can measure the 
total cross section of d(y, p)m within about 10% error at E~10 Mev. 


q 
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III. On the triplet even state. 


At low energies the influence of the wave function of deuteron is little. When 
the energy rises somewhat, the D-state probability and the shape of the wave func- 
tion becomes important. The experiments indicate that o,/” would be large. Ge- 
nerally speaking, large D-state probability is favourable to give large o,/”. The 
influence becomes more remarkable as the energy becomes higher. 


IV. On the natures of d(y, p)n. 


1) On the Nuclear Potentials. The large isotropic cross section must be account- 
ed for by Om2?+o.2”. To get large o,,,”, 0) and 0,’ should be smaller. To get 
large o,,;”, firstly the phase shifts of *P should be larger and separated from one 
another, or in other words the tensor force of *O must be strong. Besides, large 
D-state probability of the deuteron is favourable to enhance o,;”. Furthermore, the 
detailed form of the wave function of the deuteron, in other words the form of *E 
potential influences. 

2) On the Behavior of j,(A,r). mz and o,, are due to the j,(k,7r) part of 
the incident 7 ray. At E,<50Mev only the first term of 7,(A,7) is effective. 
But at E,>50 Mev the contribution of the higher order terms of j,(; r) becomes 
important as the energy rises. The higher order terms of j,(k, 7) enhance the 
magnitude of o,,, and o,, at high energies (at E,>50 Mev). 

3) Comparison with Experiment. At lower energies (below ~20 Mev) it would 
not be impossible to account for the isotropic part, and near E,~100 Mev we 
would be able to account for more than a half of the isotropic part without including 
the contribution from virtual pions, in the case in which 'E potential has large 
hard core (with D,~0.4/K) and V, of °O is strong. 

V. The relation with p-p scattering. 

To accout for both p-p scattering and d(7, p)n without inconsistency, 0,° should 
be smaller, and the phase shifts of °P should be larger. Furthermore their indica- 
tions on the shape of 'F potential agree. 

VI. The applicability of pion potential. 

1) On'£. The pion potential of ‘E is supported in the following two poimts. 
It gives smaller 0,°, which is favourable to account for the large isotropic parts in 
p-p scattering and d(7, p)n. Its outer part (r>1/K) is very shallow, therefore 
it gives small 0, at energies not high. This is also favourable for both p-p scat- 
tering and d(y, p)n, because 0;* reduce the isotropic parts of both. 

2) On °O. The strong tensor force of pion potential gives large o,;”, and is 
favourable for d(7, p)7. 

3) OnE. The strong tensor force of pion potential gives large D-state proba- 
bility to the deuteron, which is also favourable for d(y, p)n. Its shape of potential 
is favourable to give large Omi? and o.,”. 
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Appendix A. On ¢o,, 


At first we consider the case in which the the tensor forces and the higher order 
terms of 7,(k, 7) are neglected. In such a case, © 


es ie e _ ME, (= Neh I 
ve 940 fic. 7 » ; 


where 
1,=4 TPE AY. 
Because U, is an outer quantity, we may take it as 


U,=r [cos 05 j.(k r) —sin 0, n,(k 7) | 


awe) 3 5 1 - : =rrh \ a 
except at very high energies. Then if we take U, in the form, Ae~**—Be~* 
whicn is usually used, we get 


1 1 
I,=8AR? a —_— | 
i a Da (2+ p2)8 (R+1)3 
ts Bas (3p + 10k 2+15k) _ v(Bxt-+ 10K? +1544) | 
E nead (R+ pe)? (B+ v)* 
from which we can prove that wnat value of 0, we may take o,, is always much 


smaller than the experimental o, at all energies. Therefore its contribution to o> 
is negligible. : 


If we include tne D-state of tne deuteron, of course the magnitude of o,, cannot 
be effectively changed. Because o,, is always small for any 0,, it means that the 
tensor force in the final state does not change o,, considerably. The contribution 
of the higner order terms of j.(k,; 7) which are not taken in here is not effective 
to vary tne order of o,,, because such contribution is smaller than the contribution 
of the higner order terms of j,(k,; r) to o,, which is shown in Fig. 1: Further- 
more, if U, is much different from the approximate form shown above, the magni- 
tude of o,, would of course not be considerably changed. Therefore o,, hardly 
contributes to o7. It contributes to the angular distribution only. ; ; 

Similarly we can prove that o,,, is much smaller than o,7 at various energies. 


Appendix B. On the Approximation of E. D. at E,=87 Mey. 


We need to examine if our calculation at E,~87 Mev is reliable, because we 
have used a rougn approximation in § 4. 


In the following we examine the error 
when U,,; is put as 


r| i(k r)cos 0,'—n,(kr)sin a| . (B1) 


in the integration 
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I= |rU U4 2 Waar. (B2) 


Notice that the method of proof used in Appendix of reference 3) is not appli- 
cable for our case now because P wave enters inward at H,~87 Mev. 

At first, note that although U,; tends to co as r approaches 0, the integrand 
of (B2) tends to 0 as r approaches D,, for U,,>1/r, U,>0, and wz 30, when 
r—>D,, where D, is the hard core radius of f,(7). (In the actual computation we 
have integrated from r=D,=0.2/K to r=oco, because the hard core radius of f,(7) 
is G.2/R) 

At r>2/K U,; is nearly equal to (B1), and at 2/K>r>1/K, U;; is not so 
deviated from (B1), for at r=2/K V,<1 Mev, and at r=1/K V,<10 Mev in Fig. 
6. (The potential at >< 1/K is much deeper than that at r>1/K.) The important 
region is r<1/K in where U,; is much different from (B1). 

Let us denote the contribution from r<1/K to JI; by J’. When 0,'=0 (i. e. 
when there exists no force) U,; is exactly equal to (Bl), ie. Us=r j,(kr). 
We put J,,/=1 (in unit of k-*”) for this case. Next we discuss the cases when 
0,,>0 and 0,'<0. 

1) When 0,'>0. 
When 0,'=20°, we get [,,/=1.5. 
When. 0,,=40°, we get J,,/—2.0. 
From these we see, J,;’ is somewhat larger than it would be, but the error would 


not be very large at least for 0,‘ 20°, for J,’ increases as 0,' increases. (We may 


~ 


see the situation by plotting the shift of P wave.) 

2) When 4,'<0. 
When 0,;=—20°, we get [,,/~0.3. 
When 0,'=—40°, we get I,,/~—0.4. 


It is natural that J,,/ decreases as 0,;’ becomes smaller, but I; would be larger 
than 0. (It may be nearly zero for 0,/~—40°.) | Therefore our I; is somewhat 
smaller than it should be when 4,‘<0. But we get |J,:/I,’/|~10, when —40°<0;' 
<—20°, which indicates that J,,/ is very small compared with J,; in these cases. 

Therefore we see that our approximation used in § 4, iI is not very bad and 
unreliable. Especially, note that almost 0,° satisfy |0,"|<20° in Table 4. 
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Q-Value Dependence of Decay 
Probability 


K. Fujii and K. Iwata 


Department of Physics, 
Hokkaido University, Sapporo 


October 5, 1958 


We have discovered new strata of laws 
or structure of matter one after another 
as the available energy increases. It 
seems to us to suggest that nature is 
considered to have a stratified structure 
in length or energy. For the present, 
phenomena occurring in a smaller special 
domain (< 10-"cm) are beyond the scope 
of our research. In order to investigate 
the affairs in this small world, the use 
of extremely high energy phenomena 
or weak interactions are probably effec- 
tive. The validity to use the latter for 
such a study is not established. But it 
is expected that the character of the 
small domain appears through weak 
interactions in view of its characteristic 
interaction constant, i.e., 10~-°~10-” cm 
(in unit of h=c=1).” Moreover, it 
seems to us that some novel fact may 
be hidden in the data in our hands. 
Here we offer one possibility of existence 
of a hidden rule by examining all decay 


processes. 


Now, decay processes are restricted 


by some selection rules partly effective. 
The empirical law given here has not 
fragmentary but general applicability, 
since it is concerned with the mass which 
is the quantity inherent to all particles. 

We begin with some examples; 7—> 
e+v (which seems to be restrained by 
derivative coupling) occurs too less com- 
pared with 7>y+», and 2>A+7 occurs 
but Z>7(+2 (which is forbidden by 
the strangeness rule) does not. These 
facts allow us to presume that the decay 
probability of a particle (into two 
decay products) is a decreasing func- 
tion of Q-value. 

We can find that this prophecy is true 
even in the two body decays of A, 3} 
and K®, for example, P(A>p+77 +37 
Mev) /P (A>n+ 7° +41 Mev~2 and 
P(K°>2* +72- +214 Mev) /P (K°> 27° 
+223 Mev) <2. Therefore, even a 
slight difference of Q-value seems to have 
an effect on the branching ratio of two 
body decays occurring from a common 
parent.* (Details are shown in ref. 3).) 

Comparing two and three body decay 
processes, one must be concerned with 


* The apparent disadvantage of K* to K® ratio 
(P(K*) /P(K°) =1/300) is explained by the du- 
plicity of K®-lifetime pointed out by Lee, Oehme 
and Yang‘). Our prophecy may be applied to 
the decay processes such as 7°27 and K-27; 
SY A+7 and $)°’>n+7 but may not explain 
the ratio of st H/( +z and A> 7 +r. 
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the phase volume of each channel, as 
the probability is proportional to the 
product of absolute square of transition 
matrix element and final density (1/7 
~|M|?-pr). Having many decay 
branches of two or three decay products, 
K* is especially convenient to exhibit 
our prediction. The dependency of ||? 
on Q-value is approximately expressed as 


|M(K*) /’vexp((—Q+6)/a), 


where a~36~38 Mey,* 6~950~1000 
Mev (=2mx~m > and is illustrated 


1G== 


TAN \ 
IM)? | |. \ omttattn- 8%) 


10-" 


107“ 


10-* 


107" 


10°" 


10-4 


100 200 
Fig. 1. The experimentally deduced |M|’s are 
plotted as a function of Q. Masses and lifetimes 
are quoted from the report of Seventh Rochester 
Cnoference on High Energy Physics. In the 
course of calculation, the constant ro having 
the dimension of length is necessary, which is 
taken to be r>=h/m,c=1.4X10-l3cm. 
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in Fig. 1 with experimentally deduced 
values.2 From Fig. 1, K*—e*+v 1s 
expected to occur with the ratio of 
1/100~1/1000 to Ktoptty. Ky 
and K,; exceptionally have no sensitive 
Q-value dependence in spite of the large 
O-value difference (~105 Mev). We 
have no answer to it. 

To calculate the branching ratio of 
decaying particles, so-called |4/|=1/2 
law has been used but its validity is 
not yet established.®) In applying this 
law, the mass difference between charge 
multiplets is neglected or treated at most 
as a small correction. While, in our 
discussion, this difference must be taken 
serious. We dare to say that isospin 
itself is generally not important in decay 
processes.” But our view-point does 
not necessarily contradict with that of 
Pais and Treiman.*** 

Whether or not the character inherent 
in the small domain (<10-“cm) is 
extracted by our law even partly is a 
point to be much discussed. For ex- 
ample, it seems to be necessary to 
estimate the effects of strong interactions 
participating decay processes. | 

The authors would like to express 
their sincere thanks to the members of 
the Laboratory of Elementary Particle 
Studies, Hokkaido University, especially 
to Profs. Y. Ono and H. Tanaka, for 


* The value of “a” (=m,./4) does not seem to 
be accidental from the point of view of Nambu’s 
law.) 

** Pais and Treiman pointed out that |AI| =1/2 
law is applicable only for the decay processes 
with small Q-values and that in future dynamics. 
the transformation property of coupling con- 
stant in isospin space must contain energy- 
momentum-dependent parameters. 
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A Possible Symmetry in Sakata’s 
Composite Model 


S. Ogawa 


Department of Physics, Hiroshima 
University, Hiroshima 


September 25, 1958 


In Sakata’s model’ of strongly inter- 
- acting particles, it is assumed that the 
proton, P, neutron, N, and A-particle, 
A, are the basic particles which are 
able to combine in various manner to 


compose mesons and other baryons. 
We want in this note to emphasize a 
certain equality which exists among these 
three particles, P, N and A, while the 
usual feeling has been inclined to dis- 
tinguish the A-particle from the other 
two particles because of /’s carrying 
strangeness. 

Sakata’s theory indicates that the con- 
servation of strangeness quantum number 
s can be represented by the conserva- 
tion of the number of A, and the con- 
servation of charge q is that of proton’s 
number. In the strong interactions, s 
and q as well as the baryon’s number 
are all conserved, resulting the conser- 
Thus in 
Sakata’s theory the strong interactions 
is characterized by the following selec- 
tion rule, 


vation of neutron’s number. 


Any 4np=Any=0: (A) 


According to the expression (A) and 
from what we know about the nature 
of these particles, we are tempted to 
regard each of the three particles as 
In fact, 
when the mass difference and the electro- 
magnetic interaction were neglected, we 


standing on an equal footing. 


could not expect any difference among 
three particles, Then we can reasonably 
expect that a certain symmetry will also 
be realized in their mutual interactions. 
This view is maintained by the fact 
that a kind of symmetry exists in the 
weak y-mesons, 
electrons and neutrinos in spite of the 
large splitting of their masses. The 
symmetry of interaction once noted under 
the name of universality? has turned 


interactions among 


out to be more and more convincing in 
the magnitude of coupling constant and 
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in the coupling type. 
Now, we have the well-known 7- 
nucleon interaction, 


G(1)7(1) $1) dQ) ; vy =(y) 
da) = (z", n° Ts (1) 


which is derived from the contact (strong 
Fermi-) interactions between protons 
and neutrons. According to the above 
reasoning of the symmetry, we should 
expect the following interaction 


f (2) t(2)6(2)6(2) ; (2) ae 


ba = (M, M®, M), (2) 


which comes from the same interaction 
between the neutron and 4-particle, and 
similarly we get 


B(3) 7 (3)9(3)4(3) 5 $08) =(p, 


(OTN EDAP (3) 


obtained from the set of /-particle and 
proton. (Notice that the vector notation 
of t and @ is only for convenience of 
description and that the neutral particles 
nm, L® and M® are not necessarily in- 
dependent of each other.) We should 
point out here that in the limiting case 
of equal mass of the particle, any one 
of these expressions (1), (2) and (3) 
cannot get precedence over the others, 
because the particles concerned have a 
complete equivalence. Of course, we may 
actually have a deviation from the full 
symmetry due to the existing. mass 
difference. 

In our theory the usual character of 
charge independence of the interaction 
is expressed as the invariance of the 
whole scheme (1), (2) and (3) under 


the unimodular transformation between 
protons and neutrons. Our scheme is 
not always charge independent within 
the frame work only of the equivalence 
of A, P and N. If necessary, however, 
we may consistently bring the condition 
of charge independence into our frame. 
For instance, the following interaction 
may serve the purpose, 
Goi {2 V.N;N,N, + 2N,N,N,N, 


= 2N,N,N,N; 3 (N,N;) ; 
+f (NN)? +2(N,N,) (NjN,) ] 
(ijk) = (123) cyclic, (B) 


where N,( 7=1, 2,3) mean P, N and A, 
respectively. The Dirac matrix is omit- 
ed. € is any real parameter. 

Our scheme does not largely deviate 
from the usual one. Composite particles 
M and L correspond to the K-meson 


in the Nakano-Nishijima scheme” as 
(LM) =(K*K°), 


besides which we anticipate the existence 
of neutral particle states M° and L’ 
which belong to the strangeness quantum 
number s=0 and when our scheme of 
the interaction is charge independent 
and z° is taken as a basis of the re- 
presentation, M° and L° may not be 
pure particle but may be combined so 
as to form the charge singlet state in 
iso-space. Unfortunately, the more de- 
tailed nature of this particle is hardly 
informed, because of the mass difference 
between the A and nucleon and of the 
difficulty in solving the composite system 
practically. The existence of charge 
singlet z-meson has already been sug- 
gested” and our proposal is not new. 
But the way of our reasoning should 
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be emphasized. 

In conclusion we should like to elucidate 
our view-point a little further. We take 
the view that there exists a certain origin 
of the mass of the particle which can 
never be reduced to the self-action of 
the usual interactions. The mass differ- 
ence between the 4 and nucleon should 
be studied from this side of the problem 
and the mass splitting in lepton particles 
will need similar consideration. Another 
point is concerned with the charge in- 
dependent character of the interaction. 
From our standpoint the symmetry (or 
equality) of the interaction among the 
three basic particles is of primary im- 
portance and charge independence has 
rather a secondary meaning. When 
charge independence of strong interaction 
is finally established, it will be necessary 
to seek for the reason why such com- 
bination of the interaction as (B), for 
instance, is preferred in nature”. 

The author takes pleasure in express- 
ing his thanks to the collegues of Sakuma 
laboratory for their helpful discussions. 
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problem of charge indepence. 


Natures of Nuclear Forces Indicated 
by the Photodisintegration 
of the Deuteron, IV 


S. H. Hsieh 


Physical Institute, 
Nagoya University, Nagoya 


October 11, 1958 


It is shown that there appear large 
differences in the computation of d(7, p)n 
process at H,~90 Mev by the different 
natures of phase shifts which can account 
for 170 Mev. p-p scattering data.” 

In Table 1 four sets of phase shifts 
which are fitted to 170 Mev p-p scat- 
tering data (without 
polarization data) are shown”, and the 
calculated results on the photodisintegra- 
tion of the deuteron at E,=87 Mev by 
these phase shifts are given.” 

At our energy m.d.* is very small if 
we assume 0,’=19°,” also the contribu- 


including the 


tion,.of mq. and e.g. to ,* and so; 
are quite small.” Therefore we have 
only calculated e.d. The method of the 
computation of ed. is same with that 
used in the previous letter.” 

In Table I we have shown the case 
in which only the first term of 7,(4,7) 
is adopted in the computation. Because 
the higher order terms of 7,(&;7) would 
make o,, increase by about 20% at our 
energy,” we should multiply 1.2 to o;, 
and o, of Table 1 in the comparison 
with experiment. 

The experiments give” 


* Symbols used here are same with those used 
in the previous papers. (See reference 5.) 
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ayes (dS. K107 cor’, 
Gp =I ~9) X10 cm? 


at our energy. 

We see that class A can well account 
for the data, but it is not for class 
B. Class B gives below one half of 
Cr Of Class ZX. 

Because it seems that the effect of the 
virtual pions is yet unimportant at our 
energy,” only class A would remain to 
be favourable. Particularly, the set A 
is most favourable in the sense that it 
account for both polarization data and 
d(7, pyn in the approximation assumed.” 
It is important to. note that the phase 
shifts of class A is not much different 
from that to be expected. from pion 
potential. More detailed analysis and 
illustration will be published in due time. 
Table 1. Phase shifts of 170 Mev p-p scattering 
(in degree) ) and the corresponding cross cections 
(in unit of 10-2" cm*), when we put j,(&yr)—> 
kyr/3, are shown. The higher order terms of 
ji (krr) increase the cross sections by about 20%. 


60° 0,9 (ie 0, oT OF 


a itd 2 OT Ob lO ote 6.09 od 85 
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A Note on the Theories of Metals 
and of Pressure Ionization 


S. K. Trikha 


Department of Physics, 
Delhi University, Delhi, India 


October 25, 1958 


Consider an assembly of systems at 
a very high pressure and at a low 
temperature. At very high pressures, 
the atoms. will come into violent colli- 
sions with each other, and as a result, 
their valency electrons will either switch 
on to higher quantum orbits, or will be 
altogether knocked off. Vice-versa, when 
an ionized atom and an electron come 
together, the ion may capture the elctron 
and become a normal or an excited atom. 
Taking an element MM, we may indicate 
the process of ionization and capture of 
an electron by the ion by the typical 
form ~ for reversible reaction. 


Ad lO Vane. 


(Ionization .and 
Recapture) 


where M* denotes the ion and e the 
electron, both considered as gaseous. 
The energy relation is given by 


M2 Meo. (1) 


where w is called the heat of ionization. 
The law of mass action for the as- 
sembly of atoms of the element lM, ions 
M* and electrons e is given by” 
wo 
aa —- ——=Ayt++a,, (2) 


L 


where a,=(p,/kT) and », is the 


id 
chemical potential of the i-th 
Here T is the temperature 


species. 
of the 
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assembly, & the ‘ Boltzmann’s Constant ’ 
and the sub-scripts /, M* and e refer 
to the atom, the ionized atom and the 
electron respectively. 

Since we assume the temperature to 
be low and the pressure to be very high, 
the element M and the ions M* can 
be regarded to be weakly degenerate 
while the electrons e are strongly de- 
generate. Thus equation (2) yields the 
following result 


nf nie: h® | zo) 
Iu (27m ykT ) pe kT 


==] | Nyt h | 
n 
Jar (2% My+k ] , 


kT 

+6 be = ul 3 
kT Sl 9 ” (3) 

where 

h La, 2/3 


2m, 479, 


Here 9,, n* and m, are the weight factor, 
the equilibrium number per unit volume 
and mass of the system of i-th species 
respectively, whereas h is ‘ Planck’s 
Constant ’. 

Assuming that y+ which is 
very true because m,<my and, since 
the temperature is low we thus have 


n( tea nl 48. 


\9 mur 


In the present case the pressure, whicn 
effectively depends only on the free- 
electron concentration in equilibrium 
(the heavy particles, namely the atoms 
M and the ions M*, being non-degener- 
ate make negligible contribution) is given 
’ by the usual expression 


13 


_87 fh’, Le Phe AT 
15 m,\ 479 


Using (5), equation (4) can thus. be 
written as 


In( ges in( 2) 44 
Niy+ tT Iu LT 


where 


pe, (6) 


15\ pe ane 


~\8% \m, 


If at temperature T and pressure p 
the element M is 7 times ionized, we 
have 


ne r -1)= 2 sd In( "4 Le pl, 
Aes kT 

(7) 
Equation @ is the expression for the 
degree of ionization of the metal (or 
the degenerate matter in the interior of 
the white dwarf star) in terms of its 
temperature and pressure. 

In conclusion we may point out: that 
one of the major defects of the ‘Som- 
merfeld’s Theory of Metals’ is overcome 
with the help of equation (7) because 
it gives us the number of free electrons 
per atom in terms of the temperature 
and the pressure of the metal. We 
should no longer assume that the free 
electrons are the valence electrons them- 
selves, unless it is verified to be true 
by using equation (7). Details of this 
work will be published subsequently. 

Moreover, equation (7) is also true 
for the degenerate matter in the interior 
of the white dwarf star. Kothari ‘and 
Majumdar’s” theory of pressure ioniza- 
tion, on the basis of which the degree 
of ionization was found to be independent 
of temperature, thus seems to be doubt- 
ful because the degree of ionization de- 
pends not only on pressure but also on 
the temperature of the degenerate 
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matter according to eqution (7). Details 
of this work will also be published sub- 
sequently. 

My greateful thanks are due to Pro- 
fessor D. S. Kothari for taking interest 
in the above investigations. 


1) S.K. Trikha, “ Research in Physics, Vol.I”, 
(1958), 1. 

2) D. 8S. Kothari and R. C. Majumdar, Nature, 
137 (1936), 157; 
D. S. Kothari and R. C. Majumdar, Proc. 
Nat. Acad. Sci. U. P. (India), 6 (1936), 57; 
D. S. Kothari, Mon. Not. R. Astr. Soc. 96 
(1936), 833; 
D. S. Kothari, Proc. Roy. Soc. 165 (1938), 
486. 


Drift and Hall Mobilities of 
Electrons in Nondegenerate 
Impure n-Semiconductors 


M. S. Sodha* and P. C.. Eastman 


Department of Physics, 
University of British Columbia, 
Vancouver, Canada 


November 10, 1958 


Brooks” and Herring have obtained 
the time of relaxation of carriers due 
to ionized impurity scattering to be given 


by 


THAT (1) 
Si(2) 


* Presently at Armour Research Foundation, 
Propulsion and Fluids Research Department, 
Aerophysics Section, Chicago 16, Illinois. 
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where 
A D2 T2497 1/2 B32 
i 20 Lem@tNpes 2 
1 
=In(1+ 52?) ———_ 
f.(x) =In(1+ bz’) (41/629 
Vip 27Dm (kT )? 
k’gen 


where 
D=dielectric constant of the crystal, 
m=effective mass of the carriers, 
g=the electronic charge, 
k=Boltzmann’s constant, 

= {U/OR1:) a, 

v=carrier velocity 
h=Planck’s constant 


N, and m are number of ions and 
carriers per unit volume 


and 
T’=crystal temperature. 
For nondegenerate semiconductors the 


drift mobility is related to time of 
relaxation T by 


B= (q/m) (Tx*) /<x*) (2) 


where ¢ ) indicates average over the 
whole distribution given by 


N(x) dx=N)x*exp(—2x*)dzx. (3) 


From equations (1), (2), and (3) 
we obtain 
p= AT q | (3 ciexp(== 2) de| 
ml Jo (2) 


| | x%exp(— 2") dl (4) 


The usual practice is to replace f,(x) 
by a constant f,(2,) where x,= (7/2)'” 
makes the rest of integrand viz z’exp- 
(—2)? maximum. 
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Blatt” pointed out that this approxi- 
mation can lead to serious errors and 
carried out exact numerical integrations. 

It has been pointed out by Spitzer 
and Harm® and Sodha and Eastman” 
that electron-electron scattering plays an 
important part in determining drift and 
Hall mobilities of n-type semiconductors 
In this 
communication the authors have studied 
the variation of drift and Hall mobility 
with temperature taking into account 
electron-electron scattering and carrying 


of high impurity concentrations. 


out numerical integrations. 

Sodha and Eastman” have shown that 
when 6>1 (f;(x) =constant) the effect 
of electron-electron scattering can be 
taken into account by _ substituting 
y(x)/ax for x* in equation (1), where 
g(x) =ZD(2x)/A isa function, tabulated 
by Spitzer and Harm”. As a first ap- 
proximation we can assume that this 
also holds, when b is not so large as 
to make /,(x) =constant. Hence, the 
time of relaxation for mean ionic charge 


Z=1 is given by 
Pie WB ba) efyeyei sf8) 
In further discussion we shall confine 
ourselves to the case Z=1, which is 
applicable?» to most semiconductors of 


interest. 


Using equations (2), (3), and (5), 


we get 
p= (8qgAT??/3mz'”) F(b) (6) 


where 


F(@)= \" 


xy (x)exp(=Z') gy 
Si(x) 
When the number of carriers is small 


and the temperature is high has large 
values; f,(x) varies slowing with x 
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and, hence, we may replace f,(x) by 
fo(x,) where x,=1.61 makes tke rest 
of integrand viz 2°¢(a2)exp(—2’) 
maximum. Thus when b>1 


F(b) =1.746/f, (1.61) ~1.746/Inb. 


(7A) 
The Hall mobility, “’, is given by 
tL! = (q/m) -(T*x*?)(T 2"). (8) 
Using equations (3), (5), and (8), 
we obtain 
f= ET OW) (9) 
where 
b(b) =$(b) /F(b) (9A) 
and 
h 2{ P(x) ee 
$(b) = he alee 2 bexn( PENAL, 
(9B) 
When b>1 it can be shown that 
if 
(bie ie 
Ad eae ame 
5.400 


f \ x’g’exp(—x*) (in { f,(x=1.85) }? 


since 2=1.85 makes 2°y°e~” maximum. 


Hence for b>1 
P(b) x3.093/In 6. 


Table 1 gives the variation of F (bd) 
and ¢(b) with b obtained by using 
equations (7) and (9) and performing 
numerical integrations. 


(9C) 


Table 1. Variation of F(b) and ¢(d) with b. 
b F(b) $ (0) 
100 0.385 0.727 
50 0.456 0.862 
10 0.787 NPE, 
5 2, aera 
i 4.14 9.37 


SS ——————ee_eee 


216 Letters to the Editor 


It is seen that. equations (7A) and 
(9C) give an error of less than 1% 
and 8% respectively for b= 100. 

However, Herring’ has pointed out 
that the Brooks Herring theory is only 
a very poor approximation in the case 
of semiconductors of interest. Hence 
one should not expect these calculations 
based on simple band structure to hold 
very well for commonly studied semi- 
conductors like Germanium. 

The authors are grateful to N.R.C., 
Canada, for award of a_ fellowship 
(MSS) and studentship (PCE) to the 
Thanks are due to Mr. R. R. 
Buregess for his help in working with 
Alwac III E Digital Computer. 
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A Note on the Physical State 
of Unstable Particles 


N. Nakanishi 


Department of Physics, 
Kyoto University, Kyoto 


November 15, 1958 


Recently, we have investigated the 
clothed states of unstable particles.?”” 


In the second paper,” we have. shown 

that the physical state of the unstable 

V-particle is given by 
|\V"*\=N-F,(H)|V> (1) 


with 
F,(H) =( dT 7A err, (2) 


where the notations are as follows: 
|V>: bare state, 
H: total Hamiltonian, 
E,=my= 17/2, 


qx(T) : 


production-rate function,” 
N: -normalization constant. 


Though we have so far used mainly the 
expression of the physical state, it is 
more convenient to use the expression 
(1) in the calculation of various quanti- 
ties. For example, the decay amplitude 
is simply presented by 


(a-|V")=N-F,(E,)(n-|V), (3) 
where |n~) is the incoming-wave eigen- 
state: H|n-Y=2, | >. Gal pons 
just the decay amplitude of the bare V- 
particle, and the function F,(F,) is 
easily calculated (at least numerically) 


for a given 7,(7'). The normalization 
constant N is given by 


N-=(V [FE (A) F.CH)IVY 


= dEp(E)|F.(E) 


°, (4) 


where 
p(B) =| dndE-E,)\Viny) 


is Lehmann’s spectral function.*?)» Simi- 
larly, the time-development of -|V%) is 


easily calculated, namely 


Pyrenees 
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eter VS 
=N*\ dE p(E)|F.(E) fe” 
for r=). (6) 


The main contribution of the integral 
comes out from the pole E=E, of'o(E) 
in the lower half-plane. Since F,(£)) 
aj .d! 7x.(1 ) =1, the integral for 
E~E, is essentially the modified propa- 
gator S;’(t). We therefore obtain” 

Valea | V™)~1 pee emer es, (7) 
where 


Z5' = (0/0E)( Sp’ (E) "| za z0- 


Finally, we consider the renormaliza- 
tion. The Z-factor is defined by the 
probability of the bare V-particle, namely 


Z=|(V|P*)|'=N'| dEp(B)F. (BYP 
(8) 


We denote the renormalized quantities 
by affixing the suffix R. Then we have 


(n-|V)2=Z7"*{n|V), 


) 
Pr(E) =Z~'p(£), a 


and (4) and (8) are rewritten as 


(ZN*)'=| dE pa (E)|F(E) |" 


i (10) 
= | dE Or(£) FF, (£) lee 


The decay amplitude can, of course, be 
expressed by the renormalized quantities 
alone : 


(n-|V")=c- Fi. (E,)n-|V x, (11) 


where c?=ZN? is given by (10). The 
production-rate function 7,(7') can be 
calculated, at least in principle, by (11) 
from the theoretical value of (n7|V), 


and the experimental decay spectrum 
(provided that 7,(7') is real). 


1) N. Nakanishi, Prog. Theor. Phys. 19 (1958), 
607. 

2) N. Nakanishi, Prog. Theor. Phys. 20 (1958), 
to be published. 

3) H. Lehmann, Nuovo Cim. 11 (1954), 342. 

4) H. Araki, Y. Munakata, M. Kawaguchi and 
T. Goto, Prog. Theor. Phys. 17 (1957), 419, 
(Appendix A). 
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On a New Approach to Cosmology 


Hidekazu NARIAI and Yoshio UENO 


Research Institute for Theoretical Physics, Hiroshima University, 
Takehara-machi, Hiroshima-ken 


(Received September 18, 1958) 


An attempt is made to develop a new theory of cosmology based on a scalar field, in 
view of several weak points proper to the general relativistic cosmology. In our treatment, 
a kind of correspondence principle plays the important role, together with the consideration 
of the scope of applicability of general relativity. 

Our cosmological field equation thus proposed not only has an intimate linkage with 
Einstein’s equations, but also satisfies Mach’s relation for the universe as a whole in a covariant 

~ and intrinsic manner. 


§ 1. Introduction 


Among modern theories of cosmology, the general relativistic cosmology and 
the steady-state theory due to Bondi-Gold” are most violently opposed to each other- 
Though we have not yet any decisive evidence for supporting the one superior to 
the other as for comparison of these theories with the observational data of extra- 
galaxies, these theories have the following points of difference. As is well-known, 
the general relativistic cosmology is based on the general theory of relativity which 
can be regarded in a sense as well established. On the other hand, this theory 
provides us with such a great diversity of possible model universes that it is almost. 
incompetent to predict any phenomena at all, though it enables us to run after the 
observational data. In addition, we cannot explain the formation of galaxies within 
the allowable range of the age of the universe estimated from, say, the evolution 
of stars, even if we could dissolve the difficulty of age of model universes them- 
selves (cf. § 7). 

In contrast with the above situation, the steady-state theory of cosmology is a 
kind of all-or-nothing-theory in that de Sitter space-time is adopted exclusively and 
that the theory permits us to predict definitely various relations to compare with 
observational data of galaxies. But it must be remarked here that this particular 
space-time is not the one deduced as a solution from any fundamental field equation 
at all, but the one adopted as a consequence of the fundamental postulate of the 
theory, i.e. the so-called perfect cosmological principle, together with the concept. 
of a curved space-time. 

In these respects, from the standpoint of the general relativistic cosmology, the 


present authors” proposed an idea to overcome various weak points of the theory 
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mentioned above. On that occasion, the question was aroused concerning the 
smoothed-out state of cosmic matter and radiation which contributes to the structure 
of the cosmological background space-time. Because we cannot help analyzing this 
question in order to restrict a diversity of model universes and to discuss the problem 
of the formation of galaxies. However, the matter has become serious as soon as 
we proceeded to smooth out the cosmic matter by means of a thought experiment. 
In short, we cannot carry out such a thought experiment without assuming, to a 
certain extent, the smoothed-out state to be attained. 

It is however possible to hold the concept of the smoothed-out universe from 
another view-point, if we take account of a possibility to lay down restrictions on 
the applicability of general relativity. Such a view-point seems to be more plausible 
than the one adopted in the previous paper. This compels us, however, to propose 
a new cosmological field equation to take the place of Einstein’s field equation, 
though the former should have an intimate linkage with the latter. We shall ex- 


plain details of these points and our new conceptions based on these points in § 2. 
It will be shown there that our new formalism makes, in some sense, fundamental | 
concepts of the general relativistic cosmology and those of the steady-state cosmology , 
fuse into one. In §§ 3-5 we shall elaborate our new plan. In §6 we shall investi- — 
gate the possible model universes, and in § 7 compare them with the recent data 
of the velocity-distance relation of galaxies. 


§2. Outline of new idea 


In the general theory of relativity the problem of local gravitation such as the 
solar gravitational field,is ordinarily treated with the boundary condition that the 
space-time is flat. at. infinity. In the general relativistic cosmology on the other 
hand, there is required in place of such a boundary condition the so-called cosmo- 
logical principle which stipulates that the idealized universe, constructed by smoothing 
out the condensed matter of the real universe, should be spatially homogeneous and 
isotropic. Then the metric of the cosmological background space-time can be ex- 
pressed as follows: 


ds*=c’ dv? —@ (zt) {dr?+ A? (r) (d@?+sin* 0d¢’)}, (2-1) 

with | 
r, for euclidean 3-space (i) . 
A(r) =4{asin(r/a), for elliptic 3-space (ii) ; (2-2) 


asinh(r/a), for hyperbolic 3-space (iii). nN 


Here it is to be eee that the function A(7r) cannot be determined by _— 
field equation, but that the alternative forms of A(r) specified by (2-2) are ‘ex- 
clusively deduced from the kinematical requirement of the cosmological principle. 
As a result, A(7) contributes only indirectly, via the field equation, to a scale-factor | 
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@(c) (t=cosmic time) which specifies the cosmic expansion. Thus the essential 
~ unknown in (2-1) is-the scale-factor @(c). 

However, the right-hand side of Einstein’s field equation, R,j—49,,;R=—K«T;,, 
contains two unknown quantities, pressure » and density’, even if the smoothed- 
out state of cosmic matter and radiation is considered as a perfect fluid. Therefore 
we must assume a suitable ——relation. But how to choose this relation con- 
tains many complexities.” In short, Einstein’s equation imposes, on account of its 
tensorial character of the second rank, too severe restrictions on single unknown 
@(z) reduced from ten g;; by the procedure of smoothing-out. Moreover, the equa- 
tion is not complete unless we postulate the problematic assumption that the cosmic 
matter and radiation can be described by the concept of a perfect fluid. 

It is also to be remarked that (2-1) with (2-2) is derived only from the 
kinematical requirement for the universe as a whole and that the material condition 
is not taken into consideration. We have, however, the following empirical facts: 
if we estimate the strength of a gravitational field in terms of a dimensionless 
number Got? ~GM/c?L (G=Newton’s gravitation constant, p and t are the density 
and time, respectively, which characterize the scale of phenomena, and M ~ oL’, 
Lxct), this quantity amounts to the value for atomic nuclei ~10~*, for terrestrial, 
solar and nebular gravitational fields ~10~*, ~10-° and ~10~ respectively. On 
the other hand, for the universe as a whole, it becomes 


Got? ~ 1k (2 : 3) 


where p= the mean density of the universe, f= the reciprocal of Hubble’s constant 
h. If we take account of these empirical facts, the dimensionless number Got’? may 
be regarded as a characteristic quantity specifying the scales of gravitating systems, 
in a similar manner as the role of Reynolds number in the fluidal motions. Ac- 
cordingly we shall assume that the empirical relation (2-3) characterizes the universe 
as a whole in its material aspect. 

Among ordinary models of the universe based on the general relativistic cosmology 
there exists one satisfying (2-3), i.e. Einstein-de Sitter universe, but such a situa- 
tion is rather accidental. On the other hand, we should like to consider that the 
standpoint on which the relation (2-3) is first of all taken into the theory is more 
significant than the previous one of setting up a certain p— o—relation firstly. And 
it is interesting that (2-3) satisfies, in some sense, Mach’s request that “the inertial 
field should be determined by the distribution of matter throughout the whole 
universe”. Because the boundary condition specifying the background space-time 
of a local gravitational field can be interpreted as an idealized representation of the 
fact that the dimensionless number Gpt’ is of the order of unity for the universe 
as a whole in such a way that the relation (2-3) is satisfied even in the limit 
when p—>0 and t>0©. | i ait 

From the above consideration it becomes desirable to postulate the formalism 


which provides only one field equation for (rt) and moreover satisfies (2-3) 
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automatically. This does not, however, mean that general relativity ceases to be 
applicable to the problem of the local gravitational field specified by the condition 
Got?<1. Thus the general relativistic cosmology does not necessarily contradict 
with our requirement, but it cannot prevent various complexities.” 

In this respect, we shall propose as our cosmological field equation the follow- 
ing one obtained by contracting Einstein’s field equations: 


R=«cT, (2-4) 


where «=8zG/c?. This equation appears to be very plausible, since not only it 
has by definition an intimate linkage with the field equations in general relativity, 
but also the right-hand side of (2-4) can be interpreted as: «T*~G(o—3p/c’) ~ 
Go~h? (if we take account of (2-3)). 

So far our considerations have been confined to the smoothed-out universe, but 
it must be required that the formalism of the theory should enable us to deal with 
the problem of the gravitational condensation which is a starting point for the dis- 
cussion of the formation of galaxies. Therefore the formalism must allow us at 
least to derive Newtonian gravitation. For this purpose we have only to adopt 
the following line-element instead of (2-1) : 


ds’ = (t, r, 6, g) (ce? d?—dr?— A?(r) (d@?+sin? 6 d¢’)). (2-5) 
Because (2-5) is reduced to (2-1) when ¢ depends only on ¢, i.e. $=¢,(t), if 
we use the relation: 
r=tqy(t)dt, {0 (=) =y(t(=))}. (2-6) 


Moreover if we consider the case /=¢)(t) +¢,(¢, 7, 0,-¢), we can make ¢,/¢ 
correspond to Newtonian gravitation (in the following we shall designate this as 
correspondence principle). Generally speaking, ¢-field will determine the combined 
effects of the cosmic expansion and Newtonian gravitation. 

Accordingly we can schematically illustrate our plan as follows: 


(General Theory of Relativity) (Our Theory) 
(Metric) : (ds =9;;dx' dx’) —————_-+» (d8 = {edf@—dr 
smoothing-out 
— A’ (r) (dé? +sin* dg’) ) 
(Field Equation) : 


contraction 


We must not overlook here that the functional form of A(r) is given by the 
alternative forms of (2-2) due to the cosmological principle. Moreover, the fact 
that the local gravitation is, in our theory, derived only to the extent of Newtonian 


* The relation x7! ~G(p—3p/c2) was taken from the standpoint of general relativity. 


: 
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(2) 


‘approximation should be regarded as a necessary consequence of the smoothing-out 


_ procedure*. In fact, if A(r) of (2-5) is suitably chosen, we can describe the 


metric of Schwarzschild’s space-time in terms of (2-5) with =r), though the 
required form of A(r) is inconsistent with the expression (222): 
Now it is to be remarked that, if we introduce the metric: 


dsy=c* dt?— dr? — A? (r) (dé?+ sin? dg’), oi) 


it is regarded as the metric of an auxiliary space-time on which the invariancy of 
the field equation is based. Therefore we shall from now on call the space-time 
specified by (2-7) the “representation space-time”. Namely the metric GS =C a5. 
of the expanding universe is conformal to this representation space-time. Moreover 
it is remarkable that our field equation has no such a property satisfied by Einstein’s 
field equation that the conservation of energy-momentum is automatically assured 
through the identity (R;—(1/2)9; R),;=0, where the symbol; denotes covariant 
derivative. Thus our formalism may have some possibility to allow the conception 
of continuous creation of matter as envisaged by Bondi-Gold. That is, in our 
theory there is no doubt that the behavior of the cosmic expansion has an intimate 
connection with the problem whether matter is created or not. There remains a 


fundamental problem as to the relation between the creation, if any, mentioned here 
and the conservation law, the discussion of which will be made on another occasion. 


§ 3. Conformal space-time 


It is easily seen from the discussion in the last section that the space-time 
metric (2-5) of our cosmology is conformal to that of the representation space- 
time. Therefore, using general coordinates (x), we can calculate scalar curvature 
R appeared in (2-5) as follows: 

oO 
R= (6/¢") (Aao+R¢G/6), (ora) 
with 
d h=G"(b Pa. ) 
oY =F WY ntg 4 GY 0 
se ' (3-2) 
4, 9= 9" P.4 %,5* 
(eo) {0} 
where ds,=9,,dx' dx’, If is Christoffel’s symbol for j., and R is scalar curvature 
of representation space-time. It is not, however, useless to remark that the above 


two expressions in (3-2) together with ¢ itself are all scalars. 
Especially if we take (¢, 7, 9, ¢) appeared in (2:7) as (2"), we can obtain: 


R=—(2/A2) (2AA"+A2—1), (3-3) 


* Such a situation is not necessarily proper to our formalism, since the fundamental equation 
of relativistic cosmology can also be derived formally from the standpoint of Newtonian dynamics.*) 


** This symbol will appear in the next section. 
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2 fda beavers ge? &) lnpiya@t | 
292/292 32/9 / LR YLO RA te Aa gee Re AOU BRL 
d,=3?/c2d¢—3?/0r?—2(A'/A)0/dr—A a, a0 (sin a0 vinx sin?) Og? 


Ah = (8h/cdt)?— (A¢/Ar)?— A-2{ (Ad)/AA)?+ (Ad/sin 4 d¢)*} 


(3-4) 
where A’=dA/dr, etc. 
Inserting (3-1) with (3-3) and (2-2) into (2-4), we obtain, 
(4,+€/a’) p=of, (3-5) 
with 
o = (1/6) «T= (47/3) (GT /c’), (3-6) 
eset a ad ek, Se (i) 
Gi srl oe Sane (ii) }, (FV 
as be eee ed sa er 


according to the different forms of A(7) in (2-2). The equation (3-5) is clearly 
an invariant equation in the representation space-time. 


§ 4. Invariant expression of Mach’s relation 


Now we must take the condition (2-3)* stated in § 2 into our theory in order 
to make the field equation (3-5) complete. It is easily seen from the definition 
of o, (3-6), and the relation xT~Go (cf. § 2) that: 


o~ (47/3) (h/c)?, (4-1) 
where f is Hubble’s constant. 
Next we must express the quantity h on the right-hand side of the above 
formula in terms of the scalar field ¢. For this purpose we shall at first consider 


the case in which no gravitational condensation takes place, i.e. /=¢(t). As is. 
well-known, Hubble’s constant h is defined by 


h= (1/0) (d®/dz) (4-2) 


in any theory of the expanding universe wnose metric is specified by (2-1). Then, 
if we take account of the relation (2-6), the above expression can be translated 


as follows: 
; re age? 
= : 4-3 
( Pr at ) ( ) 


This is nothing but the relation between h and ¢ in question. 
Inserting the above formula in (4-1), we obtain 


c=7p\(dp/edt)’, (4-4) 


* We call this ‘“ Mach’s relation”. 
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where 7 is a pure number such that 37/47~1. The above formula is derived, 
_ however, under a. special condition, and further it contradicts with the transforma- 
tion property of (3-5) as it is, because (d¢/cdt)* is not an invariant quantity. 
In order to remove such a contradiction, we have only to replace it by the invariant 
differential parameter 4,¢ due to Beltrami (cf. (8-2)). Then, we obtain 


(oy Ke 4, d, (4 ‘ 5) 


which is nothing but the invariant expression of Mach’s relation. 

Now it may not be useless to refer to the function of (4-5) in our cosmology. 
H6nl” asserted that ‘‘Mach’s. principle”** cannot be a constitution principle for 
constructing a cosmological theory, but that at most it plays a role only as a selec- 
tion. principle for various possible model universes derived from several proposals. 
In the steady-state theory, on the other hand, “ Mach’s principle” is practically the 
constitution principle for its formalism. Because this principle is adopted as a basis 
for the perfect cosmological principle which is nothing but a kinematical assump- 
tion expressing the temporal and spatial homogeneity of the universe.. In contrast 
with both of these extreme opinions, the role of Mach’s relation in our theory may 
be analogous to that of the quantum condition in Bohr’s atomic theory. 


§ 5. Lagrangian formulation of our cosmological field equation 


In this section we shall derive the complete form of our cosmological field 
equation and then show that Lagrangian formulation is possible. 
Inserting (4-5) into (3-5), we obtain 
(4,+€/a) b= d,¢. (5-1) 
This is nothing but the field equation in question. From (3-2), however, we can 


obtain the following identities : 


4,(In¢) =~" (4,¢—$7 4,¢) (y¥=1), 


(5-2) 
4i¢, =p) Ye (4,.¢—7$"* 4,0) (73s1). 
Taking into account (5-2), we can reformulate (5-1) as follows: 
4,46+€/a’=0 (d=In¢, for y=1), (Do) 
(4,+ (1—7)é/a)d=0 =~, for 7&1). (5-4) 


Thus it has been made clear that our non-linear field equation for ¢ can be reduced 
to either of the alternative linear field equations by taking the respective new scalar 


é corresponding to 7=1 or 7*<1. i . . 
Now, in order to make our theory stand on itself, it is desirable to establish 
> 


* We have designated the relation (4-5) as Mach’s relation, because there is a diversity of 


) interpretations as for the content of Mach’s principle. 
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the Lagrangian formulation of our field equations (5-3) and (5-4) derived above 
on the heuristic standpoint. For this purpose we have only to take the following 
alternative Lagrangian densities : 


a| £d'x=0, (5-5) 

with 

God, 6, — (e/a g (—7)¥ (ret). 

L= {89% be by —kO—7) (6/2) 83 (-9)", GA), 
where g=det|7;,| ; variation is to be carried out with respect to ¢. 

Here it is to be remarked that it is a question whether the representation 

space-time (2-7) itself can be regarded as the background space-time of the universe. 
If this is the case, it may be unnecessary to regard (2-5) with ¢=¢(¢) as the 


metric of the smoothed-out universe. On this standpoint, however, we have to 
interpret the red-shift of the spectral lines of galaxies basing on a new concept 


(5-6) 


other than that of the cosmic expansion. In addition, the correspondence principle 
of the local gravitational field (which will play an important role when the problem 
of gravitational condensation is treated) would break down. Accordingly it may be 
said that we have no positive reason to take such a standpoint. 


§ 6. Possible model universes 


Now we shall investigate what kind of model universes is allowed in our 
cosmology. Since a model universe is the one in which condensed matter such as 
galaxies is completely smoothed out, it is specified by the condition ¢=¢(¢), on 
account of the correspondence principle in §2. Therefore we obtain from (5-3) 
or (5-4) and (4-5) 


b+€(c/a)?=0 (g=In¢; 7=1), (6-1) 
d+(1—7)E(c/a)*d=0 (=9*; 7X1), (6-2) 

with 
o =r (/c)?, (6-3) 


where a dot denotes differentiation with respect to ¢. 
G) The case €=0. In this case (6-1) and (6-2) are of the same form: 


d=0, 
so that 
j=at” (a@=0)* (6-4) 


where @ is an integration constant and another integration constant is absorbed by 
t. If we consider the definition of 4, (6-4) can be rewritten as 


* We can assume this condition without loss of generality. 


On a New Approach to Cosmology 227 


_ (expat) (7=1), 


re tat (731). (6-5) 


Now we are concerned with the cosmic expansion instead of the cosmic contrac- 
tion, so that it is desirable to choose the sign of (2-6) so as to make D(z) of 
(2-1) an increasing function of the cosmic time «(>0) with increasing 7. Then 
we can obtain from (2-6) with (6-5) 


ha (at=exp(az)), (y¥=1) (6-6) 
O(c) =} { a az lF, (en[5—1 (at)=*), (7X1, 2) (6-7) 
exp(at), (at=—l|n(a?z)), G=2) (6-8) 


in which each integration constant is absorbed by <7 without loss of generality. 


Inserting these quantities into (2-1) and (6-3), we obtain 


On Fas Salient o= (cr), (=) (6-9) 

dstaedet— {| 21 axle (drt rd’); o=() AZT, (71,2) (6-10) 
sae (2—7)? 

dst=c'de'—exp(2az)(dr'trdS*); 7 =2(a/c)* (=2) ©) 


where d5?=dé?+sin’0d¢’. 

As is easily seen, (6-11) is nothing but the metric of de Sitter space-time 
with positive « (~material density). Therefore it becomes clear that the steady- 
state cosmology is a special case of our theory specified by the condition (€=0 & 
y=2). On the other hand, (6-9) represents the linear expanding model which is 
not permissible in the general relativistic cosmology, and (6:10) gives us a family 
of expanding models similar to (6-9), whose particular case specified by 7=0.5 
corresponds to Einstein-de Sitter model in the general relativistic cosmology. 

(ii) The case €=1. In this case, considering the definition of ¢, we obtain 


from (6-1) and (6-2) 


exp{—3(ct/a)*+at+?}, in taal Fre 
b=4 {a exp((ct/a) F—1)"”) +8 exp((—et/a) GIy) Gr Ge 
{a cos((ct/a) (1—7)””) +8 sin((ct/a)(1—7)"") } G1) 


where a and # are integration constants. 
Generally speaking, the integration in (2-6) for finding out @(z) which cor- 
responds to the above # is not elementary. But in the following cases @(z) can 


be expressed by elementary functions : 
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(y=2; a=—8=}) : M(t) =sinh(ct/a), (ct/a=—Intanh(ct/2a)), (6-18) 
(y=2; a=P=}): P(r) =sin(ct/a), (ct/a=2 tan“ (e"")), (6-14) 
(> ls. @=1i,P=0.06 a =0,.2= 1): OG) —ler/ atta 

[(cz/a) (r—1)*? =exp{ F (ct/a) 7-1) ™} J, - (6-15) 


where each integration constant is absorbed by 7. The expressions (2-1) and 
(6-3) corresponding to the above become as follows : 


dst=c? dt?—sinh?(ct/a) (dr?+a@ sm?(r/a) d2*) ; «= (2/a’) coth*(ct/a), (6-16) 
ds'=c? dr’—sin? (ct/a) (dr?+a’ sin’ (r/a) dS") ; «= (2/a’) cot?(ct/a), (6-17) 
ds’=c? dt?— (y—1) (ct/a)?(dr?+a@ sin’ (r/a) d&*) ; c=7 (er). (6-18) 


(6-16) is Lanczos’ metric and (6-17) represents an oscillating model proper to 
our theory. ; . 
(ii) The case €=—1. In this case we obtain the following results: 


exp { (1/2) (ct/a)’+at+f}, (7=1) | 
f= {a cos((ct/a) (¥—1)“*) + 8 sin((ct/a) 7-1)" } 47, fly) FAG log 
{a exp((ct/a) 1=7))") +P exp((c#/a) A—)) ™) 7 (<1) 


Especially if we seek for the case in which @(z) can be represented by an ele- 
mentary function, we have 


=2) : O(c) =(l/a@,) cosh(,ct/ aye 
(y=2) (7) = (1/4) oCT/ (6—20) 
ct/a= + (1/a) In|tan((c/2a) (t—t)) ) |, 
where 
a=—a,sin(ct/a), B=a,cos(ct/a). 
Then, from (2-1) and (6-3), the following metric is obtained : 
ds*=c? dt?— {(1/a,) cosh (a) ct/a) }?(dr?+a? sinh? (r/a) ait of Goss 
* a ‘if 
o=2(a,/a)* tanh?(a@,ct/a): 
This is nothing but Lanczos’ metric of the case €=—1. But this model must be 
discarded because  (~material density) is an increasing function of t. And it is 
to be remarked that this circumstance appears for the first time in the case €=—1. 


§ 7. Discussion 


Now, at the present stage of our knowledge, the redshift-magnitude relation 
of galaxies alone can be relied upon for testing immediately the appropriateness of 
model universes. In this relation’ come into question Hubble’s constant h (cf. (4: 
2)) and the deceleration parameter g=h?@"d?@/dz introduced by Sandage. 
According to Humason et al.” we have the following results: _ ~ 
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h*=5.4X10° years, gq=—3.0~ —5.0. (7-1) 
On the other hand, Baum” obtained the result 
q~—0.5~—1.5, (7-2) 


taking advantage of the far more extensive data thanks to a new technique, and 
pointed out that the q-value of (7-1) contained error. Sandage” has recently 
clarified, however, after a close examination of the cepheids and the brightest star 
criteria as the distance indicators of the extragalactic space that (1) q-value is more 
reliable than h-value and that (2) possible range of 1/h can be estimated “ with 
very large uncertainty” as 


h-1~ (9.9~20.0) X10° years. eo) 


So long as such a large permitted limit was suggested for A‘, it is natural to. 
consider that the absolute value of g due to Baum is not necessarily decisive. 
Therefore we take tentatively the sign of g alone as trustworthy, i.e. we assume- 
that, in place of (7-2), 


ga0: (7-4) 
Then how do matters stand in the case of model universes obtained in our 
theory ? 
(i) The case €=0. In this case 
th=7-'; q=0 (y=1), (7-5) 
= te) eo ie G41) (71, 2), (7-6) 
h=a; q=1 (*=2). ll) 


The sign of hf (at present) should be positive, because / is the parameter specify~ 
ing the rate of the cosmic expansion. Accordingly it must be at least that 


O27 —2 (ime) 


because 7 is essentially positive (~1). 
It is easily seen that (7-5) and (7-7) must be discarded because they are 


inconsistent with (7-4). On the contrary, it is not the case for (7:6), so long as. 


the following inequality is satisfied : 
pens (7-9) 


From this and (7-8) we obtain 
0<y7<1. (7-10) 
The case specified by (7-6) corresponds, however, to:the exploding model in 
contrast with the steady-state model. Then the “age of the universe” is the time 
interval from t=O to present value Of 7, 1,¢. 


“ Age of the universe” =h~'/(2—7), era 
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where h-! takes its present value. If we take account of (7-10) and (7-11), 
the following inequality is obtained : 


h-1>“ Age of the universe” >3h7’. (7-12) 


Accordingly, if we take the minimum and maximum values of (7-3), we have 


9.9 | 4.9 
or } >“ Age of the universe” in 10° years units>) or /. (7-13) 
20.0 lanes 


It is clear that the above inequality does not contradict with the age of the earth 
(~4%X10° years)® and that of heavy elements (~7 X10" years).” 

(ii) The case €=1. In this case if we take the special models specified by 
(6-13)—(6-15), (6-15) must be discarded because it is similar to (6-6), and for 
the other two models the following relations are obtained : 


h= (c/a) coth(ez/a) ; g=tanh?(cz/a), (T=2; a=—f=4), (7-14) 


> 


h= (c/a) cot(ct/a);  q=—tan®(ct/a), (Y=2; a=P=#). (Taiey 


As is easily seen, (7-15) is consistent with (7-4) (& (7-2)), while (7-14) is 
not. Inserting (7-3) into h of (7-15), we obtain the following relation : 


t= (a/c) tan-*{ (c/a) (9.9~20.0) X 10° (years) }. (7-16) 


As the symbol a denotes the radius of spatial curvature of the universe, it is at 
least of the order of 10° light-years.* Therefore it is clear that the age of the 
‘universe estimated from (7-16) is consistent with that of both stars and heavy 
-elements. 

(iii) The case €=—1. In this case h and gq cannot be obtained without 
numerical integration, so that we shall omit this case. But it seems that the con- 
‘tradictory situation appeared in the special case (6-21) suggests the inadequacy of 
this type. 

The above consideration is concerned with the test in terms of the redshifts- 
‘magnitude relation for model universes... The next problem is how to treat the 
gravitational condensation. The reason why this problem is significant in cosmology 
is that it is of the first importance for the discussion of the formation of galaxies. 
But it must be remarked that the importance of the problem does not consist solely 
in this point. Because, for testing an appropriateness of any model universe, it 
would be useful whether gravitational condensation would take place in harmony 
with the estimation of the age of stars. This is the case, even when such a 
situation arises by any chance that the sign of g should be positive in such a way 
that the steady-state model (say) would not be hopeless. 

Considering the above circumstances, we shall, in the next paper, deal with 


* The numerical value of a can in principle be deduced from the analysis of nebular counts. 
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the problem of gravitational condensation in terms of the fundamental equations 
(5-4) and (4-5). In so doing, the correspondence principle of Newtonian gravi- 
tation mentioned previously will play an important role. Such an investigation 


appears to be useful to estimate not only the reliability of the inequality g<0, but 
also the possible value of 7. 


The authors wish to express their hearty thanks to Professors Y. Mimura and 
H. Takeno for helpful discussions. 
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According to Sakata’s composite hypothesis of heavy particles, we assume that the funda- 
mental particles do not change their kind through strong interactions. A formulation of these 
interactions is given by requiring the invariance under the gauge transformation of the first 
kind applied to each baryon field. If we assume that the phase function depends on the space- 
time coordinate, it leads to the existence of a neutral vector meson analogous to the electro- 
magnetic field the mass of which need not always vanish. Its consequences are examined 
and found to be quite favourable for the interpretation of the strong interaction. In par- 
ticular, it leads to the conservation law of parity in strong interactions and the condition 


for the existence of the composite state. 


§ 1. Introduction 


According to the composite hypothesis of heavy particles proposed by Sakata 


1—4) 


the following interpretation is possible. That is, the proton, neutron and /-particle 
which are assumed to be the fundamental particles do not change their kind through 
the strong interactions, while they are transformed into each other through the 


weak interactions. These circumstances are shown schematically in Fig. 1. 


> 


n 


n 


12 
P és A 
ptrrun+p m-~+p—> A+ K® A-> p+x- 
Fig. 1. 


The selection rule of this kind is very useful for the lepton processes also. 


an example, consider the process 


As 
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Kt set*+e747", (ye 
Such processes, which contain a pair of lepton and its antiparticle cannot be forbid- 
den by the selection rules which follow from the conservation laws of so-called 
lepton number and neutrino charge. It has been proposed that the neutrino is the 
source of weak interactions. We cannot, however, take it as: reasonable, because 
weak processes without neutrinos, such as hyperon and K-meson decays, are really 
observed. Erom the fact that the lepton-pair processes like (1) have never been 
observed at all,* it is necessary to assume a selection rule that a lepton-pair should 
not couple to any field except for the elctromagnetic field. The above selection 
rule leads also to the rule that a lepton should always change its kind through the 
interaction. unless some special non-causal interaction is assumed. 

On the other hand, we know the electromagnetic intraction as a prototype. of 
interaction through which the kind of particle does not change. As for this interac- 
tion there is a remarkable feature that the interaction Lagrangian follows directly 
from the free Lagrangian by the requirement of invariance under the gauge trans- 
formation. 

In the following it is attempted to apply this circumstance also to the strong 
interaction and its consequences are examined. 


§ 2. Requirement of gauge invariance and its consequences 


Analogous to the case of the electromagnetic interaction, consider the gauge 
transformation of the first kind which depends on the space-time coordinate 


P(x) etgaA (2) p(x), 
ba (x) e794 (2) h(x). (2) 
(a=p, n, A) 


If the invariance under these transformations is required, then by the replacement 


in the free Lagrangian, 
Duta (x)—> (Ou —iWaAy(X)) Pa(x), 
the interaction Lagrangian must be introduced in the form 
ja) Ay(2), | (3) 
where 


jul) =DViGe Pa(X)FuPa(z)- oa 


A,(x) is a neutral vector field. Since immediate contradictions to the recent obser- 


vations will occur as to the vanishing mass, we consider the mass to be non-vani- 


* It is, of course, expected that the electromagnetic correction produces the processes like (1) 
? > 


at the ratio a?~104 to the ordinary weak processes. 
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shing by the use of the Stiickelberg formalism for the neutral vector field.” 
That is, by introducing a scalar field B(x) in addition to A,(2), the theory 
is invariant under (2) together with the gauge transformation of the second kind, 


A,. (x) > Ay (x) +0, A(z), 
B(x)->B(x)—mA(z), (5) 
where m denotes the mass of the meson, and /(x) satisfies the equation 
(L232? — mi?) A(x) =0. 
This formalism is shown to be equivalent to the ordinary one for the neutral vector 
feld (See Appendix). 
We assume that the interaction Lagrangian given by (3) is the only elementary 


interaction among the strong interactions. This is reminiscent of the electro- 
magnetic interaction and following considerations will be possible. 


(i) Charge independence 


We know that the phenomena of strong interaction is successfully accounted 
for by the hypothesis of charge independence. Therefore the interaction Lagran- 
gian (3) must be charge independent. 

Since the meson here introduced is of single component, the vanishing iso-spin 
should be assigned. Then, the part of (3) and (4) which contains the proton 
and neutron, must be the iso-scalar of the form 


by (x) Tub (a) Ay(2), 


where ¢y(a) denotes the usual iso-doublet 


Pal Lue) 
ache: 


Pn (2) 
This implies 


Ip=In_ (6) 

in (4). 
(ii) Existence of composite particles 

The force resulting from the exchange of mesons here introduced is of opposite 
sign between baryon and antibaryon as compared with that between baryon and 
baryon. This is the immediate consequence of the vector coupling. Furthermore, 
between the particles of the same kind (e.g. p-f, p-p), the former is attractive 
and the latter repulsive as long as the adiabatic approximation is valid. This is 
an exact analogue of the Coulomb interaction (See Appendix, (A. 7)). 

As for p-n, n-p; p-n, the same is the case owing to (6). This allows the 
existence of pions as the bound state of nucleon and antinucleon. 

Between nucleon and A-particle, it is concluded that 
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Jp=9n and Ja are of the same sign, (7) 


as long as the K-meson exists as the bound state of nucleon and anti-/-particle, 
and no bound state exists between nucleon and A-partiele. 


Gui) Invariance under space reflection and charge conjugation. 

Since the interaction Lagrangian (3), which is assumed to be the only elemen- 
tary interaction derived from gauge invariance, does not allow the coexistence of 
7, and 7,75, it is possible to assign the definite parity to A, (x), irrespective of 
the relative parity between baryons. Thus, the parity should be conserved in all 
strong interactions. The same consideration leads also to the invariance under the 
charge conjugation in strong interactions. 


(iv) Conservation law of baryon number. 


In addition to (6) and (7), we further assume 


Ip=In=In=I; (8) 


and call it “baryonic charge”. This charge has the opposite sign for antibaryon 
and the conservation law of this charge agrees exactly with the conservation law 
of so-called baryon number.* 

Usually, in order to formulate the conservation law of baryon number in the 
frame of field theory, it is necessary to require the invariance under the phase 
transformation which is constant and does not depend on the space-time coordinate. 
It would, however, be more reasonable for the phase function to depend on the 
space-time coordinate, from the local character of the field quantities. Although 
some authors attempted to pursue the analogy between the conservation law of 
baryon number and that of electric charge and to relate the baryon number to the 
strength of the strong interaction, they did not always succeed because the associat- 
ed Bose field was considered to be identified to pion field.” 

It is remarked that in the above theory the conservation law of strangeness, 
or of A-particle is not the most general consequence of the requirement of gauge 
invariance. It leads merely to the conservation law of baryon number, or the sum 
of the number of neutron and /-particle. The required conservation law is guaran- 
teed by the more special requirement that the interaction (3) should be the only 
elementary interaction between fundamental particles. Mies it is necessary 
to introduce another neutral vector field associated with “strangeness charge” 
which might cause the mass difference between nucleon and A-particle. 


‘These above considerations suggest the possible existence of a close analogy 
between the electromagnetic interaction and the strong interaction from the point 


of view of Sakata’s hypothesis. 


* For the leptons, g=0 should be assigned, the small electromagnetic correction being, 


neglected. 
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§ 3. Comparison with other model 


(i) . Tanaka,” Maki,? and Matsumoto” introduced the following forms as the 


elementary interactions : 
STN 2 N) (NN), SAP UN 2 tN) (N@*IN), 
-A=1 A=1 
ST if} (NQ@*N) (A@*A), 
a=! 
5 - as 
SOAR CAL, 
A=l1 
af?" 
N=(%). (9) 
Fermi and Yang,” and Tanaka” showed that the vector coupling, especially the 
product of iso-scalars, is the most favourable for the existence of the bound state 
only between baryon and antibaryon, In the present model, if we construct the 
effective Fermi couplings like (9), the only possibility is evidenily the vector coupl- 
ing. The necessary sign is also supplied (See § 2. (ii)). While in the models 


proposed by the above authors there is no principle for determining the relation 
between f;*, fi”, f° and f,*, we can determine as follows: 


bs ie ee 
others=0, (10) 


on the basis of its analogy with the electromagnetic interaction. 

Gi) Our model is not a theory of Fermion. monism which is possible in Sakata’s 
hypothesis. It is noted,’ however, that the neutral vector fields including the electro- 
magnetic field are the special ones derived from the requirement of gauge invariance, 
which should not be considered on the same footing as pions and K-mesons. 

(iii) According to Fermi and Yang,” and Tanaka,” who replaced the interaction 
Hamiltonian (9) by the square-well potential approximately, the potential depth 
necessary for the existence of pion state amounts to~26 MM, where iV is the nucleon 
mass and the nucleon Compton wave length is chosen as the potential range. 
From this a very crude estimate of the value of g? is obtained as 


p/AT~ 26, coals 


where the meson mass is assumed to be the order of nucleon mass, though the 
value may depend significantly on the choice of the range, that is, the mass of the 
meson. If the relativistic two body problem were solved, the values of 9? together 
with the mass could be determined in principle so as to give the correct values of 
pion mass and the effective pion-baryon coupling constant. 

(iv) In the present model, the strong interaction is renormalizable in contrast with 


* Mass difference between nucleon and 4-particle is ignored. 
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the model starting from (9). 


§4. Concluding remarks 


We have presented a model for the strong interactions, making the best use 
of the assumption that the fundamental particles do not change their kind through 
strong interactions. Thus, analogous to the electromagnetic interactions, we have 
expected that the interaction Lagrangian under which the kind of particles does 
not change should have a close connection with the free Lagrangian, and have 
considered that the requirement of gauge invariance is an expression of such a 
connection. In this way we have been led to the introduction of a neutral vector 
meson. 

The electromagnetic interaction has so far been distinguished from others in 
that it is invariant under the gauge transformation. As the result of this invariance 
the form of the interaction Lagrangian is restricted and the electric charge of each 
particle is equal. According to our formulation, these points are applied also to the 
strong interactions, at least to the basic ones. In this sense the electromagnetic 
interaction becomes less special and we could expect to get the unified view-point 
of the strong interactions including the electromagnetic interaction. 

On the other hand, the difference between strong interactions and weak ones 
becomes more distinctive. Since the kind of particles always changes through the 
weak interactions as explained in §1, the interaction Lagrangian for weak interac- 
tions ‘can never be obtained from the requirement such as gauge invariance. From 
our standpoint, therefore, strong and weak interactions must be of quite different 
origins. It should also be noted that we have found a reason for the parity conser- 
vation in strong interactions but no reason in weak ones. 

On account of the large coupling constant roughly estimated in (11), the 
meson here considered will be produced copiously in high energy collision processes 
and will decay rapidly into other particles (e.g. a number of pions*). In general 
it is expected to produce some effects both on high energy reactions and _ virtual 
processes. In this respect this meson is similar to that introduced phenomenologically 
by Nambu® in order to account for the electromagnetic size of nucleon. 

In conclusion, the author wishes to express his sincere thanks to Professor S. 
Sakata, Professor O. Hara and Dr. T. Goto for their valuable discussions. 


Appendix 
— On the Stickelberg formalism — 


Lagrangian is given by 
ve, — f 9 a i = ioe 


* In the case of the decay into pions, decays into zs only and those into even number of 


pions are forbidden from the charge conjugation invariance and charge independence. 
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where 
Le==(0/4 fa Sean Gf) 7 Ag Ae a 
— (1/2) (0,B)?— (1/2) 7, 
L,=juAy 
Ly=— >) Gal7,2,+ Mo) $0 (AD 
where | im 


fin = As—0A,, 
j= DD Ya Gata Ys 
f=0,A,+mB, (L1?—m?)7%=0. 
In addition to (A-1) the subsidiary condition must be satisfied, 
1¥=0. (A-2) 
The gauge transformation is given by 
(x) >etgeA (x) f(x), 
$4(x) Se-i8.4(x) (x), 
A, (2) A, (2) +90,A(z), 
B(®)>B(x2)—mA(z), (A-3) 
where 
(L?— m?) A(x) =0 
is satisfied. 


Lagrangian (A-1) and the subsidiary condition (A-2) is invariant under this — 
transformation. The form for Ly) given above is particularly convenient since the 
invariance is shown explicitly when put into the form 


Ly=— 1/4) Fv Puy (1/2) m? O12— (1/2) 22, 
where 
Riv on U,=9,U,, \ 
(A-4) 
U,=Ag+ (1/m) 0,B, 
which are evidently invariant. 


From (A-1) the equations of motion are derived as follows, 
(L¥—m*) Ay(2) = =f. (2), 
(L?—m?) B(x) =0, 
Ou tgaAy(x)) a(x) +Miahs(x) =0. 
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From the invariance of (A-1) under (A-3), the conservation. law of current 
is derived in the well-known procedure, ie. 


O=0L (x) =[—9, ju(x) +m (L?—m’) B(z) J0A(2) 
—[ (CP —m?) Ay(x) + jy (x) J0,94 (2) 
— fur (X) Oy IA (z) 
=—— (0, Jn PA), 
thus 
Ou ju(x) =0. (A-5) 


‘The equations (A-4) represent the relation of this formalism to the conventional 
one. The interaction Lagrangian is given usually by 


fe oa ee (2) > 
which can be put into the form 


Ju (a) Ay (x) + 1/m) j, (x) 9,B(x). 


The second term is reduced to a 4-divergence owing to (A-5) and has no effect 
at all, suggesting the equivalence of the two formalisms. 
We go further by developing the canonical formalism. Introducing the canonical 


momenta 
7, (£) =ifsy (£) +10 (x), 
ty, (x) =B(x) +imA,(2), 
™ (x) =i¢.* (x), 
-we can obtain the Hamiltonian, 
H= (1/2) 22+ (1/2) (curl A)?+ (1/2) m?A?+ (1/2)7? 
+ (1/2) (pB)? +717: (yA,) —imAz,+mA-pB 
— jpAnt Si 0e* (—ia-7 + M8) be 
We perform the unitary transformation 


F(x) 7 F(axje~™, 

G=(1/m) [B@) [div x(x) —ij,(x) | dx, 
then 

(1/m) (x) 72 (2). 
z, in the new representation is eliminated by using 


7 U=0, 
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then the Hamiltonian reduces to 
H=H,+H'+H,+ Hy, 
H,= (1/2)2°+ (1/2) (curl A)?-+ (1/2) m*A?-+ (1/2m?) (div 2)’, 
H'= (Afni) j, div + (1/2) jo, 
LTA, (A-6) 
y=) $a" (—ia-p + Mz B) fas 


apart from space divergences. This is the same form as the one derived from the 
conventioanl formalism (for example, in Wentzel’s book”), proving the equivalence 
rigorously. 

We further perform the unitary transformation, 


F(z)73e" F(azje™, 


G'=\dx| a j(ayU x —w) div AC), 


U(x) = (1/47) (e-"'"!/|x|), 
then 
H+ H’>H,+ He. 


where 
| Holo) da— (1/2) |x | ax’ jo) Gxdy, (x). (A-7) 


which is the analogue of the Coulomb interaction. It is noted that there remains. 
the longitudinal part even at this stage, in contrast with the case of the electroma~_ 
gnetic interaction. 


References 


1) S. Sakata, Prog. Theor. Phys. 16 (1956), 686. 
2) S. Tanaka, Prog. Theor. Phys. 16 (1956), 625, 631; Soryushiron Kenkyu (mimeographed, 
circular in Japanese), 11 (1956), 551. 
3) Z. Maki, Prog. Theor. Phys. 16 (1956), 667. 
4) K. Matsumoto, Prog. Theor. Phys. 16 (1956), 583. 
5) E.C.G. Stiickelberg, Helv. Phys. Acta, 11 (1938), 225. 
W. Pauli, Rev. Mod. Phys. 13 (1941), 203. 
R. J. Glauber, Prog. Theor. Phys. 9 (1953), 295. 
6) E.P. Wigner, Proc. Nat. Acad. Sci. 38 (1952), 449. 
T. Okayama, Phys. Rev. 75 (1949), 308. 
7) E. Fermi and C.N. Yang, Phys. Rev. 76 (1949), 1739. 
8) Y. Nambu, Phys. Rev. 106 (1957), 1366. 
9) G. Wentzel, Quantum Theory of Fields, Interscience Publishers, Inc., New York, (1949). 


241 


Progress of Theoretical Physics, Vol. 21, No. 2, February 1959 
Quantum Field Theory in terms of Euclidean Parameters 
Tadao NAKANO 
Department of Physics, Osaka City University, Osaka 
(Received October 4, 1958) 


The quantum field theory is presented in terms of Euclidean parameters. It is shown 
that this theory is equivalent to the conventional one in terms of the Minkowski parameters, 
if we confine ourselves to the case of local fields, and it is suggested that the former is more 
adequate to describe an internal structure of an-elementary particle than the latter... There: 
is no necessity that the parameter space of field theory is Minkowski, because it has no 
direct connection with the macroscopic space. It is enough that expectation values of obser- 
vable quantities are covariant under Lorentz transformations. The theory shown in this 
paper satisfies this requirement. 


§ 1. Introduction 


In the conventional quantum field theory the parameters of the Minkowski 
space are used to describe behaviors of field variables. This is based on the fact 
that the macroscopic space we live in is the Minkowski one. But the parameters 
in field theory are not the quantities that have direct connection with the coordinates 
of the macroscopic space. The former are connected with the latter only through 
field variables. Under these circumstances there is no necessity to use the Minkowski 
parameters to describe microscopic states. 

It is enough that the expectation values are covariant with respect to the 
Lorentz transformations, and it is already shown that the internal structure of an 
extended particle is described by the Euclidean parameters, but expectation values 
of observable quantities are covariant with respect to Lorentz transformations.” 

In this paper we propose to use the Euclidean parameters to describe micro- 
scopic states and show that this theory is equivalent to the conventional one if we 
confine ourselves to local fields. . 

When we consider the internal structure of elementary particles, the Minkowski 
space is very inconvenient, because invariant domains are unbounded. On the 
contrary, the Euclidean space seems to be adequate to describe the internal struc- 
ture, as invariant domains are bounded. If the field theory in terms of Euclidean 
parameters and the theory in terms of Minkowski parameters are equivalent to each 
other to describe the local fields and the former is more adequate to describe the 
structure of elementary particles than the latter, we should conclude that field theory 


should be reconstructed by the use of Euclidean parameters. 
Possibilities that we can use the Euclidean parameters instead of the Minkowski 


242 T. Nakano 


ones have so far appeared in several aspects. On the one hand, tensors and spinors 
are proper to the Euclidean space, but on the other hand, it is expansors” and 
expinors” that are proper to the Minkowski space. From the fact that we know 
no physical quantity which is represented by an expansor or expinor, it seems enough 
to use the Euclidean parameters exclusively. Besides, the fact that the Feynman 
integral” 


E>+0 


lim \ ak | Hite ee LT ae) 

is equal to the integral with respect to the Euclidean parameters 
i | ak | dhe thee) 

and the fact that the internal motion of two bound particles is described by the 

Euclidean parameters” seem to suggest the possibility of constructing field theory 

with the Euclidean parameters. 

In § 2 we investigate the analytical properties of vacuum expectation values 
and show that, if we know the vacuum expectation values in terms of Euclidean 
parameters, we can derive the ones in terms of Minkowski parameters, and vice 
versa. In §3 the transformation properties of field variables described by the 
Euclidean parameters in accordance with the macroscopic Lorentz transformations 
are discussed. In § 4 the variational principle is displayed and it is shown that the 
transformation properties of the energy momentum and charge are same as the 
conventional ones. In §5 and §6 we discuss a scalar and a spinor field, respec- 
tively, and show that the quantization method and the eigenvalues of the energy, 
momentum and charge agree with the ones of the customary theory in terms of 
the Minkowski parameters. 


§ 2. Properties of vacuum expectation values of time-ordered 
field variable products 


The properties of vacuum expectation values of field variables were throughly 
investigated by Wightman.” In this section we discuss the analytic properties of 
vacuum expectation values of time-ordered products of field variables.” For simpli- 
city, we treat the case of a neutral scalar field interacting with itself in this section. 
In succeeding sections we shall treat more general cases. 

First, let us consider the product of two variables ¢(x,, ¢;) and 0 (Xo5 to) 
The vacuum expectation value is given by” 


(Po, P(%,, t) P(e, to) By) =ia™ (X7—%5," 1, — bp) 
Sse idl Tiaipeee] seth) (2-1) 
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where* 


co 


A) fae ed | a (x, t) lo (m?) d(m?), 


0 


Ga Nes as \ dk(2E)~ explikx ¥ iEt], (2-2) 


E=VR tnt 


and Y, is the true vacuum state vector. The relation (2-2) shows that 4 (x, 7) 
is analytic when Im ¢<0, and J“ is analytic when Im ¢t>0. Thus, if we intro- 
duce the notation 


Z,=cos@-t—isind-2,, (2-3) 
0<d<z 


where ¢ and x, are real, 4‘ (x, x) and 4 (x, z) are analytic when 2,>0 and 
2,<0, respectively. And 4@ (x, z,) is derived from 4 (x, t) by the relation 


A* (x, x) =Z(t, x4; 0) d(x, 2) 


eee | dk Gm) “exp likx + iz, |, (2-4) 
(27)* 
in Gahich 
Laht, “a 0) =exp[—10(249,+120,) | (2-5) 
and 
pay Oe 
9,=3/8-r,. 


Especially when 06=7/2, and x,>0 for 4 and x,<0 for 4, J (x, z») results 
in (see Appendix I) . 


A (x,) = 4 (x, —ix,) 


z =i ; 

Soe dk (2E)~' exp[ikx + Ex] 

By ol ood xPl : 

aay [arpcenltecel, 1,0 (2-6) 
(27)* ky ky tm 


where 


| k= | ae, at,| ah 


‘ 
—o —o 


dk, 


48 


* The units #=c=1 are used throughout this paper. 
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and 
a aN Se Ml 28s li te Ee 


We call the set of real variables (2,, %2, X3, %4) Euclidean parameters 
and the space, whose coordinates are given by (2, X2, Zs, Xs), Euclidean 
parameter space throughout this paper. 

When interactions are absent, g(x, ¢) is given by 


g(x, t) =V-"? S}. (2E)-"" {Go (k) exp[7 (kx — Et) | 
+¢,* (k) exp[i(—kx+ Ez) }}, PSST 


where V is the normalization volume, and ¢,(k) and ¢,*(k) satisfy the following 
commutation relations.* 


[o,(k), 2o* (k’) | =AOnnr 


[eo(k), Go (k’) |-=[g* (hk), Go* (k’) |-=0, (2-8) 
in which 
1, when k=k’ 
kkt = 
0, when kX&k’. 


When one operates ¢)(k) on the vacuum state, it vanishes : 
Yo (k) VY, =0. (2-9) 


The summation >}, extends to unlimitedly large values of k, so that g(x, z,) has 
no analytic form in general. However, ¢(x, z,) is an operator and it is sufficient 
for our practical calculations that matrix elements of g(x, z,) or products of 9(x, 
%»)’s are analytic in some regions of z,. For example, one body amplitude 


(Po, P(%, 2%) Px) =V-'"(2E) ” exp|i (kx— Ezy) | (2-10) 


is analytic everywhere in the z,-plane except as x,>—0o. 9, and ®, are the free 


vacuum and one body state vectors, respectively. (See Appendix II). Thus we 
may write (x, z) as 


Py (x, Ze) =Z(t, X45 0) Q(x, t) 
K 
= vos lim Sin (2E)—"” {go (k) exp[i (kx — Ezy) | 
+ * (k) exp[¢(kx + Ez,) |}, (2-11) 


K 
here >1; indicates the summation up to |k|—=K and the limit K->co must be taken 
after completion of calculations. By the use of the relations (2-8) and (2-9) with 
expression (2-11) we get : 


* The bracket symbol is defined by [A, B] ,=AB+BA. 
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(Dy, Pol%1, X10) Po(%2, Zo) Pp) 

ee lim oe (2E) ~ exp[ik(x,—x,.) —iE(z,)— pis 

= (2a) = dk (2E)~ exp|ik(x,—«,) —iE (z,9—209) | 

=id) (x,—%5, Ze— Zo). (2-12) 

When 0=77/2, (2-11) and (2-12) become 
P (Lp) = (x, —124) 
a Wan te lim Si (2E) -"? {9 (k) exp[ikx— Ex,| 


+ ¢9* (k) exp|ikx + Ex,}} (2-13) 
and 
. (D,, Po(Liw) Po (Loy) Po) =14 (2y,— Loy) - (2-14) 
Next we consider the vacuum expectation value of the time-ordered product of 
two field variables 


(%, T (e(%,, ti) s Q (Xp, t3)) 0) —1/2 45 (%,— 5, Li—t)> (2-15) 


where 


21d’ (x, t), when t>0 
4,7! (x, t)= (2-16) 
—2id’- (x, t), when ¢<0. | 


Then 
4,' (x, Zo) =Z (t, X45 f) 4, (x, t) 


is analytic in the whole z,-plane except the 

line 2,=0 and 4,/(x, t) is the boundary 

value of the analytic function 4,’ (x, z») ap- 

proaching the line x,=0 in such a way that dae 
x, gets near to the positive ¢ axis from the 

half plane where x, is positive and to the 

negative ¢ axis from the one where 2, is 

negative (see Fig. 1). Fig. 1. The directions of continuation. 

When. j=7/2, we get to get Ap’ (x, t) from 4p’ (x, 29) - 


4,/ (2) = 4,! (x, —i24) 


Ra, 


Gs y. 
ae ft im Do (2-17) 
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The relation (2-17) is also obtained as the vacuum expectation value of field 


variable product ordered according to the values of 2,'s: 
(P., P(e (ty), ¢ (Len) ) Po) 
te P(Xyp)P (Loy) Yo), when 24> 2 


(2, v i Leg) Y (2, ) 25) when 2o4> Xia 


1A? 7— ee), WHET Tag > Ton 
pei (Zine) when 24 >2X4 
9.18 
=4 42 (a ao) (2-18) 


In general we consider the vacuum expectation value of the time-ordered product 


of n field variables: 


UZ, T (¢(™, bs ee Y(Xn, t.)) #4) (2-19) 
‘Then, if we fix the order of values of ¢,, -:-, t, aS, Say, t,>°:: >tn, (2-19) be 
comes the Wightman function” 
Ey, 5st Xn, tn) =(%, Y(x,, ti) G( Xn; ta) Ae (2-20) 


From the analysis of Wightman we know that* 


FF? (x)5 Pepe O25 Xn Zn) =Z(t,, X44 5 G:)**-Z (ins Xn 5 OSES (x, , Li sis 5 Ua tn) 
(2-21) 


is analytic when 


YOO O10 ed oe 
And when 6,=6,=---=0,=7/2, (2-21) reduces to 
FOP (Hyd 1 Lia'g 5 My 8 Lag) = (Ps Pa) Patt as 
Le ae EU Ae 
In this way if we know the values of 
(EPS eA CAC ES Pe a ake wd 


we can determine the values of (2-17), and vice versa. 


§ 3. Lorentz transformations 


In this section we discuss transformation properties of field variables with the 
Euclidean parameters. 

We know that the spinor representation of the Lorentz transformation is ob- 
tained by the use of the unitary trick** from a unitary representation of rotation 


* Here we omit the suffixes 6,’s of zz. 
*% gt=p*¥ ry. 
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in the Euclidean space. As our parameter space is Euclidean, it is necessary to 
use the same technique as that we use to obtain the spinor representation. 
Consider an infinitesimal inhomogeneous Lorentz transformation in macroscopic 


Minkowski space : 
Syl SO gst Ops Set Ep (v= -«-) 4), (3-1) 
where w,, and €, are infinitesimal parameters and the w,,’s satisfy the relations 
Oy + Ow =0. 


While €,, wz, and &, (k=1, 2, 3) are real, §,=75), wyy=iwwm and €=i& are pure 
imaginary numbers. As 2,’s are parameters, they should remain unchanged under 
the transformation (3-1). Field variables, however, are transformed in the follow- 
ing way: 


qd (ty) =4(@, €£)A(w) g(x), (3-2) 

in which g(2,) is a field variable and 
Wii, EV SUL Den, rij) Ee PL Hd, 0 8 2G, 83 | G-3) 

J,=P/ 9X5; 

ee Cri testa 4) e: real 
and 

Mo) =1+1/2 omy Sys (3-4) 

S,,: spin angular momentum matrix. 


On the other hand, the Hermitian conjugate of g(x) is transformed as 
q'* (x,) =** (o, €)q* (ay) A* (o), 
where 
A* (ow, €) =A(o*, .E*) =14 wh, Lp. 9v— Eu" Fn, (3-5) 
. A* (w) =1—i/2.0%, Sy (3-6) 


and * means Hermitian conjugation for matrices and complex conjugation for c- 
numbers. As (3-5) and (3:6) are not imverse operators of (3-3) and (3-4) 
respectively, we need to introduce an adjoint field of g(x) (see Appendix III) 


q' (xy) =9* (x,')D, (3-7) 
where 
iy = Xo, X3> 24) 
and D satisfies the relations 
DSu=SuP, 


DSy= — Sy4D, 
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CRAPS ABs 
pd af 
‘Then q'(ax,) is transformed as follows: 
gq (xy) =4(o, ©) q' (x) -A"(o), (3-8) 
in which 
A“ (w) =1—i/2 ey Syo- 


By the use of the relations (3-2) and (3-7) the following formulae are ob- 
tained : ; 


Bq (Xy) 7 (Xp) 
=| d‘xrq'(2.) 4" (a, €)4(@, ©) q(x). (by partial integration) 
=], (3-9) 


Dy a | ae q" (tn) Ou 7 (4) 
\ d'xq' (x,) 4" (w, €) 8,4 (ew, €) q(Xp) 


a j Fev ea Wiles: +o | d'xq(x,)8,q(2_) 
= eo Ons, (3-10) 


Xi/= | d'cq" (e,) ud (ay) 
= | d‘xq x.) bss (o, €) a (a, é) q(x.) 


= \ i kg (2y) Ty Q( Zu) + com ag! Ken) tug ey al d'xq (2,) q(2y) 
=X, +oyvXt+é.1, (3-day 
where 
A (e@, €) =1— ayy 2,9, +6, 9, 
and 


d'x=dx,d2,dtz,dx,. 
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It is easily shown that J, D, and X, are Hermitian operators and D, and X, are 
anti-Hermitian operators: for example, 


nh ‘\ d'xq; (zp) gh ze) }* 
== | d'xg* (7) a!) 


= | dtg* (ay!) q(a) 


=I, 
X= \ d'xg* (ay) 26g (ay") 


r 


= dix q' (xy) X4 q(xy) 
} aa Xs. 
‘For space reflection 
éva—b,, b=, | MAMPI (31 ALD) 
q(x) is transformed as 
| 7 Grae), (3-13) 
where P s a nBHAry space reflection matrix for spin variables and commutable 


with D: 
PD=DP. 


Thus 
- | diz (—2))a(—%) 


= \ d'x g Crp) q(xy) 


D,/= \ d'x qi (—2y')9.q(—2y') 


= | d'xq (xy) (—9%) q(Xy) 
| = —Dsz; | 
etc. 


For time inversion (mathematical) 


&,/=6,, Eis —&§, (3- 14) 
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g(x) is transformed as 


q' (ty) =Tq(z,"), (3-15) 


where 7 is a unitary time inversion matrix for spin variables and commutable with 


D for integral spin fields and anticommutable with D for half odd integral spin 


fields. And for transformation (3-14) the order of field variables in products is | 


assumed to be reversed. Thus, for example, 
,, 


l=+ \ ee CRE RE MS, 


e 


+ \ ge (COM Le Com, 


I 


aay (3-16) 


where + is taken for integral spin fields and — for half odd integral spin fields. 


Relation (3-16) implies that integral spin fields should be quantized according to 


Bose-Einstein statistics and half odd integral spin fields should be quantized accord- 
ing to Fermi-Dirac statistics as they are in the ordinary Minkowski variable theory. 
The charge conjugate field of g(x) is given by 


q° (Ly) =Cq" (xy) (3-17) 


where C is a charge conjugation matrix for spin variables. Thus, a neutral field 


variable is not a real function but a self-adjoint function; for example, a neutral | 


scalar field g(x) satisfies the following relation : 


g¢' (x) =¢9* (x') =¢(2). (3-18) 


§ 4. The variational principle 


We consider a Lagrange function L which depends on any c-number functions | 


q(x) of the Euclidean parameters x, and their first derivatives 


Q(X) =9, q(x) (4-1) 


as well as their adjoint functions g'(x) and q,'(x) =0,q'(a) but which does not | 


depend explicitly on x,. The variation principle 


a\L@ Gus Ose ta £0 (4-2) 


in which the variation has been assumed to vanish on the boundary of the domain 
of integration determines the field equations 


8, [9L/Aq,]—-9L/dqg=0 (4-3) 


and 


3, [8L/Aq,"]—AL/ag' =0. (4-4) 
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An energy momentum tensor can be formed from the Lagrange function as 
Tyy=OL/0Q,- G+ 9,1 OL /Aqy' — Ou L, (4-5) 
which, because of (4-3) and (4-4) satisfies the continuity equation 
opted Bret tp (4-6) 


If we assume that the Lagrange function L is invariant with respect to a phase: 
transformation 


and 


—tia 


Gi=e qd‘, 


where @ is a constant number, differentiation of L with respect to the phase a 
gives the relation 


OL/0q-q+OL/Oq,-q=_ OL/Iq' +q,'9L/9q,". (4-7) 


Then a current vector defined by 


ju=t|0L/0q,-q—9' OL/9q,"] (4-8) 
satisfies, on account of (4-3), (4-4) and (4-7), the continuity equation 
Oh jg= 0: (4-9) 
The three-dimensional volume integrals 
Pise il Tago (4-10) 
and 
Q=—ie| judo, (4-11) 


dv=dtiar.az, 


give the energy momentum four vector and charge respectively and they are inde- 
pendent of x, owing to (4-6) and (4-9) respectively : 


0,P,=9,0=0. 


As the scalar and vector properties of (3-9), (3-10) and (3-11) with respect. 
to the transformation (3-1) are derived with use of partial integrations of the four- 
dimensional integral, the vector and scalar properties of P, and Q which are given 


by three-dimensional integral cannot be shown in the same way as before. How- 


ever, owing to the continuity equations, we can show their transformation properties 
> 


as follows. : 
With respect to the transformation (3-1) qu and q,' are transformed as 
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Ga! = 0,4 (a, €) A (w) qd 
=/(w, €)4-" (a, €)9,4(a, €) Aw) g 


=Alw, €) (0, +@yy9y) A(w) q, (4: ly 
qu! =3,2(o, €)q'- A" (o) 
—/ (o, €) (0, Senay Oy) gi = Ae (w) ° (A = 13) 


‘Then 0L/0q, and 0L/0q,' are transformed as 
OL! /dq,! =4(w, €)[OL/Aqu+o,vIL/3q,): A“ (o), (4-14) 
AL! /Ag,!t=A(w, €) A(w) [OL /8qy toy, 9L/8qy']. (4-15) 
Thanks to (3-2), (3-8), (4-14) and (4-15), we get 
j's=19L//Oqi q! — q" OL'/9q,""] 
=1(e, €) {jab ou Je} - 
= fat warjet (Our %p9,—E,9,) Jas (4: 16) 


Putting (4-16) into (4-11), we have 


Ol =—ie | j/dv 


ie| dv [jst ae jet (erg Le Og Ey 04) ja] 
= ie | dvlibonjr— (Or Le—E4) 9, jr.] (owing to (4-9)) 


—ie| dv[jytoujut+orsjx| (by partial integration) 


e 


=—ie| dv ji 


=(. 


‘Thus we know that Q is a scalar quantity. Similarly, we can prove that P,, is ai 
four vector in the Minkowski space. i 


§5. A sealar field 


In the ordinary Minkowski parameter theory ¢* (x, 7) g(x, t), for example, is. 
‘a positive definite quantity, but in our Euclidean parameter theory the quantity | 
corresponding to it is given by ¢*(2x,)¢(x,) which has in general no definite sign. - 
In these circumstances it is interesting to investigate the signs of the energy mo-- 
mentum four vector and charge. 


The simplest example is the scalar equation without any interaction 
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Le—m'e=0, (5-1) 
in which [J is the operator 
=9,0,=32+024+02 402, (5-2) 


The wave equation (5-1) can be derived by the variational principle (4-2) if 
we use the Lagrange function 


L=0,¢'-0,9+m ¢"¢, (5-3) 
where gf (x) =o*(z"). 
From this we get for the energy momentum tensor by eq. (4-5) 
Twv=9.9'-9,9+90,¢'-0,9—0,,L (5 +4) 
and for the current vector by eq. (4-8) 
ju=il0,¢"-9—¢'A,¢]. (5-5) 
The solutions of (5-1) and its adjoint equation are written as follows: 
K 
9 (ty) =V~"? lim Sy (2E) ~" {¢, (k) exp[tkx—Ex,]+¢_* (k) exp| —ikx+E2,}}, 
Ka 
(5-6) 
K 
¢' (x,) =V-" lim >) (2E) ~"? {¢.* (k) exp[ —ikx + Ex,|+¢_(k) explikx—Ex,]}, 
K>a 
(5-7) 
where 
E=/F+m. 
Putting (5-6) and (5-7) into (5-4) and (5-5) and using the definitions (4: 


10) and (4-11), we have for the total energy, total momentum and total charge 


Poe \ T..dv=S%E|y.*(k)g.(k) +¢_(k)e_-*(E)], 6-8) 


P= >xk[g.* (k)g.(k) +¢_(k) g-* (Kk), (5-9) 
Q=e Sxl e.* (k)g. (k) —¢-(k) ¢-* (Rk) J. (5-10) 


These expressions coincide with those of the ordinary theory described in terms of 
the Minkowski parameters. Then we can quantize the scalar field according to 
Bose-Einstein’s statistics, that is, we may put the commutation relations 


[y.(k), 9.* (hk) -=[¢- (ke), 9-* (RD ]-= Ons (5-11) 


and the other commutators vanish. . 
From the relations (5-11) we find that the eigenvalues of 


N, (k) =¢.* (kg. (hk), 
N_(k) =¢-*(k)g_(k) 


(5-12) 
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are the positive integers or zero. When we replace the c-number relation 


g Fe 
by the g-number relation 
1/2(¢" Fe +e"), 
(5-8) to (5-10) can be rewritten as 
P= dae Gl Neer Lk) +1), (5-13) | 
P=Syk[N,(k) +N_(k) +1], Gi. # 
Q=e SxLN. (k) —N.(k)]. (5-15) 
With these definitions, (5-11) and (5-13) to (5-15), we have the relations 
ile (x,), PiJ=%9 (Zu) (5-16) 
etc. 


(p(a,), Ql=ee (x), Gy 


§6. A spinor field 
The Dirac wave equation in terms of the Euclidean parameters is written as 
72%r. P(x) +m (2) =0, (6-1) 
by using the ordinary Dirac matrices, the Hermitian conjugate equation becomes as 
On o* (x)7.+mg* (x) =0 


and the adjoint equation is given by 


Ay" (a) 74 — my" (x) =0, (6-2) | 

where 
E(x) =9* (x")r. (6-3) | 

The wave equations (6-1) and (6-2) can be derived from a Lagrange function 7 
Lh 7,9, 9—9, 9" -7,.¢] + my" d, (6-4) | 


which vanishes if the wave equations are satisfied. Using eqs. (4-5) and (4-8) | 
we get for the energy momentum tensor and the current vector 
Tw=hlP rA.¢—-I. f'n] , (6-5) 
and : 
Ju=1P" Te (6-6) 
respectively. z 
The solutions of eqs. (6:1) and (6-2) can be written as 


K 
(x) =V~'P lim Sin 319 (hk) a2 (ke) exp like — Ea] 
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+9*" (k)a7(k) exp[ —ikx + Ex,]}, (6-7) 
and 
+ Teniees 
f(x) =V~'" lim 3 {Yt (k) a (h) exp[— ike + Ex,] 
+97 (k)a?(k) exp[ikx—Ez,]}, (6-8) 
in which 


Lege =a (k)T, 


. 6-9 
a”(k) =a*"(k)7, = 
and they satisfy the following relations : 
Io oc =0,. (ar(k)a?(k) =d,, 
> > 6 ; 10 
a*(k)a*(k)=0,,  \a*(k)a#(k) =—é., pee 
and 
23 as (k) af (k) = (2m) (—tk7 + Ey,+m), 
ose (6-11) 


\ 21 a" (k)a"(k) = (2m) = (iky — Ey, +m) 


From eqs. (4:10), (4-11), (6-7), (6-8) and (6-10) we get for the energy 
momentum four vector and for the charge 


Py= De SELYE (bY (k) — $2 (WP (H)], (6-12) 
P= Dy, SKYE (G20) — $2 (8) (DI, (6-13) 
Q=e Sh DYE Yr) +92) I" ()]. (6-14) 


These relations suggest that, as in the Minkowski parameter theory, we should 
‘quantize the spinor field according to the Pauli exclusion-principle. Thus we put 
the commutation relations 


[Pr(k), $F (h')],=[P2(b), PEC) |. Soe Onn (6-15) 
and all the remaining brackets with the plus sign of these quantities vanish. Owing 
to the commutation relations the eigenvalues of 

Ni(k) =¢P (kh) $7 (k), (6-16) 
N2(k) =¢*" (k) 62 (k) 
are 0 and 1. 
Antisymmetrizing with respect to # and ¢*, the energy, momentum and charge 
lead to 


P= Sie > ELNS(k) +N*(k)—1], (6-17) 
P=)\k Da RLS (k) +N 2(k)—1], (6-18) 


O=e Sx SII NI(h) —N7(k) I. (6-19) 
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§7. Concluding remarks 


We have seen in the preceding sections that the quantum field theory in terms: 
of the Euclidean parameters gives 1) the vacuum expectation values of ,ordered 
field variable products (P-products) which can be analytically continued to the ones 
of time-ordered products with the Minkowski parameters, and 2) the same eigen 
values of the energy momentum and charge as those of the conventional. theory. 
In these circumstances we may conclude that the field theory in terms of the 
Euclidean parameters is equivalent to the customary one and gives the same values 
to the observable quantities as those of the latter, if we confine ourselves to the 
local theory. 

When we extend our theory to include nonlocal fields or interactions, we meet 
with various difficulties arising from the incompact property of the Minkowski space. 
But in our Euclidean theory such difficulties do not seem to occur. For example, 
exp] is a converging factor in the Euclidean theory but not in the Minkowski 
one. Thus, if nature requires the nonlocal theory, we may say that the Euclidean 
theory is more adequate to describe nature than the Minkowski one. In this case 
the two theories cannot be continued analytically to each other owing to the non- 
local interaction. 

In this paper we have been concerned mainly with the case where the para- 
meters are Euclidean. Certainly it is most convenient to describe the internal 
structure of an elementary particle. If we confine ourselves to the local theory, 
however, it is possible to construct the equivalent theory in terms of the more 
general parameter z,=cos@-t—i sin@-2,, where 0<@<7, instead of ¢ as one can see 
from the relations, e.g., (2-21), (A-4), (A-5), etc. 

A method for practical calculations, the connection between our theory and the 
classical equation of motion of a particle, and so on, will be discussed in the suc- 
ceeding papers. 

In conclusion the author would like to express his sincere thanks to Prof. Y. 
Yamaguchi for his encouragement and to Dr. T. Murota for valuable discussions: 
and reading of the manuscript. 


Appendix I 


Evaluation of a definite integral 


oo , 


iD 


\ f (Ra) exp[tk, x4] 2 +h2+m?)—' dk, 


—-o — © co 


When f(k,) has no pole in the upper half 
plane of k,, the only pole of the integrand is 


hy=iV +m 
=716). 


k4—plane 


—100 


Fig. 2. The path of the 
integration. 
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Thus the path of the integration is replaced by a closed loop as shown in Fig. 2 
and we obtain the formula, when EO 


co 


\ f (ks) exp[iky 2.) (F2-+h2) ~ dh, 


—-co 


be \ f (ks) explikyx,] (E2 +8) ~ dh, 


=1/Ef(E) exp[— Ex,). (AWD 


Appendix II 


A note for integration with respect to %, 


As an example of integrations we often meet in practical calculations, let us: 
consider the Salpeter-Bethe equation” for a bound system 


$(1, 2)= -i\)\| dx, d'x,d'x5d'x5-S,(1, 3)Sp(2, 4)G(3, 4; 5, 6) (5, 6), 

(A-2) 
where 2z,’s are Euclidean parameters and G(3, 4; 5,6) is a vacuum expectation 
value of x,-ordered field variable products. As seen in § 2, the vacuum expectation 
values have its Fourier transform (see, e.g., (2:17) and (2-18)). As to ¢(1, 2) 
=(%, P(~(Q1), $(2)) ¥e_voay), with respect to the relative coordinate x1,= 21, —Zoy 
it may be analytic but with respect to the absolute coordinate x,=a2x,,+ (1—a) ry, 
the situation is same as (2-10): 


e 


b(1, 2)= \ d'kih(k) exp[ik, x,] exp[KX—EX,]. (A-3) 


Then the integral of the right-hand side of (A-2) gives rise to the integral 


of the form 


ge \ AXd | dK f (Ky) expliKy(Xe— Xd) — EX¢, (A-4) 

in which E is the total energy. The integration with respect to X,/, if we inte- 
grate formally, gives rise to divergence. In this case one should postpone taking 
the lower limit of X,/ for the integral : 


Tt \ dX;! | AR, f(K)) explik. (Xi — Xf) = EXY] 
A-> co 
-A —o 


A>o 


Sn \ dK, f(K¢ (E+iKy) ~1 expliK,(X,+ A) +E4]. 


When f(K,) has no displaced pole in the upper half plane of K,, we have 
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[=—2ni lim {f GE) exp[—E|X,+ A| + EA]+ 3 9: (or) exp[—en| Xt Al +EA}}, 
A>o 


where w,’s are the values of —iK, at the poles of f(K,) and satisfy the inequality 
w,>E. 9,(w)’s are the residues of f(K,) (E+iK,)~ at the poles K,=iw,. As 
A tends to infinity, X,+A becomes positively definite and we finally get 


[= —27if (iE) exp[ —EX,]. (A-5) 
Comparing (A-3), we see that we can factorize exp|—EX,] in the both sides of 
(A-2). 
Appendix III 
Interpretation of the formalism in §3 according to the operator Z(t, Xs; 9) 
With respect to the Lorentz transformation (3-1), g(x, t) is transformed into 


q(x, t) =4,(a, €)A(w) q(*, 2), (A-6) 
where 
Ao, €) =1Lt oxy Le9, + Wr (249, +9z) — E,94—& 9. (A-7) 
Then, operating Z(t, x4; 9) on the both sides of (A-6), we obtain 


q'(*, 2%) =Z(t, X43 AA(w, E)Z*(E, 243 O)A(w) g(, 2), (A-8) 
and 
Liteies Oa aE) Za (tare) 
=1+ wx £49, + x0 {Xz (cos G0, +7 sin Gd,) +2, 9;} 
— &,0,—€)(cos00,+i sin0,). (A-9) 
Especially when 6=7/2, (A-9) is written as 
Z(t, %q3 7/2)A(w, E\Z*(t, 245 7/2) 
=1 + a4; Le9; +iW x9 L_I4— 1p Le O~p— Ey Oy — 1€y Og 
ire) a (A-10) 
Thus we get the relation (3-2) : 
Y (2) =q' (*, —ix) =4(a, €)A(w) q(ay)- 
In the next place, operating Z(¢, x,; 7/2) on g*(x, t)D, we have 
Z(t, x43 7/2) q* (x, t)D=g* (x, —ix,) D=q'(z,). (AeaAz) 
On the other hand, 
q* (Ly) D= iq(%, —ix,)}*D=q* (x, iz,) D. (A-12) 
Comparing (A-11) and (A-12), we obtain the relation (3-7) : 
q' (xy) =q* (x,") D. 


22 et 


1) 
2) 
3) 
4) 
5) 
6) 
7) 


8) 
9) 
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The imaginary part of tht nuclear optical potential for neutrons is calculated by means 
of a method of the volume direct processes, on the basis of the statistical independent particle 
model with a eiffuse nuclear surface. It is shown that the localization of the absorption near 
the surface, which was found by Bjorklund and Fernbach, can be reproduced using reaso- 
nable values for the relevant parameters. The effect of the Pauli exclusion principle, of the 
energy dependence of the two-body collision cross section, of the mass number dependence 
of the parameters, and of the correlation between nucleons are also discussed. 


§ 1. Introduction 


Much information on the phenomenological optical potential parameters has 
been obtained so far, especially from the detailed analyses of the proton-nuclei 
scattering cross section.” It was found that a fairly good fit to the experimental 
data could be obtained by using the diffuse-boundary shape for both the real and 
imaginary part of the nuclear optical potential. 

On the other hand the surface absorption model had first been suggested by 
Feshbach, Porter, and Weisskopf® from a view-point that the imaginary part would 
be much less dependent on mass number if it is concentrated in a surface layer. 
Amster® studied the effects of the various surface absorption potential forms at zero 
energy and also analysed, in collaboration with Emmerich, o, and o, of the first 
few Mev neutrons using several potential forms. However, the determination of 
the best fit surface potential form and the relevant parameters was not aimed at in 
their analysis. 

Recently, Bjorklund and Fernbach® have analysed the scattering of 4.1-, 7-, 


and 14- Mey neutrons by complex nuclei, using the optical potential with the follow- 
ing form* : 


* The notation is slightly changed from that used by Bjorklund and Fernbach. 
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V(r) =Vop(r) +iWa(r) +U (hi/pe)*(1/r) (dp(r)/dr)(6-D, (1) 


where 
Per) = Te exp (r= Ry (la) 
q(r) =exp| — (r—R,)?/2"], KD) 
R= nA". | (1c) 


The characteristic feature of this potential is the use of a Gaussian form centered 
at the nuclear edge for the imaginary part (Wq(r)). At each energy considered,. 
was found a single set of parameters that give a fairly good agreement with ex- 
perimental data of the elastic, total, and nonelastic cross section. Further, the 
calculated nonelastic cross sections show better agreement with experimental data 
when the surface imaginary potential was used instead of the diffuse-boundary 
(Fermi type) imaginary potential. 

Roughly speaking, two types of methods have been developed in order to 
derive the phenomenological potential mentioned above from the more fundamental 
two-body interaction; a) the quantum mechanical one” which directly relates the 
complex potential to the two-body potentials as has recently been elaborately developed 
by Brueckner and his collaborators, and b) the semi-classical one, first proposed by 
Goldberger,® which relates the imaginary part of the complex potential to the em- 
pirical two-body cross sections*. While the method a) is clearly more fundamental 
than the method b), in the former approach we must deal with all of the com- 
plications of the nuclear many-body problem, which in fact is very difficult to do 
at present”. On the other hand, the method b), notwithstanding its simplicity, 
could successfully give the absolute magnitude of the imaginary potential and its. 
dependence upon the energy of the incident particle’. However, since all the 
imaginary potentials so far derived were based on the Fermi gas having a constant 
density and a sharp boundary, they were constant over the whole nuclear yolume. 

In a previous paper”, along the line of method b), we used the Thomas-Fermi 
gas model with a diffuse nuclear surface to explain the inelastic scattering of protons. 
at intermediate energies by complex nuclei. The inelastic scattering was explained 
as the direct processes ocurring at the diffuse rim of the nucleus, and it was indicat-. 
ed in that paper that it would be very interesting to derive the radial dependence 
of the absorption (imaginary) potential from our theory, in which the Pauli principle: 
was exactly taken into account. 

We shall show in this work that by using the Thomas-Fermi gas model as. 
in the previous paper, it is possible to reproduce the phenomenological absorption 
potential of Bjorklund and Fernbach. In this connection, it is to be noted that the 
simple Thomas-Fermi gas model as used by us is also applicable with a considerable: 
validity to other surface problem”, such as the derivation. of nuclear surface energy- 


+ The real part of the optical potential cannot be derived on the method b). 
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§ 2. Calculation and results 


At first we consider the case in which the incident particle is a neutron. It 
js assumed that the incident neutron interacts individually with the nucleons in the 
target with a cross section which differs from that for free nucleons only through 
the restrictions due to the Pauli principle. As the target nucleons are supposed to 
be the constituents of the Thomas-Fermi gas with a diffuse boundary, the Fermi 
momentum p;(r) is radially dependent and can be evaluated from the nucleon 
density ~p)(7) and f(r) : 


pr (7) =[32? Hf (ry P*. (2) 
When a Fermi type function is assumed for the actual shape of », and ip, 
o(r) =a{1texp[ (r—c) /b]}™, (3) 
we have 
pe(r) =(37? Hal? (1 +exp| (r—c) /b]} ~~”, (4) 


where c is the half-density radius, b the diffuseness parameter, and a the normali- 


10) 


zation constant Then, the kinetic energy of an incident neutron in the nucleus 


is given by 
E, (7) =Prn (7) /2m og By (5) 


where pyn(r) is the Fermi momentum of the neutrons bound in the nucleus, S, 
the separation energy of the neutron, and E£ the kinetic energy of the incident 
neutron outside the nucleus. Contrary to the usual theory, £,(7) is here directly 
‘given by the nucleon density distribution (7), without referring to the real part 
of the optical potential V(7). The assumption that an incident neutron is absorb- 
ed from the incident channel when it collides with a target nucleon leads to an 
expression for the absorption coefficient K(7) which is here radially dependent : 


K(r) =K3(r) + Ka(r) 
tpt) Ong (7) 1 Pri) Onn): (6) 
where ¢,,(7r) and ¢,,(7) are certain average neutron-proton and neutron-neutron 


cross section. The averages in ¢,,(7) and ¢,,(7) are taken approximately over 


all possible relative collision momenta p(r), under the restrictions due to the Pauli 
exclusion principle. 


Let the momenta of incident and target nucleons be P:(r) and p,(r) and the 
relative momenta of the initial and final states be p(r) and p’(r), respectively. 
‘Then, «(r) may be expressed as 3 


§(r) =\dp.l)| 42" 2p()o (0), PO) /a) fap), 


where d’ is the solid angle element for p'(r). The two-body collision cross section 
| o(p(r), p'(r)) in the center of mass system is assumed to be isotropic and inversely 
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proportional to p*(r)'”. This assumption is appropriate in the present case. In 
eq. (7), the integral in the denominator is taken over the range of momenta at 
the radial coordinate + of the target nucleons (i.e. from 0 to Pr(r)), and the 
integral in the numerator is performed-under the restriction of the Pauli exclusion 
principle at the place r. Assuming o(p(r), P' (r)) =0,(p(r)) /42=0,/47 p(n), 


we get 
o(r) =6o p,(r) I(r) /pr'(r), (8) 
where 
b 2 2 JO (1 1. +2) 
ee ok 14327 ee 
xr=p2(r)/pi(r), @=pr(r)/P,(7), (8b) 
and the integration limits are 
a0 b=a for (1;(7)—2E sx), 
(8c) 


a=/y 2a—1, b=a for E,(r)<2E-(r), 


respectively. 

The actual numerical calculation has been carried out for Sn nucleus, where 
the empirical value for S, is 9.7 Mev. The parameters 6 and c in the expression 
for ~,(r) can be determined fairly well from the analysis of the high energy electron 
scattering”; b=0.57 X 10-8 em and c=1.1X A'”X10-* cm. Since there is no definite 
experimental evidence for the density of neutron p,(7), two sets of values of 6 and 
c are assumed with the same type of distribution as p,(r): (A) (nis of the same 
form as ~,, and (B) (» is a little extended beyond p, but has the same surface 
thickness as p,. The values for b and c, and the corresponding Fermi energies 


E,(0) at the center of the nucleus are listed in Table 1. 


Table 1. Values of a, 6, c and Ep(0) for Sn 
; protons neutrons (A) neutrons (B) 
Fale 0.671088 | 0.94 x 10% 0.53 x 10%8 
b 0.57 X 10-% 0.57 x 10“ 0.57 KX 10738 
Cc 5.42 x 10738 5.42 * 10738 6.66 x 10738 
Ep (0) 32.8Mev 41.3Mev 28.3Mev 


The calculated absorption coefficients are shown in Figs. 1, 2, and 3 for E=14 
Mev, 7 Mev, 4 Mey, respectively. The dotted curves are the ones calculated from 
the optical potential determined from the experiment’, using the following relation 
between the absorption coefficient and the optical potential, 


Rn) = (m/R)[— BF VO) 4+V EFV Ot W)). (9) 
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K (10!) 


1 eS AS eG 7 Seo 0 ar aca) 
Fig. 1 Full curves are the calculated absorption coefficients for 
E,,=14 Mev. Dotted curve is the empirical one found by Bjork- 
lund and Fernbach. 
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Fig. 2 Full curves are the calculated absorption coefficients for 


E,,=7 Mey. Dotted curve is the empirical one found by Bjork- 
lund and Fernbach. 
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Fig. 3. Full curves are the calculated absorption coefficients for 
E,,=4 Mev. Dotted curve is the empirical one found by Bjork- 
lund and Fernbach. 
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Fig. 4 Full curves are the calculated absorption coefficients for 
E,=14 Mev. Dotted curve is the one for E,=14 Mev. 


One sees that the calculated absorption coefficients agree fairly well with the em- 
pirical (experimental) results, especially the localization of the absorption at the 
nuclear surface. It is interesting to note that K(r) is almost indepent of the shape 
‘of fn. This is due to the fact that o,, is much smaller than opp. In the case 
of the incident protons it is expected that K(r) will be more sensitive to the shape 
OF Px: 

To see this p, dependence more quantitatively, we calculate the absorption coefh- 
cient K(r) for the incident proton whose energy is 14 Mev, and show the results 
in Fig. 4. In this case the empirical value for S, is 6.2 Mev. One sees that with 
‘Pp described by a type (A) K’s for both the incident neutron and proton have 
almost the same form, but with p, described by a type (B) the peak of K for 
tthe incident proton appreciably shifts towards the outside and its width becomes 
slightly broader than that of K for the incident neutron. 


§ 3. Discussions 


i) We shall here examine the problem why the absorptions were localized at the 
nuclear surface in our calculations on the basis of the statistical independent particle 
model with-a diffuse nuclear surface. As one of the reasons, we may imagine that 
the relaxation of the Pauli exclusion principle at the surface due to the decrease 
of pr(r) plays an important role. To see whether this is actually the case or not, 
we examined the scattering of 4 Mev neutrons by target protons only. At this 
energy the Pauli exclusion. principle is expected to be most effective. If we assume 
the two-body cross section to be energy-independent, o,,(p(7), p’(7)) =o,/47, we 
obtain (see Hayakawa et al.,” eq. (2.8) ) 


¢=0,: (E. P.), (10) 
where 


Sig a EA E.(r)>2Ex(n), 
(E. P.) =1 5 BD for E,(r)22E,x(r) 
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Here (E. P.) is the factor expres- 
sing the rate of reduction of the 
free collision cross section o,, due 
to the.exclusion principle. Then 
the absorption coefficient K(7r) is 
written as 


Ki) =p(7) oP C P.)-- Gy 


(E. P.), p/P (the proton density 
normalized to unity at the origin), 
and p/fmX(E. P.) are shown in 
Fig. 5. From this one sees that 
the effect of the relaxation of the 
exclusion principle at the nuclear 
surface is considerably cancelled out 


0 
0, acdinyp2adadsay Stalinins ow TrinSind by the decrease of p(r). There- 
r (10-19 cm) fore, using the energy independent 
Fig. 5 9/9 is the proton density normalized to unity cross section, one can not obtain 


at the origin. (E. P.) is the factor exprssing the 


rate of reduction of the free collision cross section 
@np due to the exclusion principle for E,,=4 Mev. the surface. From the above result 


it appears that the remarkable locali- 
zation of the absorption at the nucleon surface in our theory is mainly due to the energy 
dependence of two-body collision cross section, although the exclusion principle con- 
siderably reduce the absorption inside the nuclear surface. The energy dependence ~ 
of the two-body collision cross sections strikingly affects the results because in our 
model the momenta of both the target nucleons and an incident nucleon at the 
nuclear surface are much smaller than inside (see eqs. (2) and (5)).* 
iu). On the basis of the Stanford electron scattering experiment'”, the density of 
protons ( is usually described by a Fermi type function (eq. (3)), having a central 
region of rather uniform density and a surface region in which the density falls 
from 90 to 10 per cent of the central value in a distant D=4.39 b, b being inde- 
pendent of the mass number A. Taking account of this fact for o(r), we may 
expect that the calculated absorption coefficients K(r) for nuclei with different A 
in our theory would have nearly equal magnitude at a fixed incident energy, with 
the different locations of their maxima corresponding to the different values of radii. 
This expectation will be supported by the results of Bjorklund and Fernbach that 
at a fixed incident energy one can get by varying only one parameter, that is the 


the localization of the absorption at 


The examination of this discussion (i) was done following the suggestion of Dr. Sugie. 
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radius R,(eq.(1c)), a fairly good agreement with experimental data on the total 
and nonelastic cross sections as a function of A (about 8 to 220). 

The usual optical potential analysis assumes the éame radial form™ for the 

real and imaginary potential and the resulting imaginary part shows a remarkable 
mass number dependence, i.e. one has to decrease the imaginary part about factor 
two as the mass number increases, in order to obtain a fit to experimental data. 
The neutron excess in heavier nuclei’ can produce this tendency, but its effect is: 
too weak to explain the empirical evidence. On the basis of the surface absorp- 
tion model, this difficulty is not the case. 
iii) Since our nuclear model is a statistical independent particle model, the correlations 
between the nucleons are ignored. If the correlations were taken into account, the: 
higher momentum components of the target nucleons would be increased and the 
nucleus would be represented by a no-degenerate Tinomas-Fermi gas at some tem- 
perature. In another place’”* we gave the detailed calculation of the absorption 
coefficient with a non-degenerate Fermi gas (having a constant nuclear density and 
a sharp boundary) in a similar way as in this paper (i.e. as a direct volume pro- 
cess), and the result showed that the non-degeneracy was not so effective in inceas- 
ing the absorption coefficient.** It might be, therefore, expected that in the 
present case with the diffuse surface also the correlation effect will not so much 
alter the fundamental features of the results. However, the finiteness of tempera- 
ture is but one result of the correlation effect and a great complexity will be intro- 
duced in the calculation through a complete inclusion of the correlation effect, so 
that we think it a consistent way to work with the classical particle picture toge- 
ther with the Thomas-Fermi gas at zero temperature. 

Finally, it may be concluded from the results and disussions given above that. 
even with the present simple semiclassical model the physical reality underlying the 
nuclear surface problem can be explained successfully to a certain extent. 

The authors would like to express their sincere thanks to Drs. T. Momota 
and A. Sugie for illuminating discussions and careful reading of the manuscript. 


* This calculation was done in connection with the sticking probability in the decay process: 
of a compound nulceus (Cohen’s paradox)”, and the residual nucleus was described by 
a non-degenerate Fermi gas with various excitation energies. 

** An analysis of the dependence of the mean free path of nucleon on the nuclear tempera- 
ture was also done by Kind and Patergnani,!® from which the similar conclusion may be: 


derived for this case if the nuclear temperature is not so high. 
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The problem of nuclear moments of inertia is considered taking into account the effect 
of the internal motion phenomenologically. The kinetic energy of the internal motion is 
assumed to take the form of that of a symmetrical top. When the interactions between the 
irrotational and the internal motions are strong the total system has again a rotational 
energy spectrum whose moment of inertia is given by the sum of those of two motions. 
By means of the empirical data for the electric quadrupole excitations their magnitudes are 
estimated. In consequence the internal motion is shown to be very important. Comparison 
with other methods is carefully examined, especially with the work by Hayakawa and 
Marumori. 


§ 1. Introduction 


It is well known that many nuclei exhibit bands of energy levels with the 
spectra 


E;=hI(I+1) /2 Gees 


where I is the spin of a level. Since these spectra resemble those of the symmetrical 
top, A is called the nuclear moment of inertia. Present paper offers some theoretical 
comments on the magnitude of 4. 

Nowadays these energy levels are believed to be obtained by excitation of 
certain collective motions of nuclear particles. At first Bohr and Mottelson discussed 
the collective motion in the ‘core’ of the nucleus in terms of an irrotational motion 
of incompressible fluid set in motion by the action of outer particles in the unfilled 
shell. In the strong coupling limit, the shape of the core is an ellipsoid and 
the low excitations are the rotational type of (1-1). Then the moment of inertia 


is given by 
Deby Bie € qd *2) 


where « is the ratio of the difference between major and minor semi-axis of the 
ellipsoid to the mean radius. The deformation € can be inferred directly from the 
quadrupole data, and it was found that Hiv is appreciably smaller than that determin- 
ed from the level spacing, (1-1). Many authors have made various attempts to 


elucidate the above situation. Roughly speaking, those attempts may be classified 


into two groups. One of them has investigated the foundation of Bohr-Mottelson’s 
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phenomenological model developing the theory of quantum-mechanical collective 
motion of particles and examined the origin of the above-mentioned discrepancy. 
The others have made a more phenomenological approach. They have remarked 
the fact that even on the basis of the independent particle model of the nucleus 
the ground state would generally be deformed by the polarizing action of the outer 
particles which are in the unfilled shell. Therefore the nucleus could be approximated 
by the independent particle system in a rotating deformed potential. Thus they 
have obtained a new formula of the moment of inertia. 

In the former method, the collective motions of nuclear particles are assumed 
to be incompressible since the inter-particle force resists strongly to the compression 
of the system.” Further we assume those to be irrotational, then the displacement 
potential can be used which gives the particle displacement in those motions. In 
order to describe those motions quantum-mechanically, we take the displacement 
potential as the collective coordinate, and by properly defining the momentum canoni- 
cally conjugate to it, we have to express the hamiltonian of the system in terms of 
them and the internal variables which are independent of them. When more than two. 
modes of collective motions have to be taken into account as the surface vibration 
and rotation of the nucleus, canonically conjugate momenta to the displacement. 
potentials do not exist. However, if we employ the approximately conjugate momenta, 
the hamiltonian can be transformed into the form expressed by the collective and 
internal variables, which contains the correction terms due to the approximation.* 
In such cases, we extend the degree of freedom of the system introducing new 
redundant coordinates and momenta canonically conjugate to each other. Instead 
the state vectors are imposed some subsidiary conditions relating to the new variables. 
Then we transform the hamiltonian so as to replace the collective variables by the 
new redundant ones as far as, possible. If the collective coordinates and momenta 
were exactly canonically conjugate to each other, the replacement would be performed 
completely and the transformed hamiltonian would not involve the collective 
variables whose role would be played by the new redundant variables ; so we could 
solve the transformed hamiltonian having nothing to do with the subsidiary con- 
ditions.” In the actual case the replacement cannot be performed so completely 
due to the approximate nature of canonical relations, and we must solve the problem 
taking into account the subsidiary conditions explicitly. 

These attempts did not improve the situation; the resulting moment of inertia 
was the same as Bohr-Mottelson’s phenomenological theory. This means that the 
assumption of irrotational collective motions is not good enough. Against our ex- 
pectation they interact strongly with the internal motions, and the collective motions 
are not stable. Actual nuclei may also execute some other collective motions than 
the incompressible, irrotational ones—perhaps rotational ones. However, at present, 
it is not known how to treat the rotational collective motions quantum-mechanically. 


Thus the program to treat the collective motions quantum-mechanically has 
encountered with an objection. 
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On the other hand phenomenological approach was first made by Inglis who 
introduced the idea of independent particle motion in a rotating deformed potential 
with the fixed angular velocity 2°. In the reference frame fixed to the potential, 
the particle system is exerted by a Coriolis force due to the rotation. Treating 
this force as perturbation, it is seen that the reduction in the energy of the particle 
system is the same with the increase in the energy of free rotation. Setting 
this increase as 4,,.2?/2, we find the cranking model formula for the moment of 
inertia, 


Por =231|O|L i) ?/ Ex— E,). (1-3) 


The consequences of this formula are discussed by Inglis, Bohr-Mottelson and 
Moszkowski.” Particularly if the potential were assumed to be of a deformed 
oscillator type, eee would give a rigid moment of inertia at the equilibrium con- 
figuration. This value could be greatly reduced when the residual. interactions 
between the particles were taken into account. 

However, some questions remain also with this model. The first question was 
pointed out by Lipkin, de-Shalit and Talmi who remarked the fact that the rota- 
tion of a nucleus in Inglis’ model is externally forced rotation imposed by ‘ crank- 
ing’ the external potential, while the collective motion in the actual nucleus is free 
rotation resulting from the mutual interaction of the nucleons.” Moreover, on ac- 
count of the deformation of the potential the quantum states of Inglis’ model are 
eigenstates of the total angular momentum only in a sense of time average, while 
actual nuclear states are always the eigenstates of that quantity. 

The first problem was discussed by Villars and Hayakawa-Marumori on the 
basis of quantum-mechanical many body problem.* Introducing a reference frame 
fixed to the particle system Villars expressed the hamiltonian in terms of the 
coordinates relative to this reference frame and the angles which indicate the orienta- 
tion of the frame. Thus he obtained a form of the kinetic energy of a many body 
system, in which the dependence on the total angular momentum is explicitly 
given. Similar arguments were made by Hayakawa and Marumori who used the 
angular coordinate of the irrotational collective motion as a collective coordinate 
and the total angular momentum as the collective momentum and employed the 
method of canonical transformation. According to their results intrinsic motion has 
a coupling term with the total angular momentum through L;, which is called by 
them internal angular momentum. This coupling term plays the role of Coriolis 
force for the intrinsic motion. Hayakawa and Marumori derived the rotational 
spectra of the energy levels assuming the Coriolis force to be weak enough to be 
treated by perturbation theory and further assuming the mean square deviation of 
Li, to be negligibly small, the resulting moment of inertia was given by the sum 
of the hydrodynamical value (1-2) and the term similar to the cranking model 
formula (1-3). However, some criticism will be given about the consistency of 


above two assumptions in § 3. 
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With respect to the second problem about the angular momentum Peierls, and 
Yoccoz made interesting discussions in which they remarked the degeneracy of 
ground state of independent particle motion in a deformed potential with the orienta- 
tion of the potential.” Forming the linear combinations of these degenerate states. 
properly, they found better trial wave functions which were eigenstates of the total. 
angular momentum.. However, we can use more improved trial functions, especially 
for the excited states, if there are some stable collective motions in the actual nuclei. 
As an example of the translational motion, the product of the Peierls-Yoccoz trial 
function for the zero momentum state and the plane wave which expresses the 
motion of the center-of-mass gives the improved trial function for the translating 
state which is lower in energy and gives no inconsistency such as the effective mass 
differs from the total mass. The nuclear collective motions would be under the 
same circumstances as the case of translational motion. 

In this way the approach through the method of quantum-mechanical collective 
motion and that through the discussion of the phenomenological models have been 
related to each other and have left some questions respectively. Tomonaga, on 
the former standpoint, proposed to consider phenomenologically the couplings between 
the irrotational collective motion and the intrinsic motions.’” Let us assume that 
the irrotational surface motion is coupled to one mode of the intrinsic motions. 
Then the coupling energy between the two motions is given only by the potential 
energy term and not from the kinetic energy, since the two coordinates which 
describe the two motions respectively are chosen to be orthogonal to each other. 
This coupling energy is shown to depend only on the ‘ relative coordinate’ between 
the two coordinates and approximated by expanding in its power series -in the 
strong coupling limit. Thus the two modes move together executing relative vibra- 
tion about an equilibrium point. Consequently, in a rotational motion, the rotating 
substance in the nucleus increases as compared with the case of surface motion 
alone, thus making the effective moment of inertia larger. than the hydrodynamical 
value. However, it is not known what intrinsic motion is coupled strongly with 
the irrotational surface motion in the nuclei. But what motion it may be, its 
kinetic energy must be given by the square of the angular momentum which 
generates the intrinsic motion. By these discussions Tomonaga showed that the 
increase in the moment of inertia was given by a formula similar to that of the 
cranking model.. At first sight this may seem to be the same as Hayakawa and 
Marumori’s work, but they differ not only in appearance but also in substance as. 
is shown in § 3. 

The main purpose of this paper is to extend Tomonaga’s idea to three dimen- 
sional cases and to derive the addition theorem of the moment of inertia in the 
case of coupled rotational motions. On the basis of these results the experimental 
data of the energy levels of the nuclei and those of the electric quadrupole excita- 
tion yields are analyzed. The results of this analysis indicate importance of the 
intrinsic motions. In § 2, Tomonaga’s idea will be summarized in the two _dimen- 
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sional example. In § 3, the relations with the other methods, ‘especially with that 
of Hayakawa and Marumori, will be investigated. In § 4, Tomonaga’s idea will be 
applied to separate one mode of intrinsic motions from the others in three dimen- 
sional case, and we will solve the problem of surface-internal coupled system in the 
strong coupling approximation in § 5, deriving the addition theorem of the moment 
of inertia. In § 6, Coulomb excitation phenomena will be discussed with this example 
inferring the magnitude of nuclear deformations ¢ and that of the moment of 
inertia of surface motion by the formula (1-2). Finally in § 7, the magnitude of 
the moment of inertia of the intrinsic motion will be inferred by means of the 
results in §6 and the experimental data of energy levels. 


§ 2. Illustration of the method by an example of 
the two dimensional nucleus 


Let us begin with Tomonaga’s theory since it is not published in a precise 
form. As Tomonaga did, we take a simple example of the two-dimensional nucleus. 
This example is rather simple in many respects, but still contains the very essence 
of the method and makes it easier to compare the discussions with other two- 
dimensional ones such as Hayakawa and Marumori’s. 

Denoting the Cartesian coordinates of the n-th nucleon by x,, y, and their 
conjugate momenta by p,,, py, respectively, the total hamiltonian of the system is 
given by 


Pi AY crepe Py) eV (CLE Veale, Vo5°** 5) Las Va) (2-1) 


where m is the nucleon mass and V is the potential depending only on relative 
coordinates of the particles. First we consider two modes of collective motion 
corresponding to an irrotational, incompressible flow inside the nucleus which are 
described by the set of coordinates 


POETS meee DA Gs omc 
c= (AR,’) re we Tn Vn 


where A is the total number of the nucleons, and R, is the nuclear radius. The 
separation of the hamiltonian (2-1) into collective and esa parts was perform- 
ed by Tamura and one of the present authors (T.M.).® In order to avoid un- 
necessary complexity of finding the canonical momenta conjugate to s, they intro- 
duced a set of auxiliary variables a; and £; canonically conjugate to each other and 
the hamiltonian was transformed into the representation in which a, and f, play 
the role of the collective variables. The transformed hamiltonian was given by 


OD 
H>H=T,.+H' (2-2a) 


T.= (1/mAR,’) {2 (r?/Re) (BY +P) +1(Re/1?) (@8.— aef7;) + +++} (2-2b) 
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(ds Fults Hdl wing +3 Hya+>) Hyajap + (2+ 2c) 


where r® is defined by r?=A™" >i (tat y,) and Z by l= 2 (XnPyn— Ma D ia) ahd opel 
H, and Hy, depend only on the internal variables. The first term of (2-2b) 
the kinetic energy of the collective motion, while the second term is the coupling 
term between the internal and collective angular momenta due to the non-commuta- 
tivity of the momenta taken approximately conjugate to §, and §,, so this term 
may be neglected as small compared with the first term. The second term on the 
right-hand side of (2+2c) gives the coupling between the internal and the collec- 
tive motions, and the third term gives the effective potential for the surface 
deformation a;. 

Similarly the total angular momentum was transformed under the above trans- 
formation into 


lo L=L.4+L; (2-3a) 
Dap sg) (2-3b) 
Le = if (2 4 3c) 


L, is the angular momentum due to the collective motion and L; is that due to 
the internal motion. | 
Instead of characterizing the collective motion by the two coordinates a, and 
a@,, it may also be described by an angular coordinate @ specifying the orientation 
of the deformed nuclear surface and a parameter determining its shape. They are 
given by 
a,=a cos 24 


ae s—a sin 20. (2:4) 


The kinetic energy of the irrotational collective motion (2-2b) is expressed in terms 


Ns thdel shat Beedle 


of these variables and takes the form 

Le Lectcty vin (2-5a) 
The first term is the rotational kinetic energy which is given by 

egy (2-5b) 


with the moment of inertia 
J=2m AR,*a’, 


while the second term is the vibrational energy independent of 6. We have neglected 
the second term on the right-hand side of (2-2b) and used the approximation 
r= R,/2 which was verified in heavy nuclei.” 

With Eq. (2-5a), we can decompose the hamiltonian (2-2a) in the form 


H= Bh +r Jal, (2 6a) 
FA, = Ainternas =f » ya; aT >) Hy.0;a, Ss ml eR = (2 : 6b) 
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As it was discussed in § 1, we cannot anticipate the collective-internal coupling, the 


_ second term on the right-hand side of (2-6b), to be negligibly small; it may be 


rather strong. The coupled internal motion must be of a rotational nature in order 
to contribute to the magnitude of the moment of inertia. This internal rotation is 
supposed to be described by an angular coordinate y which satisfies the canonical 
commutation relation with the internal angular momentum as follows 


[L;, g]=—2. On 


Strictly speaking, it is not a simple matter to see if there exists in the quantum 
many body system such a quantity as ¢ that satisfies the commutation relation 
(2-7). However, if there takes place an internal motion which rotates together 
with the irrotational collective one, such an angular variable may exist, at least, 
approximately satisfying the relation (2-7). Moreover, if it is possible to choose 
g orthogonal to any other internal coordinates, the kinetic energy of this internal 
rotation may be given by the square of L;. The moment of inertia of the internal 
rotation J, being the mass parameter of the kinetic energy, will be defined by means 
of the following relation 


[Hy ¢]=— G/1) L. (2-8) 


In order to obtain the explicit formula of J, we make up the representations of 
the above two relations (2-7) and (2-8) which are diagonal in H, and eliminat- 
ing the matrix element of ¢, J will be given by the following formula, 


T=25)| (Pol La] Pn) |2/ En— Eo), (2-9) 


where ¥,, and FE, are the eigenstates and eigenvalues of H,, respectively. In deriv- 
ing this formula there seems to be some ambiguity in the choice of the state %. 
However, if the separation of the mode of internal rotation from the other internal 
motions can be performed fairly well I does not depend on what state is chosen 
for ¥. We will finally remark the very similarity between J and Ae which was 
given by the cranking model formula (1-3), since ¥,, is the eigenfunction of the 
hamiltonian H, which means, being phenomenologically interpreted, to be a wave 
function in a deformed potential. 

By the use of equations (2-7) and (2-8), it can easily be derived that the 
quantity H,—L?/2I commutes with the angle ¢, that is to say, it does not involve 
the internal angular momentum L; and, consequently, it is the function of ¢ only 
with respect to the internal rotational motion. The ~ dependence of H, can be 
directly inferred from equation (2-6b) in which the second term on the right-hand 
side, being the coupling term between the internal and the collective motions, must 
explicitly depend on g. The remaining terms in (2-6b) may be also ¢ dependent, 
but their dependence must be moderate enough to be neglected as compared with 
that of the second term. After all, Hj, depends on the collective and the internal 


rotational motions with. the following form, 
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- H,=a,H,+a,H,4+ L?/21 (2-10) 
+terms not dependent on the rotation. 


Corresponding to (2-4), H, and H, can be expressed by means of the angle 


g as follows: 
H,=V cs 2¢ 
2-11 
He=V sin'z¢ : 


the origin of the angle ¢ being properly adjusted. Now we shall show that the 
quantity V above introduced is rotation independent. As the total angular momentum 
is a constant of motion, it commutes with the total hamiltonian of the system 


[H, L]=0. (2-12) 
According to equations (2-5b) and (2-3b), one obtains the relation 
led eee NSN Wels =U. (2-13) 
By means of (2-6a), (2-13) and (2-10), we derive from (2:12) 
[a,H,+a,H,, L.+L;|=0. 
If we use the form (2-3b) for L,, above relation gives the equation 


a,|H,, L|+e{H,, L\)=21(a,H,—a,H,). 


Comparing the factors of a, and a, on both sides, respectively, we find 
(eae Li —2iH, 


Bele eyre es) 8 


Making use of (2-11), we get finally 
[V, L]=0 (2-15) 


which means that V is not dependent on the angular coordinate g. It has already 
been remarked that V too does not .depend on L;, but we shall prove it again 
explicitly. For that purpose, we calculate the quantity 


Lg, Lleles Lij\=l¢, [a,H,+a,H,, L;]| 
=|, —2ia,H,+2ia,H,] (2-16) 
= (—2ia, sin 29 + 2ia, cos 2v)[e, V] | 


by means of (2-10), (2-14) and (2-11). Meanwhile we can make the left-hand 
side of (2:16) vanish using the identity 


ly, [He LN=(Ae ly, LI+{le, Bal, Li 
and Eq. (2-7) and (2-8). Thus one obtains 


ly, VJ=0 * (2-17) 
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from (2:16). Consequently we can write down the explicit angular coordinate 
dependence of the coupling energy between the irrotational collective motion and 
the internal rotation as follows, 


a,H,+a,H,=aV cos 2(6—¢), (2-18) 
by means of (2-4). (2-11), (2-15) and (2-17). 
Finally the hamiltonian takes the form 
H=L?/2J+aV cos 2(6—¢) +L?/2I 
+terms not dependent on the rotation. Ses 
It is convenient to make the further substitution 
6=(J0+1¢)/(J+D 
2=I—¢, 
which means respectively the angular center of mass and the relative angle of the 


two rotators. 
Then the total angular momentum is given by 


L=—id/00 


by means of (2-3a) and the hamiltonian (2-19) is written in the form 


pps peoldcayl ai +aV cos 22. (2-20) 
2(I+J) 21] ae? | 

In the case of strong coupling between the irrotational collective and the internal 
rotations, the absolute value of aV is large compared with the energy of the rotational 
excitation. In this case the angle 2 will perform small vibration around the 
equilibrium point where aV cos22 takes its minimum value, so we may expand 
the last term of the right-hand side of (2-20) in the power series in 2. Taking 
the series up to the square term in 2, the hamiltonian (2-20) may be easily 


diagonalized and give the energy spectrum 
E(M, n) =aV+M?/2U4+d) + (n+1/2) a 
og=—41+d)aV/IS 


where M is the magnitude of the total angular momentum and m is zero or the 
positive integer. Now since the last term of the right-hand side of (2-21) is much 
larger than the second term, must take the value zero in the low excitation of 
the nucleus. Then the excitation is always rotational in which the effective moment. 
of inertia is given by the sum of those of two motions by comparing (2:21) with 
The effective moment of inertia deviates from the hydro- 
as the excited single 


OOS 


the expression (1-1). 
dynamical value by the amount (2-9) which becomes greater, 
ed. potential are more closely spaced. and the matrix 


particle levels in a deform: 
Therefore, considerable deviation is expected for the 


elements of ZL, are larger. 
) 
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nuclei which lie far from the closed shell and whose deformation are large, as was 
pointed out by many authors. 

The motion of our system may be pictured in the following manner. Suppose 
that the system is in a configuration corresponding to the lowest value of the 
coupling energy aV cos 22, that is a configuration with 6=¢ or 0=¢+7/2 accord- 
ing to the sign of V. Then let us imagine that @ is increased by a small amount 
. This means that our drop of nuclear matter is deformed irrotationally, the 
change of the drop shape being a tidal rotation of the angle 0. This deformation 
then causes the increase of energy by the amount 2aV0*, so that it should be 
followed by the change of ¢ of the same angle 0 which compensates the increase 
of energy. Physically this change of g means the rearrangement of the particles 
in such a way that the inner stress is eliminated and the lowest value of the 
‘coupling energy is restored, the drop shape being kept unchanged. Thus our 
motion will be, roughly speaking, a succession of deformation and rearrangement, 
resulting in a rotation of the drop not purely tidal, but, on the other hand, not 
necessarily rigid because the rearrangement does not necessarily mean the persistence 
of a fixed relative position of particles in the drop. 


§ 3. The connexion with other metheds 


In order to discuss the connexions between the other methods and that by 
‘Tomonaga, we will consider the work by Hayakawa and Marumori® which is most 
‘suitable for our purpose as an example because their work is very similar to others 
such as Villars’, and is closely related with the idea of cranking model and, in 
‘addition, they employed the-. mathematical methods in common with ours. 

They decomposed the hamiltonian of two dimensional particle system in the 
form: 


I= FL + Apart ’ (3 i la) 
Few 1/ (2S) + { M— (L)))? +2 (M—(L)) (Ld + (L;= (Ly), (3-1b) 
Tiyan, oL, o (3-1c) 


where w=J~'(M—(L,)) and (L;) is the expectation value of L; by the eigenfunc- 
tion of Hay. This decomposition involves no approximation. In order to solve 
the Schrédinger equation 


Ayan! = ed, (3-2) 
it was assumed that the last term of the right-hand side of (3-Ic) could be 


treated as a perturbation as in the case of cranking model. As a result of the 
‘approximation, one obtains 


Liy= Miya. - (3-3) 


Finally, making the expectation value of Hy. in ¢ they showed the possibility to 
derive the rotational spectrum in which the effective moment of inertia was given 
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by the sum of J and J, if the last term of (3-1b) could be neglected compared 


with the preceding two terms. Quantitatively the first assumption may be formulated 
as 


Slee p,m Lal) | <1, (3-4) 


carr 


where ¥,, and E,, are the De His and eigenvalue of H, respectively, as defined 
below Eq. (2-9). Meanwhile the second assumption means 


((Li— (Ly))?) = LP) — (Li)? < | (M— {L,))? +2 (M—(L,)) <L)| 
=|M?—<{L,)?| =M?—<L,)’, 
by means of (3-3). We may thus write 
{L?) <M?. (3-5) 


We shall now examine the validity of these two conditions on the basis of the 
phenomenological model given in § 2. The hamiltonian H, takes the form 


H,=L?/2I+aV —2aV (g—6)?+--- 
+terms not dependent on the rotation 


from (2-10) and (2-18) in the strong coupling approximation. Therefore E,, is 
given by 

E,,.=aV + (m+1/2) (a/T), (3-6) 
with at=—4aVI which is large compared with unity in the strong coupling and 
m non-negative integer. And ¥,, now takes the form 


P= NmEm| &(¢ — 8) ] exp{—a* (p—0)*/2}, 


1/2 
N.=(7_) 
Vy =2"m! 


where H,, is the Hermite polynomial of order m. 
By means of the definition of w, (3-3), (3-6) and (3:7), one is able ta 
calculate the left-hand side of (3-4) and the result is given by 


(3-7) 


BiGeuae: 2a?’ 


which is ginal 7 tee with unity in the strong coupling. Thus the condition. 
(3-4) is satisfied by the model in §2. In the same way, the left-hand side of 
(3-5) may be shown to be . 


Wr 2 e Poe si) 2 P| L;| Po 
(L?Y= (¥o| Li? Yo) ORE SR (Po |L?| Pon) (Prm| Li| Po) 


™ 


say) Ace ot ? (3-8) 
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Since this is large compared with unity, the condition (3-5) cannot be satisfied by 
the model. This indicates the fundamental difference between the two methods. 
Moreover, it seems to suggest the inconsistency between the two assumptions (3-4) 
and (3-5). 

By the condition (3-4), it may be expected that the ratio of the two terms 
on the right-hand side of (3-8) is appreciably small°compared with unity which 
we shall designate by 6. It can be interpreted as an expansion parameter of the 
perturbation series in the problem of (3-2). Then Eq. (3-8) takes the form 


(Ly (1 +8) (BILE %) 
= (148) 31] (PalLal%) 


Fo 


= (1+0) E,~ Eo) 31 | Pal Li) Po) ?/ (E,— Bo) 


= (1+¢0) (£,— E) =| (P| Ls| Po) ?/ Een — Eo) 


=(1+0) (£,—E,) U2), (3-9) 


by means of (2-9); E, is the energy of the first excited state of H,. Meanwhile, 
the second order perturbation energy of Hj, is given by —Jw*/2, therefore we 
may set 


0 (EH, — hy) = Ie? /2. (3-10) 
By means of (3-9) and (3-10) one obtains 


(ray ite Iw y= 1+o IM vi 
ey? Ee 40? \I+J 


Imposing on ¢(L;°) the condition (3-5) and assuming the relation [= 4J which 
may be expected from the experimental data, we find the condition for the magni- - 
tude of 0 


250°— 40—4>0. 
Thus one obtains the result 
0>0.5 
which explicitly contradicts our expectation 6<1. Even if 0 takes a value between 
0.5 and 1, one must give up the application of perturbation theory to solve Eq. 
(3-2). Then the discussion to derive the rotational spectra may be entirely changed. 


This seems to mean that it is rather difficult to obtain the rotational spectrum in 
the case of weak coupling between the irrotational collective and the internal motion. 


§4. Application to the three dimensional nucleus 


In the case of the three dimensional nucleus the total hamiltonian A, is given 


by 
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Fiye= (li/2m) >A > Pit Pitts VCig¥o. dotPa)s (4-1) 


with 


Po= pz Pe Fe (b.ip,). 


a 


To describe the irrotational collective motion we use the set of coordinates 
c= (47, 3AR;,) =I Yn (r,) ? 


where Y,,,(r,) is the solid harmonics of the second order. The separation of the 
hamiltonian (4-1) into collective and internal parts gives the result, according to 
Tamura and one of present authors,” 


H,->H=T,.+H', (4-2a) 
Lea (Ag, 3mARy’) > ms S| PER’ as (4- 2b) 
eA. a,H,+H,, (4-2c) 


u=—2 
small correction terms in the kinetic energy of the collective motion J, being 
neglected. In these expression R is defined by R’= (5/3A) pe r,” and approximately 


equal to R,, the nuclear radius. The first term on the Gent hand side of (4-2c) 
gives the coupling between the irrotational collective and the internal motions, the 
second term contains the energy of internal motion, the potential energy of the 
collective motion and so on. @, are the coordinates of the irrotational collective 
motion in this transformed representation, and #, are the momenta canonically 
conjugate to a,. And H, depends only on the internal variables. The total angular 
momentum takes the form 


Le=Lo+r LL wm=— 1, OF +1; (4-3) 


where the angular momentum of irrotational collective motion L,, is given by 
4 tt: 2 
STO? SN 2A Im yap, (4-4) 
a, po —2 


and Li, is that of the internal rotation. 

Instead of characterizing the collective motion by the set of coordinates a,, we 
can use three angular coordinates 4; specifying the orientation of the deformed 
nuclear surface and two parameters a, determining its shape. The latter coordinates 


are related to a, by the following formula 
2 
a= Dh Dau (Gi) a (4-5) 
= 


with a,=a_» and a,=a_,=0, Dy,(G;) being the transformation functions for the 
spherical harmonics of order two. Denoting the unit vectors along the each axis 
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of the frame of reference fixed in space by (f,, f,, f,) and those fixed to the 
nuclear surface by (kS, k‘, k$), we define the transformation coefficients which are 


the functions of 4; by 
Bows (4;) = (f<k;) 7) el, Vo, 2 2, (4-6) 


the functional form of K,,(4;) was derived, for example, by Casimir.”” By means 
of (4-6) one obtains the component of the collective angular momentum along kf 
axis as follows, 


PIR OPEL RY = 2p Fz: 


Then JT, written in terms of 4; and a, takes the form 
ie = Te ai ie > 
(4-7) 
Tig fet E24 Sie) Pa) 


where T\;, is the kinetic energy of surface vibration and J, are the moments of 
inertia of surface rotation which are given by 


J,=Jy=9M ARZE?/82 = F rigiae = in > 
JU; 
where / defined by 


(4-8) 


&=ae+2az 


gives a measure of the degree of deformation of the nuclear surface and is pro- 
portional to «. These relations were first derived by Bohr.” 
With Eq. (4-7), we can decompose the hamiltonian (4-2a) into the form 


de fe He ida, (4 fi 9a) 
2 

H,= Di ly + Art Trip . (4-9b) 
por 


Now we shall separate phenomenologically the internal rotation coupled with the 
collective motion. As in the two dimensional example, it may be described by 
three eulerian angles, ¢,, %., 3, which specify the orientation of the principal axes 
k, (u=x, y, z) characteristic of the internal rotation. Instead of the angles the 
transformation coefficients may be used which are defined by 

Fo) EE ay ve eye. (4-10) 
Since this rotation is generated by the internal angular momentum they must 


satisfy the set of commutation relations 


LAS (¥) i? ee (¥,) i = Ky, (¢;) Ly Pt ES Ee (¢;) =1Kygn (¢;) > 


Ce i ie cay 


U=xX, y, Z. 
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Fig. I. Eulerian angles of three kinds. 0,, 00, 05 
denote the orientation of the nuclear surface 
(Kx°, ky°, k°) relative to the frame of refer- 
ence (fx, fy, f,) fixed in space. 9), go, 3 give 

'.the. dizections of the principal axes. (kx', Kyi, 
(kz',) characteristic of the internal motion. 
Finally 2,, 22, Q3; determine the relative 
orientation of (Kx°, ky°, k,°) and (kxi, ky. 
k,') systems. S¢ is the nodal line, the line 
of intersection of the fx, fy and the kx°, ky° 
plane. Si is that of the f and ki systems and 
S is that between ke and ki systems. The: 
definitions of quantities are the same as 
those given in the textbook by Casimir). 


By means of (4-10) the component of internal angular. momentum along ki, axis 
is given by 


QO, = wai Bh (¢;) J Be: . ek 


Now, we suppose that the moment of inertia [, of the internal rotation exists 
and can be defined by the relations 


[eas Ia, (¢:) ] = (4/21) 1 Kass (¥;) et hay, (¥:) Q,} 
— (i/21,) {Oy Kix (G) + Kuz (Gi) Qy}, (4-11) 


ery 


(laos y; Z, 

which express our expectation that the internal kinetic energy takes the form of 
‘that of an asymmetrical top whose moments of inertia are J,, I, and J,. In order 
to gain the explicit form of I, we multiply the first equation in (4-11) by K,y (¢;) 
from left and sum them up with respect to the index u. Then by means of the 
~ relations 
| pies ie (¢;) Bow (¥:) = vy 
-one obtains | | , 

(21/I,) O.= 31 Ky (¥;) 1 Oy ee (Yi) —Kuy, (¢;) Buy (Ys) \ OF (4- 12) 


“Making use of the eigenvalues /,, and eigenfunctions ¥,, of H,, I, may be expressed 
from (4-12) as 


airpr eee CAC SE 2 ae 
Tm 3) En (Yo) Kes (G0) | Pu) Pn] Kx (2s) [¥o) 


Sst ste expressions are valid for J, and J. They are the three dimensional version 
of the moments of inertia corresponding to’.(2-9) “of the two-dimensional case. 
Since H,—>}(1/21,,) Q.° commutes with K,,(¢;) by mearis of (4-11), it-does 
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not contain the internal angular momentum, which means that it is a function of 
angles only with respect to the internal rotational motion. The angular dependence 
may be inferred from Eq. (4:9b) in which the first term on the right-hand side 
is most effective as compared with the others. It may therefore be expected that 
H,, now takes the form 


H,= >) %AT,. + S30 /21) Qe 
we uw 
+terms independent of the rotation. (4-13) 


In order to visualize the mechanism of the motions, we will put 
2 
y= >) Dis (¢;) Vi . (4- 14) 


‘Then it is easy to see the rotational invariance of the quantity V, above introduced 
by the discussion similar to that given in § 2. Finally, by means of (4-9a), (4-7), 
(4-13), (4-5) and (4-14), the hamiltonian takes the form 


H= BS CZs.) P+ a aViDyar (4;) PE (%;) + a (1,/24..) Os 
u ay u 
+terms independent of the rotation. (4-15) 


Now what sort of energy spectrum will this system have in the case of strong 
‘coupling ? It is too difficult to treat the problem of coupled asymmetrical tops, but 
fortunately many nuclei seem to have the spheroidal deformation. We shall there- 
fore assume the rotational symmetry of the system from the beginning, that is to 
say, we put 

Jp = Jy dG) ote... (4-16) 


Although J, vanishes in this case as shown in (4-8), it will be treated as if. it 
were not zero, since J,=0 is a special case which can be considered more easily. 

To solve the problem under the condition of strong coupling, the hamiltonian 
(4-15) is still inconvenient in two points. One of them is the fact that the inter- 
action term between the two “tops” is too complicated. The other is that, since 
the nuclear spin does not appear explicitly in the hamiltonian, it is not easy to 
obtain the rotational spectrum. Thus it is more convenient to use three eulerian 
angles 6; specifying the orientation of the system as a whole and three angles 2, 
determining the relative orientation of two tops. It may be natural to define 2, 
as the eulerian angles between kj- and ki, systems; explicitly, they are given by 


Dy (2;) oa (k;, . k\) mee Ten (4;) ha (¢;) : (4 ; 17) 


Meanwhile it is desirable to define 0;.so as to separate the kinetic energy of the 
‘system into two parts as far as possible, one of which represents the motion of 
the system as a whole and the other represents the relative motion of the two tops 
If it is possible, 6; will be chosen as the eulerian angles specifying the orientations 
of the principal axes of momental ellipsoid of the total system. According to the 
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‘above anticipation, 9; will be defined by the solution of equations 


>) (ARs a AyOsw) Kw (0;) =0, 
(4-18) 


u, V=xX, Mi 25 
where A, is given by 


Ave = oa Cie. (4;) (Ges (G;) te SF Kee (Q;) Kee (Q;) I,) > 


uu, W=X, y; Z, 


and A, is determined from Eq. (4-18). 

Finding the explicit relations between 6; 2; and 6, %;, we can express the 
nuclear spin (4-3) and the total hamiltonian (4-15) in terms of 9; and J,. 
Though the calculation is tedius and lengthy, it can be performed completely with- 
out using any approximations. 

a The components of the spin along the principal axes of whole system defined 
by 
R, ee ae CRW ee 


take the form 


Re=—i[ cos 0, fe) r sin ba0 2 cos 0, sin 6,79 |; 
00, sin 0,00, sin’'6, » 19; 


9 cos, 2 _ cos 4,cos 4, 3 |: (4-19) 


Tg ‘fee sin 0, : 
06, sin 6, 00, sn 0, 900, 


Thus it becomes apparent that 9, satisfy the relations between the eulerian angles 
and the angular momentum.” Similarly by means of (4-16) and (4-19) the 
hamiltonian (4-15) may be written in terms of R, and 2;, whose explicit form 
will be given in the Appendix. 


§5. Strong coupling approximation and rotational spectrum 


In the case of strong coupling between the two tops, they may execute small 
relative vibrations about the equilibrium point at which both principal axes coincide. 
We shall show in this section that the energy spectrum of the coupled system 
approximately reduces to that of a symmetrical top. 

Such vibrations as mentioned above are characterized by 

2,<1 and |tand(2,+2;)|<1. (5-1) 
‘Therefore it is convenient to make use of three variables 


2, s=tank(2,+2,), 3=2,—2,, (5-2) 
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instead of eulerian angles 2; to describe the relative motions. In terms of these 
variables the Schrédinger equation is given by 


HP=E¥ (553) 


where H is the sum of (A-1) and (A-2) in which variables are transformed by 
means of (5-2), while the normalization condition for the wave function ¥ now 
takes the form 


\-sin 2,d0,\" ds 
0 1l+s 


—-o 


| “d0(et 0) o=1 (5-4) 


where (---)® is the inner product with respect to 6; angles. In order to remove 
the weight function in Eq. (5-4), wé make a similarity transformation 


 Po0= ee sin ie v, 


Hg — fm By (THE 
V 1+s? sin 2, 


which gives the Schrédinger equation and the normalization condition 


S0= EO, 


iS d2, as se dO*D) 4 =I, 


—20 


from (5-3) and (5-4) respectively. In conformity with the anticipation (5-1), 
hamiltonian may be expanded in power series in 2, and s. Then it is shown 
that in the interaction term (A-2) appear linear terms in 2, and s, unless 
U,=U,/=U,'=0. This means the fact that our choice of eulerian angles ¢; was | 
not adequate in general. Therefore we have rather to determine the angles ¢; so 
that the linear terms of 2, and s vanish in the interaction energy (A-2). The 
condition is given by 


or, by means of (A-3), ik 
V.= V es Vas Ve; ==10) 


Now the interaction term may be expanded up to the fourth order in 2, and s 
except those proportional to cos # which are taken only up to the second order. 
These terms must be small enough under the present circumstances because they 
give the interaction energy variable with the orientation of nodal line | ig) Ty 
which is physically meaningless. Though , is restricted on the range 


One ORs 


it may be approximately andes in the case of strong coupling, over the whole 
positive value 


OSG eeeot 
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The expanded form of the hamiltonian now becomes 


§=H+9,+.4 §, 


the opting? 1 1 2 2 8 
Ness [ siping & em Ange (fa a 
QLD 002 4102 4D oe LO? ae \B sr se 
iR,| 1 3 4 9 
2 


th R? 


tps foe ate LQ 


+ a)V.+2a,U,— ($a,V.+a,U,) 2?—16a,U,s°, 


9.=—- 


Al a OMe Wop if fe) ik oO? iL ib % 
5 oe edie ee oa a= 
Pligeaib inde cD\ids. 08. alals 3L/ ae. 
a il fe) b 5 il 1 

LY CL aa Sa a ree ees Mae ae Foe 
E( 2b RA +E (RE+R) +5 (FB )RE 
1 

+( 5 Vor oa a,U,) BiF4 Ba,Ui202-+32a,U,,s, 


2R, 3 
Q, ad 


1c fe) Cc 
sa Ry as ) 7, z 
D al a0, oe Ry) 


i 
om 2 (a,Up+a,V,) 22 cos 8, 


,—=the remainders, 
where the following notations are employed 
1/B=171,—1/Jn" 1/CS1/1-—1/J," 1/D=1/L + 1/5, 


1 tC eae Clays eas flees 
fe 


“(Ale AT tae TPR PCT, 


%, is the lowest order term in 2, and s, $, and , are the correction terms being » 
of higher order in these variables. ,; contains the terms all of which are of higher 
order than §, and §,, and may be seen to be negligible. It is clear that §, and 
$, commute with the quantities 0/04, S) RY, L, and R, which makes it convenient 


to use the symbols of eigenfunctions defined by 
(SR) IMK) =1(+1) IME), 
L,|IMK)=M|IMK), 
R,|IMK)=K|IMK). 
Now the equation of the lowest order approximation 
HP. = EM, 


“may be solved by putting 
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P= (1/)/ 47) f(2,) 9 (s) exp (ikb/2) |IMK ), 
k=O, 1, ==, 


(5-5) 


with f and yg obeying the equations 


Syl widts Fhe — dca «| gw ra 
j ls do2' 8Loe (8a,V,+a,U,) 2, €; F (2) 0, ( 6) 


and 


weep ee a : | bs 
2 -—16a,U,s?— €, | 9(s) =0, 2:7): 
| EDaauhes a apie a Peele Cy 


respectively, where 


pS=K +k, Boa, Vet 2agU p++ €2- 
(1) Equation (5-6) for f(2,) is solved easily and gives the result 
Aiea IMK) ==2 (2m+1+/\pl), 


(=202 " 
(a+lpl)!’ 


FE (2,) =c8,.2,4* Plexp(—oQ2) - Hs 


p= A Se / ey (—1)"** ‘ 
ee 2 (2c) il ** Se (r+lel)!Gs+ le)! (str+lel) f, (6-8) 


IL, 1/2 
o—|-= (Ba,Vo-+ aU) | > 


mls ly 2a. 
(2) The solutions for the equation (5-7) are given by 
(ge . SONY VN 
e,(nk; IMK)=(n+4 a — 
2( 1D SBC 


5 (5) =Calin ly? 2. exp] {-iD(£ -*)s s—its tp 


pee 1/2 - 
= —S——_ — yy 2 
Ai eae) Pee Coa Dy Te 
n=O). 1, 2+... 


In this way we find the eigenvalues of the hamiltonian §, to be 
E,(mnk ; IMK) =a,V+2a,U,+ (2m +14| py 


2 


jm! *) pk 
TEED ae rs (5-9) 
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and the eigenfunction belonging to the eigenvalue from (5-5) 
D,(2,s9: mnk; IMK) = (1/\/42) £2 (2,) gn’ (s)exp(ik0/2)|IMKY. (5-10) 


Since the conditions of strong coupling are quantitatively given by o>1 and t>1, 
the relative motions are not excited in the low lying states of actual nuclei. The 
low lying excited states consist of the rotational states corresponding to m=n=p= 
0. In order to find them we consider the effect of the correction terms §, and , 
by means of the perturbation theory. 

We will use the following simple notation 


|K)=9, (2,50: 0 0 —K; IMK) 


to denote a state with m=n=0, k=—K (or p=0). In this notation the para- 
meters to specify the values of J and M are omitted since they are exact constants 
of motion. Among the states with the definite common values for these quantities, 
2I-+-1 states 


ie Need ah 


have almost the same energy values which are given by (5-9) and, further. 2/ 
of which are composed of J sets of doubly degenerate states. Therefore, it seems 
necessary to use the perturbation theory for the degenerate system in order to find 
the rotational spectrum. But, fortunately, this is not the case for the reason which 
we shall presently account for. 

It is sufficient to determine the energy up to the order 1/L, the higher orders 
being no concern of ours, since they give a small correction to the resulting moment 
of inertia. Then we may neglect the effect of §, and apply the perturbation theory 
with $,+{, only up to the second order. In these calculations one gets no matrix 
element of the perturbation energy which connects the different states among |K ), 
and we can use the perturbation formula for the nondegenerate system. 

The first order energy is given by 


i 6. (K|$,+ 9.1K) =(K|9:1K > 


i 1 T b 2 
6L a 16D ILO * 2 ir ) 


pF aV, +2 al) + E42), 


In the second order calculation $, may be neglected. Further neglecting the terms 
in the matrix elements of which are smaller than j/ o/L or yt /L, we obtain 


(0, (Q2,s0: mn—K; IMK+1)\%|K)= 


[ = (ic/160) e;%es'en(2/2)"V/ UK) UF R41) (iD/V = B)"exp(—D*/4eB?) ; 
| i pO; 
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| <0 if Gn=0 ene 
Sic’ GAR UI AK 2 /8s; Gh Senn = 0; 
(P, (2,80: mn—K; IMK—1)|%|K)= 
=0; if m1, 
Ob edit gee One ae 
~ic/ T+K) I—K+1)¢/8 ;. if m=n=0, 


and 
(@,(2,s9: mn—K+2; IMK)|9,|K)= 
sald si eye 
0.8 2a S0an= 
“= (1/16) 3/2 (Usa) )eiee/F& otf m=n=0) 
other matrix elements vanish. Using the energy difference 
E,(00 —K; IMK)—E,(00 —K; IMK+1)=—20e/L, 
E,(00 —K; IMK)—E,(00 —K+2; IMK)==4o/L, 
the second order energy may be estimated as 
E,(K) 2 — (Le/8) {I 141). —K4 — (8L/320°) (agUp+a,V>)?. 


Finally we will summarize the result. The energy of the system is given up to 
the order of 1/L by 


E(IMK) =F,(00 ~K; IMK)+E(K)+E,(K). 


K2 
a ae ies he 2 
=6,+5(0-) 1a+1) — Ky +(4-2)® (5 11) 
=€,+——-—_ 4) © Rs 
2(,+J,) 4 ee 
with 
O 4 @ — 1 — = B75 1 
, ayV)+2a,U,+(26—— +-)- +2 1 Sen 


r + (aver? la eae. ae = 5 (aU, +a,\ Vo)*. 


The wave function takes, up to the order of 1/;/¢ or 1/;/7, the form 
0=|K) 


— (iLe/4V 20) {¥ I—K) T+ K+1)®, (2,59: 00-—K; IMK+1) 
+V U+K) I—K+1)@, (2,59: 00 —K; IMK—1)} 
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+:(/3.L/160") (aU, +a,V,) {P, (2,53: 00 —=K+2 ; IMK) 
~ +0,(2,s8: 00 —K—2; IMK)}. 
It is now known from (5-11) that a pair of the symmetrical tops strongly coupled 


with each other shows a rotational spectrum as if it were a symmetrical top whose 
moments of inertia are the sum of those of each ones. 


§ 6. Discussion of Coulomb excitation 


When a charged nuclear particle impinges upon the nucleus with its energy 
well below the Coulomb barrier, the nucleus may be excited through the electro- 
magnetic interaction between the particle and the nucleus. Since all excitations 
identified so far have been found to be of electric quadrupole type, we shall now 
consider E2 transitions. 

In the classical treatment of the impinging particle of the charge Z,e and _velo- 
city v moving along a hyperbolic orbit in the repulsive Coulomb field of the target 
nucleus with the charge Z,e, the differential excitation cross section is given by” 


dtm—(Z,e/v)'a/B(E2)d fm(0,§):s (6-1) 
with a=Z,Z,e?/muv’, €=Z,Z,e4E/2vE, m, reduced mass, E=myv?/2, 4E the 
excitation energy and & being the scattering angle. fj.(, €) is a definite function 
of the variables explicitly defined by K. Alder et al.” They used the notation 


B(E2) for the square sum of the matrix elements of electric quadrupole moment 
between the initial and the final states of the target nucleus 


B(E2; Lo 1) = >> |(LM|M (£2, -) |I,M,) |? (6-2) 
M fo 
with 
NG Ge) = > Ce7h Yon Oe, bx) « (6-3) 


By means of (6-1), B(E2) may be estimated from the experimental information 
for doz, the results for various nuclei being tabulated in the review work by K. 
Alder et al. ; nie Pa ; 

In order to estimate the right-hand side of (6-2) we now transform (6-3) 
to the representation in which a, and /, play the role of the irrotational collective 
variables, by means of the method given by Tamura and one of present authors.” 


Then the electric quadrupole operator takes the form 
M, (£2, LPM (E2, 4) =M (E2, /) + (Roa / An’) > Cnr 
eas — (dRe/RE) S (2/2124) To (E2 Dain (64) 


with d=y/ 35/87, up to the linear order in a,. The second term of (6- 4) may 
be interpreted as the irrotational collective part of the electric quadrupole moment 


and the third term; being’ due. to the approximately conjugate relations between the 
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collective coordinates and momenta, may be neglected. Assuming that the density 
of the particle is uniform within the nucleus one may write 


M(E2, 4) =M, (£2, ») +3Z,.eR,?a,/47. (6-5) 


Since we have not discussed the detailed nature of the internal motion, it is now 
hard to say something about the electromagnetic excitations of nucleus by means 
of the internal motion. Therefore, we shall first assume that it has rather smaller 
effect for the transitions than the irrotational collective motion does. When the 
mechanism of the internal motion becomes clear, the correction may be easily taken 
into account. 

We obtain from (6-5) 

CM, Ki|M(E2, p) |IpM)Ky) = (8ZeRo/47) is MiKi| &y|1/M,K;) 

= (3Z,eR?8/47) I,MiKi| Dyo (G:) | I;M,Ky) (6-6) 


by means of (4-5) and the condition of rotational symmetry a,=0. Further we 
may write 
(I:M.K | Dyo 8.) |I,/M,K,) = (Kull Dy (0) LK) pM 2p\M,) /V 2041 
(6-7) 
In order to know the magnitude of (/;K;||D,(@;) ||Z;AK,), matrix elements of Dy (4:) 
between the states M;=0 and M,;=0 are now to be calculated. 
Dy (G;) is given by 
Dy (8) = (1/2) (3cos?0, — 1) 
_ 3/4J+4I cos 22 
ANY: oa Z(G;) 
341 : , 
JZ(@) sin 2, cos 2, sin 9, cos 9, cos a—— 
~ (1/2) (3 cos?9,—1), 
up to the lowest order in &,. 
Meanwhile the wave functions of the system are slightly changed from (5-10) 


on account of the symmetry conditions J,=0 and a,=0 and take, in the lowest 
order approximation, the form 


@(2,2,2,: nm; IMK) = (1/22) fi? (2,) exp (imQ;) |\IMK ), 
n=0, 1, 2,---; m=0, +1, +2,:--, 


where f,°(2,) is defined in (5-8) and p=|K—m|. Within the energy region of 
the rotational excitation, 2 and p vanish. The initial state of the target nucleus, 
being the ground state, is characterized by [,=M,=K,=0, the final state by I,=2 
Thus we obtain ws 


(P(2,: 00 ;000) |Dy(G.)|P(2,: OK; 20K)) =dw/\/ 5, 


4J+4I cos 22, 
YZ) 


ae 1) cos’), — : ( -- 1) sin’?4,cos*0, 


Nuclear Moments of Inertia 293 


which gives the result, from (6-7) 


| (00||D,(#.) 2K) =m. (6-8) 
Finally, by: means of (6-2), (6-6), (6-7) and (6-8), we get 
' BU EZ; 0-> 2) =92Z7R,*2*/ 167" (6-9) 


which coincides with the result given phenomenologically by Bohr and Mottelson.” 
Consequently if the internal rotation makes little contribution to the electric quadru- 
pole transition, we can estimate magnitude of J, by means of (6-9) and (4-8). 
The results are tabulated in the Table. 


§ 7. Discussions 


According to our model, the effective moment of inertia 4 is given by the 
sum I,+J,. As shown in §6, /J/, is related to the nuclear deformation and ex- 
perimentally determined by using the Coulomb excitation. On the other hand, 
A=I,+J, is calculated from the empirical data for the rotational excitation energy. 
In this way I, and J, are determined separately. The results are listed in the 
Table and drawn in Fig. 2 as a function of the neutron number of the nucleus. 


Table. Irrotational and internal moments of inertia J, and J,. The energy of the first excited 
state 3/(I,+J,) and the reduced transition probability B(E2) give the magnitudes of I, 
and J, according to the formulas (4-8), (5-11) and (6-9). Empirical data are given in 
the work by K. Alder et al.!2 in which the isotope separation is insufficient for Er and Vib: 


Nucleus 3h”/ he i | Gee an | B the fe cm?) (idi-at be emi’) I,/J x 
Nd150 130 1.60 0.25 0.23 37 5.96 
Sm? 22 PTS 0.28 0.30 1.42 4.73 
Sm1*4 83 2.50 0.33 0.42 2.08 4.95 
Gd}54 123 1.69 0.30 0.35 1.34 3.86 
Gd156 89 2.34 0.41 0.66 1.68 2.55 
Gd158 79 2.64 0.46 0.85 1.79 212 
Gd}60 76 2.13 0.47 0.90 1.83 2.03 
Dy1© 82 2.54 0.36 0.54 2.00 BKAl 
Dy}64 73 2.84 0.41 0.72 2.12 2.96 
Er 80 2.60 0.33 0.48 2.12 4.42 
Yb 78 2.66 0.31 0.45 2.21 4.92 
Hf176 89 2.34 0.29 0.40 1.94 4.85 
Hf? 91 2.28 0.31 0.47 1.81 3.85 
Hf180 93 Des 0.27 0.36 1.87 5.20 
wis 100 — 2.08 0.26 0.34 1.74 5AZ 
wits 112 1.86 0.24 0.30 1.56 5.22 
WE 124 1.67 0.24 0.30 1.37 4.57 
Th? 52 4.01 0.25 0.48 3.53 7.36 
ess Ad). 4.75 £0.28 0.63 4.12 6.54 

on — —————.. Sl 
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In general J, is four or five times as large as J,, especially for heavy nuclei- with 
the neutron number larger than 140, the rotational excitations are mainly due to 
the internal rotation. We thus find that the internal rotation is important. 

However, there seems to 


be, at present, little ex- 
perimental indication which 
suggests what is the internal 
motion. We know only 
that the internal motion 
may be something of rota- 
tional nature but different 
from the rigid rotation. In 
our treatment of the intern- 
al rotation, we did not 


I, and Jz in 10-% gr. cm?. 


assume that the internal 
hamiltonian has _ exactly 


a quadratic term with re- 
90 100 110 142 146 


N spect to the internal angular 

Fig. 2. Irrotational and internal moments of inertia. The figure momentum L;. We only 
shows the irrotational moment of inertia J, (circle) and 

that of internal one J, (point) with the neutron number : 

90< N<112 and 142<N<146. They are determined motion cranked up by the 

by means of the quadrupole and the spectral data. The surface rotation may be a 


experimental data are taken from the compilation in rotational one with a definite 
the review work by K. Alder et al}. 


assumed that the internal 


moment of inertia J when 
the rotation follows the crank (the surface rotation) with a small phase lag, 7—g=2. 
The relations (2-7) and (2-8) defining ¢ are only valid for a range of ¢ small compared 
with 2z. Only in this approximation the formula (2-9) is valid too. These relations 
have no meaning when interpreted too literally, since the quantity J defined by the 
operator relation (2-8) is not constant strictly. In this connection, it may be 
worth-while to notice that, when the same procedure as mentioned above is applied 
to a hamiltonian H which commutes with the total angular momentum L (see eg. 
Bohr and Mottelson™), the formula corresponding to (2:9) has no meaning, because 
L has no off-diagonal elements. Considering the case of a mechanical top, it is 
clear that, although such quantities as cos¢, sing, can be defined without any 


ambiguity, exact definition of the matrix element of the angle ¢ is impossible. We 
must be careful in applying such formulas. 


Consideration about the nature of the internal motion was made by S. Nagata 
et al. basing upon the analyses of the unsatisfactory points in the usual quantum 
theory of irrotational collective motions.’? They showed the necessity of introduc- 
tion of the rotational collective mode. However, their discussion is a kinematical 
one having nothing to do with the interaction potential between nucleons. In ad- 
dition, it contains ambiguity with respect to the nature of the rotational motion. 
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Thus the discussion seems to be insufficient to clarify the-mechanism of the internal 
motions. 

On the other hand Elliott made an interesting study taking into account the 
correlations of nuclear particles.’”. He found the level structure of a set of particles 
occupying levels which are degenerate in harmonic oscillator potential and subject 
to an internucleon interaction. His interaction takes the form 


Gere. 
™ 


in our notations and it is restricted to be effective among the particles in a set of 
degenerate levels. Since the irrotational collective motion would be generated mainly 
by the particles in the unfilled shell, the restriction does not seem to be so effec- 
tive. Elliott’s interaction will in the main give couplings among the irrotational 
motions, which act as the potential energy of the surface vibrations that serves to 
determine the equilibrium shape of the nuclear surface. Therefore in his model 
the interactions between the irrotational and internal motions are not so essential. 
Consequently it may be open to question if it can give the correct order of magnitude 
for the moment of inertia when we use the value of G determined from the 
quadrupole data. Hence, it would be necessary to take into account more complicated 
correlations among the particles in order to explain the deviation of Z from the 
irrotational value. 

There are other arguments””) on the moment of inertia. They are probably 
more closely connected with the cranking model than with ours, and it may not 
be easy to say more than that the former corresponds, in a sense, to the introduc- 
tion of rotating deformed potential (a model wave function) in place of the internal 
hamiltonian (the internal wave function). 

In this paper we discussed only the case of strong coupling between the irrota- 
tional and internal rotations. When the coupling is not strong, the spectra will 
not be rotational in general. It may be of some interest to see if deviation from 
the rotational spectra can be interpreted in terms of the intermediate coupling. 
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Appendix 


The hamiltonian of the coupled symmetrical tops (4-15) can be written in 


terms of the nuclear spin R (4-19) and the relative eulerian angles 2; between 


the two tops. The kinetic energy now takes the form 
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(P2 +P?) /2I_,+P2/2d + (Q2+Q}) /21,+ Q?/2L,= 


-3 4 O° cos 0,79 1 Ose, os 
2LIA002 sind, 0, sin?0,002 sin? 0, 90,00, 


cos’ 4, oO? ik GF | 
sin’, 00,” J, oe. 
17 0. |, cos ©, 9 i Fo 42 COs Gre 
| anes cz a) 2 +9 
I,\09? sing, 09, sin’g, 0g, _— sin’ g, 99,09, 


cos’*g, 30 ) we oO | 
sin’Y, 09," I, 9937 


-—+|4 0? 1 cos 2, 9 a EM Eh 
DLs Oey mils Gite, OL met LSI ce lo 8 a) aaa 


_ 2cos 2, ( ot ning | 
Lsin??,02,02, \Lsint®, IL, 1/322 


mn ) 
= 5] Mid Regg tS(AR-R {Waa + WAda5f — AD 


+R,{ S.C 2) 55 + S055 a 


+3[T, (2) Ri+T, é) R,+T; (2) {RR +R,Ry} +T,(2) Ri], 
where following notations are used: 


1/L=1/I,+1/J., 


iy) 
Wagenves tales (A+ AT 008 20,) — |: 
a: 4] 
W,(2,) =2)/ 2 ‘2 ey 
I a alah ial pia Pe 22,)/Z(2,)}2 
4J cos 2; | 
iyi {Z(2,) + (41+ 4J cos 22,) /Z(Q,) 421’ 


W,(2,) =W,(2,) in which I, and J, 4I and 4J are exchanged respectively, 


cot 2, at 
Si a ae >| 
Rey iat! SSAC ER ee ey) 
LZ(2,)? 
S,(Q, v2 1/2 
(2) = CATE CAR {4J + 4I cos 22,+ /Z(Q,)}4! 


+ (art AJ cos 22, + /Z(2,)} "cos 2, | nf 
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S3(2,) =—S,(2,) in which J, ‘and’ J. 4I and 4J are exchanged respectively, 


(AI4AT cos 22,)?-+ ogy (dJ-+ dT cos 20,)*| 


Z(2)*L L, : 
Fe) = 2 il 2 (41) ?cos?2, Jyh Cie 
I,Z(2,) + (AJ +41 cos 22,) /Z(2@,) 
1 2(4J)? cos*2, 


J,Z(2,) + (41+ 4J cos 22) /Z(@,)’ 


Al VAIN cou? 
Th (Ris = Ot 
(21) ee Ba eaUne 


T,(2,) = (4J+ 41 cos 22,41 Z(2,)) /1.+ (4I+ 4 cos 22) +WZ(2,)) /J 
2sin22,V Z (2) 


Z(2,) = (41)? +24I4T cos 22,+ (AT)?*, 
4I=1,—I,, AF = J Jp: 


The first term on the right-hand side of (A-1) is the kinetic energy of the rela- 
tive motion, the second term gives the coupling between the relative motion and 
the rotation of the system as a whole, and the last term is the kinetic energy of 
the rotation. 


Meanwhile the interaction energy between two tops now takes the form 
2 aV Dy (9:) Din (Gi) = 
= (a,V,/2) (3 cos’*2,—1) — aU, 3/2 sin?2, cos 22;—ay Viv 3/2 sin?®, cos 2.2, 
+ aU, {cos 22, cos 2.2;(1+cos*2,) —2 cos 2, sin 22, sin 22,} 
+7/6 GU, sin 2, cos 2, cos 2,—1/ 6 aU,’ sin 2, cos Q, sin 2, 
— (\/ 6 /2) aU, sin 22, sin’2, (A-2) 
—2a,U, {sin 2, sin 22, sin 2,—sin 2, cos 2, cos 22, cos 23} 
—2a,U,/ {sin 2, sin 2.2, cos 2; +sin 2, cos 2, cos 22, sin 23} 
+a,U,! {(1-+cos’2,) cos 22,sin 22, + 2 cos 2, sin 22, cos 223}, 
where the hermitian quantities U, and Uy are defined by 
V,=V4=U,4i1UY, Vi=—VA=U/+iU, (A-3) 
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In this series of papers!) we study whether the framework of a Hilbert space is adequate 
to the quantum theory of fields. Especially in the present paper we inquire what are the 
characteristic features of field theory, and study how these features can be described in this: 
framework. For this purpose we examine the character of additive field quantities, which 
are used in this paper in place of field opérators, and the relation between a system extend- 
ing over the whole space and one restricted within a finite volume. After these considerations, 
we may conclude that there is a sufficient reason to treat the quantum theory of fields within 


the framework of a Hilbert space. 


§ 1. Introduction 


The essential results in the previous paper, I, are as follows. Let the set of 
field quantities of a given physical system be a *-algebra 2, and the states be linear 
functionals on YX. Putting a set of assumptions each of which seems to us to be 
very natural from the physical point of view, we have shown that 2{ can be re- 
presented by an operator algebra {5 in a separable Hilbert space Olin §4A)ee On 
any real commutative subalgebra of 2, namely on any commutative subalgebra 
whose elements are all self-adjoint, every state f can be represented by an element 


W, of © and the expectation value is given by 
f(a) = (F;, ag Ps), 


where ag is the operator in § which corresponds to a <= YU i, S\Sshs | 

All of these arguments are applicable to any quantum mechanical system, and 
in I no arguments were made about the characteristic features of field theory. In 
this paper we shall mainly consider this problem and show how these features of 
field theories can be described. If we study the problem with direct reference to 
the results of I, namely basing upon the Assumptions 1~8 in I, there may occur 
many immaterial complications, which might turn out to keep us from our main 
purpose. Moreover, we can develop any other theories which are similar to I{I, 
§ 6], but it is very difficult to choose the most appropriate one for our purpose. 
Therefore, in reference to the results of I but independently of assumptions ine its 
we introduce in $2 a set of assumptions each of which seems to be suitable for 


the present purpose. We may say that this paper is a continuation of I from the 
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physical point of view, but not from the mathematical one. 

What are the characteristic features of field theories? In the classical theory 
of fields field quantities g,(a, t), i=1, 2,---are defined at each point (x, ¢) in the 
space-time, and each state of the system is settled completely by a set of values 
of all field quantities. In the usual quantum theory of fields, these field quantities 
are considered to be operators in a Hilbert space. As stated in 1, however, we 
cannot accept these assumptions from the mathematical point of view. A passable 
interpretation to avoid this difficulty is the following.” Field operators q;(z, ¢), 
i=1, 2, ---, have only symbolic meanings, and for an appropriate function 7 (2x) 
defined an operator g;(7, £) by the symbolic equation 


a, N= | ala, DT Qyerxr 


Mathematically, these g;(7, t) are the very things that have precise meanings. 
This interpretation can be justified physically. In fact, the field quantity ¢,;(2, 7) 
at one point (x, t) has no meaning, and only its average in some finite domain 
v has a precise physical meaning. This average is nothing but q;(7, t) in which 
7(x) is the characteristic function of v'. In this paper we confine ourselves to a 
system at an instant ¢ omitting the argument ¢ for brevity’s sake. 

Though the above interpretation has such a physical reason, we cannot adopt 
these symbolic operators as fundamental objects in our mathematically rigorous 
treatment. Therefore we must:show how such characteristic features of - field theories 
can be expressed in a mathematically precise manner. We say that g(v) is an 
additive field quantity, if a field quantity q(v) is defined for any domain v in 
the space, and g(v)=gq(v,)+q(v.) for any v, v,, Vs, such that v=v,Uv, and 
v,Nv,=¢, the empty set. If we treat these additive field quantities instead of 
symbolic operators, we can rigorously argue in the framework of a Hilbert space. 

In the usual theory of fields it is easy to show that we can consider a system 
restricted within a finite domain V as an independent physical system. Such a 
system will be called a V-system hereafter, while a system extending over the whole 
space a V..-system. It is obviovs that *the existence of such V-systems is in close 
connection with that of additive field quantities. The Assumption 8 in I was con- 
sidered so as to express the fact that we can determine each state of the system 
by an enumerable number of experiments, and on this assumption we have proved 
the separability of $. As a system extending over the whole space, namely a 
V..-system, will have essentially an infinite number of degrees of freedom, applica- 
tion of the results of I to such a system may be accompanied with some difficulty. 
On the contrary, we shall be able to’ aPP'y these results to a V-system. In fact, 


* Though every measurement requires a finite duration of time, it is well known that in 
quantum mechanics an operator g(t) at a time ¢ has a precise meaning. In this respect it will be 
of the same circumstances also in the quantum theory of fields, and so we use r(x) but not 7(2,-2). 
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we cannot make a thorough research of a V e-system, but we can study any V-system 
as precisely as we want. 


Additive field quantities and V-systems will be the most characteristic objects 
in the field theory, and in the following we shall show how these two objects are 
treated in the framework of a Hilbert space. 


§ 2. Basie assumptions 


As we have stated in the preceding section, let us begin this section by intro- 
ducing basic assumptions which are related closely to the results of I. 

Assumption 2-1. The set of field quantities X forms a *-algebra with a 
unit element e. Every state f can be represented by alinear functional on XY, 
and the expectation value of a is given by f(a). 

We denote the set of states by ©. Of course, each state f © © satisfies the 
conditions of Assumption 2 in I, but it will not be necessary to repeat them here. 

Assumption 2-2. Uf can be represented by an operator algebra 5 in a 
separable Hilbert space 9 as follows: There is a linear subspace 9) which 
is everywhere dense in. For any element a& I, an operator ag is defined, 
whose domain is $, and whose range is contained therein. The set Us of these 
operators ag forms a *-algebra which is isomorphic to Yt. Furthermore, for 
any element PES, || ¥\|\=1, there is a state fe © such that f(a)=(¥, ag ¥) 
[Z, § 4]. 

Here the isomorphism between 2 and %g as *-algebras means that %f and Ys 
are isomorphic algebras and (as)* 2 (a*)s, where (ag)* is the adjoint defined in 
[3), Chap. II]; Hereafter we shall call such an %5 simply a representation of 
2C 

If a=a*, a is called self-adjoint, and if there is a number a>0 such that 
a>|f(a)| for every f € &, a is called bounded. It is clear that if a is bounded, 
the corresponding element ag is a bounded operator in ©. Let Y,. be the set of 
self-adjoint elements of 2, and B the set of bounded elements. From the physical 


point of view, 42 and B..=UAsaB are especially important. In fact, when we 


measure any field quantity, the immediate object of our measurement is a bounded 


field quantity. Let us consider, for example, the measurement of energy H. It 
is obvious that HT is not bounded, namely, for any number a@>0O, there are states 
whose energies are greater than a. In order to measure the energy in a state it 
is necessary to select an appropriate apparatus, and once we neve selected it, there 
is an upper bound of energy which can be measured with this apparatus. There- 
fore, the object of our measurement with this apparatus is some bounded quantity. 
This means that we have selected an appropriate bounded quantity H, and that 
mely we assume that energy H can be appro- 
More generally, we may say that, 
ed by a set of elements of B,. in 


we measure it in place of H. Na 
azimated by the set of these BerT=132.-"* 
as a tule, quantities of 2.. can be approximat 
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some appropriate sense. In view of the arguments in § 3 of I, it will be natural 
to define this approximation as follows: 

If the following conditions are satisfied, we say that a © Ysa is Beapproximated 
by {a;; 7=1, 2, ---}, a: © B,. and write a,>a (B) : 

(i) any two of a, a,, 1=1, 2, ---, are commutative, 

(ii) a> (a;)?2, namely f(a’) = f((a)*) for any fre ©, 

(ii) f(a) >f(a) for any fe. 

From this definition, it is obvious that we can replace a €%.4 by its B-approxi- 
mation {a;} so far as the expectation values f(a) are concerned, but, with respect 
to the other properties of a, we cannot tell whether we can use ja;} instead of 
a. Let m(a) be a complete set of commuting field quantities which contains 
a€é Wa (I, § 3]. If, whenever we replace a by {a;} in any m(a), we get again 
a complete set of commuting field quantities, we may say that {a;} is an approxi- 
mation of a in a more complete sense than the B-approximation. In general, there 
may be many such approximations. What conditions are necessary to treat these 
approximations consistently ? Let €(a) be the set of all elements of %,, each of 
which commutes with a, and €°(a) the set of all elements of 8,, each of which 
cominutes with any element of €(a). If {a;} is an approximation in the complete 
sense as above, then every a; belongs to °(a), and conversely every element of 
(°(a) may be considered to be something like an element of these {a;}’s. There- 
fore, in order that a can be approximated uniquely and consistently in the above 
sense, any elements of {°(a) must be pairwise commutative. If a is a physically 
important element of %,., it will be approximated in such a complete sense, namely 
€°(a) will be commutative. 

The above condition is inconvenient for us to treat, because it depends directly 
on the structure of 2{, and we, therefore, rewrite it in the following with slight 
modification. If a representation of Y{ is physically meaningful, then every bounded 
linear symmetric operator with domain §, will be considered to be a field quantity 
in a sense, and furthermore each field quantity will be able to be replaced by some 
of these operators. These operators can be extended uniquely and we get bounded 
self-adjoint operators. Let €’(a) be the set of all bounded self-adjoint operators 
each of which commutes with ag, and (a) the set of all bounded self-adjoint 
operators each of which commutes with any operator of &/(a). Then the above 
condition that ©°(a) is commutative will be replaced by the commutativity of ©/°(a). 
At first sight this condition seems to be very complicated, but it is equivalent to 
the condition that ag is normal [4), IV]. As ag 1S symmetric and normal, it is 
essentially self-adjoint, and has a unique self-adjoint extension ag. Therefore the 
above condition on ag is a natural extension of the condition that ag is self-adjoint. 

Accordingly we assume 


Assumption 2-3. There is a subset A, of ¥ satisfying the following condi- 
tions: 


(1) Wt is generated by %,. 
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(ii) Mya 2%, and every element of Ay can be B-approximated. 

(ii) There is at least one representation of XU such that every operator 

ag which corresponds to a€ XX, is essentially sel f-adjoint. 
It is obvious that every element of %,, satishes the conditions (i) and (iii) 
m any representation. We call any element of Y, a fundamental field quantity, 
and any representation which satisfies the condition (iii) a physically meaning ful 
representation. Let Ug be a given representation of 2. If we get a new re- 
presentation 5’ such that ,’ 2 §, in the same Hilbert space § and that ag! Dag 
for any a € Y, then it is called the extension of Ys, and a representation which 
has no proper extension is called maximal. It is obvious that an extension of a 
physically meaningful representation remains physically meaningful, and that each 
representation has a maximal extension. Therefore we have only to consider the 
maximal and physically meaningful representations for our purpose. 

Lemma 2-1. Let a€,, aia (B), and the self-adjoint extensions of ag, 
Laz) t= 1, 2, 3° be a5, (ai) 5; i=1, 2, +++, respectively in any physically 
meaningful representation. In order that an element FE may belong to the 
domain of ag, namely © ED(ag), it is necessary and sufficient that there is 
an element PE such that . 


(a:)g > (weak). 


If so, then ag P=9. 

Here, ¥;— ¥ (weak) means that the sequence {¥;} converges weakly to J, 
namely (2, ¥;)—(@, ¥) for any VES. 

Proof. First we shall show that the condition is necessary. As (¥, (ag)’¥) 
=(%, ((a:)5)?F%) and (¥%, (ai)5%)>(%, ag %) for any Ye §,, it is easy to show 
that (%,, (a)5 %)>(%, ag %) and |lag %,|| = ||(a:) 5 %l| for any ¥%,, Y,e Ho. 
These imply that (a;)5 %¥—agV (weak) for any YEH,. As ag is essentially 
self-adjoint, we can select a set of elements ¥;= ),, j=1, 2, --:, for any Ve D (ag), 
such that Yj, ¥ and ag jag ¥ [3), Chap. II]. Thus (ag ¥%, ag %j) > ag % 
ag P). (ai) 5 is bounded and therefore continuous, and so ((ai) g ,,, (ai) 5 Py 
((a)e¥, (a)g¥). As a;—a (B), we have (ag %;, ag Pi) > (ads %, (ade %), 
and then (a5 %, ag ¥)>((ai)g¥, (a5 ¥), namely |lag ¥||=|| (a) ¥||. On the 
other hand, for any element J & ,, 


lim (@, (a: PF) =lim ((ai) 9% V)=(ag% P)=(, ag). 


Thus (a) 5 ¥—ag ¥ (weak) for any Ye D(ag). 

Next, we shall show that the condition is sufficient. Let D be the set of all 
elements ¥ such that (ai) 5 ~>@ (weak), PE H, and bg be an operator whose 
domain is D and bg ¥Y=9%. It is obvious that bg is a linear symmetric operator 


~ and coincide with ag on © (ag). As a self-adjoint operator has no proper symmetric 
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extension [3), ‘Chap. II], D(g) =D (ag), that is bg =dg. Q.BSD. 

Lemma 2-2. Let Us be a physically meaningful representation. fi 2s 
ag ¥,) =(P2, ag %) for all ae YW imply ¥,=a¥,, where |aj|=1, then the re- 
presentation Ug is irreducible, namely (Ug %)°=H for any FED). 

Proof. This lemma is proved by the following reductio ad absurdum. If 
Ws is reducible, then there is anelement “E, such that (Ws 7)°=H,=H. Put 
H=H,OHs, NH =Hw, and HAH=H». Then Ug Hol Hy. As ((a*)g%, 
¥.)=0 for any ¥,E Hy, %,E Hy, and ae A, we have (¥,, ag ¥.)=0. This im- 
plies that Us Hn lH». Put 9,=%,4 %, for any Yeh, peyaoos, Ys Cee 
then (P,, ag?,) =(9_, ag@_) for alla]. This isa contradiction, and so 5 
is irreducible. O; Bebe 

If a representation of Yf is reducible, we may regard this representation as 
containing some superfluous part, and Lemma 2-2 shows that to assume the irre- 
ducibility of a representation has a sufficient physical reason. 

Assumption 2-4. There is at least one irreducible physically meaningful 
representation of , and it is sufficient from the physical point of view to 
treat only these representations. 

Therefore, in the remainder of this paper, we shall treat irreducible, physically 
meaningful representations only. We have assumed in Assumption 2-2 that each 
element /e ,, ||¥||=1, corresponds to a state, while we have shown in [| that 
every state can be represented by an element of on any real commutative sub- 
algebra of Xf. In quantum mechanics, any maximal real commutative subalgebra 
is nothing but a maximal set of simultaneously observable quantities, and every pure 
state’ related to this set can be determined uniquely except for a phase factor by 
the expectation values of, all quantities of this set. Therefore, it will be natural to 
assume that every state can be represented by an element of as in the usual 
theory. But, in order that such an assumption may be consistent, it is necessary 
that all maximal and irreducible physically meaningful representations are equivalent 
to each other. 

Assumption 2-5. Let §’ and §" be the representation spaces of two maxi- 
mal and irreducible physically meaningful representations. Then there is at 
least one pair of elements Fy! € §)',%!' € Hy", such that (By, ag! Py!) =( Py", ag!” 
Py") for all ae XX. 

Theorem 1. Any two maximal and irreducible physically meaning ful 
representations are equivalent to each other. 

Proof. Let ¥/ and ¥,/’ be the elements described in Assumptions 2-5. As 
(Pi, (ata) ¢! B)) = (Fy, (ata) 9" By"), we have |lag! P'l|=|lag” %"|| for any 
ae, and so it is easy to show that a one-to-one correspondence can be construct- 
ed between 5’ %! and Wg!’ ¥’, and that they are isomorphic with respect to WY. As. 


' Pure state means H. Weyl’s reiner Fall,5) namely a state which is the characteristic element 
of every quantity of some complete set of commuting quantities, and therefore it does not necessarily 
exist in a mathematically precise sense. 
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sy) / 1\c— @/ Cp CK), 5 

Cg oie QUg” Py")°=H'", we can extend this correspondence and get an 
: ‘ 

PS or tween §/ and ” as Hilbert spaces. We denote. the correspondence 

by ¥ faba If a aes then ag’ and ag’ have extensions ag’ and ag!’ with domain 

§. As ag’ and ag’ are bounded, they are continuous, and so Y/~ J” implies 


ag! P'~ag" P". Let a] %M,, and a;>a(B). As the weak convergence of {(a;) 6. 


P's and { (ai) 5” Y"'’ are equivalent, we can show from Lemma 2-1 that D(ag’) 


~D(ag") and ag’ P'~ ag!" | ’. The rest of the theorem is obvious. Q.E.D. 

Theorem 1 shows that the set of all states which can be represented by some 
elements of , is the same in these representations. Now, we can consistently 
assume 

Assumption 2-6. Every state fe=©& can be represented by an element. 
PeEH, in any maximal and irreducible physically meaningful representation. 

From this we can easily show that if ag is bounded then a is also bounded, 
and that 8 is a subalgebra of 2. In the following we shall call a state which can 
be represented by (V7, ag ¥), YEH, simply a state ¥. 

Lastly, we have a few words to add about the fullness of a subset of Yt. We 
say that a subset 2’ of Y is full in this system if f(a) =f,(a) for every ae W’ 
imply f=fo for any ff, ES. According to the above consideration, there will 
be physical ground sufficient to assume that %,, is full. In fact, it is easy to show 
this if we accept the assumptions in §3 of I. But it is beyond the scope of the 
present paper to pursue this problem any farther, so we shall discuss it no more. 


§ 3. Characteristic features of the field theory 


In § 1, we have enumerated the characteristic features of field theory as follows : 

(i) There exist additive field quantities, that is, there are defined field quanti- 
ties g;(v), 1=1, 2, --:, for any finite domain v, and g;(v) =qi(v) +4 (%2), 7=1, 
2, ---, if v=v,Uv, and v,Nv,=¢. 

(ii) We can consider the system in any finite domain V as an independent 
system, and we call it a V-system. The arguments in § 2 can be applied to any 
V-system. We shall make a mathematical study of these features in the following. 

If v and V are taken arbitrarily, there may occur many physically meaningless 
complications. It is simple and _ physically reasonable to assume that v and V are 
all finite intervals, and for simplicity’s sake we assume that they are all intervals 
half open to the right (6), Chap. HI]. Let & be the set of these intervals, and 
we write v=v,0 vy if VU, NVg=G, V,UV2=V, and v, v,, we. If g(v) is an ad- 
ditive field quantity, then q*(v), (q+q*) (v), and i(q—q*) (v) are additive, too, 
and especially (g+q*) (v) and i(q—q*) (v) are self-adjoint. As q(v) can be re- 
presented by these two self-adjoint quantities, it is sufficient to consider only self- 


adjoint additive field quantities in the following. 
In the usual theory of fields, there are treated only field operators and field 
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quantities generated by field operators. It is due to the fact that the behaviours 
of these field operators are assumed to be completely defined by the given com- 
mutation relations. We cannot assume in this paper, however, that it is sufficient 
to treat additive field quantities. In fact, these are not bounded in general, and so 
we cannot necessarily get sufficiently many bounded quantities as in § 2. Therefore 
we assume that, there are given not only additive field quantities, but bounded self- 
adjoint quantities, and that the set of field quantities are generated by all of them. 
If we assume that the *-algebra of field quantities is closed in any appropriate 
topology, then we shall be able to get a more unified treatment. But we do not 
inquire any farther into this situation in this paper. 

Assumption 3:1. The set YU. of all field quantities of a given physical 
system is a *-algebra with a unit element e, and it contains self-adjoint addi- 
tive field quantities q;(v), 1=1, 2, --- 

Let the set of these additive field quantities g;(v), 7=1, 2, ---, be G.. 

Assumption 3-2. A V-system, namely a system which 1s restricted within 
a domain V, satisfies Assumptions 2:1~2-6 for any VES. Ay, CU. and, if 
and only if uC V, qv) € Uy. 

In the usual theory, the assumption that ,; is separable means that in any 
state there is only a finite number of real particles in a finite domain V. 

Assumption 3-3. Put €©;=E€.N%°U,. Then 


Qh) o.= { (Sy) sa> ¢,} ? 


where (My)> is the one defined in Assumption 2-3. 

As to the relations between different V-systems, it is obvious that V C V’ im- 
plies ©; C ©)’. More generally. we assume 

Assumption 3-4. VC V’, V, V’e S implies Uy C Uy’ and By C By’. Further- 
more, if a,>a (B) in My and VC V’', then a;>a (B) in Uy’. 

For any given field quantity a © %f., we shall be able to define a sufficiently 
large domain V such that the expectation value of a can be determined by ex- 
periments in V, and in such a case it is natural to assume that a& YW,. 

Assumption 3-5. For any a€& Us, there is at least one V such that ae Ny. 

Therefore, we can define the boundedness of ae YA... If and only if ae B, 
for any V € , we say that a is bounded, and we put 8.=Upe Br and (B.) sa 
=Ure (By) sa. Then we can easily show 

Lemma 3-1. 1. can be generated by (Bs) sa and Eq. 

Let V=V,@V., and consider the relations among the three systems: V-, 
V,-, and V.-systems. Denote the objects which are related with V,- or V-system 
by index 1 or 2 respectively. If, for example, we are dealing with the non-local 
theory, it may happen that some elements a, € YU, and a,€ Y, are not commuta- 
tive, but we do not deal with such theories in this paper. On the other hand, 
some of them are anti-commutative in the case of the Fermion field, but it is no 
matter in this paper. Thus, only for brevity’s sake, we assume that a, Y, and 
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a, YU, are commutative [2), § 21]. 

As 2, and YX, are subalgebras of ,, the direct product 1, xX, of them is a 
subalgebra of Y;, too. ,Xe, and e,X%, are nothing but 2, and Y, respectively, 
and we use these notations in order to emphasize that they are subalgebras of ,. 


The relations among &,, &,, and ©, are obvious. For example, if v=v,@v,, 
pmeiyy, 0, GV... then 


q(v) =q(v,) Xe.+e, X qv). 


From the physical point of view, the essential character of the V-system will be 
implied in those of V,- and V,-systems. It will be too severe, however, to assume 
that 2%,=%,xWU, or BP=B,XB,. Therefore, we assume 

Assumption 3-6. Let V=V,@Vo, then any element a, & X, Xe is commuta- 
tive with any a,&e,X%A,, and A,X%A, is full in the V-system. 

Next, we consider the relations among states. According to the above con- 
siderations it will be very natural to assume. 

Assumption 3-7. Let V=V,@V., and (Uy)sr, Qh)g and (Us) g. be 
maximal and irreducible physically meaningful representations. Then, there 
is at least one set of states F,€ (Oy)o, iS (Oyo, and Wy, (Hq) such that 

(Yo, (a, X az) SV Yo.) =(%,, (a) 1 F,) (Po, (ae) $2 P,) 
for any a,E XA, and a,e Ay. 

Let §,X%, be a direct product of these two linear spaces, and $,), be the 
completion of ,xX,, namely a direct product of two Hilbert spaces. In the fol- 
lowing we shall show that $, can be equated to ,®)$,. Therefore, we may say 
in any sense that the character of the V-system is implied in those of V,- and 
V.systems. In order to prove the above argument, we begin with the following 
lemma. 

Lemma 3:2. Let V=V,@V>, a, € (Wyo, and age (Uy)o. Put a,=(a)e 
X (€2) $2 and a,= (€;) 5. X (as) §2- Then, a,, @2, &, 14s, and a, @,= (a) §: X (az) Sa 
are all essentially self-adjoint operators in H.=H,46 9. with their domains 


(D1) 0X (D2) o- 


Proof. It is obvious that these operators are all symmetric. As (a) §, and 
(as) $2 are essentially self-adjoint, their self-adjoint extensions (a) §1 and (a2) §2 
can be represented by the corresponding resolutions of the identity E,(4) and E,(/) 
as (a1) 9: = (Ade, (A), (as) ga = | nd EH). It is easy to show that, extending 
E,(4) X (@2) 2 and (@) g: X £2 (4), we can get two resolutions of the identity E, (A) 
and E,() in ,., and that they are commutative with each other. Therefore, 


E(z) =E,(/) -E,(p), z=4+iP, 


is a complex resolution of the identity in ©. [3), Chap. VII], then 


a= | 0+") dE) 
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is a self-adjoint operator in §,., and a Da,+a,. Let a,+a, be the minimal closed 
linear extension of a,+a,. Then a 2a,+4y. 
mp as pes —a 
As (a,)s, is essentially self-adjoint, we can select a sequence PLE (Odo. z= 
1, 2, ---, such that 


de > : (a,) S2 ie =. 27 (a,) S yy 


for any We D((a,) g:)- In the same way, we get %2 © (O.)o, m=1, 2, ---, such 
that 
TIP, (ao Veo ea ¥ 
for any Pe D((as) ge). Then, 
FSX VIS EX, 

[ (a) g: Fa] X Fe (ar) gr FX FF, 

and 
Fn X[ (ae) G2 Pn']—> FP" X[ (ae) go F*). 
Therefore, 
(a, +4a,) (Fu X Fae) > [ (ai) g: F')X F2+ FX [ (as) ge FI, 

and this shows that 


a, +2 { (4) G1 X (2) G2 + (€1) gi X (G2) gals 
where the domain of the operator in the right-hand side is 
D(a) XD) eu)- 
Put ££, (4) =, (+4) —E,(—@), F,(4,) =E,(+ 4) —E,(—a), 
and E(4,) =LE, (+4) —E,(—a) |[E,(+@) —E,(—a)]. 
Then E (4g) Si2=|E; (4a) 91] ® LE 2(4e) Oo], 


and D( (a) g.) 2 E, (4) 8:1, D( (as) g2) 2D E(de) Hy. If we restrict (@,) 5, and (a) 5. 
on E,(4,)$, and E,(4,),. respectively, we get bounded operators, and so the domain 
of the minimal closed linear extension of (a,) S: X (3) gs + (1) gs: X (Ay) gs. contains 
E(4,)9.. Let @,, n=1, 2, ---, be a non-decreasing sequence such that A,> +00, 
Then, forany Fe D(a), E(4.,) ¥> ¥ and aE(4,,)F>a¥. This implies that the 
domain of the minimal closed linear extension of 


(a,) S: X (2) $2 (e,) S: X (a2) $2 
contains that of a, namely a,+a, a. 
Thus, a,+a,=4@, and a,+a, is essentially self-adjoint. The other parts of the 
lemma can be proved in the same manner. 6 ep sha Bf 


Theorem 2. Under the same conditions as-in Assumption 3-7, a one-to-one 
correspondence can be constructed between 9, and 9% H, such that they are 
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tsomorphic to each other with respect to XXX. Furth " 
Apraleceldedesctmined bs ()qexla) 4. ermore, (a;Xas) gy can 
Proof. Let %, ¥ d ¥. te G2 for any a, A, and a,e Up. 
o» ¥,, and ¥, be those as defined in Assumpti 
W,/=%,xU.,. It is easy to show that the closure of Y,/ Sania 3-7, and put 
is §,%4) De, and that M1,’ can be represented ene me agar es) =, x1, % 
ically by an operator al 
on 1, %,X%%. As Uy 2%’, Wy’ can be represented in , inte ieee 
; ' ¢ : el oe) um 
tion 3-6 we can prove that (2U,’7)°=, for any Ye (Sy), as in Lemma ae 
Thus, we can construct an isomorphism between We! (D4 vena G ib Telit 3 
4 / . = 
i to YU,’ from Assumption 3-7, and can extend it to an ioerE RT between 
D: %) De and Dr. If as €, and a,'— a, (B), then from Lemma 3-2 (a) 5; X (és) 
is an essentially self-adjoint operator whose domain is (§,))X (Qo)o- Thus we ae 


‘as i 2. : 
show’ as in Lemma 2-1 that a necessary and sufficient condition for YE D(a) gr 
1 


X (€:) 52) is that the sequence (a;') 5: X (€2) 2 F converges weakly to an element 
of $,. From Assumption 3-4, we have a,Xe,€ &, and aXe, a, Xe, (B) 
From these, we can show as in Theorem 1 that §,(®), is Eadmorniie 2 ©, with 
respect to U,x%U,. The rest of the theorem is obvious from Lemma 3-2. i 

It is easy to show that all the above arguments can be applied Cael to 
such a case that V=V,@V.@-:-@V,. In order explicitly to express an intimate 
connection among %y, %,, Ae, ---, W., we write %=% SAW: OA =WiAA. 
This notation means that 2, can be considered to be something like a deca of 
WX: KW = KA. 

Now we shall proceed to study the relations between the V.-system and V- 
systems, ‘and consider how the V.-system can be represented by using these rela- 
tions. Let {V;} be a division of the whole space V., into non-overlapping intervals. 


V,, i=1, 2, --, namely Va=@QiiVi. For convenience’ sake, we assume that 
there are upper and lower bounds 4,, a,>0 of volume V;, that is @,=m(Vi) = 
a, i=1, 2, ---. Let the direct product X22, be an algebra which is generated 


by such elements as i214, where a,& %, and a;=e, except for only a finite 
number of a;. From the above arguments, it is obvious that the essential characters 
of %{, can be implied in those of 2,2, and in order to express this explicitly 
we write U.=@.21%,. As any element ae Y. is contained in some &)21%;, 
the above notation will be suitable. 

At first sight, it seems to be very natural to take the infinite direct product. 
Hao=Bi21D; as the representation space,” but there are many difficulties in such a 
First, ). is not separable, and this representation is not irreducible. 
is von Neumann’s incomplete 


1311, lon “""> Un» 


representation. 
This can be easily shown from the fact that (Y. 7)° 
direct product 9, for any EH. Second, what is worse, there is no guarantee 
for %., to be independent of the division {Vi}. 

In order to study this problem more closely, we first consider a state in the 
We have often stated. that we can make only a finite number of ex- 


_V.-system. 
s means that we can study the system only in a finite domain, 


periments, and thi 
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though it may be as large as we want. Therefore, every state f in the V..-system 
will be represented with sufficient Heat by the direct product X j21¥%ij;, Vis € 
(;;). Thus, in the outside of ®j21Vij, it will be in some standard state approxi- 
mately, and these standard state will be suitable to be called the vacuum. The 
vacuum will be independent of division {V;,}, and to secure this we assume 

Assumption 3-8. In any V-system, there is the vacuum 5° & (Qr)o, and 
PLS Foxe,’ 4 Vs ip BV». 

Put J°=x,2,%,, then it is easy to show that it does not depend on the divi- 
sion {V;}, tie so we may call it the vacuum in the V.-system. Dyae= (WU. ¥")* 
is an incomplete direct product, and each element of $,.. may be considered as 
approximately a vacuum in the outside of some domain V. Therefore, it will be 
appropriate to use this §,.. as the representation space of Y{,,. When we take this 
yac as the representation space, the difficulties referred to above are removed. In 
fact, Byac is separable and does not depend on the division {V;} [7), p. 39], and 
the representation is irreducible. 

Let 1. be the linear subspace of ,,. which is generated by those elements 
each of which can be represented by a direct product of an element of (;), for 
some V © & and the vacuums in other domains. It is obvious that ),, is every- 
where dense in Oyac, and that 5), > %. 7°. We can uniquely determine a *-algebra 
of operators in ,4, such that it is isomorphic to Yf,., and the domains of these 
operators are §},, and the ranges are contained in it. Furthermore, we can easily 
show that every operator corresponding to some element of (%.),, or ©. is es- 
sentially self-adjoint. Therefore, from this representation, we can uniquely define 
a maximal representation. Put the common domain of the maximal representation 
(Doacdo- Then (Dyac)o >. Dyae, and the representation satisfies the conditions of a 
maximal and irreducible physically meaningful representation in § 2 

Assumption 3-9. Every state of the V.-system can be represented by an 
element FE (Dyac)o, || F\|=1, and on the contraray every such element corve- 
sponds to a state of this system. 


Theorem 3. ., can be represented isomorphically by an operator algebra 
ON (Drac)o, and this representation is pees but a maximal and irreducible 
physically meaningful representation. 

We have shown that 2. is generated by ©, and B,, and that B, plays an 
essential role in studying the properties of ©,,. But, in general, there has been 
made no explicit argument about B., in the usual field theory. In this respect, the 
author’s opinion is as follows. In the usual field theory, the field is assumed to 
be an assembly of harmonic oscillators. If it is an assembly of a finite number of 
such oscillators, the properties of the field can be determined completely by their 
commutation relations except for a unitary transformation.» However, the field is 
assumed to contain an infinite number of harmonic oscillators in general, and so 
the properties of the field cannot be determined completely.” In other words, the 
field is contained in an infinite direct product of separable Hilbert spaces, but it is 
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not definitive which of the incomplete direct products the field is. As we have 
stated repeatedly, we can make only a finite number of experiments, and so the 
physica] properties of the field will be independent of the choice of an incomplete 
direct product. Thus, we may say that the physical properties of the field are 
determined by the commutation relations. That is, there are many representations 
of the field which are equivalent to one another not mathematically but physically.' 
This is the reason why Bq is not treated explicitly in the usual theory. 

The dependence of the system on the time ¢ can be treated as in the usual 
theory, but it will be needless to repeat it here. 


§ 4. Additive field quantities 


In this section we shall show that additive field quantities are in intimate con- 
nection with the symbolic field operators. Let q(wv) be an additive field quantity, 
and put Qov(v) =(%, qg(v) %) for any PE (Dyacdo, FS Dac. Then Qoy(v) is 
an additive interval function [6), p. 59], and can be continued on any figure v,, 
namely on any sum of a finite number of intervals [6), p. 61]. It will be natural 
to assume that Oyw(v;,) is small for sufficiently small figure v,. 

Assumption 4-1. Corresponding to an arbitrary number €>0, there is a 
number 0>0 such that |Qow(vr)|<& whenever mvp) <9. 

Such function Ogw(vy) is called absolutely continuous [6), p. 93). 

Lemma 4-1. There is a Lebesgue-integrable function Qyw(x) such that 


CB, 95 (0) 9) = | Qe (a) ax 
V 
for any ve &. . 
Proof. As Qsy(v,r) is absolutely continuous, it can be extended uniquely to 
an absolutely continuous set function on any bounded Borel set [6), p. 95]. There- 
fore, there is a Lebesgue integrable function Oow(x) such that Qev(v) = Ogu) ax 


Vv 
for any Borel set v [6), p. 36, the theorem of Radon-Nikodym]. QO; BPD! 
Theorem 4. Let M be the set of all essentially bounded measurable func- 
tions whose carriers are bounded. Then, corresponding to an additive field 
quantity q(v), we can define linear operator qg(7) with domain (Diao for 
any 7(x2) © M, such that 


CP, 95 (7)®) = \7(@) Qve(a) dx 


for any De (ey asro. = Side . 
Proof. It is easy to show that we can define Jinear operator gg(v»r) for any 


figure v, corresponding to the given q(v). Let Sz be the set of all bounded Borel 


sets. Then, we can select a sequence {us} of figures such that 


t+ Of course, we can set up a physical criterion which is sufficient to distinguish a representa- 
: 


tion from the others, but it is of only formal nature. 
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mos) 3S m(0); 0 L dp, t= 1) 2%", 


for .any ve %,. Thus [10),-p. 110], 


(Y, 9g (vs') %) > | Qoe (x) dir. 
J 
Since ¥ is an arbitrary element of , this implies that {gg(v,’)9} converges weakly, 
and as § is weakly complete [11), p. 24], {gg(vr)@} converges weakly to some 
element of §. We write it gg(v)9%, that is, gg (vr) P>qg(v) P (weak), then we 
can easily show that gg(v) is a linear operator whose domain is (Qyac)o, and that 
it does not depend on the sequence {vy}. 
Let 7(x) be a simple function such that 


i (x) = D1 ee (2), 
é=1 


where 7; is a characteristic function of vx,€ G,, k=l, 2, ---, n, and v,Nv,;=¢ for 

k+=7 (10), pp. 15, 84]. Then, 7(x)Qev(2) is integrable for any 9 € (Qya)0, VE 

rac, and when we put gg (7) =>) a9 (vx), Gs(7) is a linear operator whose do- 
k 


main is (ya) and 
CP, a9 (7) ®) = |7(2) Qn (x) de. 


Let +(x) be an essentially bounded and measurable function whose carrier is 
bounded, then 7(x)Qyw(x) is integrable [10), p. 113]. We can select a sequence 
of simple function {7,(x)} such that |7(x)|=|7n(x)| and 7(x) >7(a) [10), p. 
85]. Then 7,(4)Qoew(x%) >7(x)Qoe(z), and |7fn(x)Qew(z)| S| 7) Qee(a) | 
Ubusgs1O)./ppel022110), 


lim | ra(2) Que (x) Ba= |7(2) Ove(x) de, 


namely 


r 


It is easy to show that we can define uniquely an operator gs(7) with domam 


(Dac) such that 
q9 (7n)P>Qg(7)P (weak). Ouida 


According to the above considerations, we can treat the system in the whole 
space-time analogously to the usual theory. For example, if the additive field quanti- 
ty depend on the time ¢, there is a function Qyy(zx, t) such that 


(P, a5 (7 0) =\7 (2) Qeela, t) Bex. 


If there is an additive field quantity g(v, 2) such that 
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(F, g® (v, t) P) = dQow (Ga t) [OX: aie 
Y 
then and only then we say that g(v, t) is a differentiation of g(v, ¢) with re- 
spect bos and write g(v, t)=0;q(v, t). <A differentiation with respect to ¢ is 
defined in the same manner. The relativistic invariance of the theory will be reduced 
to that of functions Qyw(2, 2). 

At first sight, it seems to be natural to define a field operator g(x, t) by (¥%, 
q(x, t)P?) =Qow(zx, t). But, as stated in $1, the value of Qow(a, t) at only one 
point (x, ¢) has no meaning, and the above definition is ambiguous. We shall 
study this problem more closely in the next paper. 


$5. Concluding remarks 


Now, we may conclude as follows. Though we can study the system experi- 
mentally only in a finite domain, the V.-system can be treated in the same manner 
as in I, and so we can say that there are sufficient physical reasons to treat the 
quantum theory of fields in a framework of a Hilbert space. If any of our as- 
sumptions are not fulfilled essentially, there may happen a case in which any other 
theory than that of a Hilbert space plays a most essential role. But this is very 
unlikely, and if our assumptions or their slight modifications are fulfilled, then the 
theory of a Hilbert space will be essential. 

We cannot treat directly symbolic field operators g(x, ¢) in the framework of 
a Hilbert space, but the roles of these field operators are only formal and they can 
be replaced by additive field quantities. Therefore, even if we have succeeded in 
a mathematical treatment of the symbolic operators q(x, t), no essentially important 
improvement will be achived in the quantum theory of fields solely because of this 
success. For example, let us consider a Hamiltonian of a system. The dependence 
of a system on the time ¢ will be expressed by a one-parameter group U(¢) of 
unitary operators. If U(¢) is weakly measurable, namely (¥;, U(t) ,) is a mea- 
surable function of ¢ for any elements ¥,, Y=, then U(t) can be expressed as 
exp(iHt) by an appropriate self-adjoint operator H [11), p. 183, Stone’s theorem]. 

Therefore the Hamiltonian will be a self-adjoint operator in a mathematically precise 
sense, and no symbolic operator will play an essential part in the Hamiltonian. 

Though the roles of field operators are only formal, it will nevertheless be 
very useful and convenient to treat them directly in a strictly mathematical sense, 
and we can expect that the success of such a treatment will help us to remove 
many difficulties in the quantum theory of fields. In the next paper we shall deal 
with this problem. 

The author wishes to express his sincere thanks to Prof. F. Maeda, Prof. H. 
Takeno, and Dr. M. Ikeda for their kind interest in this work. 
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The evolution of stars with mass 15.6 times the solar mass is considered in their early 
stage. Our model star consists of three regions; a convective core consuming hydrogen, a 
radiative envelope, and an intermediate zone of continuously varying composition. Radiation 
pressure is taken into account throughout the three regions. The hydrogen content in the 
core ranges from 90 per cent to. 6.3 per cent by weight. It is found that the convective core 
retreats as its hydrogen content decreases, setting up the intermediate zone of continuously 
varying composition and a thin convective unstable region between the radiative envelope 
and the intermediate zone. The evolutionary track in the H—R diagram is compared with 
the stars of the h+% Persei clusters. 


§ 1. Introduction 


It is known that many chemical elements observed in our galaxy have been 
synthesized by nuclear reactions occurring in the interior of stars in the course of 
their evolution.” The details of the synthesizing processes are intimately connected 
with the evolutionary changes in the stellar structures. Such evolutionary processes 
of stars have been studied by many authors applying various stellar models, especial- 
ly by Hoyle and Schwarzschild” on the stars of the globular clusters. However, 
little has been known about the nuclear processes in massive stars which seem to 
play an important role in element sythesis on account of their rapid evolution. 

It is known that stars with different masses evolve differently. Tayler? and 
Kushwaha® studied the evolution of massive stars in their early stages and proposed 
models consisting of a radiative envelope, an intermediate zone in which the mean 


molecular weight varies continuously, and a convective core. One of the charac- 


teristic features of massive stars is the effectiveness of. radiation pressure:. Although 
its effect was shown to be negligible for the mass (~10 Mg) chosen by Tayler 
and Kushwaha, it is expected that the radiation pressure becomes effective, as the 
Its effects appear particularly in the ‘condition of convec- 
tive stability, that is, they make the stellar configuration more unstable against 


convection. In this respect, Kushwaha’s treatment, which neglects the effect of 
leaves something unsatisfactory. 
cture of the more massive 


e is no longer negligible. 


mass of stars increases. 


radiation pressure on convective instability, 
The purpose of this paper is to investigate the stru 
stars (15.6 Mg) in which the effect of radiation, pressur 
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Including the initial homogeneous model, five model sequences are obtained in the 
early stages of the evolution as the hydrogen content in the core decreases. The 
evolutionary path is compared with the H—R diagram of the h+Z Persei stars 
obtained by Johnson and Hiltner” which includes the most massive stars observed. 
These results will give a basis for the study of the later stages of the eyolution, the 
stages of gravitational contraction and helium reactions. 


§ 2. Physical assumptions and basic equations 


The model here considered consists of a helium enriched core in convective 
equilibrium, an envelope of almost pure hydrogen in a radiative equilibrium, and 
an intermediate zone of variable composition in radiative equilibrium. The follow- 
ing subscripts are used to denote the quantities in each part ; e=envelope, z=core, 
c=center, 1=interface between the radiative envelope and the intermediate zone, 
and f=interface between the intermediate zone and the convective core. 

Simpifying assumptions are made as follows. 

1. There is no mixing of matter in the envelope, so that the envelope has a 
constant composition. In the convective core, the mixing caused by the convective 
turbulence is fully effective so that the composition is homogeneous. 

2. The opacity is due to electron scattering only. Kushwaha’s calculation 
showed that the main opacity is electron scattering for the model of ten solar masses. 
It seems reasonable, therefore, to assume that in the more massive stars the electron 
scattering opacity is predominant. 

3. Steady ejection of mass from the surface of star is ead i.e., the total 
mass as star remains constant throughout the whole stage of evolution. 

The initial hydrogen and metal contents have been taken as X,= X;=0.900, 
and v7 =Z;=0.020, which give as the mean molecular weight in the envelope, 
e=4/ (5X.—Z, +3) =0.535. 

The basic equations of mechanical and thermal equilibrium for the radiative 
zone are 

dM, colimaceile GM, dT ie tale 


=Artr 0, = — s ——— i x 
dr aT pe Seplase An0° 7 Any wD 


Owing to the assumption 2, the opacity is taken as 


| | e=0:19(14X). (2) 
The equation of state is given by 
P= fp Tile eee) (3) 
Composition parameters are defined as 
Zz ob es st 


be fey 1K 5 
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In the homogenéous envelope, the value of Z and j ared=1ly 7=1. “Composition 
parameters in the intermediate zone are not constant. Following the method ‘of 
Harm and Schwarzschild,” we divide the intermediate zone into a number of thin 
shells and express 7 and j in each shell by the formula 


L=(q/an) "hy, j=l™, (5): 
where the suffix » represents the m-th shell and 7, and g, are the values at its 
outer edge. 

In terms of nondimensional variables . 


. 2 
ae AnR*’ a ae as 


, M,=qM, r=2R, (6) 


and the above composition parameters, the basic equations (1) for the radiative 
regions, the envelope and the intermediate zone, are expressed as 


Geman ety Sade pits poytind! Rater, gokhlos 7 
ax er xis dx tin lance aes ne (7) 
with p=1—Ar'/p, 
en Baa hell, Lh Weave C= 3 0.19(1+ X,) Babin 8): 
Ser 3 ( R ) ee hance (47)? u,EIG/ M3 8) 
Homology variables in the envelope are given by 
4 
yee Pb BV, ool Porras Igbo (9) 
aes at Ce = 


For the convective core, the solutions including the radiation pressure have previously 
been obtained by Henrich.” In terms of Henrich’s variables, the homology invariants 


in the convective core are expressed as 


Sat 5 96 (dZ/d7) | (n+ 1) = (10) 
_ dZ/dy : * mo § 


a3 Construction of models 


~The equations for the envelope have two parameters Amand’ .* Taking ‘the 
mass equal to 15.6 Me and the mean molecular weight 4,=0.535, we determine the 
value of A from the definition (8) as A=16.0. Then, we have a series of solu- 
tions which are specified by the value of Cr 
- Solutions near the surface (g~1) are given by 


p=t/AC, t=o(1/x—1)/4, fy=1—4AC, » ai) 
which are used as the starting values for the numerical integrations. 


The homogeneous model, which represents the initial stage of evolution, is 
constructed as follows. ~With the above starting values, the integration over the 
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envelope is carried out inward and is stopped at the point where the solution reaches 
the convective instability. The condition of the convective instability in the homo- 
geneous region is given by 


(n+1) rea SS (n+1) aa, (12) 
where 
GM,p 16zacT* 32—248 —3” 
1 rad = i a > 1 a —— . 13 
(REL eer eae (13) 


At the point of convective instability, the envelope solution is fitted to the core 
solution continuously. The continuity of physical quantities at the interface between 
the envelope and the core leads to the relations 


Pw, Uy: /Uye= Vu/ Vie=l. (14) 


Among the families of the solutions for the radiative envelope and the convec- 
tive core, the solution which satisfies the above fitting conditions is determined 
uniquely. In this way mathematical properties of the model and the values of g,, 
x,, t,, 8, and ?,, are completely determined. 

The model sequence following the initial model is obtained as follows. In each 
step of the parameter C, the integration over the envelope is carried out inward as 
in the case of the initial model and is stopped at the point where g=q{”, g{” being 
the mass fraction of the convective core of the initial model. From this point, the 
integration over the intermediate zone of variable composition is carried out inward. 

It must be noted here that, if the radiative solution of the envelope reaches 
the point g=q{” before the convective instability sets in, the envelope is surely in 
radiative equilibrium. Certainly, the models calculated by Kushwaha and Tayler 
satisfy these conditions. In our case, however, the effect of radiation pressure is 
more serious on account of the larger mass, and the envelope ‘solution reaches 
convective instability before it reaches the point g=q{” as shown in Fig. 1. 

The above result seems to suggest a sequence of models such that the mass 
of the convective core grows up as its hydrogen content decreases, the mean mole- 
cular weight being discontinuous at the interface between the core and the radiative 
envelope. However, it is easily shown that this suggestion is not successful in the 
ease in which the opacity is-due to electron scattering. In this case the continuity 
of the radiation flux at the interface requires 


NUISE A) GET gee ENE pe a 


Since X;< X,, the above condition gives (2+1);>(n+1),=critical- value of convec- 
tive instability, which means that the core solution near the interface must be in 
radiative equilibrium contrary to the assumption. 

On the basis of evolutionary considerations about the variation of -the -hydrogen 
content, it is possible to construct a consistent model as follows; an intermediate 


radiative zone with variable composition grows inward from the point q=q?, and 
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Fig. 1. Representations of model series in terms of the homolgy invariants 
U and V. The numbers on the envelope solutions denote the values of log C. 
The fitting points are indicated by dots. The dashed line represents the locus 
of the points where each envelope solution reaches convective instability. 


simultaneously a new convective zone is set up between this intermediate zone and 
the radiative envelope. In our model, however, the mass fraction of this convective 
zone is so small that the difference between the convective and radiative equilibrium 


can be neglected in a good approximation, that is, this region can be treated as an 


extension of the radiative envelope. 

Thus, the radiative envelope is fitted to the intermediate zone at the point 
where g=q$”, and the intermediate zone is fitted to the convective core where it 
reaches the convective instability. The fitting conditions are the same as in the 
initial homogeneous case; i.e., the continuity of U, V and f, and .in addition’ the 
convective instability at the interface are required. Since the mean molecular weight 
varies continuously in the intermediate zone, the condition of convective instability 
is slightly altered on account of a gradient of the mean molecular weight. This 


condition is expressed as 
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ite — 3.356 —3.300 —3.200 —3.100 — 3,020 
U; | 2.06 1.87 1.54 1.22 0.975 
Vv; 2.87 2.78 2.67 | 2.57 2.50 
(n+1),° 2.80 2.83 2.90 | 2.98 3.05 
log x; —0.487 —0.518 —0.575 —0.649 —0.721 
log p; | +1.053 +1.136 +1.295 +1.509 +1.709 
loge, 0.368 —0.332 —0.265 —0.184 At 
logq | — 0.382 —0.382 —0.382 — 0.382 —0.382 
By | 0.952 0.945 0.929 0.909 0.888 
Uy | 2.08 2.12 2.13 2.09 
Vy 272 2.55 2.48 2.55 
(n+1) 4 2.87 2.99 3.14 3.31 
logzy | —0.539 —0.648 —0.803 —1.026 
loge, 1 +1.193 +1485 | +1.894 +2.470 
logty —0.313 —0.201 | —0.059 +0.123 
log gy —0.422 0.512) 25) —0.627 —0.774 © 
ne 0.942 0.918 0.881 0.832 
y 0.796 0.830 0.936 0.963 
Se 0.900 0.794 0.575 | 0.319 0.063 
| 
logL/Le | 4.203 4.259 4359 | 4.459 4.539 
log R/Ro 0.599 0.642 0.731 | 0.829 0.937 
Mor —5.89 —6.03 —6.28 —6.53 6.73 
log Te 4.514 4.506 4,487 4.462 4.429 
log Toa 7.499 7.508 7.528 7.555 7.612 
Bec —3,32 —3.28 —3.18 —3.04 —2.86 
BEY —0.42 —0.41 —0.39 —0.37 —0.35 
life (year) | 0 3.92 x 106 9.79x106 | 1.41107 1.67x107 
ae 1 
(+ 1) Foam Gite lies 
8  diogy 


4 16 
9-37 agp? © 
where (72+1) a2 and (7+1) aq 
are defined by equations (13). 
The gradient of mean mole- rok 0.2 0.4 0.6 


cular weight tends to suppress -._, . = aa’ 2 — 
Fig. 2. The variation of the hydrogen content from 
the center to the surface. ~ 


0.8 1.0 


the convection, and consequent- 
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ly guarantees that the intermediate zone is in radiative equilibrium. 
The values of the exponent », which appears in equation (5). are determined 
successively in such a way that the solutions satisfy the above fitting conditions. 
The mathematical characteristics of these solutions are listed in Table t, and their 
U—V curves are shown in Fig. 1. The distribution of the hydrogen content 
throughout the envelope, the intermediate zone ‘and the core is plotted in Fig. 2. 


§ 4. Physical properties and discussions — 


For each stellar model the physical quantities. of interest are obtained from the 
mathematical ones by equating the rate of the energy production to the. stellar 
luminosity. The energy production in the core results.approximately, by replacing 
the solution near the center by the polytropic one, in the. luminosity 


3/2 ’ é 
L= é,| Stel eS = / oul? Ts*32, (auom 
2n,+n,/n, 2Gu;,HP, ae 


where m, and m, are the polytropic indices 
14+1/n,= (d log P/dlogp)., 1/n;=(dlogT/d logp)., (18) 
and & and s are constants in the formula of the energy production . | 
gael (19) 


Noting that the main nuclear energy source is due to the C—WN cycle, we take as 
the appropriate values of & and s 


E=8 X10-™- XXey erg cm’g *deg"™, s=16, (20) 


with Xgy=(1/3)Z. The central temperature is determined in such a way that the 
total energy production obtained from (17) should be equal to the luminosity ap- 
peared in the envelope solution. The results of these calculation are shown in 
Table 1. | | 
We are now in a position to check the validity of the assumptions. The first 
Check is concerned with the stability of the new convective zone which is set up 
between the radiative envelope and the intermediate zone. If a certain perturbation 
stirs up hydrogen at the interface between this convective zone and the intermediate 
zone, mixing may occur throughout both regions, and then the gradient of mean 
molecular weight may be set up. This gradient suppresses the convection and leads 
the state to the radiative equilibrium. It is found that the mixing of only a frac- 
tion of per cent of hydrogen is enough to lead the state to the radiative one. Thus, 
the assumption that there is no mixing between the convective zone and the inter- 
mediate zone is shown to be valid. 
The second check is made on the energy production in the last model. Since 
the hydrogen content in the last model decreases to six per cent, the assumption 
that the energy generation is confined to the core may break down. The result 
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of the integration of energy produc- 
tion throughout the intermediate 
zone shows that the energy genera- 
tion outside the core does not ex- 
ceed five per cent of the core. 

The evolutionary path in the 
H—R diagram is shown in Fig. 3. 
The star leaving the main sequence 
evolves rather slowly towards right, 
i.e., the luminosity increases slightly 
and the effective temperature de- 
creases. The lifetime of the evolution 
along the path is longer than that 
might have been expected. This is 
because the mass of the convective 


core relative to the total mass _be- 
comes large on account of the effect ev 
of radiation pressure. The theo- Fig. 3. The evolutionary track in the H—R dia- 
retical evolutionary path and the ob- gram. Successive evolutionary models are indicated 

: by dots. Crosses represent the observed positions 
served data for the 44-7 Persei stars;  , 4. fuly Persci stars. 
obtained by Johnson and Hiltner” 
are compared in the H—R diagram. It seems that the upper part of the h+7 Persei 
is now in a stage of gravitational contraction, having passed through an isothermal 
core stage. It is inferred that the time spent in the gravitational contraction stage may 
be rather short for these massive stars on account of the large mass fraction con- 
tained in the core. This might explains the gap in the diagram which is found 
between the early and late type supergiants. 

Finally, it is noted that we have assumed no steady ejection of mass from the 
surface, i.e., the total mass remains constant. Nevertheless, it is found by Slettebak® 
that the line broadening in the supergiant stars of early type is due almost entirely 
to large scale atmospheric motions. Basing on this evidence, we speculate that the 
steady ejection from the surface might occur in massive stars. A rough estimate 
shows that the loss of about one solar mass for initial 15.6 Me in last 10° years 
is enough to remove the unstable convection zone in our models. 

The authors wish to thank Mr. Yamazaki for his help in the numerical calcu- 
lations. One of the authors (S.S.) would like to thank Yomiuri Yukawa Fellow- 
ship for financial aid. 
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Since the neutrino is completely polarized along its travelling direction, a 8-decay results 
in the loss of angular momentum from the universe. As a result of its recoil, the universe 
begins to rotate, thus violating the mirror symmetry of space. Although the average rota- 
tional motion vanishes due to random f-decays, the mean square angular velocity remains 
finite. This causes the centrifugal acceleration which, according to the equivalence principle, 
should be equated to the gravitational acceleration due to the loss of neutrino energy. This 


could take a part in the origin of gravity; the value of the gravitation constant caiculated 
by the above idea is not unreasonable. 


The absence of the mirror symmetry in weak interactions must have led many 
people to infer that the universe itself is asymmetric in some sense, and various 
speculations must have been born, although few of them have ever been published. 
None of those ideas may have been convincing enough to be worth publishing. 
This has been the case with regard to my own idea which seems to be very specu- 
lative on one hand and to be so trivial, on the other hand, that somebody else have 
possibly get the same thing. However, I dare to publish this idea, hoping to 
stimulate discussions on this problem. 

My speculation is guided by the equivalence principle, such that the mirror 
asymmetry revealed in weak interactions among elementary particles is in some way 
connected with an asymmetry of the universe in the large and the gravitational 
force is indistinguishable from the acceleration of a reference frame. 

Let us suppose a nucleon to undergo a /-decay, an electron and a neutrino 
being produced. The neutrino flies away and sets underneath the horizon of the 
universe,* thereby carrying away angular momentum //2 as well as energy which 


is of the same order of magnitude as the electron rest energy, mc?, while the 
electron is trapped inside the universe. 


* By the universe I mean the space satisfying the cosmological principle and expanding accord- 


ing to Hubble’s law. Thus we may regard ourselves as standing at the center of the universe and 
the horizon as if it were an edge of the universe. 
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It is quite natural to think that the loss of angular momentum causes an an- 
gular momentum change in the system left after the neutrino escape and consequent- 
ly causes the rotation of the system,' if it were at rest before the B-decay. Such 
a rotating system is evidently asymmetric with respect to the mirror reflection. In 
general the universe may be regarded as rotating, but the angular velocity of the 
rotation fluctuates from time to time because f-decays occur at random in directions. 
so that the time averaged angular velocity vanishes.* However, the mean square 
angular velocity does not vanish, and one feels centrifugal acceleration. The centrifugal 
acceleration can be interpreted in the other way around. The energy loss due to 
the neutrino escape causes the change in the gravitational force that should be felt 
as acceleration. The equivalence principle demands that these two ways of expla- 
nation must give us an identical answer. The above reasoning will be formulated 
as: follows. 

The angular velocity caused by the escape of a neutrino is given by 


w=h/21, (1) 
where I is the moment of inertia of the system concerned. At a distance R from 


the path of the neutrino the centrifugal acceleration is Rw*. This must be equal 
to the gravitational acceleration associated with the energy loss mc” as 

Rw? =Gm/R’, (2) 
where G is the gravitation constant. If m /-decays occur, the right-hand side of 
eq. (2) is multiplied by 7, while the left-hand side by the sum of squares of the 
fluctuating angular velocities, the mean square of » which is equal to 7. Thus eq. 
(2) holds as it is. 

One may regard that eqs. (1) and (2) account for the origin of gravity. Here 
the neutrino plays an essential role, as has been thought by many people, but the 
way played by the neutrino is different from the current one. In our case the 
structure of the system under consideration has to be specified ; the gravitation 
constant can be calculated, only if the values of I and R are given. I and R are 
not independent, but are related through 

T=aMR’, (3) 
where M is the mass** of the system and a a numerical factor depending on the 


mass distribution. R may be chosen as the gravitational Bohr radius,*** to which 


the gravitational effect extends, 


+ The angular momentum changes due to orbital motions should be nothing to do with the 


present problem, because of their non-violation of the parity conservation. 


* This is consistent with the cosmological principle, according to which only the radial com- 


ponent of velocity exists. 
** Since the equivalence principle is always referred to, 


need not be distinguished. 
*** The large value of R thus chosen may be consistent with the 


inertial system in the universe. 


the inertial and gravitational masses. 


fact that one can find an 
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R=bi?/GM?m, (4) 


where b is another numerical factor. 
Now the gravitation constant can result from the above arguments, as shown 


by 
G=Riu?/m=R 1? /4m 2? =? /4a°mM* R=G/4a’b, (5) 


provided 4a?b=1. 

Examining our way of reasoning, one might think that the relation (4) stands 
on a very shaky basis, although it seems to have some bearing on the inverse 
square law of gravity. In this case one may replace this by the following argument. 
The system under consideration is such a simple one that consists of two nucleons 
separated by the cosmic radius R. If one nucleon undergoes a /3-decay, the other 
receives its gravitational signal, just at the moment when the decay neutrino sets 
underneath the cosmic horizon. Then the gravitation constant can be evaluated by 
reference to the fourth expression of eq. (5). Introducing the electron and nucleon 
masses respectively in m and M and putting R=6 X10" cm, we obtain 


G=7:4 107 edynevemiig ‘or 


which is very close to the observed value, G=6.7X10-* dyne cm? g~®. It may be 
worth while to remark that the gravitational Bohr radius of this system is practically 
equal to the cosmic radius, 6.610" em with the observed value of. G.* 

It is natural to ask how other parity non-conserving processes influence the 
mirror asymmetry of the universe. I can merely answer this question in such a 
way that most of the parity non-conserving processes occuring in the universe are 


nuclear $-decays and these practically govern the structure of the universe somehow 
like the Mach principle. 


* Since R is chosen as equal to the cosmic radius, the relation (2) may be interpreted in 
such a way that a detector placed at the edge of the universe feels no acceleration arising from 
.B-decays, because the decrease in the force due to the loss of neutrino is canceled by the force 
allowing the rotation. This seems to provide with a natural basis to the relation (2), because such 
a detectcr looks at the universe as a whole without reference to any other object, thus observing 


the universe only as non-accelerated. I am much indebted to Professor R. Utiyama who clarified 
this point. 
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The method of “auxiliary variables” (collective coordinates) used by Bogolyubov and 
Zubarey is formulated in a somewhat different manner. Improvements are made in two points: 
1) The Hamiltonian is given in an Hermitian form and 2) the number of the auxiliary 
variables can be limited, if necessary. We calculate the ground state energy and the excita- 
tion energy spectrum of the spinless bosons taking account of phonon-phonon interactions. 
The expression for the ground state energy is shown to be equivalent to the one derived by 
Bogolyubov and Zubarev. 


§ 1.. Introduction 


The investigation of the excitation energy of an interacting boson system is 
closely related to the theory of liquid He*. Since Landau” proposed the so-called 
“ phonon-roton ” model for the excitations in liquid He*, many authors have attempt- 
ed to derive this model from the first principle. Among them, Bogolyuboy and 
Zubarev?) have dealt with the boson system using the method of “auxiliary varia- 
bles”, which were thought to be very appropriate for the description of long wave 
length excitations (phonons). 

Several objections may, however, be made to their theory: _ 

1) An infinite number of the auxiliary variables were used in their theory. This 
may be inconsistent with the fact that the system under consideration has only 3N 
degrees of freedom, N being the particle number of the system. 

2) The Hamiltonian derived by them is non-Hermitian. This fact complicates the 
perturbation calculations. " a 
3) The presence of a strong interaction between two particles may make their 
theory invalid, because the Fourier expansion of the interaction energy plays an 
essential role in the theory. Me , 
4) When the attractive part of the interaction is strong enough compared with 
the repulsive one, the excitation energy in the zeroth approximation becomes imagi- 
nary. 

Among the above-menti 
be discussed in the present note. 
teraction, in connection with which these two o 


oned difficulties, the third and the fourth ones will not 
We shall rather consider a system with the in- 
bjections cannot be raised. The 
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purpose of the present note is to discuss the first and the second objections. To - 
do this, the method of auxiliary variables will be used in a manner different from 
that adopted by Bogolyubov and Zubarev. 

Abe® has already succeeded in deriving the Hermitian Hamiltonian. However, 
the Hamiltonian used by Abe does not give a reasonable result in the calculation 
of the energy of the system. As will be shown in later sections, this is due to the 
fact that he used an infinite number of auxiliary variables from the starting point 
of the theory. 

Takano” has introduced the individual coordinates into the theory in addition 
to the finite number of the auxiliary variables and derived the excitation energy 
spectrum similar to the phonon-roton model. We will here attempt to construct a 
theory without use of individual coordinates, since the system considered here can 
be described in terms of the auxiliary variables only. 

We shall consider the system of N spinless identical particles with mass mm, 
which are contained in a cube of edge length L, hence of volume V=L*. The 
Hamiltonian is assumed to be written as 
(eae 

Se bw =TH) + VO), ti- a) 


2m j=10r? 


ha pes 


where ¢(7;;) is the interaction energy between two particles i and j, depending 
only on the distance 7;; between them. And, further, the periodic boundary condi- 
tion is assumed in the theory. 

The auxiliary variables are defined by* 


N 
Pr=—e—die-tk-rs, kX, (1-2) 
VN 


where the components k,, k, and k, of k are positive or negative integers multiplied 
by 2z/L. These variables are closely related to the density fluctuation of the 
system and were used by Bohm and Pines” in the case of the electron gas in 
metals. Real auxiliary variables are defined only for k,>0 as follows: 


il x ¢ 
See SS k.- _—_ ——— 2 
Th TN Ie r; and T,, Ta, aS sin k- i (1-3) 


Therefore we have the following relations for k. >0 
Pr=Cn—t, and p_,~=o,+iT,. (1-4) 
We will here make two assumptions : 


(I) A wave function to describe the state of the system can be represented as a 
function of the ~’s (or o%’s and t,’s) with 0<|k|<&, alone. Ina formal develop- 


* Ono5) has pointed out that the variables defined by pz=1/,/N-* Setter, are more appropriate 


in connection with the momentum of phonons. We shall here follow the definition of Bogolyubov 
and Zubarev. If necessary, the signs of all the k’s may be changed in the following expressions. 
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ment of the theory, the value of k, may be arbitrary.* Such a representation of 
the wave function will be called hereafter the “ (x-representation’’. It should be 
noted that the ,-representation is consistent with the periodic boundary condition. 
(II) . The interaction energy ¢(r) is expanded in'a Fourier series 


d(r) = uf) a uike) e*", where v(k) =|6@ e-" dr (1-5)- 
Vo re OV 

and, further, the »(k)’s for small |k| are positive. The latter part of this assump- 

tion is necessary for obtaining real energy values. (cf. eq.(4-6)) 

Adopting the above two assumptions, we shall derive the Hamiltonian and the 
total momentum in the Ox-representation in § 2. Some functions of Pr S appearing 
in the Hamiltonian will be calculated in §3 to obtain a concrete form of the 
Hamiltonian. In § 4, we shall calculate the ground state energy and the excitation 
energy spectrum to the first approximation. The assumption (1) will be discussed 
in §5 in connection with the question on the degrees of freedom of our system. 


§ 2. Hamiltonian in the: p;-representation 


Although Bogolyubov and Zubarev” transformed the Schrédinger equation to 
derive the Hamiltonian in the ,-representation, we will start with the expectation 
value of the Hamiltonian H(r) for a state represented by the wave function Y(r,, 
r,, -,Fy)=(r), which is written as 


Ba| U* (r) H(r) U(r) dr™ | | w* (r) U(r) dr™, (2-1) 


The potential energy part of the Hamiltonian (1-1) is expressed, by the use of 
Fourier expansion (1-5), as 


ma! AOA AT IEDY ik: (rs—15) + V(r), (2-3) 
BA ese. ee <a, = ae caret ea 
where 
iT SY) (k) ‘k- ("5-1 j) (2-3) 
/ a. HONE ARCH) 
ar? D ee, 2 V 4 ; 


Because of assumption (I) made in the preceding section, we may put 


1 i 


Pr) = sap POs Pk “++) = pe ? (0K) - (2-4) 


Hence we have 


* In fact, any set of k’s may be used if it is restricted only by the condition that it does 
t = te 


) . - . i 
“not contain the zero vector but contains the pair k, —k whenever k is a member 
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2 


te a: i? (kk’) = , a 
Z = Bis, byp-e2e Shas Sheth 24") i(k+k’) -r;__ 
pe) yet E SE ieee, 2m 2 om : 04.9 Pret 


+ yp BE 1S) e-ikrs loon). 2-5) 
O<|k|<k, 2m VN fi OPK 


The summation and the product over k with 0<|k|<&, will be denoted in the 
present section simply by >) and // respectively. 
k Kk 


We will define the function of p;,’s (and so of o;,s and 7,’s) 
Dp) = \de? IT Fa I (2-6) 
where 
m8 Gy TH ook r;) and 9,.=0(t,.— AS sink-r,), > (2:7) 


and ue means the product over k with k,>0O (with 0<|k|<&,, of course). The 
following equations are obtained, with the aid of the property of 0-function, 


| (dp) Dn) =1 (2:8) 
and 


|F Cee | (dp) [aro Pr) IN’ fr gx for an arbitrary Fir) ; (2-9) 


where | (dp) means {| IT' (doy, dt) ++ 
a —o k 


By making use of identity (2-9), the expectation values of the kinetic energy 
and the potential energy are written respectively as (cf. eqs. (2.2) and oh 


\PXOTO) U(r) de“ =| (dp) Dern) ¢* (Pn) | ae wee) A(k+) ; 
: é xe Pk Pre 


Tek? fe) 
+317 As, |e) (2-10) 


and 


[Pee V Or) Her) dee =| (ap) Din) 9* (on)| A=) *O LN ay 


P24 
I 


el yseal 
2% V 


v (le) poe + W" Cox) le (px); (2-11) 


where 


1 avy, jae we 
AU) = a dr AS cht UP Fy 9x) - (2412)_ 
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and 


VO) = Bay Haren OU fad). (2-13) 

As is seen from eqs. (2-10) and (2-11), the function D(o;,) defined by eq. 
(2-6) may be considered as the Jacobian of the transformation of variables from 
r;s to g;’s. It may also be considered as the weight function for the inner product 
in the representation. The operator put in the bracket in eq. (2-10) should be 
Hermitian, provided that the inner product is defined with the weight function D(x). 
It is desirable, however, that the Hermitian nature of an operator is secured in 
the inner product with no weight function. To carry out this program, we shall 
mtroduce the new wave function 


PO (Ox) = VD (Pr) 9 (Ox) - (2-14) 


Then eqs. (2-10) and (2-11) are transformed into the following forms: 
[wry T(r) BO) de =| (dp) P* (en) T (rH) P(e), 


where 


Tp) = 3 h* (kk’) [= |A+K) 3? 4 0? -A(k+K’) | 


Tk 2 Opr9 Pr = 90K Pr 


S75 
k kr =2m 2, 


al PARTE) 1 3 ae +k) To LEI TG eae aD | 


2 001-9 Pres 4 1a, OK O Pr 2 D OPP Pr 
“ke (2-15) 
ee  ( ies aD 
2k 2m D_ op; 
t 3 
hk? te Chk ) ae OD , DACRE +k’) | 
_ 2m [Aw ASAD ke | ACh Dwar, Ons on 
and 
| w* (r) V(r) ¥(r) dr®™ ={ (dp) & (pn) V (on) P(pn), 
where 
: wCO)io shs3 2 As No (6) pup_nt V' (en)- (2-16) 
1S a Oil a a Ge Me oe va ) PxO-n Pr 


) and V(,) are considered as the kinetic energy operator 
erator in the ;,-representation respectively. Because of 
term in the right-hand side of eq. (2-15), T(x) is 
this term is seen to be identically zero, since 


The operators T'(x 
and the potential energy op 
the presence of the last 
apparently non-Hermitian. However, 
the relation 


32 K.. Hirotke 


ea 8) 1 8D , dA(kK+k’)) - 
A(k) = —>|- /_1A(k+k’)— — Peibesket see B AE Q17) 
VN KI R? \ : D 0x) O Pr 


does exist, as will be proved in the Appendix. Expression (2-19) is further trans- 
formed, by the use of relation (2-17), into 


1_ yyy ACh) 1 | yee ez ) 
Tig) eS A(k+k’) - = Raters 
me VN & ie 2m 2 PPP Par — OPK nr . | 


(aa — 1. (KR) JA(kK+K’) i] 
V WV te RB On 
(2-18) 


ved Eda ene us eee, 
2 Or 4 1) Bon 


k 2m 


Finally, we obtain as the expectation value of the Hamiltonian or the energy 
=| (dp) ®* (pn) Hn) Pn) | [ (dp) O* (74) (Pr) (2-19) 


where 
A(x) =T (On) + V Cr) 
ih h?(kk’) 1 
S 
VN. 3 2m 
pas 1 -dACKE LAL 3D): { a(k)— (kk') OA(k+K#’) \] 


al eae 
k 2m 4 


D Ox, 4D dp, \ VN we F OPK 


32 Bs 22 
O09 Pres D079 PK 


5 {AG+h)- -A(k+K) | 


+S N= D2) — FSS) + 3 enon Von) 220) 


Expression (2:20) is the Hamiltonian in the g,-representation, the derivation of 
which has been the main purpose of the present section. It is clear that this 
Hamiltonian is Hermitian. It should be noted that the summation > in the present 
section is to be carried out over k only for 0< |k|<k,. The Saitdinver equation 
in the ,-representation is obtained from eq. (2-19) as 


H (4) P (py) =EV (om) - (rai 


An explicit dependence of D(;,.), A(k) and V’(o,) upon the g,’s will be found 
in the following section. However, the following relations can be derived immediately 
from definition (2-12) of A(k): 


A(0)=\/N and A(k) =p; for |k|<é.. (2-22) 
Therefore, if we take k,0o, relation (2:17) will seem to be reduced to 
pgp) = eaiaget 1 (kk) = 18D 
Dane Pet OF ei RB RB Phe+kr ama (2-23) 


This equation was used by Abe® in the calculation of = se He obtained 
(Pk 
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iep x ad ee ( 1 ss ho ae 2.94 
D Op, n= n-+1\\/N ay aie iene ae) 


However, the above deduction is not correct. Equation (2-23) cannot be derived 
from eq. (2-17) even if k, 00, since syne ater fe) 


ko> co OOK, 


is not equal ton ieee 


kr ens 


OD. *: : : 
k’) Bisgak ae as will be seen in the following section. 
VK 


An expression for the total momentum in the ,-representation is derived in 
the same way as the Hamiltonian has been derived. It is 


fe) 1* ieto'D 

Pies hea h)| = | 2.2 
=a RkAw| SS (2-25) 

By the use of eq. (2-22) and the relation 
SA (k) 2P =0, (2-26) 

Ie 00x, 

eq. (2-25) is transformed into 
| ) ) 

P(ox) =—Sk | t: a 2.25/ 
(Px) ; 5 Pk aR box Pr ( ) 


where the fact that }}k=0O has also been used. 
k 


It can be verified that expression (2-25’) commutes with T'(;,) and V (ox), 
as it should. Although the proof of this fact is omitted here, the following rela- 
tion will serve to prove it: 


SKA (K) SAE) WAC) for Os \Klet-co ue fu 


Pk 
The proof of relations (2-26) and (2-27) is also omitted here, which is similar 
to the one of relation (2-17) given in the Appendix. 


§ 3. Calculation of D(a), A(k) and V’ (x) 


In order to obtain a concrete form of the Hamiltonian derived in the preceding 
section, it is necessary to determine the explicit dependence of D(p,), ACk) and 
V’ (ex) upon the p;’s. This will be done in the present section. The mathema- 
tical technique adopted here is suggested by Zubarev’s work” of calculating the 
partition function of a classical system. Similar technique was used for the classical 
system by Yukhnovsky”. 

We shall begin with the calculation of D(~.), which has been defined by eq. 
(2-6). With the aid of the Fourier representation of 0-function 


0(2) = exp (271wx) dw, 


—o 
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eq. (2-6) is reduced to 


j=l 


N 
D(px) = [es | Uddin) = gar” exp| 2>| (o;,— on —S‘cos k-r;) a, 


N * 
AS" sin k-r,) Bt | 
l get 


Viz 


+ (an 


By the use of the variables w,=@;,+7/3;, and W_~=A,—iP;, the above expression 


is written as 


D(n) = || Ul dads) (exp @>n001) Morn), (3-1) 
where 
TG) =| 4 \ar exp] —FSoe™ | (3-2) 
. V VN ke 


To calculate the integral on the right-hand side of eq. (3-2), we expand 
the first exponential function into a power series in its argument and perform the 
integration term by term. In doing this it is to be noted that the summation >} 

ke 


does not include the term with k=O and is taken over the integers multiplied by 
2z/L (which are not larger than &,, of course). Then we have 


1 a7 oe. i 
lane — ews =| \— a 
| r exp /N D0Ke hag oe 
Se yi Nie gee N endl pie ponte, FO )} 


Therefore, [(w;.) can be written as 


2 ys 
Toy.) =e (-Ss : ++ )1- NS 5 - OneOp 
(w;,.) =exp Oe OKO _K TN r ear a OO kale 


y fi 
a Cd) SS On: OrsOks0k, "Son. oe Gy (> 


x. OK OKO) Z 


720 kitkat+ks= ay te | 


+o(+)| (3-3) 


=I 24 katket+he+ks=0 


Substitution of eq. (3-3) into eq. (3-1) leads to 


dag adlw ¢ Oy Led ol 
D (e i) =|1 PP aso 
id VN 6 ow D0 4,9 P1299, Os a NG DAky +ko+k3+ka=0 9.9 te29 Pes Prey 


ma 2 ee eel 3° 
= Sy ; aN See ee: mee 2 [P 
8 ( k jet G2 unvacs =0 94,9 P29 Pes ) +o) (Px), 
(3-4) 


where 
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+0 2 
Dy (ex) = S. | CI’ daxd Bx) exp {enon — : Sonwa} : (3-5) 


The integration on the right-hand side of eq. (3-5) can be readily performed : 
Dy (er) =exp{— B21 (0% p_~tlog 7)}. (3-6) 


Hereafter the summation 5} will be taken over all the integers, including zero, 


ke 
multiplied by 27/L. As compensation for this we introduce the function &, of k 
with the property 
Inonfor -O< |ke| Sk, 
€,=E_p= (327) 
0 otherwise. 
With the aid of 
a1)y8 i, — ples 


the differentiations on the right-hand side of eq. (3-4) are carried out and the 
following expression is obtained 


Hh, 
D(x) =Ds(00)| 1+ “Fg, ea nklp etna Ph 
4 i bly af al 
— Ege, Epeo€ _ Ege, Eko Fes€ eal Oke ea Kea 
i 2\/N ee Benet ee aay Ne 12 Ses tashet Grete 
eae -y) Cm oe cet on oe — Otis) PkrP kro ks PIs + 5 Ent k 
‘N \ 8 ki thatks+ka=0 


kei+k2+0 


ee 1 | 2) 
6 Ses tee ee ona ye 
+ vr E4,E peo ker + ko Plea 7 > kk Les ker C ke hea +k (ae) (3-8) 


Therefore we have 


: Bat : : EG ae 0 
7. 8px ial = pate Fo CaP tls = pepe ied is koe hex kn Oka hea 


aL 
eye > Fe EwEnen)| = 
ee 2 Dekiatne Fre (1— Cres sh 2) Phat rapa + P-L + 32 Lae a ) +o 
gg (3-9) 


The calculation of A(k) and V’(p;.) can be carried out in quite a similar way. 
We will write only the results (cf. eq. (2322) ): 


A(k)=VN for k=0 


Singin Ne EAB Dix tn HO eae for |k| > he 
ye A spots tm ge thee Cas ) 
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and 
‘ Lives i MiG see ey Gi & Se Bhp, De 
V (Px) SAT Toles 2 head Te Pia ele Pp | r= ihe) kav ko Ves Kea kof/1es( Tea 
Oia heres 


1 «, 
—= =o 2, No (ky +h, (1 — Ej + eo) Eten Etee (2,02 —In — 1) +o i (3-11) 

It can be readily confirmed that the above-derived (1/D) (9D/0p;,) and A(k) 
satisfy relation (2:17) and that (@A(k+k’) /0p%,) does not vanish even if k,© 
(cf. the discussion after eq. (2-24) in the preceding section). If we take k,—>0o 
in the right-hand side of eq.(3-9), the second line is reduced to 


(1/N) P-k ( FE > Eu ae) 


The first line agrees with eq.(2-24) as far as the terms with a smaller order of 
magnitude than 1/N are neglected. 

Substituting eqs. (3-9), (3-10) and (3-11) into eq. (2-20), we can write 
down the Hamiltonian in the o,-representation, neglecting the terms with a smaller 
order of magnitude than 1/N*, in the following form : 


A(o,) =H, +H,+H,+o0(/N), (3-12) 
where 
ek? ! oO? 1 Al | 
sie = c (d = as a y == Fie 
, >: "Om 00,00, 2 A eS 
1 v(0) il N 1 N 
ogee 1) Pr eae &;, ms (k) + — Ene (k) Ck C=k> (3-13) 
1 ek? | (k,k,) 0? 1 
IE, == SS z CEC is & foo ee — Pe Set — ae pal gs 
1 VN at om > kal ki+h he Cki+ke 3. Pas 8 Prat ests | 
peated! h? (k,k,) 0? al 
a aay! NS COTA wy ee ee 3 
VGN ei Te kav ko ki + ke am oes 8,0 %,8 Pix mie A Proll ons ee 14) 
and 
hod heh. 
as am N rs eek Pa ot TE ell 


1 1? (kk) 1 ee 32 
yy ka Pan oe 7 Fteene) Dm 4 | Presets rel 


dp 19 Oks 9.9 Pres 
1 Ge: 
ES Sh soa ee wie 
ROL Cien ae On OpeD 
Ninthetks+ka=0 tal mia) om) | Be ee 
kitkhe+0 


* Strictly speaking, this expresson may be of little sense. However, the Hamiltonian (3-12) 
is sufficient for the calculation of the energy per particle to the order of magnitude of (V/N)? 
formally, as will be seen in the following section. (cf. the discussion after eq. (4-10)) 
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1 102 1 rt 
a ee Mm 2 prpa{ 1 oe Pa Cx Ens) 
sieges 
sk ae BPare CIEE KE he (CE ee = Y(K, +key) Ope, Pres? ics Pea 
yi tkas0 Vv 
ee N 
es N Wee (1 — Oh +ka ) = v (k, = k,) (200 Kes —_ 15) . (3 Fi 15) 


As will be seen in the following section, H, can be considered to represent 
free phonons. Then H, and H, give the phonon-phonon interactions. 


§ 4. Ground state energy and excitation energy spectrum 


We will calculate the ground state energy and the excitation energy spectrum 
for the system under consideration. To diagonalize H,, we introduce the follow- 
ing operators 


1 fe) 1 
b,=A 0, do bf = =4, + — 0p . 
atk a i ae Pr an k k Bape BA, P-k (4-1) 
or, conversely, 
Sz + 0 1 + / 
Pr=An (bp +52 x) and = =—-=——(b_4.>—-0%),; (4-1) 
Op, 24x, 


where 4,=/_,>0 is a function of k to be determined. The operators b;, and bj, 
satisfy the commutation relations 

[ bx, bir |=%x, 10 and [brs by |=. Op. bx, |=0, (4-2) 
from which it is seen that the eigenvalues of each of bj; are positive integers 


including zero. 
We adopt a representation in which all the b;,; are diagonal. The total 


momentum is written from eq. (2:25’) in terms of b,’s and b;’s as 


P (px) = 26xhtkbide. (4-3) 


Therefore we can interpret the operators b, and b;, as the annihilation and creation 
operator of a phonon with momentum hk, respectively. 
When we take as 
2 cS 
pac ke | 72k +N v(k)) (4-4) 


oe 4m Am 


H,, which is given by eq. (3-13), is written in the diagonal form : 
A, = EE (k) bon + Bs (4-5) 
k 


where 
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£m) = BE a= [Nagy BE 4 (BEY (4-6) 


2m 


and 


_ Z'J52 
B,°=2N(N=1) a +iya| BQ) = — Ny | (4-7) 

The above-written E, and E(k) are the ground state energy and the excita- 
tion energy spectrum in the zeroth approximation, respectively. These expressions 
were already derived by Bogolyubov and Zubarev”. As is seen from eg. (4:5), 
H, can be considered to represent the free phonons. 

To obtain the ground state energy and the excitation energy spectrum to the 
next approximation, the phonon-phonon interactions must be taken into account, 
which are given by H, and H,. The perturbation calculations to the second order 
in H, and to the first order in H, are enough for this purpose. Higher order 
perturbation calculations are of no use, unless we derive the Hamiltonian with higher 
accuracy than is given in eq. (3-12). 

After a lengthy but straightforward calculation, we obtain, by taking account 
of phonon-phonon interactions, the ground state energy &, and the excitation energy 
spectrum H;, to the first approximation as follows: 


Ey=E\°+E°+N-0(V/N)? and Ex=E(k)+Ex%+0(V/N)%, (4-8) 


cites wee. =) Ex Ena hs 
24 Nits 2m / E(he) +E (hy) +E(k, +h) 


1-4 y, : <5 s 
x| - (k, ky)” vt) CO ‘2) 12 CLM pg toa) CA peck Aitea) 4 teats tA te) 
Ie 4 Ika i (1 hey 


Li Ae 
— (k,,k, +k eS o( # — Fey ka) {2(1—#,.. ) i. + Bia ke) = j pos ahs» ey 
hi+ke 4 a—# 98) 


1—/? 1A 
oF (k,, k, +k, i = ‘iasha) 2 —4;,) Qi tF iets) =A (Le ia) 
‘ke x kit+ka x (1—s? ee 


+2 { (kk) (k,, k, + ky) ae (k, ky.) (ky, k, + ky) rant (k,, k, +k,) (Keg, ke, + ky) } 
x (1 —A",,) Gi — 21.) qd oe 


) 72 32 2 
Ary Beat Pty itera + Mtea A ten +e 


PieAieah fex+kea 
as Bich tog toy sien) ] 
+ Se Sa) Wend Gs St nae ee aie 
4 N kitkato ao ne V : s : ie 
iP piney gmpreiss 
a apne pen Gl Aiea (4-9) 
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and 


‘aan Ss h’ \° Err Eek 
8 Nét\2m/ E(k) +E(K') +E(k+K) 


die ee eee ae sie -& , 
x | (kk ) 5 2, Pas : ) {2 er 7 Kj a (An a Pr) aye Ae leTer @ uy Ay) 
X (1-4) } 


03 (6 R(t Pave Ay 
Gale RA 22, ke nsw) 12 (1A i) Ane + eter) — Fier (1 — 5) 
A Het C—Ae)t 


z PA 2 ony miei 
or Ine ia ms viet L2G —#,) But Ah..i) —Pa (LA) 
i +k x (—A.ce)} 


+2 {(kk’) (k, k+k’) + (h,k’) (kh, k+-k’) — (hk, kK’) (ke, k+k’)} 


A=45) 04) ee) 

JX. ot). SEK) (73. 32 a) “2.9 , 

x haar (Byker ERP 5 tc tp Bete FY At est) 
Ak Skt A+ 


ey! 1s ea ERS es 
8 Nw\2m/ E(k) +E(k+K’) — E(k) 


; 14+”) A=? . 
x] ek? A Od), py 1H) thy) +2 Ue Fe)} 


32 2 
Bids 


ely 8 sia ey ee : 
+ (k, k+ byt) Aa Mee) 2) 2) (14+ Bass) $20 Baas) 


> ee ae | 
Ae A eek! 


aig = Me) 933 . ’ 
P 1 (Kk, k+k’) CE r1) - é ens) {27,1 +4) @ +P etn) +2 Ae +P snr) } 


72 72 
My A heehee 


— 24 (kk') (k, k-+k’) + (kk’) (kl, k+k’) — (ky k+K’) (hk, R+K)} 


ede Kaa ea ets ae 
x = t 72 - = 2) Cars ADR be 4 er — Mier tev ter PR eh tes 10) 
kK! ® k+k! 


eS) ee (lege) (kt) ty) 
kl t—k V 


N 
es ee 
N vd ( ) ( ) 


The last terms in the right-hand side of eqs. (4-9) and (4-10) may be omit- 
ted, since these terms vanish in the limit Noo while keeping the value of N/V 
fxed. In the same limit, $} can be replaced by (V/(27) ){dk. Therefore, E,°/N 
and £,,°? may be said to ss “formally ” proportional to (V/N)* and V/N respec- 
tively, where the word “ formally ” means that the coefficients of (V/N)? or V/N 
themselves depend on V/N in complicated manners. If we take account of the 
terms which have been neglected in the right-hand side of eqs. (3:9), (3-10) or 
(3-11), we shall obtain the Hamiltonian with higher accuracy than is given in eq. 
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(3-12). Then we shall obtain a formal expansion of the ground state energy or 
the excitation energy spectrum in terms of V/N. It is rather doubtful whether 
our expressions (4-9) and (4-10) are useful ones in a case of large values of V/N. 
However, it can be said that our expressions are useful ones in a case where the 
number of excited phonons is small. 

Our expressions (4-9) and (4-10) vanish for the non-interacting system where 
jy,=1, as they should. The Hamiltonian derived by Abe® has not led to such a 
result. This is because of his adoption of eq. (2-24) for (1/D) 9D/dp,. 

Bogolyubov and Zubarev” also calculated a correction to the ground state energy. 
It was found that the correction was of the order (1—/*,)?, while our expression 
(4-9) is of the order (1—4,”)*. (Note that 4,=1 for the non-interacting system.) 
This apparent discrepancy is owing to the presence of redundant terms in the ex- 
pression of Bogolyubov and Zubarev, which are to vanish by the summation over 
k, and k,. Subtracting these redundant terms from their expression, we can obtain 
the identical expression with eq. (4-9) except for the last two terms in the right- 
hand side, which vanish in the limit &,0oo and in the limit Noo, with the value 
of N/V kept constant, respectively. 


§ 5. Discussion 


So far we have proceeded with the assumption (1), which was made in § 1 
— that is, we have restricted the p;’s only for 0<|k|<k,. However, it is clear 
that this assumption is not correct, since the ~;’s with 0<|k|<oo are to be used 
in expressing the wave function of our system as a function of the auxiliary varia- 
bles. Conversely, an arbitrary wave function of our system can be written as the 
function of the p;,’s with 0<|k|< co, as was proved by Abe”. (This may be almost 
self-evident, because the wave function can always be expanded in terms of per- 
manents consisting of the plane waves.) Therefore, we are led to the conclusion 
that the limit k,.>co should be taken in the final expressions such as eqs. (4-9) 
and (4-10). 

On the other hand, the above conclusion may be inconsistent with the degrees 
of freedom of our system as has been mentioned in §1. Although no definite 
answer to this question can be given at present, the reasoning adopted by Takano” 
may be applied also to our case. It is as follows: 

In the representation used in § 4, the wave functions 


[hey Kgy*-) ken P= Oe Ope ae Oe, 7 SOS Ieee (5:1) 


form a complete orthogonal set, where |0) is the vacuum state defined by 6,|0) 
=0 for all the k’s. The function (5-1) represents a state ‘in which phonons with 
the wave numbers k,, k,,:--, and k,, are excited. On the other hand, the functions 


Pre kay-tey F) =D Ja exp|7 (kyr, +kry+ “ar +k,r.) | (5 5 2) 
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form a complete orthogonal set in the original representation, where >} means the 


sum over all permutations P of r,, r.,---, and ry. In order to tatke one-to-one 
correspondence between the sets |k,, ka, -++, km) and Yik,,ko--ky (r), the number m 
of the k’s appearing in eq. (5-1), that is, the number of the excited phonons, must 
not exceed N. It is not necessarily equal to N, since some of the k’s may be 
zero in eq. (5-2) while k=O is excluded in eq. (5-1). Therefore, we obtain 


2 Ok b= 21 tn = N. (5-3) 


In other words, we are ere a conjecture that the number of phonons are limited 
by taking account of the degrees of freedom. 

If we admit that eq. (5-3) is reasonable, it is certain that a system of non- 
interacting particles is correctly treated also in the p;-representation. And, further, 
we obtain the second order phase tansition in a system of interacting particles as 
was shown by Takano”. 

Percus and Yevick” have treated a classical system by means of the auxiliary 
variables ;,s and carefully investigated a réle of the set of k’s used in the theory. 
If & must be a finite value in our theory, their method can be used also in our case. 

The method used in the present note will be able to be generalized to the 
case where strong interactions are present and also to the case of a fermion system 
under adequate assumptions. Such generalization will be attempted in forthcoming 


notes. 
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Appendix 


The proof of relation (2-17) will be given here. We obtain from eq. (2-7), 
with the aid of eq. (1-4), the following equations 


: (fut! Io + ifs Fur!) ME. fie $x) for k,! >0 
mel yf Gt) = 

OPre = SI PO gee 5 eT 9! x1) CIES. 9x) for k,’<0 

(4-1) 
and 
5 Sk In) yaar el One sin kl + 1ry— fier Jr’ cos k’ +r) ( Jt o® J:) » 
r ; 

(A-2) 
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where /;/ or gx’ denotes the derivative of fj, OF Ix with respect to its argument. 
By the use of eqs. (A-1) and (2-12), we obtain 


1 (kk') Oo 
UNE ke OOK 


{A(k+k’) D(px)} 


u oy \ar rons EP) (kt WY) I fic In) 


Siar Ve j=1 ki (Rr 
sine! GS ik ie pee 
Pa aka ie oe = 
(free! Grr tif iter Gres’) € HJ Ix) for k,’>0 
(fem! Gn —tf_nr 9 x1) ( Ll Fe Gr) for k,’<0 
ci —k 
— 1 1 (pm Sinker, sv (FE) 
= eva eee ae z ri oe 


X (fier! Grr sin. ke! 5 — figs Jur’ COS Kk’ 5) ( 2s Tie Gx) - 


Substitution of eq. (A-2) into the last expression above leads to 


a ae, 1 roy) ik-r; 1 ne ioe 
= TN ox |e Se j ee an Si: Ix) 


The integration by parts gives 


sop (dr) 5 ie ts I fie Ge) 


Fr! V N #1 
=A(k) D(px). 
Therefore, we obtain the relation 
/ 
dais Go Puslagrea dy Dy eiey fal Gey yeh RERIIRD 


V oN: k! R? VOn 


which is equivalent to relation (2-17). 
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A gauge invariant theory of a many electron system in an external magnetic field, 
interacting through arbitrary velocity dependent two-body forces, is presented. The energy 
spectrum for a “free” electron is also assumed to be arbitrary to take into account the self- 
energy due to its interaction with the phonon field. If the two-body forces are neglected, it 
is shown that no Meissner effect is obtained so long as the energy spectrum is continuous 
together with its first order derivative. Bardeen’s energy gap model is reconsidered from 
our standpoint and is shown to be drastically changed. 


§ 1. Introduction 


Questions have been raised” whether an energy-gap model of superconductivity, 
such as that of Bardeen, Cooper and Schrieffer,” can explain the Meissner effect. 
The idealized Hamiltonian which they used is not gauge invariant because of the 
momentum dependent cut-off on the effective interaction between electrons. As has 
been argued especially by Schafroth and Buckingham,” a proof of gauge invariance 
lies at the core of the problem of superconductivity, since the violation of this 
invariance does very easily lead to the Meissner effect. 

Anderson has shown by introducing the collective excitations of the system 
that Bardeen’s theory is approximately gauge invariant in the weak coupling case, 
but the examination of the equation of continuity alone is not sufficient as was 
stressed by Schafroth.” Wentzel” and Rickayzen? have started with Frohlich’s” 
Hamiltonian, with Coulomb interactions omitted, in order to keep the gauge invari- 
ance correctly and have taken the Bogolyubov® approach to obtain the ground-state 
energy and excitation energies of the superconducting state. It should be noted,. 
however, that the gauge invariance is to be maintained at any stage of approxima- 
tions in order to keep the theory gauge invariant and that the Bogolyubov approxi- 
mation essentially violates this invariance since his approximate Hamiltonian can 


create or annihilate two electrons. . 
The Hamiltonian used by BCS is based on the one derived by Bardeen’ and 
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Pines” with use of a canonical transformation which replaces the electron-phonon 
interaction by an effective interaction between electrons. This canonical transforma- 
tion introduces extra terms in the expression for the magnetic interaction and 
current density; one term is associated with the self-energy of an electron and the 
other with velocity dependent potentials. We may perform any further canonical 
transformations, but we should add the extra terms for the magnetic interaction and 
current density corresponding to these transformations in order to keep the theory 
gauge invariant. 

The purpose of the present paper is to show how a manifestly gauge invariant 
theory is obtained once the spectrum for an electron and the effective potentials 
between two electrons are defined in the absence of a magnetic field. The postulate 
of gauge invariance almost uniquely determines the magnetic interaction and current 
even in our general case, if the charge density is defined in the usual way, dis- 
regarding the ambiguity of the path in the line integral of vector potential defined 
below; the Pauli term need not be considered since the original electron-phonon 
interaction does not depend on the spin of an electron. 

In Section 2, a gauge invariant theory of a many electron system in an 
external magnetic field, interacting through velocity dependent potentials, is formulated. 
In Section 3, a free electron model with arbitrary spectrum is considered. If the 
spectrum is continuous with its first order derivative with respect to momentum, 
no Meissner effect is obtained. A free electron model with the energy gap gives 
London’s diamagnetism in the non-gauge invariant theory as shown by Bardeen,” 
but in our theory this term is exactly cancelled and we have a peculiar singularity 
for the current. In the Appendix, it is shown that the magnetic interaction and 
current defined in Section 2 are identical with conventional ones if the spectrum is 
a quadratic function of momentum. To this end, the path in the line integral. of 
vector potential should be chosen linear. 


§ 2. Gauge invariant theory 


We consider a system of electrons interacting. through an arbitrary velocity 
dependent potential V. The spectrum of an electron is also assumed to be arbitrary. 
As has been stated in the Introduction, such a system will follow from the original 
electron-phonon system with use of a suitable canonical transformation. The field 
theoretical Hamiltonian for our system is in general written as 


ue \ dx! dxf (x! —x) $* (x!) h(x) 


+3) Pada’ Py Py'V x's ry OPE WIOYO), 2-1) 


where ¢(x) describes the electron wave. The Fourier transform of F(X) gives 
the energy spectrum of an electron: 
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r 


| Pafaye™=E(p),. (2-2) 


which, for the sake of simplicity, is assumed to be independent of the direction of 
the wave vector p. On account of the anti-commutativity of ¢’s or ()*’s, the potential 
V is taken to be antisymmetric with respect to x and x’, or y and y’ without loss 
of generality. The real property of the Hamiltonian (2-1) is guaranteed by the 


conditions 
SHS ei ender Poe VG yx. x) (2-3) 


where the first condition follows from the reality of €(p) which is assumed here- 
after. The translational and rotational invariance of the system imposes the further 
condition on V that it is a function only of the differences of position vectors. 

Next, we consider the interaction of our system with an external magnetic 
field H derived from a vector potential A(H=rot A). The Hamiltonian H(A) in 
this case is determined from the following conditions. First of all, H(A) does not 
contain the Pauli term (oH) as has been stated in the Introduction and H(A=0) =H. 
Second, there should exist an unitary operator corresponding to a gauge transforma- 
tion such that 


UH(A)U“=H(A—P¢), (2-4) 


where g(x) is the usual gauge function, since if Y%, is a Schroedinger wave func- 
tion satisfying the Schroedinger equation 


ih-00,/8t= H(A) Ps, (2-5) 
then Ys/=U", satisfies 
ih-004'/8t=H(A—Vg) Py, (2-6) 


from which we have Y4’=Ya_,, disregarding a phase factor. Third, the charge 
density p(x) is assumed to be defined as usual by* 


p(x) = —ed* (x) d(x). (2-7) 


Then the unitary operator U should have the form 


es 46 (x) 


U=exp| | SP) edz], UP®)U=yme eR. 2-8) 


From the above conditions we immediately see that 


H(A) =| daldaf (x! —x) $9) exp| — | “A(s) ds | 


ay \ Prdiz dydy! V(x, *'3 YY) PK) EO) 


* This is not always true after a canonical transformation which does not commute with U 
is performed. In this sense our gauge invariant theory is purely phenomenological. 
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PA ey nates a ds, 2.9 
xexp| fe \"Aa(a)de— 12 'A(s) ds (2-9) 


where the integral of A means a line integral.* The real property of H(A) follows 
from eq. (2:3). It seems that another gauge invariant theory is obtained by 
interchanging x and x’ and y and y’ in the second term of eq. (2-8), but turns 
out to be identical with eq. (2-8) on account of the antisymmetric property of V. 
On the other hand, by choosing the path in the line integral arbitrarily an infinite 
set of gauge invariant theories are obtained. Ambiguities discussed by Schafroth” 
belong to a special case. There is no definite way in our phenomenological approach 
to determine which path should be taken, but as shown in the Appendix a straight 
line leads to the ordinary magnetic interaction in the free electron model with 
E(p) =f’?p’/2m. 
The electric current is defined in the usual way by 


he MC: Ooo 


F po Odd Cee | oh ey Let De side ay 
RO er y)¥* (99) exp] ie" Ads| 


r 


ry! ie 
| 3(x-s) ds,-d'yd'y' + Pzd’z'd’yd'y'V (2, 2; y, y’) 
; . 


p 


-f* (2) b* (2!) by) f(y’) exp| — ie \" Ade— z| 


G 


: Ads | 


‘ 
{f'ae—s)ds,+ | A—s) dou. (2-10) 


The equation of continuity in the Schroedinger representation 


2), \X)/ Ot, — (1/7) |i GA), or) las (2-11) 
follows immediately from the above definition of the electric current. For the 


actual application, we may expand eq. (2-10) in terms of e or A and retain terms 
up to second order. Then we have 


ju(x) =fix) + 7a), (2-12) 
where 


fhe) = +") diyd'y! fly —y) 4 (WHC) | 8-8) ds, 
+3\ Bzd*2! By dy'V (a, 23 y, y’) oh* (z) p* (2!) ob (y) (b (y’) 


; ilo (x—s) dsy+\'0 (x—s) ds, > (2-13) 


i This type of electromagnetic interaction was considered by many authors, e.g. by Heisenberg 
in positron theory, by Peierls in non-local field theory and by Capps and Holladay in static meson 
theory. See, for example, Phys. Rey. 99 (1955), 931. 
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9 
Cc 


sa 3 3 . df ; 
Ju(X) me \ dy dy’ f(y'—y) ¢* (yo | Ads- [9%—s) dsy, 
y Y 


e ay, 
ah a| dad 2'dyd'y'V (z, z: -y, y’) £* (2) d* (2!) by) PCy’) 


{|"Ads+|"Ads| {2—8) io. (Asa) doa (2-14) 
v vy! 
Correspondingly, the Hamiltonian becomes 
1 eis 
H(A) =H-+| d'x(j"@)A@)), (2-15) 


where the terms of higher order than e® are neglected. 


§ 3. Free electron model with arbitrary energy spectra 


We now consider an example of a free electron model with arbitrary spectra. 
The electric current is given by eqs. (2-12), (2-13) and (2-14) in which the 
effective potential V is put equal to zero. When the field operators ¢* and ¢ are 
expressed in terms of creation and annihilation operators apm, Gpm for the electron 
of momentum 7p and spin direction specified by m, the Fourier transform of the 
current takes the form 


ize) =— 


1 ; —ikx sp x dx 


ie Sgt | debe sey Skyy, | 3-1 
hi @ 23 Ap—kmdp She |p—kz| (|p |) ( ) 


= ese oly s : ! é’(z) ” ae z-A(q) 
jak) =— = 3) af. anton) dedt!| Aq) + ee") —@) FED A 
(3-2) 


where 2 the normalization volume, € the energy spectrum of an electron defined 
in eq. (2-2), z the vector p—k¢+q?’ and A(q) is the Fourier transform of the 
vector potential. Here we have chosen a straight path for the line integrals 
in (2-13) and (2-14), since it is simplest and seems to be reasonabe as shown 


in the Appendix. i 
In the absence of the magnetic field, the system takes the Fermi distribution 


with the Fermi momentum /kr. Then by the effect of the magnetic field the 
electron distribution changes through the interaction in eq. (2-15) and the current 
flows. The wave function for the system may be written as 


W(A) =9,+ ¥,+ (terms of order A®::-), (3:3) 


where Y, takes the form 


_ 31 (G|Hi|%) @ (3-4) 
| Pl > “Ww, Ww 
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according to the usual perturbation theory. /7, means the interaction energy (the 
second term) on the right-hand side of eq. (2-15). To the lowest order in A(x), 
the expectation value of the current operator is then given by 


(ju (k)) = (jek) ) + (in) ), (3-5) 
72. (k)) = (F972 (kK) ®) + (ie x) %), (3-6) 
(ink) > = (Ain (k)%), (3-7) 


By means of eqs. (3-1), (3-4) and (3-6), we obtain for the paramagnetic part 
of the current density 


Cit (k))=—— 3 31 (Pole Ck) |Ps) (Pil (— k) |%,) 


+ (@, ee |D,) (@,| 72 Uk) |®,) } Aa Uk) / (W,— Wi) 


DIA, (k) ap | “dee (Pam fat” ) (Pua hy t) 
|[p—ke’||p—ke| 


Er 2 
hic Ip— Lie 
ep 


__& (p—ke'|)é’(p—ke|) (3-8) 
(p—k) —&(p) 


We can calculate the right-hand side of (3-8) in the limit kR->0, by expanding the 
integrand in the power series of k. The result is given by 


Git) =F 


Ny 
| Ohi 


up to the second order of k. 


cee = as ae {kr 6 "(Re) —8ky6" (Re) —7E (kr) } 


& the 26!" (hy) +2hyé"! (kz) — 26! (ke,)} “| Ak), (3-9) 


On the other hand, we have, for the diamagnetic part, 


(ik(k))=— rel, ava—p{£©A, 0) 


+ (xe!"(2) — € (2)) Pe) 33 (p,— yt) A (0)| (3-10) 


where z means the quantity |p—k¢|. Following the same method applied to eq. 
(3-8), the integral can be estimated in the limit #0 and gives the result 


CI) ) = — > Da, +B {hs P6" (bs) + Dye" (bp) —28! (hn) } 


(Baw ae) + Ee hae" hn) +26 (ha) — 26° (Babe |, Oe), 


(3-11) 
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Thus, we see that the current density vanishes in the limit &->0, that is, the 
current does not flow in a free electron system with arbitrary continuous spectra. 
This is quite reasonable, since the continuous energy spectrum of the system will 
not secure the stability of the electric current. Our result is a generalization of 
the well-known fact that the free electron system does not give the Meissner effect. 

Now it becomes interesting to inquire if the system with some discontinuous 
energy spectrum may be able to account for the Meissner effect, guaranteeing the 
stability of the current. In fact, Bardeen? has shown the Meissner effect with his 
simple energy gap model by means of a non-gauge invariant discussion. We will 
reconsider this from our gauge invariant standpoint. 

The Hamiltonian of the energy gap model may be written as 


2 


ie eae a 

H= 3} (+6 atndin + 3} * ateaun, (3-12) 
kk, \ 2m ksk , 21 

where € is the finite energy gap necessary for the excitation of an electron from 

below the Fermi surface. In eq. (3-12), the term proportional to € may be con- 


sidered as an interaction term and expressed in the form 


H/=€ | F(x—y)$* (x) 9(y) dxdy, (3-13) 
with 
Feels em, (3-14) 
Q kok py 


Then, following the procedure given in Section 2 one obtains the current density 
operators and the magnetic interaction energy as follows ; 


: h 2mE (* < 2 
ac yeensig J ox. {2 = toe at —hyt)9(\p—ket| kr) | a an 
Ji (k) omy @ > Pu—Fp Ik, Jo (pu—Ayt) 9 (|p |—Rr) | ap—1mp 
(3-15) 
2 a) af 
Qian ae Seen nA LL Cen | deat! 
ju (k) WiQ' te Ap + q—km 4pm ¥ cg) + he va (q) ‘-) : 
-<(p—ke+ae'))} (3-16) 
Hy=—+ 33 jX(—b) Ark), (3-17) 


up to first order of A(x). Here, we have used a straight path for the line integrals 
in eqs. (2-13) and (2-14), and e(p) is equal to unity for p>k,p and zero other- 


wise. 
Applying the same method as in the former example, we can obtain the ex- 


pectation value of the electric current. The paramagnetic part of the current density 


is given by 
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2 £ c 1 
P(E) ee eA oo . a 
(Hk )) ie a( f j if 2pk+k?+ (2mé&/h’) 
P a - hoot 
2mé/h? f 2mE/h® | 
12, +44 + haat) | 2py+ hy + Wp, +h,x)t, 
{2p, a rie epee d ma B pk+kx Pi re 
(3-18) 
where 
x= {—pk+V (pk)?—Fp? + Pe} /P. (3-19) 
If we introduce the simple notations as 
a=k/Qhy, P=me/Tkkr, (3-20) 
the right-hand side of eq. (3-18) gives the result 
: 2B? 10 LOR Oo. Deteo e 
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On the other hand, we have for the diamagnetic part 
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Finally one obtains the total current density by summing eqs. (3-21) and 
(3-23), non-gauge invariant terms being exactly cancelled. Moreover, the term of 
London’s diamagnetism which played an essential role to account for the electro- 
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magnetic properties of the superconductors in Bardeen’s simple energy gap model 
_is shown to vanish in our gauge invariant treatment. On the other hand, the 
current has a peculiar singularity in the limit k->0. Wecan sce this by expanding 
the expressions of eqs. (3-21) and (3-23) in the power series of a’and f-!: that 
is, when k is smaller than k, and m€/h?k, Then one obtains 


ey ame thse We u : »% 
k =~ ] ees AN mck Ht " 
ju(e) = 32% | 4— "Set | 334 2 JAA (3-24) 


where m is the number of electrons in the unit volume.’ This means that ‘when 
the external magnetic field is applied to our system, an infinite electric current flows 
inside the system. Such an unphysical solution clearly indicates the break down 
of the simple energy gap model. Thus it seems to be almost conclusive that any 
one electron model with arbitrary continuous or discontinuous, spectra. may not ac- 
count for the Meissner effect. Some other types of correlations between electrons 
would play an essential role in the theory of superconductivity as was first pointed 
out by Blatt, Butler and Schafroth.” 
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Appendix 
Gauge invariance in the free electron model 
We would like to show that the magnetic interaction introduced in eq. (2-9) 


is identical with the conventional in the free electron model with €(p) =A’p*/2m. 
In this case the Hamiltonian becomes 


H(A) =| d'z'd'xf(’—x) $* (x')h(axyexa] — 1°)" A(s)ds| 
iS P| dt dt [V I 0 (x—x’) J x) hexyexn| "Aas. : ” 


ees 
eee | ee 'd°z0 (x—x’')V Lu| (x!) (x)exp] —1 @ \"a()ds |} : 
~ 2m hic Jx ‘ | | 
If we choose a straight line for the path integral, we may write 
[AG dex de(x!—x) A(x) =G% x), (A-2) 
x 0 
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c el 
7.G(x,x')=—| dtA(x'—x)t+x) +) dt —9 @—x) FAQ), (A-3) 
FauGx,x) = \, dtA ((x’—x)t+x) +h dtt(x'—x) -V.A(z), (A-4) 


PP G(x, x!) =| de—21)divA(@) +) dee—1 ('—x) PIA), (A-5) 


where z= (x’—x)t+x and 7A means to take gradient of each component of A. 
Making use of the above equations, we have 
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where we noticed 
lim 7 .V G(x, x’) =0. (A:-7) 
x>xre 


Eq. (A-6) is the conventional Hamiltonian for the free electron system in the 
presence of a magnetic field. 

It is difficult to see what will happen when we change the path. In this case 
G(x, x’) is:changed into 


G' (x, x’) =G(x, x’) +4(x, x’), (A-8) 


where 4(x,x’) is a magnetic flux passing through inside a contour made up by a 


straight line x x, and a new path connecting x and x’. If the new paths are chosen 
such that g(x, x’) and its first and second derivatives tend to zero as x approaches 
x’, then we will get the same result as eq. (A-6). 


1) 


2) 
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On the Geometrical Structure of 
Benzene-lodine Complex 


Shigeyuki Aono 
Chiba 1st High School, Chiba 


October 22, 1958 


It is a very interesting problem whether 
the strutcure of the benzene-iodine com- 
plex belongs to the symmetry of C;, or 
C,. The recent experiment” of the infra- 
red spectra of this complex supports the C, 
symmetry. On the other hand, Mulliken” 
has proposed the C,, symmetry of this 
complex to be energetically most stable 
from the charge-transfer mechanism. It 
is needless to say that the charge-transfer 
of this complex occurs from benzene to 
iodine. The stabilization energy of this 
complex is expressed as eq. (1), by the 
second order perturbation method, 


4h =—227 Heed) (Asim), (1) 


where /[1,; is the orbital energy of i-th 


occupied orbital of benzene and H; is 
that of the vacant orbital of iodine. 
Mulliken has presented the geometrical 
structure of this complex as Fig. a, “R” 
model, considering the symmetrical pro- 
perties of molecular orbitals of both 
molecules. In this case the denominator 
of eq. (1) is equal to the difference 
between the orbital energy of 6, orbital 
of benzene and that of 4,0, orbital of 
iodine, and this mechanism of charge- 
transfer is favourable in the sense that 
an electron’in the highest occupied orbital 
of benzene transfers to the lowest vacant 
orbital of iodine. However, the precise 
estimation of interaction term H,,;,, will 
deny this model. As expressed in Fig. 
a, the atomic # orbital constructing the 
bo, molecular orbital of iodine shows 
+ and — signs on the either side of 
the line joining the adjacent benzene 
carbon atoms. Here notice the inter- 
atomic distance of iodine molecule nearly 
equals to the width of the benzene ring. 
If we assume b,c, molecular orbital of 


Figs a 


The solid line represents b20,, molecular orbital of iodine. 


Fig. b 


6, molecular orbital benzene in Fig. a and Fig. b, and a, molecular orbital in Fig. c, 


The dotted line represents 
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iodine to be constructed by pure p atomic 
orbitals of iodine (s—p hybridization not 
considered), H;; is nearly zero, and 
4# will vanish. 

Therefore, the author cannot but 
consider that the translated structure of 
Fig. b or the perpendicular structure of 
symmetry .of C, as Fig. c is the suitable 
-form of the benzene-iodine complex. In 
the case of Fig. c, the charge-transfer 
occurs from a, molecular orbital of ben- 
zene to the 6,0, molecular orbital of 
iodine, and the denominator of eq. (1) 
of this case is larger than that of the 
case of Fig. b. But the interaction term 
Hy of Fig. c seems to be so much 
larger than that of Fig. b, that it excells 
in the losing of the separation between 
orbital energies. The interaction term 
H,;., needs to be calculated by separat- 
ing it into o- and 7z-types,” according 
to the orientations of the atomic orbitals 
of benzene and iodine molecules. The 
precise calculation may support the C, 
symmetry of this complex. The details 
will be reported in the near future. 

1) E. E. Ferguson, J. Chem. Phys., 25 (1956), 

577; 26 (1957), 1357. 


2) -R. S. Mulliken, J.A.C.S., 74 (2952), 811. 
3) S. Aono, Prog, Theor. Phys., 20 (1958), 133. 


On the Possibility of Helium Burning 
in Giant Stars in a Globular Cluster 


Hatuo Yamazaki, Shiro Sakashita 
and Yoro Ono 


Department of Physics, Hokkaido 
University, Sapporo 


November 20, 1958 


The problem of what phenomena 


occur in the innermost part of stars at 
the tip of the giant branch of a globular 
cluster is very important from. the point 
of view of the evolution of stars and of 
nucleogenesis. Hoyle and Schwarzchild” 
treated the problem for the first time, 
using their stellar models with partially 
degenerate isothermal cores, and conclud- 
ed that the central temperature of the 
helium core of the star, near the tip of 
the giant branch, would rise much high- 
er than that of the hydrogen burning 
shell on account of the released gravita- 
tional energy and that the helium core 
would rapidly become nondegenerate 
owing to helium burning, newly set up 
by high temperature of the core. By 
means of a skillful method, for the star 
of 1.2 solar masses in a globular cluster 
such as M3, they estimated the total 
luminosity to be about 5,000 times the 
luminosity of the sun and the core mass 
necessary for the central temperature to 
rise enough for the onset of helium 
burning to be about 52 per cent of the 
total mass. However, it has been found 
by us that they committed an error in 
their approximation and so their numeric- 
al result must be abandoned. According 
to our computation, the rise of the central 
temperature of the core is so little that 
helium burning is quite impossible even 
for a star having a larger core mass 
and more luminous than the above star. 

In order to consider the gravitational 
energy released in each part of the core, 
an exact equation between energy trans- 
port and energy production must be used 
rather than the approximated one general- 
ly used in static stellar models. From 
the law of energy conservation, the 
following equation is obtained for the 
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spherically symmetric structure : 


3 ap ine a 
dM, 


where ¢, 7, P, and € are respectively 
time, density, pressure and nuclear energy 
production per unit mass and unit time ; 
L, is the energy flux transported through 
the spherical surface of radius 7; M, is 
the mass within the sphere of radius 7. 
Recently, Schwarzschild” has proposed 
to construct a more exact model for the 
gravitationally contracting stage than 
those ever calculated under a rough ap- 
proximation, using this equation and the 
rest of basic equations generally used 
in stellar models. In our calculation, 
the left side of the above equation is 
computed from the sequence of models 
for the isothermal core obtained by 
Hoyle and Schwarzschild, by means of 
Then 
it is integrated numerically to give L, 


simple numerical differenciation. 


as a function of M,, putting €=0. L, 
thus obtained is not exact, because the 
existence of nonvanishing L, means the 
existence of temperature gradient, con- 
tradicting the isothermal structure of the 
core. However, this L, may be expected 
to give the upper limit of true L, as 
will be shown below. 
approximation exempts us from a 
tremendous volume of the calculation 
necessary for the exact estimation of L, 
which only an electronic computer can 
do well. The temperature of the 
hydrogen burning shell is controlled 
almost only by the luminosity and little 
affected by other conditions, so that the 
growth of temperature gradient in the 
helium core means the rise of the central 


temperature. This increase of the 


Moreover, this . 


temperature and the higher pressure 
gradient accompanied will prevent the 
gravitational contraction of the core. 
This is the reason why L, obtained 
from models with the isothermal struc- 
ture may be thought of as the upper 
limit of true L,. From L,, the tempera- 
ture in the core is calculated through 
the following equation, 


dT/dM,= {3/4ac (47)*} «L,/T? 77, 
where opacity « is given as 
«=0.19+4+ 3.68 x 10” 0/T** 


for the outer layer of the core where 
electron scattering and free-free transition 
contribute to opacity, while 


«=4.26 X 10-°(T/p)*"/ 


for the inner part of the core where 
degenerate electrons contribute to thermal 
conduction. These opacity formulas are 
same as what Haselgrove and Hoyle” 
used in their calculation of models of 
type II stars. The numerical integration 
of obtaining temperature J is started 
from the surface of the core, by using 
r given by the suitable model for the 
isothermal core by Hoyle and Schwarz- 
schild, and is stopped at some point 
where thermal conduction — sufficiently 
short circuits the opacity caused by 
photoelectric processes to vanish tempera- 
ture gradient. | 

As a result of the computation, it is 
found that the central temperature of 
the core does not exceed 56X10°°K 
for the star of 1.2 solar masses, having 
a helium core of 0.61 the total mass, 
the shell temperature of which is 50x 
10° °K, giving the luminosity of 13,500 


times that of the sun. It is also known 
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that, for the star having a helium core 
smaller than about 0.45 the total mass, 
the temperature difference between the 
shell and the center is below 2 per cent 
of the shell temperature; hence the 
isothermal structure may be assumed in 
good approximation. As the temperature 
necessary for the core becoming non- 
degenerate by helium burning, is above 
110X10°°K from our estimation, it is 
apparent that the above star is far from 
the possibility of helium burning and 
still it should go up to the giant branch. 

Thus, the problem of how the star 
evolves hereafter, has been presented 
before us, and its thorough solution must 
be waited for until the model of the 
star with a larger helium core is con- 
The luminosity of 13,500 
times that of the sun is about 3 times 
as large as that of the brightest star in 


structed. 


M3, due to the increasing discrepancy, 
as the core gets larger, between the 
luminosity of | Hoyle-Schwarzschild’s 
model and that observed in M3. Since 
the central temperature is far below 
110 10° °K even in such a bright star, 
it is expected that helium burning will 
not occur until the star consumes a 
considerable part of the total hydrogen.” 
The result of further calculations with 
respect to the model of the star with a 
larger core will be published in this 


journal before long. 


1) F. Hoyle and M. Schwarzschild, Ap. J. 
Supple. 2 No. 13 (1955). 

2). M. Schwarzschild, Structure and Evolution 
of the Stars, Chap. 3, (1958), Princeton. 

CS eee Ores oF Haselgrove and F. Hoyle, M. N. 116 
(1956), 515.” 

4) A, Sandage, Ap. J. 126 (1957), 326. 


On the Gauge-Invariant Meissner 
Effect 


Sadao Nakajima 


Physical Institute, Nagoya University, 
Nagoya 


November 26, 1958 


As suggested by Bardeen” and em- 
phasized by Anderson,” it is essential 
to take account of plasma excitations in 
order to obtain the gauge-invariant 
Meissner effect. Indeed, Blatt and 
Matsubara” have recently shown that 
the gauge-invariant Meissner effect results 
even from Frdhlich’s Hamiltonian if 
longitudinal collective excitations (phonon 
like in this case) are included. To 
discuss the problem properly, however, 
we should go back to the Bardeen-Pines 
theory” on decoupling of the plasma 
mode in the electron-ion system. There 
the Bohm-Pines method has been ap- 
plied, but Tomonaga’s method” seems 
to be more suitable for our purpose. 

Tomonaga’s method leads not only to , 
the partition of the Hamiltonian, but also 
to that of the electron momentum density 
into collective and individual modes. To 
the first order of collective variables, the 
momentum density is thus written as 


p(k) =p. (k) —Lmn}? ik/k) Pre (1) 


where P,, is the canonical momentum 
of the plasma mode and 


po(k) =3 >) te" (pix (&/B) (kp) 
| - (pi— (k/k’) (k pi) ) elles} 


is the individual part. We thus see 
that the latter part is coupled only with 
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the transverse part of the vector potential 
in the magnetic perturbation — (e/mc) 
A(k)-p(—k). Applying BCS theory” 
to the individual mode, the diamagnetic 
current induced by the magnetic field is 


given as 


Me 


{— (ne?/mc) Oy, 


+ (e?/m? c) Puy (k) } Av (A) (2) 


v=1 


with 

P,,(k) =mn(k, k,/R) 
aA ea {2,d,— (kD) (&,1,/R)} 
KUM En): (3) 


Here the first term is the contribution 
from the plasma mode, and L(é, &’) is 
the function defined by BCS. 
conductors we have the finite energy 
gap for individual excitations and L(&, 
€:.n) 20 as k->0 at 0°K, so that we 
obtain 
effect. 


In super- 


the gauge-invariant Meissner 

On the other hand, in normal metals, 
i.e., in the limit of vanishing energy 
gap, we have 


(ES EP a A 


Pa 


where f is the normal Fermi distribu- 
tion at O°K. The first term on the 
right makes the contribution #27 (0,,— 
(k,, ky/k*)) to the individual part of (3). 
The first term of this contribution cancels 
the first term of (2), whereas the second 
term just cancels the contribution from 
the plasma mode. Hence only . the 
normal diamagnetism remains in this 


case. The argument is similar at a 
finite temperature. 

We believe that in this way Bardeen’s 
original suggestion is confirmed to be 
correct and also that the non gauge- 
invariant term in BC S theory introduces 
a minor error in the normal part of the 
The detailed dis- 
dussion will be made in a forthcomming 
paper. 

I should like to express thanks to 
Professor Matsubara and Dr. Yosida for 


diamagnetic current. 


stimulating discussions. 


1) J. Bardeen, Nuovo Cim. V (1957), 1765. 
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3) J.M. Blatt and T. Matsubara, Prog. Theor. 
Phys. to be published. 

4) J. Bardeen and D. Pines, Phys. Rev. 99 
(1955), 1140. 

5) S. Tomonaga, Prog. Theor. Phys. 13 (1955), 
482. 
T. Kasuya, Busseiron Kenkyu, 2-2 (1957), 
490. 

6) J. Bardeen, L. N. Cooper, J. R. Schrieffer, 
Phys. Rev. 108 (1957), 1175. 


On Critical Magnetic Fields of 


Superconductors 


Sadao Nakajima 


Physical Institute, Nagoya University, 
Nagoya 
December 1, 1958 
Bogoljubov” has applied Landau’s 
criterion of superfluidity to superconduct- 


ing metals. Thus the perfect conduc- 
tivity is a direct consequence of the fact 
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that electronic excitation quanta have a 
finite energy gap. The critical velocity 
iis given by 


V.=©)/pr= (h/zmé) el) 


‘where & is the energy gap, p, the 
‘electron momentum at the Fermi surface, 
and € the Pippard coherence length as 
given by Bardeen et al.” 

The present note is a remark on the 
magnitude of (1). Suppose a wire in 
which the persistent current is flowing 
with the critical velocity (1). We as- 
sume the Meissner effect so that the 
current flows within a thin surface layer 
of width 2. Then the magnetic field 
produced by:the current at the surface 
of the wire is given as 


(17/87) = (A/4,) (n&P/4E xr) (2) 
where 7 is the electron density, /, the 
‘Fermi energy, and 4,=[mc?/4zne*|"” 
‘the London value of the penetration 


‘depth. The critical field obtained in this 
“way is a dynamical one, so to say, and 


to be distinguished from the usual static 

value determined by thermodynamics of 

perfect diamagnetism. The later is given 
2) 

as 


(H?/87) = (N(0) /2) &° (3) 


where N(0) is the state density at the 
Fermi surface. The static H, is pri- 
marily the critical field at which the 
Meissner effect is destroyed. From (2) 
and (3), however, we obtain 


(H,/H,)?2= (4/41)? (n/2N (0) Er) 
= (3/2) 4/42)”. (4) 


Since 4/7; is somewhat between 1 and 
3, the dynamical critical field is a few 
times as large as the static one. In 
other words, in agreement with observed 
facts, the parsistent current is destroyed 
together with the Meissner effect at Hy, 
before the critical velocity (1) is reached. 


1) N.N. Bogoljubov, JETP 34 (1958), 58. 
2) Bardeen, Cooper, Schrieffer, Phys. Rev. 108 
(1957), 1175. 


360 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN 
Volume 13, Number 12, December 1958 


CONTENTS 
Page 

@n the Observation! of Magnetic Poles .25..-.- 1. -sepls--- > ©» expe ceeerrine = Eiichi GOTO 1413 
Gamma Ray Spectroscopy, of .Mipo4 5 2 to anartie wri eter setts eregeatay 9 ler sere air ie sioe 

ho a pee Tosio KATO, Masao NOZAWA, Yasukazu YOSHIZAWA and Yujiro KOH 1419 
Grain Boundary-Hardening due to Piled-up Dislocations ..............-.+.-+.+seeeeeeee 

Bee ey ee Pcie iat tio © cena Corso Cee ee Jin-ichi TAKAMURA and Sei MIURA 142i 
Ont the Vecenters: ine Bil @rnystals en cnn aot one eae oa ei ieee Yoshio NAKAI 1424 
On the Magnetic Properties of Nickel Sulfide ......................-.- Ichiro TSUBOKAWA 1432 


Relaxation Spectrum of Chain High Polymeric Substances .............-000cs.-eee-e0s 

OS Ne CR od ee RS Sot cle C oats Tsuyoshi ONISHI and Misazo YAMAMOTO 
On the Ferromagnetic Phase in Manganese-Aluminum System ............:. Hiroshi KONO 
Effects of High Energy Radiation on Polymers II. End-linking and Gel Fraction 


ee ay 


= Aa ee Na En EA eee SN ATR Ieee oer Osamu SAITO 
Effects of High Energy Radiation on Polymers III. Viscosity. .............. Osamu SAITO 
Theory, of ,Exeited, Plasma, Waves. cy. «2 5. > «ya: <-> cote ele OO ee One eee Masao SUMI 


Half-Shade Device for the Precise Measurement of the Principle Angle of Incidence..... 

os cts Cet craks MPS arse ete Aas LM at 7 Koreo KINOSITA and Sadao NOMURA 
@nttheriheory fsb hides. 4k. ER BA... aah eee Tees See seree Kazuo HIROIKE 
Effect of Transverse Magnetic Field on the Flow due to an Oscillating Flat Plate...... 


ee es NOT ee OMe ee dee en oor ee te Tsunehiko KAKUTANI 
Some Nonlinear Effect in Compressible Flow.......92.2./2.)..¥d:e0c2 2 Haruo MORIGUCHI 
The Forces Experienced by a Lattice of Equal Flat Plates in a Uniform Flow at Small 

Reynolds {Numbers peas cea te te cs, 6 dy <)sie soak eg Shinji KUWABARA 
Deviation from Linearity of the Concentration Dependence of the Molecular Sound 

Velocity sin) liquid Mixt ures tui . ne. ...e0e se See eee ee eee Otohiko NOMOTO 
Empirical Formula for Sound Velocity in Liquid Mixtures............... Otohiko NOMOTO 
Condenser Microphones with Plastic Diaphragms for Airborne Ultrasonics, I. .......... 

OO Oe EID PEAS SRI O.E O° Sone 0) IDOI Catt RRC ee Ee Kiichiro MATSUZAWA 

SHORT NOTES 
A Possible Mechanism of the Potential Variation of Joshi Effect. ...... M. VENUGOPALAN 
NMR Study of 7+ Ray Induced Polymerisation of Ethyl Acrylate ...................... 

Fo oto ay TR coe Toshikazu SHIBATA, Itsuro KIMURA and Tokuo SUITA 
iel dei fect ons Moly bcenitemy en aeieee eee oer eee eee Ichiro NAKADA 
Quadrupole Moment of the Second Excited State Of 9F .... . iste ene mee oe EE ae 

Ba oe Sone omanacar Kenzo SUGIMOTO, Akira MIZOBUCHI and Hisashi YAMAMOTO 
Ferroelectricity in the Phase Ill of KNO, ......, 005 ho ee. ee ee ee eee ee ee 

Fee avage ee ee Nc ee Shozo SAWADA, Shoichiro NOMURA and Shin’ichi FUjtI 
thermal), ConductivityrolyBaltiO, Ceramices 0) <acu.oseee eee 

ETN cE ENS ey ots FO HA Ikushi YOSHIDA, Shoichiro NOMURA and Shozo SAWADA 
Difference between Dynamic and Static Surface Tensions. .................. Sohei KONDO 

Erratum 
Temperature Distribution during the Martensite Plate Formation...................... 
ead Se Zenji NISHIYAMA, Akira TSUBAKI, Hideo SUZUKI and Yasusada YAMADA 


1439 
1444 


1451 
1465 
1476 


1485 
1497 


1504 
1510 


1516 


1524 
1528 


1533 


1544 


1546 
1547 


1548 
1549 


1550 
1551 


1543 


361 


Progress of Theoretical Physics, Vol. 21, No. 3, March 1959 


Theory of Classical Fluids: 
Hyper-Netted Chain Approximation. II 
Formulation for Multi-Component Systems 


Tohru MORITA 
Physics Department, Tokyo Institute of Technology, Tokyo 


(Received October 10, 1958) 


Formulae of the free energy and the radial distribution function in the hyper-netted 
chain approximation are obtained for multi-component systems. The expansion formulae by 
means of the hyper-netted chains are also given for them, and also for the potentials of 
average force of 7 particles. 

Another expansion scheme is given which is suitable for comparison with the theories of 
ionic solutions in the past. The ring and watermelon approximations in this scheme are 
discussed in detail for the Coulombic potential and the Coulombic potential with hard core. 


§ 1. Introduction 


We have presented in the previous paper” the hyper-netted chain approxima- 
tion for the case of one-component system. There we have made comparison of 
our results with the results obtained in the past for the ionic solutions. However 
the ionic solutions are essentially multi-component systems of positive and negative 
ions even. when we may replace the effect of the solvent by dielectric constant. In 
this paper, we will derive the formulae of the free energy and the radial distribu- 
tion functions for multi-component systems in the approximation presented in the 


previous paper, so as to be applicable for the systems of ionic solutions or of 


mixtures of fluids. 
In § 2, the formula of the free energy in our approximation will be derived, 


with the aid of a functional L(a, %, --:, 7; F&(k)). The explicit form of this 


functional will be obtained in § 3, with the aid of a lemma, the proof of which is: 
given in Appendix I. The formula of the radial distribution function in our ap- 


proximation is given in § 4. The expansion formulae for the free energy and the 


radial distribution function by means of the “‘hyper-netted chains”, containing the 


results in § 2 and § 4 as the leading terms, are given in §5. The corresponding 
formula for the potential of average force of n particles—the logarithm of the n 
particle distribution function—is given in Appendix II. In § 6, another expansion 
scheme is presented which is suited for the purpose of comparison with the theories. 


of ionic solutions in the past. 


§2. Free energy 


° . . ry . ° 
We consider a uniform fluid in a volume V and at temperature 7’, consisting 
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of N particles in which N, are of the species a, N, are of the species 3, --:, and 


N. are of the species <. We assume that the potential energy of our system is 
given by the sum of potential energies between a pair of particles: 
1X? 
Fed a Peas (7%) 8) 
2 i=1 j= 
t+j 


where v, denotes the species of the particle at r;. 
The virial ean formulae of the free energy A is given by” 


h? iets Oy f. A!’ 


H 2 
e V ee me 


a = => fr lal aera 


eee sina (2!) 


WA 25 be Ng=0 mq=0 Y=a 71, y V ng ttn pet> jel 


Sum over all products which are more than 


singly connected. 
with 
Tae Sag Re ( 15) =exp { — Dvir ( 114) /RT} as (3) 
where p,=N,/V (v=a, f, ---, tT) and p=D>venm=N/V. 

As in I, we make a correspondence of the terms in (2’) with graphs, group 
them by the times of “ identification ’’* needed to reduce them to a line cr a ring, 
and calculate the contribution to (2’) of each group. The graphs which do not 
reduce to.a line or a ring by the identifications will be considered in § 5. 

We insert here a comment on our notations. In the following, one of double 
subscripts attached to a letter will be dropped in suitable occasions if they 
are the same: e.g. f(r) and f(r) represent the same thing. % 

Now, we proceed to the calculation of (2’). We calculate the contri- B 
bution to (2’) of the graphs which are a line without identification—given 


by B in Fig. 1. The contribution of a graph with ends of the species v a 
and vy’ is Fig. 1 


1 <-{\a Fe ad ea a i FO 
akdien Pv Pv V ridr, fi, Tas) joke Pv Pur Liye (0), (4) 


where 0,,, is the Kronecker symbol. Then, the contributions to (2’) of all the 
graphs of the type B are summed up to 


Al | % it 
Fe oa > yy 0 v Pur Fy — ! 
l Veiled we O)+ 2 Save Oye +> Dae F,? (0). 
(5) 
Here and in the following, F,{?(k) and Hi (k), n=0, 1, 2, ---, denote the Fourier 


transforms of f(r) and h,{(r), respectively (cf. (24)). 


* The terminology in this paper follows that in I. 
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Next, we proceed to rings. The contribution of the graphs in Fig. 2 is some- 
what complex for systems of many species, and so we will postpone the explicit 
calculation to the following section and only cite the general form of the result : 


¢ ° « ° . 


Fig. 2. Rg: Rings of B. 


A’ =. Fe 
| aa Bib Boon 8s FO) 
— 3) F(R) -3 S23 pp FOC. 6)" 


Next, we proceed to watermelons. First, we introduce the functions Hy... 25 
(k)**, representing the propagation by means of the graphs Bs in Fig. 3. Then 


Fig. 3. Bs: sequence of B with ends, v, =a, B, --, Tt. 


th 


vf v v 
y v 
Bs Bs BB Oy 
y! vy’ 
a TaN PF ee ET TTT 
Cc” 


(GY 


(G, 
Fig. 4,96,0Co and €%: watermelons of B. 


PS Ad BUS toliobwine, Le, B., ©3 Pe )(k)), n=0, 1, 2, ++, is to read as the abbrevia- 


) 
tion of L(a, Bt; FO), FO(b), FR). 
** (q@, B, 5 7) in he ahbegritt representing the species in t 
in suitable occasions. 
E 


he midway points will be dropped 
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we construct the watermelons of B and B, as in Fig. 4. The graphs of C’’ are 
those which reduce to a line by one time of identification. Their contribution can 
be calculated in the same way as in I and we have 


[ae |S Ein | ar AP Ol O 1-08) 
cu 2 v=a ve a 


a 


+ 119 (r) — 2 1 (r)'| 
= 3) 3) api FO. (0)— FY (0) 


=| dr £9 (r)AD(r) — 2 | drhO(r)*t, (7) 


where we have used F,(k) which represents the propagation by means of the 
graphs C: 


) ) 
FO (1) =f.9 (1) eh ©) 4 er ©) _ 1 _ 7 (r). (8) 


Next, we must calculate the contribution of the terms corresponding to the 
graphs which reduce to a ring by one time of identification; denoted as Re. Re 


G 
Cc G 


Fig. 5. Re*, ® occupied by a particle of the species, 
ane) 


is the whole rings of C, R-* in Fig. 5, minus those for which all C are B and 
those for which one of C is C’ and others are B. The contribution of R,* is 
obviously given by 


a I ek J 1 
if ae oes ee Sk eae 
— SAPP) E333) ope _ (9) 


The contributions to be subtracted are calculated as follows: we define 4F,% (k) by 
FD (k) =FD (k) + 4F? (k), (10) 
substitute it in the right-hand side of (9) and calculate the terms of zeroth and 


first order in 4F,{?(k), which are the contributions to be subtracted. The term 


of the zeroth order is obviously equal to [— A’/VkT |p , and that of the first order 
is obtained as 
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ers ae Do AF Y? (k)—___ 


Bie oF by {Hina , 25 FG) 


Tt 1 Tt Tt 
x pv FS (k) — Poe 2 Pv Pu FAP (hk) / 


= SD Srl FP) FY) LY) 


Tv 


1 
2S Seven | drLAPO) APOIO), (11) 


v=a vi=a 


i 


where use has been made of the results which will be proved in the next section: 


n oo Te Tee ? (k) ) 
fied e ree (k —— 2 : : 2 By —py— pp FO 
(a,-->) (Fe) Li = ROU) Pv— pv EF (k) (12) 


Pv ev il ow ~(k) =— Ly (@, [ss u3 wi iy) yop 
(aye, an ) 3L (a, avcy FS (k)) — Py Pv Opes (k) (13) 


6 ; 
i (a ose | ie PY? (k))= Ss vi ina, > ghee Geen DE (14) 


As the consequence, we have 


es ees wile ae 
VkT Re VkT Ro* VRT -Irp 


ie Sup | del APO) — AP YA ©). (15) 


The contribution of the graphs which reduce to a line by two times of identifi- 
cation is calculated as follows: We construct the graphs Cs* which represent the 
graphs in Fig. 3 if we replace B by C there, define C.s=C;*— Bs, then construct 
the propagation of Cs as 

AH (k) =H, (k) — HO (k), (16) 
from the propagation H,{?(k) by means of Bs and the propagation H,{?(k) by 
means of C,*, then the watermelons of C are represented by Fig. 4 if we replace 
the letters B and C by C and D respectively. The contribution just being calculat- 
ed is obtained as: 

mr Se A! | Pane es ie {FS (0) — F.?(0) 
| VRT jpn yy ine Hap 2 o i 


i | ar rf (r) SAY, (r) — b | dr[dhe (r) rt ; (17) 


The contribution of rings of D is evaluated in the same way as for the case of 
| Re, and so forth. 


366 T. Morita 


In general, the contribution of the graphs which reduce to a line by 2 times of 
identification, denoted as B”—B®=B, BY =C”, B® =D",-:- is obtained to be 


E wa |peo = 3 9 Sn 5 rou |F (0) SFr £0) 


a 


— {ar AG? (w) aninz?(r) — | dr [ ane (r) | (18) 


and the contribution of the graphs which reduces to a ring by 7 times of identifi- 
cation, denoted as R®—R®=R,, R”=Re, --- 


Fel ele 
VkRT AR” VkRT IR@* VRT AR@-* 


3) Sip. | dr| FOr) — FE (r) JAS” (P) (19) 


So Sees 


is 


with 


a a | =p ee = Seer aes Pee 
| VkT RW* AVA >| InL (a, 5 5 DO (k)) 


=< Da US p= =i > Dipak (k)*| : (20). 
Summing these up to B” and R”, we have 
A’ ie =| - Al | 1 = 
=] Sete Mera, So ) e) 
i VET 131-9 BO+RO] Titalnige| 2 cee [FY 0) 


is | ar f(r) YZ? (Pr) — 5 ar S [429 (r) ia (21) 


Summing these up to R® and B*?, we have 


vl [get } Soleo" 
] VET S_) [BO + RO] + BOHy ar VAT ae ate >» 4 a Pv Pv rake (0) 


2 
— | dr AP @yRgu(r) — 1 | dr S3[dhS.(r) Ft. (22) 


In the limit of 2—>co, these both tend to 


E he 7 {- Le, 573 Ay (k)) 


aa Vad, (k) —= 15 s3) Pv? Oy Fw (ky)? | 


FS tt [ho — fdr fouled hone) — 2 (dr Strang ony} 


ner veo w= 


(23) 
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with 
Sw (r) — lim fy? (r), Aye (TS lim h& (r), oe (k) = lim FY? (k) 


Bh 


Fir? (7) = ANP (r) exp {4AM (r)} +exp {dh (r)} —1— 4h (r) 


(m—1) 


AD (7) =hSn (vr) — AS? (vr) 


ASH (r) =1/V «33 ef" HY (k) , (24)* 
FP (k) =| dr" £9 (r) 
P(r) =exp{ G(r) /RT} —1, AS (—r) =AG @) 
AS (r) =0. 
La, B, Mas 5 


(k) in terms of F\SP(k) is given by eqs. (12) and (13). 


FP 
FS? (k)) will be given in terms of F\{?(k) in the next section. 

To derive the explicit expressions for L(a, 9, ---, 7; FAP (k)) and AM .«.....2) (7) 
in terms of F,{?(k) and to prove eqs. (12) and (13) are the subject of the next 


section. 


§ 3. L(a, B, = Sear E> (k)) and pe RS ee (k) 


The problem of obtaining the expressions for L(a, ---, 7; FLO (k)) and 

Hf) ,....n(k) in terms of F,{?(k) is solved here by the help of the following 

lemma, whose proof is given in Appendix I. 
LEMMA: If we define L(a, ---, 7; FS? (k)) by 

£3 F(R) — FP) — 2 > Sen BP 4} 


a 

oy S{-BLe is ee v=a 

a Sy 7 Pet \\-| meh eee Si p= * A’ <5. 
Se) iT . dr; Pats tne STS WET poor ) 


ag=0 nz=0 v=a Ny | 
Sum over all products which correspond to 


graphs of ring. See Fig. 6. 


then the propagation of the graphs shown in Fig. 7, to be denoted as Ky...» (Kk), 
and the propagation of the graphs in Fig. 8, to be denoted as Kyfna,...(k), are 


given by 
9 in da, +, 0; FO (b)) 


(m) eee on wee © eS 
Ph Oey (k) oF” (k) 
TO PENG a SE F(R) Je (26) 


7 ER) hey FS (By) 


? 


“(k) and Hy? (k) those 


vw 


 %*® Note that f(r) ‘and Ay 


Bot k=|k| alone. 


(r) are functions of r=|r| alone and Fy 
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and 
if 0 = F@ 
AD ves Si Te) eta te EF ( ap ac gS Ge) 9 
bis te 14,0) ( ) 9 OF, (k) ( 
= 1 Iw (a, earns Er (k)) for 3) ee Tie eae) 


2 La es Rey 


in terms of L(a, ---, 7; F\YP(k)), where 


(Gas, 1 LEO ey) ae —— Lig ey SOE IO 
Lon (ts 5 25 PPO Se Lt )) 


From the definitions of Riek 1y(k) and H,S?..,....2)(k) we have the relations : 
i bly a2) (k) =e 3) (k) Oy Pyeng (k), (28) 
Ps Ove Aig a) CR) = Be nay) — Parr Pe i) © tot? PSE, (29) 


tke 


Fig. 6. @ are occupied by one of species a, p, -: 


y y 9) rs vy ) tora ay, Tt y 
Fig. 7. Graphs corresponding to Be gees (k). 


@r 


vy yf v Ay, Tt v/ 3] Te POR hae yf 
e——_e e——_e—_—_e o-——_9—__ 46 = 
Fig. 8. Graphs corresponding to Kare (k), vey’. 


Now we calculate L(a, ---, 7)* by starting with L(a@) and then proceeding to 
L(a@, ---, 7) with more species in order by the help of the lemma. 
For a system with one species a, we have 


UN ¥ i om 
fe Fhe Bae — pa Fs (k)) — pa FS (k) —— pF (k)*| is 


(30) 


As the consequence, 


L(@) =1—p. FS (k). (31) 


* For brevity, we will omit FLO (k) as the argument of L(a, -, 7; FL (k)) in the following 
in this section. 
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For a system with two species a and #8, we calculate the contribution of the 
right-hand side of eq. (25) for graphs containing @ and those not containing # 
separately. The latters are graphs of ring of @ and have the same contribution 
as the right-hand side of eq. (30). The former is given by 


it = il n n 2 n n 
Sr Ele OW +p FP OKO (W)) 


ee 1 2 n nv 2 
= py Fe (ht) pt F(t) *— pars FS (h)"| 


a 


= [Tin = Fu) — ro FP (KH) 


— Pp Fx” (ke) — : ps Fs (ke)? — 0205 Fas? ()*} 


a 


where cares have been taken not to include the graphs of the type € > and ©. 
Summing these contributions, we have 


[ — oe | acoe  pyr 3 {IAL en FO) L (a) — op FS? RY KL (B) £2) 
Fhe Te 


 VkT QV 
6 6 
—p.F (k) — Ps Fs (k) — 2 > Pv ew FY (&)*} Q (2) 


As the result, we have 
L(@, 2) =L(a) L(B) +5 Fog? (k)* Li (&) 
=(1—p2 Fs” (k)) (1p Fa (k)) — Pa Pe Fas? ()’ (33) 
by the use of eq. (26) with eq. (31) for L(@) and the definition of L,(@), eq. 
i Ree Weously: L(a, 8, 7) is calculated as the sum of contributions of the graphs 
which contain 7 and those not containing 7 as follows: 


JAM =) 1 N feces zines (Ip) — F@(k)? Seid i. 
2 VET A ENICH In[{l—p, Fy" (k) — 9, Por (k) ca,s) (Kk) 


—p, FP (k)? Kea.» (k) — 2, F® (he) F8 (k) KS. Ce) ] 


Papas Ve) SEO) Pl Bee Ue) + (8 Pay Ge) 


8 6 
Baek a} 


v=a wW=a 


bo | RR 


—InL(a, £) —p,F{” (k) — p, Fg” (k) Tor 


= {-mid=r, 30 (le) )L (a, B) + Py PCH) Lae) 
2 Ving le 
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+p, FS (k)? Ly (a, 2) +0, FY (hk) FS? (ke) Lon (@, FY] 


rears : 
= 3) FE) — 5-3) 3) vt FP Ct 


from which we have 


B 
L(a, 8, 7) =L(7) L(a, 8) + ps > FY? (k)* Ly (a, 2) 


+0; FS (k) Fy? (ke) Los (@ 9). 


In the same way, we get in general 


Lie, “ears i) =L(r)L(a, Tas o) +P: 3 Fo Ue), GG sm) o) 


+ ped} SPOR) FOB) SL (a, 0), 


yv=e vWl=a 


vitvl 
from which we get 


TA ene. tT) =—p- La, ae 


and 


‘, o) 


ae (a “*t, P, GF, 7) = — PaPx Ps (k) L(a@, re 
eZ 


pin 1 
+ Px > Fy” (k) > Lye (a, “rey Pr 


ae 


, p) 


(34) 


(36) 


(37) 


(38) 


Thus we have the expression for L(a, 9, ---, 7) in terms of L(v) =1—p, F\ (k), 


py and F,{?(k). From ithese equations, we find that every term of L(a, -- 


os tT) 


corresponds to a graph. If we denote the factor L(v) by ©,, factor py by @, and 


the factor F\$?(k) by a line connecting @, and @,,, 
the graph corresponding to a term in L(a, ---, 7) con- 
sists of some independent O, and some independent 
rings connecting @,; all of O, and @, in a graph 
correspond to one-to-one to species in L(a, ---, ae 
The number of terms is equal to that of the dif- 
ferent possible graphs consisting of points with 
subscript a, 8, ---, 7. The rings except < are 
considered to have direction. The sign of a term 
is positive or negative according as the number of 
rings are even or odd. A typical term is illustrated 
in Fig. 9. 

The graphs corresponding to térnis’ of \H;,) 
(a, 8, +, T) contain a chain connecting @, and 
@,, except for which they are similar to those for 
L(a@, 8, +, 7); here rings as well as chains are 


Qa 


if 


° 


€ 


Fig. 9. A graph correspond- 
ing to [— 0a 0, or Fas Fax Fra] 
X [— 08 0 Fge*] L(c) L(r). 
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considered not to have direction. The sign of the term is positive or negative 
according as the the number of rings is odd or even. 

Thus we can obtain the explicit expressions for L(a, +, 7) and L,(a, -«, T) 
and 41,,,(a@, ---, 7), and as the consequence, Aire tan Ue HTC Te) Oe on ke ee Dae 
example, we now calculate them explicitly for two and three species. 

For two species, a and #, the total of the graphs corresponding to L(a, /9) 


and $L,;(a@, 9) are shown in Fig. 10 and Fig. 11, respectively. As the result, we have 
L(a, 8) =(1—pa Fs” (ht) 1 py Fy (k)) = ay FP (8)? ) 
be (a, 8) =— ps5 FS (k) | 


“i  (k)) 7 . (39) 
2 FT) k PLY a Fs ( =O Ok FS ) k | 
Pa oce.s) ( ) L(a, B) Pe (k) | 
F&’(k) 3 | 
HY, k ——- (Po 2s ap 2 — o F a k . 
Po Pp BC py ( ) Lia, 8) Pa Pp g ( ) ) 
2O 20 ig Ny 
BO 7O ae B % if 
b 3 "i ; 
a ; a 
"o 
A s / : B B 
a b 
B eng i B 7 
d f 
Fig. 12 Fig. 13 


For three species, the graphs for L(a, B, 7) and 4 Lys(@, 8, 7) are given re- 
spectively in Fig. 12 and Fig. 13, and by means of these we have 
L(@, 8, 7) =A —pe Fa (k)) (1 — pp Fs ()) (1—p, F, (k)) 

— 3 (1—p. FS (k)) P5012 Feo? (e)” 


cyclic change 
of (%,8,7) 


— 2020s 0; FS (ke) Feo (k) FD (ke) 
3s Lip (@, 8, 1) =—PaPsF.& (k) 1—-e & (k)) = Pa Pp Pr Fay (hk) FF ey (k) (40) 
2 


0a aoB.7) (k) abe EL — a ph FOR) 


Lie a, > 7) n) 
| Pals Hesie.s.1) (e) = — Let ips — Paps Fs? (kK). 
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§4. Radial distribution function 


We start with the virial expansion formula for the radial distribution function” 


my 


Jo, vg( Tin) =EXP{— Gy, v4 (712) /RT} - {1+ Sit gosian jy Pom 


mMg=0 m,z=0 v=0 my | 


it 
x Ifo) dra drmgs- tment Sa Pye ? (41) 
Mg ttm, +22t> jes 
Mat t+m,t+teks3 

2Sn2j1 


a 


Sum over all products of ti in which each particle of the set 
{r3, <5 'mgt-+m,z+2} is connected to r; and rz by an independent 
path. 


or with that for the potential of average force” 


dy, A@at) 2 a ry fy 
ee ean a ee we. jf fe 
Ingy, v, (M2) LT’ + 2 mz=0 v=a m,! 
De \| | te Cl Tne een Ss Wie i (42) 


meg te +m_ +22%> j23 
Met +mz + 2Skss3 
22x51 


Sum over all products of £,$ for which each molecule of the set 

{rg, "+5 P'my+-+m,+2} is connected to r; and rz by an independent 

path and also for which the molecules {rs3, ---, Pmy+--+m_,+2} are 

connected with each other even when we erase the lines ended at 

r, and rp. 
The calculation of the contribution of each group can be performed as for the case 
of a one-component system and we have 

5 / (0) 
eke Ve (712) lex=exp { —§,. Vp (rz) /RT +hy,y, (M2) } (43C*) 


cies 


in the approximation C%*,' 

[9.4 v9 (712) low =exp {—dy, 1, (72) /AT +h, (72) } (43D*) 
in the approximation D*. Thus at last we have 

[Ivy vg (Tia) Jrso= exp {— by, v, (72) /RT +hy, v.72) } (43) 


with h,,,(72) given in (24). 

Rushbrooke® has obtained the result in the approximation C* for the case of 
binary mixtures, by extending the method of Montroll and Mayer” or Born and 
> He® has also presented the netted-chain approximation with the object to 


‘Green.° 
improve the approximation. It considers some simple graphs among D* in addition 
to those in C*. 


* The graphs taken into account in these approximations are Fig. 13 of I with the specifica- 
tion of the species of particles at endpoints as y, and yo. 
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§ 5. Expansion formulae for the free energy and the radial distribution 
function by means of the hyper-netted chains 


The expansion formulae for the free energy and the radial distribution function 
by means of the hyper-netted chains, having the results in the hyper-netted chain 
approximation as the leading terms, are obtained as follows: 


A’ | A’ | 2 2 iz OY] 
_ il, pPICE NDE cay fig 
VET VkT HNC, given by eq. (23) 7 Ng=0 22) v=a 71, ! 
1 1 : 
x= {i vee AP digey ont Pu TI (fis this), (44) 
‘ mg ttn ezt>Jjel 


Sum over all products which cosist of junctions alone 
and are more than singly connected. 


I, va (712) =[%, vy (72) junc, given by eq. (43) {1 =| Ss ie Ss * igh ee 


m.=0 m,z=0 v=a my! 


x [fe [drass-dtmg ttm SI 11°0 fa 8 HOM AE BED (45) 
My ttm, + 22t> jes 
Mg t-t+m,+2SkSs 
2>x2>1 
Sum over all products for which each molecule of the 
set {T3, °°, Tmgt-tm_+2h is a junction and is connected 
to r, and rz by an independent path. 


where 
Si ths=h, ra) thy, vj (7%) . (46) 


The analogous expansion for potential of average force of n particles—the 
logarithm of the 7 particle distribution function—will be given in Appendix II. 


§6. Another expansion scheme 


As stated in the introduction, what is to be compared with the theories in the 
past for the ionic solutions must be the theories for multi-component systems. For 
this purpose, we translate the formulation in §5 of I for the case of the multi- 
“component systems. 

We divide the potential into two parts as 

by (7) = iw (r) + dow ean (47) 
dow (7) being assumed to have the Fourier transform, define fiw (7) and jw (7) 
by 
fou (1) =exp{—dw (7) VRI} a Ly Tw?) = — bow (7) TRI. (48) 


and expand as 


Pin! epee =, 1. n 
exp{—dwr(r) /kT} —1=fwi (1) + ai a jut (1)? + faw aie jul 2s (49), 
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What to be calculated here are eq. (2’) and eq. (41) with AS?(r) replaced by 
the right-hand side of eq. (49). We represent the terms by graphs by correspond- 
ing a line, denoted as b, to the factors fiw(7) and Jwr(7r) and group the graphs 
by the times of identification needed to reduce them to a line or a ring. The 
groups of graphs thus grouped are shown in Fig. 16 of I if we put a particle of 
one of species a, ---,7 in any of @’s. Then we obtain eqs. (18)—(23), if we 
make the correspondence B° =b, BY =b'/+c", B? =d", --, and R°=R,, Resse 
---, as in I, with the recurrence equations 

frkte)= lim 9 (7), bik Slimkha. Fw (k) = lim F 3? (2) 

AS (1) =f) exp (JAD (7)} + exp {MAY ()}—1- AAS), MBL | soy 

i 
FEO = fiw (+ exp{h (Y) +i )} Fexp {he (7) +j(} —1— oe 

AY) =f) tio) 


and the equations to obtain A%(r) from f(r), which are identical as in the 
previous sections: eqs. (26)—(29) with (36)—(39). 

6a. For the purpose of comparisons with the results in the past for the ionic 
solutions, we write the formulae for the free energy in the ring and watermelon 
approximation : 

In the ring approximation : 


[-| =a Efe, 2 BPH) 
b+Ol + Ry k 


eT 2V 


= SAFO Sore RO 
+53) SPO O)+ | ae fiw rj) + | dejar)". 1) 


In the watermelon approximation : 


ht hormoL ViF bwee ts 
i) =a el eae +— >) ee v wd 
[ Vikds b+b/+Ry+cll WIRE b+bI+ Ry 2 v vi i e J 


x | Favw (r) [exp {h® (7) ti (Oily (rt) aap tes 
exp 80) (7) + jar (2)} 1A 2) — fron (1) — 2B) + oar) 62) 
1 
sap EITBL@ 5 PO)— VaR O- SD am Pow 
ih 
+ BBeew REO — lar APH) — Fl arAaWon't. 2) 


6b. If the potential between particles is of the form: 
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bw (7) =eed(r) (vy, v =a, -, t) (53) 


and ¢(r) has the Fourier transform, then we may take 


five(r)=0 and jm (7) = — bn (7) (54) 


and hence 


) Nes eave (0) s (0) r Se Se a 
Fir (7) =e f(r), f(r) aT g(r), 


Fyn (k) =e, ey F (k). (55) 
For this case, it can be easily verified that 
L(a, +--+, 7; F(k)) =1—eF (R) (56) 
SE (Os 5 FOB) =—prpmeren F(R) for vAz¥, (67) 
where 
=>) ne, (58) 


by the mathematical induction. For a one-component system, the former of these 
is eq. (31) itself and for a two-component system, these are obtained from eq. (39) 
when (55) is substituted there, thence we verify (56) and (57) by confirming that 
the substitution of “ (56) and (57) for 1 species” in the right-hand side of (36) 
and (38) gives us “ (56) and (57) for +1 species”’. 

Substituting these in eq. (29) with (27) and eq. (28) with (26) and (27), 
we get 


FSi ah ved (Rk) = mej, 8 (Rk) (», =a, tae a) \ 


F(R) 
1—eF (k) 


A® (yee 7h (r). 


Then, (51) and (52) can be written as 


H(k) = =F (Rs } (59) 


ae Par = —_ = 0) Oz 1 po = yey)? 
| aarp atl ms PAG Dat Infd.—e PCA eR f+ 2 (0) ¢ = Pvev) 


(60) 
and 


a | 
l VkT b+b/+Rytel/ 


+2. (0) (Spree) +5 DE pba | dr fexplever lA) $F) 


I 


a 0 RO 
sy E {hae @®) er. (k) | 
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\ 


—e,ey(h® (7) +f (1) ]——— ey ev AO) FF) ry (61) 


1 
Z 


il OL = (0) 
=o >a, InQd—eF(h)) —eF (| 


_ 


‘h 


ae | ar [a (7) get UT) Ve ade (UA here (61’) 


For the case of Coulombic potential, ¢(7) =1/r, 


(OWN a iy. 3 i FO (k ae, An | 
Sf (r) LT 7 > ( ) kT B? 


al Ait 


H(R L RO Epon ee 
oy (4) RT | eK 


(62) 


il il ; | 1 
ho - OD) ers as elke | 
Gz) if (r) Lt é } t 


~ where 


Ame AG ne 
4 dw hyeon 


eS 


kT = kT v0" 


The integrations in (60) and (61’) are easily performed except the second term 
orn Gli 


a Al | - Ke 
| VkT D+b! + Ry 127 a (6) 


[- | = fe Pak SST 0 | dr fexp(e ey [A (r) + f( et ’ 
VkT B+B/ + Ry+cl! 96z A” ie Leg rede . r > 
’ 


(64) 
where the last terms of Formulae (60) and (61’) have been dropped because 
>1vPvey vanishes for neutral systems. Formula (63) is the result of Debye and 
Hiickel”.” and —e,ew[h® (r) +f (r) kT = —evey, exp(—Kr) /r is the selfconsistent 
potential of Debye.” Formula (61) with terms of triangles of watermelons has 
been given by Yukhnovsky.” 


6c. Even when the potential has core part, if the long range part of the 
potential is of the form: 


yey O(1r) (y, =a, ? a), (65) 
then we can perform the integrations by taking the division of the potential in such 
a way as 
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we 2 )= vey po h . a ie 
vey f(r) with f(r) pp) (66) 


is valid. A substitution of this in eqs. (47), (48) and (50) gives for fiw (r) and 
Fait) : 


exp {—fiw ( r) } [1 + fim (7) = exp {tow (1) Cie Cr) } p) 


Joult) =e,e, f (7) Shiu (7): (67) 
For instance, in the case of Coulombic potential with hard core: 
ee) T#Sayyr 
i= | eae ace (68) 
vey , vel s 
we will adopt 
i 1 
ee rT) —€,€y; ” rT), ” hed ae — 
=e f(r, f()=- + 
( ) (—1 Taw 
aw (7) = ; 
f 0 T > Gyw Soy. 


OE Sav 2) +1 (iG Aw 


eye, f2 @ re ag 


Jww<T) = 
Substitutions of (67) into (51) and (52) give 


[Ae <r en —er ) -eF OW] + FOO ine) 


Ver IV 

— LDS pup | dr Fiow (9 (70) 
and 
Al 0 (0) il (0) = 
[-| oe: F{-InG =F @)) —eF (8) |— 2 HO) (Be) 

VRT JSo+01+ Ry +0" 2Viank Y v 


4 LSS rape [det fone) explorer A () +7 fw =I] 
+3 SS mp | Ba ae -< \ dr[h() +f (FF (71) 


For the Coulombic potential with hard core, these become 


[45 | = —. rtp? oe er (72) 
VkT b+b/+ Rp oH 3 
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|---| —— ee 1. >} >) Pv Pv 
|. VkT b+bl + Rytel! 967 he a 


ies} 


é a il as) AT _ 
x | | 4nrtdr| exp |— LT vey et 1 |= 3 aby} (73) 


ayyr 
The osmotic pressure obtained by 


A’ 


p es fe) A A A = 
Op, VRT 


aS 5 


(74) 


qe ee a = (oe 
(oi yao. Oo, VRT VkT VkT 


+ 3a ps 


with the use of (73) as the approximation for A’/VkT is identical to that obtained 
by Meeron®™. 

The formulae of the radial distribution function in the approximations of c* 
and d*' have the form of (43C*) and (43D*) and that in the hyper-netted chain 
approximation the form of (43), again. Meeron’” has obtained the expansion of 


g(r) which has [9(r) |.« as the leading term. 


§ 7. Conclusion 


We have obtained the formulae for the free energy and the radial distribution 
function in the hyper-netted chain approximation, taking into account of far more 
graphs than considered in the approximations in the past for the case of the multi- 
component system: Final formulae are given by (23) and (43) with (24), (12)- 
(14) and (36)—(38). When we are to apply these approximation to practical problems, 
we have to solve the recurrence equation containing Fourier transformations. 

Numerical computations for strong electrolytes will be the subject of a sub- 
sequent paper in this series. 


Appendix I: A proof of the lemma 


Here, a proof of the lemma will be given, based on a known relation between 
the free energy and the radial distribution function. 

We use the relation by Bogolyubov™ and Hiroike,™ generalized to the multi- 
component system : 


Xe eli - Ny yl fe 
Parr Pou (7) =—— | de® 31313 (r rn) 


(k+l if v=v/) 


XexP{ — 3 doer, (tu) (AT}/ | dr exp{— 31 byquj(r)/2T} 


t The graphs considered in these approximations will be represented by Fig. 13 of I with the 
specification of the species of particles at end points as y and v’, if we are to re 


place the large 
letters B, C, D, -»» by the corresponding small letters b, c, d, ---, there. 
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e 


= At byw) \ ar eS 90x qv, (Tar) 


tia. 0g, (1) 


xexp{— 3 bs,(r) /AT}/ | de® exp{— 33 $,44(1) /AT} 
j t>J 


+8, ve = (Ul w 2D 4— Oy" 7 G59 oC =AMV ET) 
a sae = ( + 0y, ) exp{ ) (r)/ i Bf (r) 
(A-1) 
with the definition of the functional derivative by 
06 (r) /0d(x) =0(r—x), O¢(r) /dd(r) =0, TSI AS} 
which implies that 
if g(r) =0A/df(r), then G(k)=0A/0F(k) (A-3) 


with 
Of(r)/OF(k) =e"" and OF (k’)/0F(k) =Vox,x5, 
where F(k) and G(k) are the Fourier transforms of f(r) and g(r), respectively. 


We substitute eqs. (2) and (41) respectively into both sides of this equation 
(A-1) and have, by picking up the terms in a set of powers of, 0s's; 


poo tO || | dry -demgeoormess SMFS fo” 


3 ng (ec 
== (1+ das) Tr \ of drydtng LL 8) Wend 
=(1+ ) Poe \ 1 + > Sis ( ) 
where m;=7;—9;,—9%:,. In this equation, we can equate the terms in the same 
powers of f;{”. Then if we pick up the terms of ring in the right-hand side, we 
have for the eT -hand side 


et pa oh Se Cosa) Sr hy PEN | dry s-dragenon, 3 FS 


Be) a fae 
ings shown in Fig. 6. 


0 1 

= = TH) aii : 0) k 

(1+ 4,)- HO (r) 2V Se InL(a@, --, 7; Fur (k)) 

= 3 Fk) DSS ppv RY (A-5R) 


and the corresponding left-hand side becomes 


oo oo Tv ms 
pote SS Ol deg drmgtoemet? LE LO 
mg=0 mz=0 t=a 71,! 
WS at : Chains ‘between y,;=v and yv,.=»’ shown in Fig. 8. 


= Pv vs hiss aii (ry) : (A ‘ oL) 
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An application of the relation (A-3) to this equation gives 


He ao — Teo InL(a@, +, 73 FLO (k)) —a— pr FO (k), 
OvP@ de gu t.cah (k) ca : OF. = (k) InL(a, Bets, Pyar (ky) — Pv Pur FY? (k). 


(A-6) 


The identity (A-4) holds for any function f,{)(r), especially even when we 
replace f(r) by A%P(r). As the consequence, (A-5R) and (A-5L) in which 
(0) is replaced by (m) are equal and hence we can obtain equations (A-6) with 
(0) relaced by (7), which are to be proved. 


Appendix II: Expansion formulae for the potentials of average force 
of n particles by means of the hyper-netted chains* 


For the sake of completeness, we present here the expansion formulae for the 
potentials of average force of 7 particles by means of the hyper-netted chains. 
The potential of average force of m particles, denoted as W™(x,, «++, X,), will 


be defined by™ 
Wee (x; ee) Xn) =—kT In [oy * Vp (r, oA mes Fa) / "| (A n 7) 


vp" 


where x; denotes (r;, »;), coordinate and species of i-th particle, and Pacts vey 
r,) is the distribution function of » particles of species »,, ---, v,; W?(x,, x.) = 
—kT Ing, .,(jri—t2|); Following Mayer,” we divide W™(x,, +++, x,) into com- 
ponent potentials of average force, w*” (x1, --+, Xm), as 


W™” (x). =0 
We (%1, X2) =w” (x1, %») 


we (x1, Xo, Xs, ) =w” (x, X2) +w (x, X3) +w” (x, X3) +w® (%1, Xo, X53) 


W (6,5 oy Be) = DESI Dw (wg, |, 84). (A:8) 


N2ty > >i9> 421 


The virial expansion formulae for the potentials of average force given by 
Meeron” are taken as these equations with . 


* After the completion of this manuscript, I received a reprint of a paper!®) from Dr. E. Meeron, 
in which he has obtained the expansion formula for the potential of average force of n particles by 
means of the hyper-netted chains for the case of one-component system. It can be easily verified 
that our results in this Appendix contain his result as a special one. I express here my sincere 
thanks to Dr. E. Meeron for sending me reprints of his papers published. (Oct. 18, 1958) 
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mw (x1, X) =h, ta) pede sie I gan 


8q=0 2 v=a s,! 


x|{--| Ar s+ ay +t0q42 = ne aa fot 
Sg tits, +2>i> jos 
Sq tote, +2Bh2s 


2>x2>1 
cn) co foo} Tv 0 Sy 
CUPP) Crys *2°5 Aine) Ti Dave Sie JP 
a0 sz=0 v=a Sou 
a - ~ A Fi) 0 
x \\ | arms Ar mrsy+itay >) Tf, f©, m>2 (A-9) 


M+ sy tetmret>jomt1 
M+ 8yt-t+m_Skom+1 
mrEnE1 


where sums in the right-hand side should be over all products for which each 
molecule of the set {%m:1, °**, Xm+sy+--+s,} 1S connected to all of the molecules {is 

Xm} directly or indirectly and moreover at least two of {x,, ---, Xm} by an 
independent path and also for which the molecules {x,,,,, ---, Xm+sy++s,¢ are con- 
nected with each other even when we erase the lines ended at the molecules {x,, 
a. eg} 


Just as in § 5, these expansions can be rewritten as 


w (x, %2) = $y, 1, (712) — —kT Paya Oa) = LT as i pe 


Sg-0 sq=0 vea sy! 


x [fom [drosdrageonenees ery Cis 
yt +8_+22i>jes 
Sg tots, t2ekes 
2>x*>1 


Deg) cima Tess Salle ae 


8q=0 $770 v=a st ! 


x for] dtm drmengtteg SM (Sisthe) Sin then), m>2, (A-10) 

Mt 8gtertspct>jem+1 

M+sytirts_ehamt+1 

maADS1 

where sums in the right-hand sides should be over all products for which each 
molecule of {%ms1, °°) Xm+tsg+-+s,} iS a junction and is connected to all of the mole- 
cules {x,, +::, Xm} directly or indirectly and moreover at least two of {x,, ---, Xm} 
by an independent path and also for which the molecules {%,).1, +++, Xm+sg+-+s,} are 
connected with each other even when we erase the lines ended at the molecules 
{%1, ok Kahrs ‘ 

In these equations, the factors in w” (x,, <**, Xm) for m3 correspond to 
graphs which do not reduce to a line, so that if we adopt the hyper-netted chain 
approximation for the calculations of W“ (a, +, %») for n= 3 then we will drop 
all the terms w(x, -*+, %m) for m3 and retain the terms which reduce to a 
line by identifications in ai )(x,, 4%) ; as the result we are only to calculate W® 
(x,, x.) and use the generalized superposition approximation 
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Wa, &, %) = Seon VG, %) (A-11) 
ne=t>jel 
in order to get W(x,, ---, %,) in the hyper-netted chain approximation, which 
gives simply 
W(x, Fe Xn) = > 3 [by,v, (7s) sod fb ee Ge SMe (A-12) 
isn oA ed 
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Dispersion relation is applied to the pion theory of spin-orbit potential. 


§ 1. Introduction 


It is an interesting problem in pion theory of nuclear potential that the large 
two body spin-orbit potential does exist or not. If we assumed the phenomenological 
two body spin-orbit potential with the appropriate sign and good order of magnitude, 
we would have an easiest explanation for the polarization in nucleon-nucleon scatter- 
ing and for the nuclear shell structure. The matter is, however, not so simple. In 
fact there is still a possibility of having an explanation of polarization or nuclear 
level splitting without assuming the large two body spin-orbit potential.” In this 
aspect we shall here calculate the two body spin-orbit potential from pion theory in 
a better approximation that the old one. 

Hitherto the spin-orbit potential has been calculated in several approximations. 
For instance, it has been shown that the fourth order T.M.O. potential has a 
rather small spin-orbit potential of the order (4/M ).» On the other hand, the 
technique of dispersion relation paved a way for taking the effects of the multiple 
pion-nucleon scattering into account... Here the spin-orbit potential with scattering 
correction is derived by making use of dispersion relation of pion-nucleon scattering 
in expectation that the dominant resonance in the scattering data (3/2, 3/2) may 
give a rather large contribution to the spin-orbit potential. The spin-orbit potential 
is obviously non-static, so we may think that the static dispersion relation cannot 
be used. However, it is not necessarily so, as we shall see in the next section 
where it will be seen that the spin-orbit potential in the approximation of order 
(4/M) can be calculated by the static dispersion relation. 

Two approximations are made: (a) the number of exchanged pions is limited 
to two, (b) non-static effect is treated in the first order approximation, that is, the 
velocity dependent potential of order (u/M) is retained. 

It is to be noted that the number of pions emitted and absorbed by the same 


nucleon is not limited, and that all the velocity dependence is of the spin-orbit type 


i imation.” ecoil corrections independent of velocity are 
in our order of approximation.” The r pe : 


contained partly in the experimental pion-nucleon cross section. 
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§ 2. Recoil correction to static dispersion relations 


The velocity dependent interaction between two nucleons has a close analogy 
with the retarded interaction between two electrons. The retarded electromagnetic 
field of uniformly moving electron can be obtained from the coulomb field of rest 
electron by the Lorentz transformation. This situation is quite the same in the case 
of pion field of uniformly moving nucleon. As we shall see in the following, it is 
only this retarded effect that contributes to velocity dependent correction to the 
static potential in the order of approximation (/4/]/), and the deviation from uniform 
motion contributes to the potential only in the order higher than (4/M). 

The S-matrix of pion scattering with fixed nucleon (j, g/S/i, k) is obtained 
from the dispersion relation as a functional of experimental cross section of pion- 
nucleon scattering. 

Then the S-matrix in the case of uniformly moving nucleon with velocity V= 
P/M can be given by the following substitutions which represent the Galilei trans- 
formation, 


k—>k— (k,p/M)P, (1) 
ky > kyp— (Pk) /M. a 
Though the above consideration might appear too crude, the result represented 
by the formulae (1) and (1’) are just the same as those which are derived by the 


more standard calculation in the following. 
The total Hamiltonian for P-wave pion is 


A= (P?/2M) + > 0, Ag* A+ (fo/#) 2 (z/ 20x) 
X[|(o-k) —a,(6-P)/M] xX (a, exp(ik-r) —a,* exp(—ik-r) |t, (2) 


in which one nucleon interacting with pion field is considered, and as we are 
interested only in the velocity dependence of the order (4/M), the order of (o-P) 
and exp(zk-r) in eq. (2) is unimportant. 

Jost transformation 


U=exp|[i > (k-r)a,* a,| 


transforms HT to Hf’: 


eC 0 fehl 
= (P?/2M) + > Lo,— (P-k)/M]a;,* a+ (fo/) 
x > (i/V/ 2u%) [| (oP) —a,(0-P) /M|X (a,—a,*) t+ 4H, (3) 


where 4H is the term of order (4/M) and does not contain the nucleon momentum 
P. 4H gives no contribution to the spin-orbit potential in the approximation (b) 
of § 1, hence it can be neglected. Then H’ commutes with’ P, that is, P is a 
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constant of motion. The nucleon can be regarded as moving uniformly. Compar- 
ing the Hamiltonian H’ with static Hamiltonian, we find that the difference between 


them is just the substitution (1) and (2) in the four dimensional language. For 
the case of two nucleons, the situation is the same. 


§ 3. Derivation of potential! 


The S-matrix of nucleon-nucleon scattering is 


pei! \) Oris (hk eae 

2(27)? (ko — 0,7 +78) 
ne eye ONips 

ses = PS tek, 


oF) dBd'o. 4 
(qe—a,-+i8) es (4) 


where notations are borrowed from Miyazawa’s.” 
S® and S® are obtained by the method discussed 
in the preceding section. S is composed of two 
terms, 


Triplet odd state 


S=S (static) +S (recoil), (5) 


where S (static) is the one discussed by Miyazawa 
and Konuma.”  S (recoil) is composed of two 
terms, 
S (recoil) =.S( f*) +S (scattering correction), 
(6) 
where S(f‘) is the contribution from the fourth 
order perturbation theory which was discussed by 
one of the authors.” By using the method similar 
to Miyazawa’s,” we find that the final expression 
is as follows: 


Triplet even state 


V (recoil) =V(f*) + V (scattering correction), 
' (7) 
Vf‘) =— (2) (#/M) (3-21-72) (f7/47)* 
XK (14+ 2274+227+2°) (e°-*/2°) (LS), (8) 


Fig. 1. V (2, tt). 


V (scattering correction) 
\ oy eee! 2 i 
= (2p) (H#/M) (6+%-%2)(— + Nery 
2 


CE AYN gd LINO day MOKED 
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Lieuds mutidet eaag i Oneee 
— (2) (4/M) ORE ak ( dit x dx xz dx 
SEA PET) tS G=9r.: w)( —) Faz) 


xe dx oe 


Zool e 


where x=ypr and 


O33 (p) 


Wp On (Wy + Ox)” 


HES) =| dke sin (2kr) \dp 
ie 0 


0 


Op O_ (Op + Op) (Ox + Oy)” 


2a F(x) =| dkk sin (2kr) | dp| dq O33 (p) 33 (q) 
ie ) } ) 


elah AT Capye | ae ksin(2kr) \d pculP) 
L * 4 Op 


x | 20, +r Opt Wp” 2 il | 


Op Ox (Wp +x) Wp OK (Wp + Og)” 


ay F(z) = | de sin (2kr) \de| dq 033 (p) 33 (q) 
2 0 4 Wp Wg 


—1:1,) Fy(a) | (L-S), 


2 


(9) 


(10) 


(11) 


(12) 


e L | WptOg — ¢ 
(We + Op) (Oe + Og) (Wp +e,) 


iT o: ! os(p) 
ig Fale) =| at sin (2kr) \¢ La aes Ee abt? 


See exp (2-22) \ dp sh) : 
Zz Op 


0 


a << =a > 
Wx (Wz + Wy) We +O, Opty | 


(13) 


(14) 


We have assumed 03;>0,3, 03, 0 in the above expressions. The numerical 


results are shown in Fig. 1, where 


V (recoil) =V (20%: t,)' (LS), 


§ 4. Discussions 


Unfortunately, our numerical results are not satisfactory as to the magnitude. 


and sign that are required from the shell model. 


If there should be any corrections which have been discarded in our approxi- 
mations but would modify the quantitative behavior of our potential, it would be. 
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e contribution of the second or even higher orders in (4/iM). A more satisfactory 
olution’ would be to find a mathematical technique which does not resort to the 
-spansion in the power of (4/M). 
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Appendix. S-wave contribution to spin-orbit potential 


To give completeness we have derived the S-wave contribution in the approxi- 
ation that the S-wave interactions were taken into account in the Born approxi- 


ation. 
The additional potential due to S-wave scattering is as follows, 


pea awhen. hy Bs oy ‘ i F, 
= 2H) (H/ M22 | lat 2a) (25) Pa) 


+ (nn) A pla.—as)(—) Fr(@) | 8) 


27 oe y¥ 
— (21) (H/M) NG ner a:) CF" exp(—22) (E-8) 


\ 


i 4 
my (24) (u/M) EL ( =) " ae zx < Meee ) 


x {2pe(ay +20) F(x) + (-d( 4 Mla a Fa) f(E-8), (AD 


paces 
sO Ne [atx sincate [ap Wp (Ox+Op) ” 


0 


ole) = | dee sin (2kr) Nsonenes : 
0 
¢ : if o33(P) 
an a> F(a) = | dk k sin(2kr) \ap Tne RMN 
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This potential is very small in its magnitude compared with the one given by eq. 
(9). 
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First, consideration is given to the influence of the Coulomb interaction of electrons upom 
the electron-ion interaction and the ionic oscillation of an electron-ion gas at high density by 
utilizing a method of normal modes on the one hand and a collective description on the 
other hand. Following these methods, we derive the so-called Froelich Hamiltonian for the 
electron-phonon interaction by eliminating the electronic plasmon from the total Hamiltonian 
completely. As the interactions between electron pairs with opposite momenta and with 
different spins which are essential to the superconductivity are discarded in the method of 
normal modes, the results obtained by this method are considered as valid only for the normal 
state. These important interactions of electron pairs can be taken into account in the col- 
lective description, by means of which the electron-phonon Hamiltonian with the screened 
interaction of electrons is obtained. 

Second, a dispersion equation for the system under consideration is obtained by the sound 
approximation proposed in a previous paper, which proves to be equivalent to Sawada’s pair 
theory for small momentum transfers. The dispersion equation obtained exhibits a “ metastable ” 
state corresponding to the phonon excitation. The eigenfrequency and the decay time are 
estimated for a certain region of wave numbers. By the perturbation expansion of the 
density matrix in the sound approximation a relationship between the correlation energy 
and the dispersion equation is pointed out and the role of the Coulomb interaction of electrons 


is illustrated graphically. 


§ 1. Introduction 


In the previous paper referred to as I,” the so-called sound approximation. 
has been introduced by. linearizing the equations of the density matrices to obtain 
the excited levels and the correlation energy of an electron gas immersed in a 
uniform positive charge distribution. In another paper referred to as II”, the dis- 

persion equations and the correlation energy of an electron gas with the Bloch elecron- 
phonon interaction have been studied. There the Coulomb interaction of electrons 
has been considered separately and the plasma mode has been eliminated from the 
Hamiltonian by a method of the collective description, in which the problem of the 
subsidiary condition unsettled in Bohm’s theory” has’ been solved. Although the- 
sound approximation is exact in the high density limit and capable of yielding the 
correlation energy identical with the result of Gell-Mann and Brueckner,” we have 
been satisfied with the result identical with Macke’s” of less accuracy in the high 
density limit by discarding a number of perturbation terms beyond the second order. 
‘Further we have found in dealing with the electron-phonon interaction that the- 
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sound approximation or the linearization method becomes so poor for this inter: 
action that it leads to a divergent result. In this approximation only the interaction 
between electrons and holes are considered, the other important interactions being 
neglected, especially the interactions between electron pairs with opposite momenta 
and with different spins which are essential to the superconductivity.” 

As pointed out by Bardeen” and Nakajima,” if the Bloch interaction between 
electrons and phonons is employed the Coulomb interaction does not appear explicitly. 
With the use of the collective description of Bohm and Pines,” Bardeen and Pines” 
refined Nakajima’s theory to derive the Froelich interaction appearing in the theory 
of superconductivity,” starting with the Hamiltonian having the attractive Coulomb 
interaction between electrons and ions and the energy of the ionic oscillation with 
frequency 2,= (4anze’/M)'”, where n, z and M are the electronic density, the 
ionic charge and mass. Following their standpoint we shall consider the electron 
ion interaction by means of three methods; the method of normal modes similar 
to Sawada’s,’” the sound approximation and the collective description. 

In section 2, considering the commutation relations of the density matrices on 
the linearization assumption, we shall show that the sound approximation is equivalent 
to the method of Gell-Mann and Brueckner* in obtaining the correlation energy, 
the energy shift for the fully degenerate state. In sections 3 and 4, dealing with 
a method of normal modes equivalent to Sawada’s pair theory,” it will be shown | 
that the interaction between electrons and phonons corresponding to the Bloch inter- 
action for metals is derived by eliminating the interaction between the electronic 
plasmon and the ionic plasmon. It can be pointed out that the matrix elements 
for transitions of the individual electrons almost perpendicular to the Fermi surface 
become negligibly small compared with those almost parallel to the Fermi surface. 

Recently, Wentzel’” has proposed a method of “equivalent Hamiltonian” to ~ 
obtain the dispersion equation, the correlation energy and the diamagnetism of 
an electron gas at high density. In this theory the Bloch interaction and the 
Coulomb interaction have been introduced simultaneously. As above-mentioned, if 
the Coulomb interaction of electrons is introduced in the explicit form the attractive 
‘Coulomb interaction between electrons and ions should be empioyed. Taking account 
of this point, we can obtain the dispersion equation compatible with the picture of 
Bardeen” and Nakajima.” In sections 5 and 6, the dispersion equation will be ob- 
tained by the sound approximation. From. this dispersion equation the phonon 
frequency and its decay time are estimated. In the appendix the role of the Coulomb 
interaction of electrons will be illustrated graphically by expanding the density : 
matrix in a sum of linked clusters. 

In the method of normal modes the interactions of excited electrons and of 
holes between themselves are completely neglected. As pointed out by Bardeen, 


Preliminary reports have appeared in: Busseiron Kenkyu 3(1958), 83; 354; 4(1958), 1; Prog. | 
Theor. Phys. 20(1958), 245. 
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Cooper and Schrieffer® the interactions between excited electrons or between holes 
with antiparallel spins are essential to the superconducting state. Therefore we can 
expect no superconducting state from the method of normal modes. Recently 
Bogolubov and his co-workers” have made a distinguished contribution to the theory 
of the superconductivity. As long as the Coulomb interaction is concerned, inspite 
of their exact formulation, its complexity seems to prevent us from arriving at a 
quantitatively definite result. 

In section 7 we shall separate the plasma mode by means of the collective 
description proposed in II in order to consider the same problem as dealt in section 
4, Following this method, we can take the interactions between holes and holes 
and those between excited electrons and excited electrons into account. ‘The total 
Hamiltonian splits up into the plasmon energy, the phonon energy, the energy of 
screened electrons and the interaction energy between screen screened electrons and 
‘phonons which becomes of importance in the theory of superconductivity. 


§ 2. Commutation relations of density matrices 


On the linearization assumption proposed in II, we shall consider a method of 
normal modes which proves to be equivalent to Sawada’s pair theory, in which the 
interactions of holes and of excited electrons between themselves are solely discard- 
ed. It can be shown that these interactions disappear in obtaining the energy shift 
for the lowest state. This is considered to be a reason why these two methods of 
approach lead to the identical expression for the correlation energy of an electron gas 
at high density first given by Gell-Mann and Brueckner.” 

Now, we consider the commutation relations of density matrices expressed in 


the quantized form 
g (P,q) =a* (P—3q)a(P+3q), (2-1) 


‘where a* and a are-the creation and annihilation operator anticommutative with 
‘one another except that [a(P), a* (P)|,=1. Here we denote g(P, q) by Bp(q) 
if (P-q) is positive and by B*(—q) if (P-q) is negative. As will be shown 
readily, —(P-q) implies the frequency of g(P-q). From the anticommutation re- 


lations of a* and a we find 
[9(P, q), CP’, q’) |=a* (P—3q) a(P! +39!) 9 r+ainr-@ro 
—a* (P!—}q')a(P+39) O prs gt PID. (2-2) 


According to the linearization approximation we ignore the correlation between dif- 
ferent momenta q and the above expression is replaced by 


Lg (P, q)> g(P',-q') |=[2(P— 44) —2(P+4@) J Onrr Oanr ? (2-3) 
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[B,(q), Bz (q’)|, (Pq) >0, (P’-q’') >9, 
= Be(* @); Beg (egy Oe 
etc., (2-3)! 
n(P) =a*(P)a(P) . 


Further, if the state P—Jq is occupied and state P+4q is vacant, (2:3) may be 


written as 
[B,(q), Bz, (q’) |=O pe Oogt > (P- q) = O. (2- 4) 


Among the quantities g(P, q) those specified by two momenta, P—4q and P+4q 
lying within the Fermi sphere, can be considered as creating a hole at P-+-4q and 
annihilating another hole at P—q. Therefore these quantities give rise to inter- 
actions of holes between themselves. In the same way, the quantities specified by 
two momenta lying out of the Fermi sphere give rise to interactions of excited elec- 
trons between themselves. If we are permitted to exclude these interactions from 
the Hamiltonian, we have only to deal with those operators B7(q) and B,(q) re- 
presenting a creation and an annihilation operator of a pair of electron and hole 
creating a pair out of and annihilating a pair into the Fermi sea. In place of 
(2-4) we can put 


[B,(q), BE, (q’) |=%rp, Onis \P—4q|<Ph > |P+3q| ao 3 (2-5) 


for these operators, where P—4q lies within the Fermi surface and P-+4q lies 
out of it. These operators are precisely equivalent to Sawada’s operator composed 
on the analogy with the positron theory. As these boson Operators are composed 
referring to the Fermi sphere, their objects of application are inevitably confined to 
cases of weak interactions. In cases of considerably strong interations for which 
non-degenerate states play an important role, the commutation relations (2-5) become 
physically less meaningful. For most cases, however, (2-5) may be considered as 
valid with sufficient accuracy. 

In I, on the analogy with Tomonaga’s theory of sound waves,” we have intro- 
duced creation operators 5* and annihilation operators 6 in place of B* and B by 


BF (q) = (2/q)"” YE3SP BE(q) (2.6) 
b.(q) = (2 /q) YE3FB,(q) , (2-7) 


where s stands for a radial vector in the (x, y)-plane perpendicular to q and the 
summations are carried out along the z-axis under the condition (P-s)=s?, For 
these operators we can obtain the commutation relations 


[b.(q), b¥(q’) |= (277/q) Sepstln (P—q/2) —n(P+q/2)] Over Si, (28) 


from (2-3). Contrasted to (2-5), even if a number of holes and excited electrons 
exist in the neighborhood of the Fermi surface, (2-8) can be written as 
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[b,(q), bs (q') |=9,,, Onn: (2-9) 


for small values of s and s’ as well as for small values of q and q’. For operators 
with large values of s and s’ (2-9) is not valid any more so that it should be re- 
placed by (2-8). As will be shown in section 5 and Appendix 2, the correlation 
energy obtained by using (2-9) is identical with the result of Gell-Mann and 
Brueckner in the absence of the ionic motion. 

Next we shall inquire about the fundamental reason why these three different 
methods, Gell-Mann and Bruekner’s, Sawada’s, and the method of sound approximation, 
lead to the identical result. As is well-known, the energy shift for the lowest state, 
familiar as the ‘ 


> 


‘vacuum ”’ polarization in the quantum electrodynamics, is given by 


the contribution from the closed loops of linked clusters in the expansion of the 
S-matrix."”’””"» The terms corresponding to these closed loops are composed of 
the linked products of contractions introduced by Wick.*” According to the lineariz- 
ation procedure the contraction of the density operators p(q,t) and p(q’,t') 
becomes 


(0(q, £4), e(q’t’)) = 
Dan (P— (q/2)) —n(P+ (q/2)) ] exp [—iwp(q) (t—t/)] 0,_7 , t>t 
(Sin(P+ (q/2)).—n(P— (q/2)) sexp [—iwn(q) (’—2) Og, >t, 
m=h=1 i (2-10) 
where w,(q) =|(P-q)| implies the frequency and we have used (2-3) assuming 
p(q, ) = 29 (P, q) exp[—1(P- 4) 
= >1{B*,(— q) exp [tw, (q)¢]+ Be (q) exp[—iwr(q)t]}, 


If the interaction energy is a functional of the density operator the correlation 
energy is given by a sum of the averages of the linked products of contractions 
with respect to the fully degenerate state, the “ vacuum ”’ state satisfying 


B,(q)|0>=0. 
These averages are expressed by 


4, (te 2) oy = (T\e(4, a eq, t’) Do= Dir—amaisre exp | —iw,(q) ak > Oo—or 


P+(1/2)q|> Po 


(2.11) 


where T|::-] means the chronological operator and (.), the average for the fully 
degenerate state. For a small momentum transfer q we integrate ovel the compo- 
nent of P parallel to q obtaining 

NS (ag Pe (9/27) >) exp| —iw,(q) |¢—2/|], Ogg» (2-12) 


which is the contraction in the sound approximation, where s stands for a two 
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dimensional vector in a plane perpendicular to gq. The expression (2-11) can also 
be derived from Sawada’s theory which neglects the interaction of holes and of ex- 
cited electrons between themselves and by assuming the commutation relations in 
the form given by (2:5). 

From these facts we can see the equivalence in the above-mentioned three 
methods. The same conclusion can be derived from the expansion of the density 
matrix in the low temperature limit (Appendix 3). In section 5 we shall evaluate 
the correlation energy by expanding the density matrix in terms of the products of 
contractions replacing the time variable ¢ by the imaginary time t=7¢ proportional 
to the inverse temperature. 


§ 3. Ionic oscillation 


In the following we shall consider the transformation of the interaction between 
electrons and ionic plasmons due to the mutual interaction of electrons. This problem 
has been ivestigated by Bohm and Staver’ and by Overhauser’ by applying the 
Thomas-Fermi approximation, and more recently by Bardeen and Pines® by utiliz- 
ing the collective description. In these theories the energy of ions has been assum- 
ed as 


H®=4S\H© (q), H® (q) =P(q) P(—q) + 2°Q(q)Q(—q) —2, (3-1) 


where {, is the frequency of the ionic plasmon mentioned in section 1. The at- 
tractive Coulomb interaction denoted by V®® is expressed in terms of the coordi- 
nate of the ionic plasmon Q(q) in the from 


VeP =F VO" (q), VEO (q) = — (4ze*/q?)?. 2 0(q)Q(—q) +(— 4) Q(q)], (3-2) 
Q(q) =a (M/No) (q) (3-3) 


where o(q) stands for a fourier coefficient of the density of ions (unit volume). 

As shown by Bohm and Staver, the frequency of the ionic oscillation modifi- 
ed by the mutual Coulomb interaction of electrons can be obtained from the lineariz- 
ed equations of the Thomas-Fermi approximation. Remembering that such a linea- 
rization procedure has been initiated by Bloch” in his theory of sound waves, it 
can be shown that the same result as Bohm and Stayer is rederived from Bloch’s 
theory. Here it deserves to notice that our method of normal modes as well as 
Sawada’s theory may be considered as a generalization of Bloch’s theory of sound 
waves. On the other hand, the theory of Bardeen and Pines is based upon Bohm’s 
collective description, which, however, involves something dubious concerning the 
subsidiary condition and the cut-off wave number leading to the overestimation of 
the correlation energy as pointed out by Gell-Mann and Brueckner.”” Recently, 
Bogolubov and his collaborators have applied Sawada’s theory to the theory of 
superconductivity to investigate the influence of the Coulomb interaction of electrons. 
Here we should make a contribution to the problem of electron-ion interaction obtain- 
ing the Bloch type interaction between electrons and phonons, the dispersion equ- 
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ation furnishing the phonon frequency and the correlation energy with the aid of 
the method of normal modes on the one hand and of the collective description 
on the other hand. 


Now the total Hamiltonian in the quantized form is expressed by 


H=T+V°+V¢9+4 H®— 27nd \q7, (3-4) 
q 


where T is the kinetic energy of electrons and V® is the Coulomb interaction 
energy and 


T=)>Pin(P), n(P) =a*(P)a(P), (3-5) 


VO=3SIV(q), VO (q) = (4re*/2°) 0(9) 0(—@), p(q) =319(P, gq). (3-6) 


Following the method of normal modes as well as the collective description we can 
separate out the plasma mode of electrons from the Hamiltonian and the interaction 
energy V“? splits up into the interaction between the electronic plasmon and the 
ionic plasmon and the interaction between the individual modes of electrons and 
the ionic plasmon V“”. After eliminating the former interaction, we find an inter- 
action between the individual screened electrons and the plasma phonon, the modi- 
fied ionic plasmon V“”. The coupling parameter of this interaction may be con- 
sidered as corresponding to Bloch’s parameter in the theory of electric conductivity. 
The phonon frequency involved in this parameter is real contrasted to the imagi- 
nary frequency given by Wentzel which will be discussed in section 5. 


§ 4. Method of normal modes 


The essential point of the method of normal modes lies in replacing the kinetic 


energy of electrons T by 


uh ~—/{_ t : 4 
T=1ar(a, B~=(Ge-) [4 se 
T (q) =S\or (q) BB (q) BE (q) + BY (—9@) B-2(- 9). (4-2) 


Then the total Hamiltonian becomes separable with respect to the momentum 
transfers q so that it can be easily diagonalized. Instead of diagonalizing the total 
Hamiltonian directly as done by Wentzel, we here diagonalize the electron energy 
H®=T+V®© with the aid of the normal coordinates given in Appendix 1. F rom 
(A-1-8-9) the density operator p(q) 1s expanded in terms of the normal coordi- 


nates as 


After this paper had been written, we read the recent paper of Pines and Noziéres in which 
they show that their result for not so extremely high density becomes identical to the value ex: 
trapolated from the expression given by Gell-Mann and Brueckner. As will be pointed out in 
Appendix 1, the collective description given here proves to be exact in the high density limit. 
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e(q) = 2ily-2(— 4) 47 2(—4) +u5(q) 9° (q) |+F (q) » (4-3) 


where 7* and y are the creation and the annihilation operators of the individual 
modes, € the coordinate of the electronic plasmon and »* the normalization factors. 
Accoordingly, the total Hamiltonian splits up into the energy of the individual modes. 
H“), the interaction energy between the individual modes and the ionic plasmon 
Vand the energy of the two plasmons H™. Explicitly, these energies are 


H=HOML YOO. TO | (4-4) 
HOM =SS1 2p (q) {98 (te (@ +3} —or(q)/2], sar, 
q £ 


VO = — SS) (Are*/q) Qi v=p (q)4* p(— @) +b (q) 7p (q) ]O(—4@); 
q P (4:6 


H® =}S\H® (q), H(q) =0(q)o(—q) +038 (q)F(—) 
qT 


—w,21€ (q)Q(—q) +€(—q) Q(q) ]4+ 4H (Q), (4-7) 


where 2,(q) stand for the zero-points of gp(q) (A-1-5) except for the plasma 
mode. First, the Hamiltonian H® is readily diagonalized by an orthogonal trans- 
formation 


$(q) =O,0;(q) + O45 (q) (4-8) 
O(q) =0,4,(q) —O,6,(q) 

Op= (1/2)"7[1 = (0%: — 2?) / (2 — 2) PY? (4-9) 
O,= (1/2) [1+ (coy — Qo") / (23 — B) }? 


where @, and @, represent the plasma phonon and the plasmon with frequencies 2, 
and 2, respectively. These two modes resemble the acoustical and the optical 
branches of an ionic crystal. The eigenfrequencies are given as the two roots of 
the secular equation 


(cp: — 27) (2, — 2?) —22u?=0, (4-10) 
whose smaller value becomes 
p) 2 
= 3 eon q)?-+0(g') + (4-11) 
\ We 


The corresponding result given by the Thomas-Fermi approximation is 
2® (q)'=4(2z/M) on(q)?+0(q') +>, (Q/o,.)?=2/M, (4-12) 


being somewhat smaller than (4-11). The larger frequency becames slightly larger 
than the electronic plasmon frequency (see (6-2)). After all H® turns out into 


FO =$317(9) *1(—q) +729) (=) + 2770, (q) 0,(—q) 


+27", (q) G(—q) — 2y], (4-13) 
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[95(9), 73(q!) |=, F=1, 2. 


‘We neglect the interaction between the plasmon and the individual modes, then 
the interaction between the plasma phonon and the individual modes takes the from 


VE = —S3S1(2.8;)"" Mi» (—4) 7%» (—4) +M¥(q) 92 (q) i(—@), (4-14) 


M#(q) = (27e?/ 2,47)? Qyvt (q), (4-15) 


where the coupling parameter * (q) corresponds to Bloch’s coefficient. For tran- 
sitions of the individual electrons almost perpendicular to the Fermi surface, (4-15) 
turns out into 


|M$(q)|= 27e"/ 2, )*?Qo/|2e? Pyln|w—op(q) [|], wop(q)~ao (4-16) 


which is negligibly small. On the other hand, for the transitions almost parallel 
to the Fermi surface, namely for wp(q)~0, we get 


|M#(q)|=7q(27e?/2;,)'?2,/|7q?' +2ePy+ te’"q ‘wp (q) |=—7(5/18)*?(2;/Po) 
(4-17) 


using the expression (A-1-6). As long as we are dealing with the method of 
normal modes, we are obliged to discard the interactions between electron pairs with 
Opposite momenta and with different spins essential to the superconductivity. These 
Interactions discarded here will be restored in the collective description (section 7) and 
illustrated in Fig. 1 by the graph of Hugenholtz.™ 
to diagonalize the electron Hamiltonian in the first step and considered the electron- 
ion interaction in the second step so that we may inquire about the relationship to 
the collective description. 

The phonon frequency (4-11) is not the observed one. It is shifted by the 
Bloch type interaction (4-14) to the value given in section 6. Instead of treading 
into this problem, here we have considered the coefficient of the Bloch interaction 
which will be useful for the theory of electron-ion relaxation, especially electric con- 


In this section we have tried 


ductivity. 


a 


§ 5. Dispersion equation 


In order to obtain the dispersion equation we should like to emphasize that the 
method of normal modes is equivalent to Wentzel’s method of ‘equivalent 
Hamiltonian.” From the dispersion equation it is shown that the Fourier transform 
of the propagator for electrons F, is changed into F,/1+, under the influence of 
the Coulomb interaction of electrons. As far as the small momentum transfers are 
concerned, we are allowed to deal with the problem in the sound approximation 
which is exact in the high density limit. The Hamiltonian in the sound approxi- — 
mation corresponding to (4-1) and (4-4) will be given in Appendix 2. From this 
- Hamiltonian the dispersion equation yielding the eigenvalues is readily obtained as 
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Q,(w) =14 F, (wv) —F,(w) Gy (ow) =, (5-1) 
Fi(e) = (8e’/q) Solos —o' |" ere) = 2,7[ 2. —w? |’, (5x2) 


where F,,(w) and G,(w) are the fourier transforms of the propagators for electrons 
and for the ionic plasmon, respectively. The value of F, has been doubled due to 
the spin degeneracy. In the absence of the Coulomb interaction the dispersion 
equation turns into 


o (w) =1—F,(w) Gy (w) =0, (5-3) 


which is in accordance with the result given in I]. Comparing (5-2) with (6-3) 
we can see that the Fourier transform F, is transformed into F,/=F,/1+F,. In- 
spite of such a formal similarity between (5-2) and (5-3) there is an essential 
difference between them such that the zero points of ¢,(w) are confined in the 
right half space exclusive of the imaginary axis, while ¢f(w) has a zero point on 
the imaginary axis. This is the reason why the correlation energy obtained from 
(5-2) is convergent but that obtained from (5.3) becomes divergent. As pointed out 
by Wentzel, the correlation energy is furnished by the dispersion function Q,(o). 
Therefore we can find the dispersion equation from the expression for the correl- 
ation energy given by the sum of the contributions from closed loops, namely from 


< > 


linked clusters for the ‘“‘ vacuum”’ poralization in the expansion of the density matrix 
(Appendix 3). Now the energy shift for the Hamiltonian H,(g) given by (A-2-4) 


becomes””® 


al) S-Di al 30", )I- (ands, 


CT? (q, 7) ber oe (q, ey) y= (q, Came) sens vo (q, t) }o8 (71) > fo) % 4) 


where |7/2] implies the largest integer not exceeding /2. The calculation will be 
given in Appendix 2. Inspite of the fact that the phonon excitation becomes metas- 
table exhibiting an imaginary frequency the correlation energy remain real by taking 
the low temperature limit. It will not be right if one deals with the expansion of 
the S-matrix on the usual adiabatic assumption”. Finally the energy shift is given 


by 
€(q) = | aulin (1 + F, (tu) — Fy (iu) Gy (iu)} — Fy (iu) ], (5-5) 


which can be transformed into 


Ss 1) d |n 6,(w) lf? : 
€9(q) = ss prodeat <n eatte) |" duP (iu), (5-6) 


t 


by adding a large hemicycle on the right-hand side of the imaginary axis and in- 
tegrating by parts, where we have put w=zu. From the first term in the right- 
hand side of (5:6) we obtain the dispersion function ¢,(w@). The Cauchy integral 
in (5-6) is nothing but the zero-point energy of H,(q), hence the former method pro- 
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posed in II proves to be another way of estimating this integral according to the 
Wigner-Brillouin perturbation expansion in the absence of the ionic motion. 


§ 6. Phonon frequency 


The frequency of the plasma phonon given in section 4 is not considered as 
the observed one, because it is influenced considerably by the Bloch type interaction 
In the scheme of the sound approximation the observed phonon frequency is obtain- 
ed from the dispersion equation which may be written as 


P= 02/1—F. (2) . (6-1) 


An eigenfrequncy corresponding to the observed plasma frequency becomes slightly 
larger than the electronic plasma frequency such as 


By =O +2, +0(G) +. (6-2) 


For a momentum larger than 2,/P, we can find an unstable state. The eigenfre- 
quency can be estimated by replacing 2 in f(2) by 2 to the effect 


| 22,|=2,7/1—F,,(Q)|, (im22,/Re®,) =ImF, (2) /1—ReF,(2,), (6-3) 


Om 
tO) Imi, (2) =260/¢. (6-4) 


Wo—f 


ReF, (2) = — (4e*P,/7q°) E sh RR 


In this approximation the frequency becomes pure imaginary, if g<.2)/P) since 
F,(2o) becomes larger than w,?/2,°. For the momenta q, %/P. <q<w,/Po, the 
ratio of the imaginary part to the real part becomes 72,/2w) and the absolute 
value is 2,%a,"/3«,? which is equal to the value given by the Thomas-Fermi approxi- 
mation. Hence the inverse decay time reads 


(I baal Dar = (Qo9/3*? a.) sin (7725/4) $ (6 : 5) 


This result can be improved by inserting the Thomas-Fermi value for the 2 in 
the right-hand side of (6-1) to the effect : 


=~ (Oyn/38e,) sin (722p/4-33!40,) =~ ( ooo (6-6) 
which is considerably smaller than Re2,, by the ratio ~%)/w,. In section 4 we 
have divided the diagonalization process into two steps to obtain the familiar electron 
phonon Hamiltonian. It can be shown that the more or less similar result to the 
above is obtained from (4-14) assuming the dispersion equation in the type of (5-3). 

Here we should point out that the appearance of the imaginary frequency re- 
sembles the fact that the excitation energy of a Bose gas with an attractive inte- 
raction force becomes pure imaginary for small wave numbers.” Noting that the 
improved result (6-6) is valid for small momenta q< Wo/ Poy we can see that the 
real part of the frequency predominates over the imaginary part for the small 
momenta. These excited states of imaginary frequencies with the small imaginary 
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parts are called “ metastable,” while those of pure imaginary frequencies are called 


““ essentially unstable.” 


§ 7. Collective description 


In this section we shall derive the Bloch interaction by the collective descrip- 
tion. This problem has been considered by Bardeen and Pines, but the collective 
description used by them involves at least two dubious points about the subsidiary 
conditions and the cut-off momentum. These points have been criticized by several 
authors.” The difficulties concerning these points have been overcome by a unitary 
transformation proposed in II. According to it, the collective mode is separated from 
the Hamiltonian so completely that the transformed Hamiltonian becomes com- 
mutative with both the collective coordinate and its canonical conjugate.” in terms 
of the collective coordinate ¢(q) and the canonical conjugate 7(q) given in (A-1: 
11) and (A-1-12) the transformation function becomes 


U=U,ULU, > 
Ue iexpiaig) 2 (ail Use lexpilon aCe t as ie (7-1) 


[2(q), B(q’) |= qq, 


where a(q) is the auxiliary variable and $(q) is its canonical conjuagte to repre- 
sent the collective motion. As long as no confusion occurs, we shall be allowed to 
employ the same notations, such as a*, a, B*, B and g(P, q) as used in the above, 
still in the collective representation to describe the individual motion of electrons. By 
the transformation given by (7-1) we can go over from the original representation 
imposed by a set of subsidiary conditions 


B(q)%.=0, B(q) = (wp:/2)'"a(q) +i (20%) "78 (—4q), (7-2) 
to the collective representation imposed by 
(gq) P.=0, Ug) = (epi /2) VF (q) +7 (2a) 10 (—q). (73) 


A quantity in the old representation A) can be expressed in the collective represent- 
ation by 


As Oy AL (7-4) 


First we consider the density operator p(q). Corresponding to (4-3) it is trans- 
formed as 


o(q) =U “p.(q) {ee (P, DIP, q) +4 .&(q), (7-5) 
4(P, q) =(oj;,— 00 —op (q)*\/lon—eop(q)’). (7-6) 
In the same way the total Hamiltonian is transformed into 


H=H®LVO® 4 Hw (7-7) 
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H®=T+ V—3>1o(q)o(—4) +oné (q)§(—q)], (7-8) 
Yi = — 2033 (Are!/q)"" UP, q)9(P, q)O(—4) , ied 


yeh =2218 (9) 8(—4) + on (q) a(—q) | 
~ ee Lod ie-(q)O(—q) eas (7-10) 


where H represents the energy of screened electrons, V° the interaction energy 
between the screened electrons and the ionic plasmon and H” the energy of two 
plasmons. Using the quite similar method as that used in section 4, we can 
diagonalize H” into the form 


FS =42181(Q) i(—4) +2(q) 82(—q) + 27a, (q) a,(—q) 


+ 27.a,(q) @(—q) — 2], (ie WH) 
where 
@(q) =O,4(q) —O,Q(q), — &2(q) =O.4(q) +0,Q(q) , 
[%(q), A:(q’) J=[a2(q), 22(q’) |= qq « (7-12) 


Corresponding to (4-13), the interaction energy between the screened electrons and 
the plasma phonon becomes 


VO —S3S)(22;)"MP (q)9(P, g)a(—9) . a) 
q F 
[MP (q) | =20(27e"/21q")'"4(P, q) yee 


~ (52,/6n)"”| (3P,2/5) — P*cos’0|, cosi?=(P-q)/Pq (7-15) 


where we have again neglected the interaction between the screened electrons and 
the plasmon. For transitions of the screened electrons parallel to the Fermi surface, 
namely” for P=P,, 02/2, (7-15) turns out to be 7(9/10)(2;/P,)**. For 
transitions perpendicular to the Fermi surface it becomes a little smaller as 
m(2/5)*?(2,/P,)” while (4:16) become negligibly small. The screened interaction 
is responsible for this difference which disappears by restricting ourselves to the 
interactions between excited electrons and holes, since the whole quantities of the 
individual electrons inclusive of the screened interaction are expressed by the normal 
coordinates 7%(q) and yp(q) as in the method of normal modes and the whole 
results given in the above are reproduced in the collective description. It is interest- 
ing to compare this interaction of electrons with Bohm’s and Pines’ which reads 


Vi = 27e" Sig *0(q)e(—4); (7-16) 
ToT ; 


| where gq, stands for the cut-off momentum, while the screened interaction given 


here becomes 
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VO =27e'S\q70(q) p(—@) Fem (q)** (QF (—4@)- (7-17) 
q q 


The energy of electrons H inclusive of this interaction contributes to the correl- 
ation energy as the energy for the scattering states of Sawada. This difference in 
the expression of the screened interaction will be responsible for the discrepancy 
between Sawada’s result and Pines’ result. In the present collective description 
the problem of the subsidiary condition has been solved. On performing the cano- 
nical transformation in this section it is not necessary to use the Bose commutation 
relations (2-5) but we may use the more exact ones (2-3). Dealing with these 
commutation relations, we can find the dispersion equation corresponding to (5-1): 
Are*w” n(P) 


‘ =]— —, (7-18) 
Gq (w) (oes = {w— (P-q)}?— (q?/2)? 


which leads to the Bohm-Pines dispersion equation by putting “,=0. 

A merit of the collective description lies in the fact that we can take account 
of the interactions between excited electrons and those between holes with differents 
spins. In Appendix 2, we shall illustrate those graphs discarded in the method of 
normal modes by the graphical representation of Hugenholtz.’” 


§ 8. Summary 


In section 2 we have investigated the method of normal modes and the sound 
approximation from the linearization procedure. It has been pointed out that the 
two methods lead to the identical result for the lowest state of an electron gas at 
high density. In sections 4 and 7 the electronic plasmon has been separated from 
the total Hamiltonian of an electron-ion gas by the method of normal modes and 
by the collective description respectively. In the method of normal modes the elec- 
tron energy has been diagonalized, the interactions between electron pairs with dif- 
erent spins being discarded. In the collective description the screened interaction of 
electrons is left yet not diagonalized giving rise to the short-range correlation bet- 
ween the individual electrons. By this method we can take account of the inter- 
actions of electron pairs discarded in the method of normal modes. The descriptions 
given in these sections cover a similar ground to the Thomas-Fermi approximation 
and these two approaches are considered as affording the more extended and exact 
treatments than the Thomas-Fermi approximation. In sections 5 and 7 we have 
obtained the dispersion equation and the phonon frequency, using the sound approxi- 
mation. It has been shown that the phonon excitation becomes metastable. More 
or less similar results will be obtained by the method of normal modes and also by 
the collective description restricting ourselves to the electron-hole interaction and 
eliminating the real plasmon corresponding to the solution with the largest eigen- 
frequency of the dispersion equation (7-18). The method of normal modes will 
be useful for obtaining the normal electric conductivity, while it is expected that the 
collective description given here is applicable to the theory of superconductivity with 


/ 
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little modification of the present prescription. 


The author thanks Professor K. Husimi for his interest in this problem and 
Dr. Y. Kitano for his discussions. He is indebted much to Professor N. Fukuda 


for valuable information. 
Appendix 1. Normal coordinates 


The normal modes for the Hamiltonian of electrons H®=T-+V have been 
given by Brout™’. These coordinates are expressed in the present notation in the 


form 
[np (q), Chee (Ae) 
a (q) =BE(q) +— b@) So elei (P, P’) Bb, (q) +d, (P, P) B_» (—@)], 
(A-1-2) 
oy ve) | Se ster (PP) Bes (Q) + dy PP) Bim (—@) 
(A-1-3) 
cz (P, P’) =[wp(q) —op,(q) tial", d,(P, P’) =[op(q) tor: (q)]", 
IP'+ 1 |>P,, (prt <p, (A-1-4) 
2 Z 
where the normalization factor »+ takes the form 
vp (q) =¢2(q), (AvIs5) 
gp (q) =1 aa (= [ed CP ee eae i ke). 3 (A-1-6) 
gq? J (27) 
= Ae’) [, wr (q) wt+up(q) 
Reinke) aiktne mq E 2W9 8 wy—wp(q) 
Img# (q) = + 21 Pwp(q)/¢ - (A-1-7) 


Here the spin degeneracy has been taken into account in obtaining (A-1-7).  In- 
versely, Bi(q) and Bp(q) are expressed in terms of these normal modes as. 


follows: 


WiqieinB gy. ee os 2 4 ' typ, (q)c7z (P", P) 78: (9) 
Beye (gis preter P)0_p(—Q) + 422/@?) ¥(q) fo — or (Q)} 191g) 
Pilon op(qy} t(—4q))- (A-1-8) 
A 2 id se , 
Bela) =a) + | ays bin Dei (PY Pe (@) 


—vip(—q)d,(P", P)4*p(—4@)] (A+1-9) 
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+ (Are*/@?) vy. (q)[ {on — er (q)} 2 (q) — {w,,—wp(q)} PUGH 
Da nieg' 


where %{*(q) and %{(q) are the creation and the annihilation operator of the ele- 


ctronic plasmon and 


Hg) lala ar ee More) | 
We =47Ne*, Wp = We + (3/5) a9 +. (A-1-10) 
The coordinate of the plasmon is given by 
= (q) =[2e(q) "LA (—q) +A (@)], (AMICgy 
&(q) =iop(q) /2)"(U* (q) —U(—q)]. (A-1-12) 


Further, it deserves to notice that these normal coordinates (A-1-2) and 
(A-1-3) become the normal coordinates for the energy of the screened electrons in 
the collective description, too, and that the energy for the scattering states of Sawada 
is given as the expectation value of H® for the lowest state satisfying 


yp (q)?.=0, (A-1-13) 
together with the subsidiary conditions (7-3). To prove this we have only to point 
out that 

LZ, 72(q) |=or(q)76(q), [H®, 7r(q) |= — or (q) yr (q), 

LAT, U*(q)]=LH®, 1g) |=0, OE dee 
which imply that there is no matrix element combining these normal modes with 
the plasma mode, the unique independent mode to complete the orthonormal set. 
As the plasma zero-point energy is absorbed in the auxiliary field, it does not ap- 


pear in this expectation value, which is shown to be in accordance with Sawada’s 
former result discarding the plasma energy. 


Appendix 2. Sound approximation and correlation energy 


In the sound approximation there appear the operators 5* and b defined by 
(2-6) and "(2 °7) “instead .6f°B* and, "THe Hanihonian corresponding to (4-4) 
can be obtained by insterting (27/q)""b.(q) and (27/q)""b*(q) for Bp(q) and 
B}(q) respectively and the two dimensional sum (q/27)>'\, for the three dimen- 


sional sum >}p in the expressions (3-6) and (4-2). In place of e(q) and T(q) 
we get 


e(q) =>1e9 (ex q) =F (q/27) jag (2e,)*"q,.(q) ? (A-2 2 1) 


T5(q) = 1P.(q) Px (—4) + or (q)"a(q) & (— 4) —o,(q) }, (A-2-2) 


where we(q) = (P,’—s*)'"g and the coordinates gq, and p, are 


} 
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Gr (q) = (20,)-[b6¥ (—q) +,(q) ], 


| (A -2-3) 
Pr(q) =1(e,/2)""[b% (q) —b,.(—@)]. 
Accordingly, the Hamiltonian is expressed by 
As(q) =Ts(q) + V8(q) + VE (q) +H (q) , (A-2-4) 
VY (q) = (4e*/q) = (a5) "GQ (G) ds(—q) 5 (A-2-5) 
VS? (q) = — (e*/q) 203 \04"q,.(q) O(—@) +4(— 4) Q(q)]. (A-2-6) 


In the sound approximation as well as in the method of normal modes we are 
obliged to discard those graphs representing the interactions between electron pairs 
with different spins essential to the superconductivity as illustrated in Fig. 1 (a) 
by the Hugenholtz representation. 


(a) (b) 
Fig. 1. Hugenholtz Graphs for V‘e-*); «— electron line, —> hole line,------.-- ionic 
plasmon line. (+) ; +spin and —spin. 
(a) A graph discarded in the method of normal modes representing the inter- 
action betwen different spins with opposite momenta +/. 
(b) A graph representing the interaction between electrons and holes. 
Now from the expansion of the density matrix given by (5-4) we can express. 
the energy shift €,(q) by a sum of the following products of the propagators 


ao 


= n me U Tera ouey es 16, T1— TT —T. soe 
cold) == SU(—D"/n SiC Nelo 1) [oe dee deDy li) Si(—2) 


OS eee: Tom) ig hate path gl fa 7) 0 (Hh, (A-2-7) 
where D,(<—7’) stands for the propagator of the ionic plasmon and S,(7—7<’) the 
propagator of the electron pair shown by a dotted line and a solid line, respective- 
ly, in Fig. 2. These quantities are defined by the contraction given by the averages. 
of the T-products with respect to the fully degenerate state as follows: 

S,(t—2") = (8e/g?) (Tl 00g, 7), 0(— 47s) IPo= (4e*/g) 3 exp |— (9) je-—7"|}} 
(A-2-8) 


D,(¢—#/) =OXT{O(q, 7), Q(— 4,7) Do= (Mo/2) exp[—So]2—71], (A-2-9) 


where i|t| in (2-12) has been replaced by |t|. The Fourier transforms of these 


| propagators F, and G, appearing in the dispersion eqution (5-1) are defined by 
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Fr, iu) =|" deS,(=) exp [ine] = (Ae Po/2q°) R(u/ Pod) 
cs (A-2-10) 


Riz) =1—gtan- 2, 
G, (iu) =|" dtD,(t) exp [iat ]=2,7/ (w+ 2,"). (A-2-11) 


N,(m,n) in (A-2-7) implies the number of identical sets of the contraction products 
appearing in the expansion of the density matrix. To clarify the role of the Coulomb 
interaction of electrons we illustrate this number in Fig. 2 for m=1, n=4. If n=*m 
there appear 2(2m—1)! idential products for the interaction Vie . Dbese ite 
ducts are represented by a closed alternating chain of the m electron lines and the 
m plasmon lines. N,(m,m) can be counted by adding n—2m points corresponding 
to the mutual interaction of electrons V® to the m electron lines in each one of 
the 2(2m—1)! closed chains. In ‘this way we obtain N,(m,)=2(2m—1)! 
(n—m—1) !/(m—1) !. 

Without any fuller analytical computations, by 


\ bs 

\ \ replacing 1—G, (iw) by Wp)/Wp +25 3 u=Poge, Ge= 
' Wm / Po (cut-off wave number of Sawada) it can be seen 
H / that the absolute value of the correlation energy is 


’ 4 


reduced slightly by the ratio w;,/% corresponding 


i ; f =4.n= 13 3 ° 
a aset pgs al to the result of Herring.” One might suspect that 


N, (1,4) =4. : ; ; $ AN ood 

ai eah cihibeeie eee taut fie the correlation energy is not imaginary inspite of 
contraction products N, (m,n) the appearance of the metastable phonon state. 
can be counted as the number Here, instead of treading into details of this problem 


hs indicating th ibl : 
nes eae Ch eh ce we would point out that the lowest energy may 


ways of adding the n-2m 


wertiGesHeHehe Coulomb Ginger remain real even if the exited states are metastable.” 
action Ve)(qg) to the lines of 
electron pairs in the graph of Appendix 3. Energy shift for the 


the 2m-th T-product for the 


: low 
free electron pairs and the est state 


ionic plasmons represented b : J i 
ieee ‘a a By expanding the S-matrix on the usual adiaba- 
an alternating closed chain of 


A! Solid Rheee Ra Brien tic assumption we arrive at an expression for the 
lines. correlation energy identical to (5-7) except that 
the contour integral is performed in the upper half plane.” If an imaginary pole is 
enclosed by the contour the imaginary correlation energy would result. Even in such 
a case, the correlation energy is not always imaginary if the integration is perform- 
ed enclosing the whole right half plane. This contour integral is given by the ex- 
pansion of the density matrix in the low temperature limit. In general, for a 
Hamiltonian H=H,+V we define D, and D, by 


exp (*H1) =D,(z) exp (tH), exp (—tH) =exp(—7M) D,(r) , (AeSnd) 
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ae ce} hs 0 _ 1 e*n—1 
Di@)=143(—"| desl deve | deg Ve) Vea) 


De) =14 3-1)" de dea | degV (a) VG) a 
n=1 0 0 ns > 


J0 
V (ct) =exp(tH) V exp(—tM) . 
Then we find that 


D(co, — 00) =lim D,(t)D,(—=) A 
ia -3-3) 


© ze ao Ti *n=1 
=14(—9"|" def dey den) Ve), 
which is identical to the expansion of the S-matrix except that the coefficient 
(—i)" has been replaced by (—1)”.* Now the energy shift for the lowest state 
H,|0)=£,|0) is furnished by 


(0|D(co, —c)|0)=expM,, M,=—270(0) 4 (A-3-4) 


where 0(0) =(27)7? lim|" dz exp(iat). The expression (5-4) given by the sum 


of the linked clusters is identified to JE, given here. We have not trodden into 
the details of the proof of this result as it will readily be found in the same way 
as shown by Gell-Mann and Low,” and more recently by Hubbard” and by Sucher,” 
noting that 


lim HD,(t)|0>= lim E,D,(z)|O>, lim <0|D,(z)H=lim <0|D,(z) Eo, 


ed 
AE, = jae ae fee. 
and introducing the adiabatic parameter @ as 


Va(t) = V(z) exp (—4|z|). 
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A generalized Rankine-Hugoniot relation for hydromagnetic shock waves propagating 
perpendicularly to the magnetic field is discussed. Then the interaction of the shock or 
rarefaction waves with the contact surface on which the magnetic field has a discontinuity is 
analyzed by a graphical method. 

The motion of the high temperature part of a plasma surrounded by the strong magnetic 
field and the electric current is investigated applying the result of the above analysis. It is 
shown that under some initial condition the contracting motion of the plasma occurs succeeding 
its expansion. 


§ 1. Introduction 


The hydromagnetic shock waves have been investigated by several authors.”~™ 
The results obtained by them show that the propagation of shocks is generally 
complicated for the arbitrary configuration of the magnetic field. However, it was 
shown by Taniuti® that the analysis of the fluid with infinite conductivity can be 
comparatively simplified, and that the propagation of hydromagnetic waves may be 
described in the way analogous to that of the ordinary hydrodynamics so far as the 
one-dimensional propagation of the hydromagnetic wave perpendicular to the magnetic 
field is concerned. 

In the present article, we deal with these perpendicular shock and rarefaction 
waves and their interaction. In § 2, the various shock relations, involving an equation 
which corresponds to the Rankine-Hugoniot equation in the hydrodynamics, will be 
presented.” The analysis of the interaction between the shock, rarefaction wave 
and the contact discontinuity will be given in §3. In § 4 we shall discuss, on the 
basis of these results, an initial value problem in which the fluid is initially at rest 
and the high density part of the fluid associated with a weak magnetic field is 
surrounded by the low density part with a strong magnetic field. The subsequent 
behaviour of the fluid and the magnetic field will be calculated in detail and it will 
be pointed out that under certain conditions the contact surface can oscillate due to 
its interaction with the rarefaction and shock waves. 

We hope that this result concerning the motion of the contact surface may be 
of some use for the qualitative explanations of some experimental facts, resulting 
from the pinched discharge in the cylindrical tube, although it may ber difficult to 
find any actual phenomenon exactly corresponding with this kind of initial value 


problem. 
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§ 2. Shock relations 


In the following considerations we confine ourselves to the one-dimensional case 
in which the motion of the fluid is restricted to the x-direction, the magnetic field 
lies in the z-direction and all the quantities are independent of y and z. 

The two constant states (1) and (2) separated by the shock front are specified 
by the pressure p:, fp», the density 1, (2 (the specific volume +, 7), the flow speed 
uy, WU. and the strength of the magnetic field H,, Hj. The indices 1 and 2 will 
apply to the state of the fluid ahead and behind the shock wave, respectively. 

Then the conservation laws of mass, momentum and energy are expressed as 


follows: (cf. references 2) and 3)) 
(1 V1 = 02V2=M , (2-1) 
pitmor+Ay/ (87) = pat pov. + H,’/ (87) 5 (2-2) 
vor /2 +é,+ pi 7) + vy, Jeb (Az) = 2 V2 G72 2 +p». 72) + V2 H?/ (47) > (2-3) 
where v=u—U, and U is the speed of the shock front. The internal energy ¢ is 
a function of p and <. In our consideration, it is assumed that the electric con- 
ductivity of the fluid is infinite so that the magnetic flux is “frozen” in the material 
throughout the process, and that the following relation holds : 
Ai, /0:= Fh/o2.= , (2-4) 
where « is a constant. 
1) Hugoniot curve 
Following the way familiar in the fluid dynamics” the Hugoniot relation is 


obtained from (2:1), (2:2), (2:3) and (2-4): 
He (p, 7) =e (p, 7) + H?z/ (82) —e (pi, 71) 


med ealeoe/ ASTD, le.2G ta) kB at PO. (2-5) 
where p* is the sum of the gas pressure and the magnetic pressure p,,=H*/(87),” i.e. 
p* =p +H"/ (8). (2-6) 


36 (p, 7) is the generalized form of the Hugoniot function in the fluid dynamics. 
For polytropic gases with 


e(p,t) =1/(7—I pe = (1 — 1") / (2?) pe, (2-7) 
the Hugoniot function is given by 
He (p, =) S°/ 62) (8/0 3 ery tere) 
+1/ (22) (pt— pirate pit—/ pr) =0, (2-8) 
where 7 is the ratio of the specific heats and y is defined by ”’=(7—1)/(7 +1). 


The equation (2-8) gives all pairs of values (<, p) for the state on one side of the 
shock front in terms of the values <,, p; and H, (or «) on the other side. 


Interaction of Hydromagnetic Waves All 


In the following we consider the ( p*, )-relation instead of the (p, 7)-relation. 
Equation (2-8), then, becomes 


Pt pi t+ (pi*t— p*r) +47 (3?—1) / (82) (1/7—1/7)) =0. (2-9) 


Here it should be noted that from equation (2-6) the total pressure p* is restricted 
by the inequality : 


p* > Hi?/ (87) (74/ Eieax) > (2 ‘ 10) 
li) Properties of the Hugoniot curves (for polytropic gases)” 
It can be easily shown that in the (7, p*)-plane the Hugoniot relation is re- 
presented as a continuous curve, the main features of which are not different from 


those of the fluid dynamics.” Here, we summarize simply the results of the calcu- 
lations: (see Fig. 1) 


, for p*ro, 
for e = H?/ (87) Ceiaserey) 3 


where 7,,,x 1s given by the cross point of 
two curves, the Hugoniot curve (2-9) 
and’ curve p*=H,?/(87) (<,/t)”, and is 
the root of the third order algebraic 
equation with respect to 7. One can 
easily see that t,x lies in the following 
region : 


i T1< Tmax < Tad fe (2 “ il 1) 


Fig. 1. Hugoniot curve, 9%=0(#2t,<t<tmaz)> 

characterizes all pairs of values (r,p*) for the We do not present the actual value of 
state on one side of the shock front that are 
compatible with the shock relations when the : ‘ 
values (t,,;*) and H, (or «) on the other the following discussions. 


side are given. 


Tmax explicitly, since it is unnecessary for 


B. Along the Hugoniot curve, 
dp*jiac<0, ap jd Su, 


DF 


C. If the strength of the magnetic 
field increases, |dp*/dz| increases for the 
fixed value of p* or 7. Hence for the 
same value of |c¢—7,|, |p*—p.*| has the 
larger value for the larger H,. 


D. Consider the two Hugoniot curves, 

9 fe, wer, 3% and 3’, passing through the points 
: / : 

Fig. 2. Two Hugoniot curves, ye and 4’, (x, pr*) and (7, pi*) respectively fy! 


t ints (ty, pi*) (ty, Pi*) : 
| eae a he points (1, pi") (tis Pi 1,). Fora fixed p* we have the points 
| respectively. 
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(ct, p*) on 2 and (’, p*) on i’ (cf. Fig. 2). Then there exist the following 
relations between the volume changes, |7—7,! and |z’—7,’|, (cf. Appendix A). 
(1) If the shock is weak, ie. (p*—p.*)/p*: <1, 


- - -/ -/ 
|c—7,)=|< —7,’| 


where c is defined by (2-12). 
(2) If the shock is strong, i.e. (p*—f~,*)/p.*>1, 


= = / 
, for OAs” ; 


lr— 7S |r, for Asp. 


iii) Properties of the shock transition 
In comparison with the shock transition in the fluid dynamics no other remark- 
able fact is obtainable under our present assumptions and configurations, except that 
the shock velocity exceeds the effective sound speeds c?***” which is defined by 
C=é Hee, 
C,=0p/90, (2-12) 
Ce std (407). 


§ 3. (uw, p*)-relation 


As in the ordinary hydrodynamics,” the (a, p*)-relation is more suitable to 
the following study of the wave interactions than the (7—p*)-relation., 


i) Shock waves (S) 


From the shock relations (2-1) and (2-2), one gets 


I RO areal OY Om (p.* — pi*) / (ua— my) = ty (p.* — pir) / (71-7), (3-1) 
Uz = +b; (ps*), ) 
(3-2) 
h(p*) =(p*-p.)V G—D)/ Gp), | 
where according to the Hugoniot relation (2-9) < is a function of p,*, 7, Hy (or 
K) and! yp%, 
In eqs. (3-1) and (3-2), the upper sign must be taken for the forward-facing 
wave (S,)* and the lower for the backward-facing wave (S.). 
The main properties of the function 4,(p*) are expressed as follows, 


A. 0; (po*) =— bo (pir). 
B. b(p*) 2, 
for p*troa. 
dy’ (prs 0 > 
: dy! (p*) real) 


* The notations S> and Rs, etc., are used in the same meaning as in 7). 


Interaction of Hydromagnetic Waves 413 


D. Corrseponding to the property D of the Hugoniot curve, ie. the relations 


between the volume changes, we have the following relations between the velocity 
changes, 


(1) if the shock is weak, ice. (DE — pi® Vipr* Sly 
|Ju—w|=|e’—u!|, for & iS Cy Pi 
(2) if the shock is strong, i.e. (p*—p,*) /p,*>1 


> 


|u—w,|=|e’—u,'|, for psp. 


= 0; (2*) 
Fig. 3 (a). The pressure behind Fig. 3 (b). The pressure behind a rarefac- 
a shock front as a function of tion wave as a function of a velocity change, 
a velocity change. > a 1)" pt 
8x Tmax ty 
ii) Rarefaction waves (R) 
Across a rarefaction wave R. we have” 
w+ 1() =constant, 
reS ere nae: (323) 
Lp) =\-— dp= | =o 
uv oO OC 
i i) 
respectively, or 
Ug—U=+¢,(p.*), 
‘ee (PX Tp (3-4) 
ay G =) = g do= dp 2 
(Pp { = 
Joo rk 06 


The function ¢,(p*) has the following properties : 


A. i (pr*) = — Py (pi*) : 
h, (p* ; 

ic Sal ae gad {Ot sa —2Od1, 
Gy’ (p*) =O, 

oF h/ (p*) >0. 

D. oy (pir) =! (p1*) . 


jee ¢, (pr) is defined in the domain pe > Pm* = A;?/ (87) aa nda) Cok, (2 : 10) ) ° 
The two functions ¢,(p*) and ¢,(p*) are shown graphically in Fig. 3. 


$4. Interactions of elementary waves 


In this section the interactions between the elementary waves (the shock and 
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the rarefaction waves) and the contact discontinuity are analyzed. Although the 
intermediate states of the interactions are too much complicated to be treated exactly, 
one can determine the elementary waves and the constant states which appear 
eventually after the interactions, making use of the results of the preceding sections, 
in particular, the (w, p*)-relations. 

The main characteristics of the interaction of the elementary waves are not so 
different from those in the fluid dynamics,” if the contact surface does not exist 
initially. 

Hence we first investigate the interaction of a shock wave (S$) and a contact 
discontinuity (T). 

Under the present assumptions, the magnetic field H is always perpendicular 
to the motion of the shock front and has the z-component alone; therefore, it can 
be easily seen that an electric current proportional to |H,—H,| exists on the plane 
of the contact discontinuity, because we have the relation 


( j: electric current ) 


rot H= (47/c)j (4-1) 


Sc: light velocity 

The whole space is divided into the five regions 
(0) ~ (4) by the elementary waves (S,, OF, and OF,) 
and the contact surfaces (T and T’). All the quanti- 
ties in respective regions are specified by the respective 
subscripts. 

Suppose that the fluid is initially at rest, the 
shock S., invades the fluid in the state (0), and hits 
ae eer the fluid in the state (1), at a discontinuity surface 
Fig. 4. The various zones of a T. (c.f. Fig. 4). Then the reflection and the refraction 


fluid before and after the col- of the shock wave occur according to the two formulae ; 
lision between a shock front 


and a contact surface. (a) S,T—>S_.TS,, 


if shock is weak and ¢)% is smaller than ¢c,, 
or if shock is strong and is smaller than ,, 


(b) S,T—>R.TS,, 


if shock is weak and ¢)™ is larger than ¢, /, 
or if shock is strong and is larger than 9. 


These formulae represent the fact that a reflected (OE,) and a transmitted (OE) 
shock waves result in the case (a) whereas a rarefaction wave (OF) is reflected 
but a shock wave (OE,) is still transmitted in the case (b). 

The proof of the above formulae is given as follows. 

On the basis of the results obtained in § 3, the constant states which can be 
connected with the fixed states (0) and (1) by the shock waves S, are represented 
by the curves y and g, (Fig. 5) respectively. 
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Figs. 5 (a) and (b) correspond to the cases (a) and (b) respectively. Then, 
in the way quite similar to that used in the ordinary fluid dynamics, we can determine 


the remaining states (2), (3) and (4) as indicated in Fig. 5. It can also be proved. 
that OF, cannot be a rarefaction wave. 


% 


(3), 4) % 


* 
Po Foy, qa) 
u 5 u 
Fig. 5 (a). Collision between a Fig. 5 (b). Collision between a 
shock front and a contact surface. shock front and a contact surface. 
Case (a) S_T—S,_TS.,. Case (b),S.,.T>R_TS... 


Next we study the interaction of a rarefaction wave (R) and a contact dis- 
continuity (T). In this case the interaction leads at first to a period of penetration 
during which the flow cannot be described as made up of simple waves. If this 
penetration is completed in finite time the regions separated by two emerging 
elementary waves and a contact discontinuity are in constant terminal states and the 
effect of the interaction can be described symbolically as follows ; 


(a) R,T-> R.TR,, for Cofo<cifr » 
(b) R, T 35 i TR, = for CoP > 1 fr > 


where the reflected compression wave in which a shock wave is eventually formed 
is simply denoted as S.. In the present case a shock or compression wave cannot 
be transmitted. If the period of the penetration is not finite and the curves g and 
g, has no cross point within the region (2-10), the analysis is much complicated 
and is not presented in this article. 


§ 5. Application 


We first try to find the flow and the field resulting from an initial state in 
which the plasma on the right-hand side, 2>0, is in a constant state (1) given by 
wu, Pi, t, and Hy, and that on the left-hand side, x<0, is inaconstant state (0): 
ys Po, ts and H,.' The analysis of the interaction process discussed in the previous 
section likewise applies to this problem. 

We are particularly interested in such a special case that in the initial state 
the plasma is at rest (z#=«=0) and the inequality, po* > pi* holds. 

If the magnetic field is put equal to zero, this problem reduces to that of the 
ordinary hydrodynamics which is. well-known in the experiment of shock tubes.” 
In the hydromagnetic configuration described above, the respective values of «(=H/p) 
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are constant everywhere in the two regions, 7 and £, covered by the particle paths 
issuing out of the right-hand side, 2>0 and the left-hand side, «<0 of the z-axis, 
respectively (c.f. Fig. 6), since the initial values of « are constant, equal to Ho/% 
and H,/o, in the two regions, x<0 and x>0 respectively and « is constant along 
the particle path. That is to say, the whole (x, t)-space can be divided into the 
two domains of semi-simple wave, /#@ and £.° Hence in closer analogy with the 


t p* hydrodynamical case we can 

f apply the theory of interaction 

ws Mt i discussed in § 4. The result 

: / R (2), (3) is indicated in Fig. 6, in which 

a) % the region # is composed of 

the two constant states (1), 

0 x 0. u (3) and the shock wave S,, 

Fig. 6 (a). Wave motion if Fig. 6'(b). (w p*)-diagram ~~ the»region 2 is divided into 
a pressure difference exists for the wave motion describ- the three domains, constant 
satiety SRE states, (0) and (2), and the 


rarefaction wave R,.. The both regions RR and £ are in contact with each other 
at the discontinuity surface T. The pressure p,* (=p;*) and the velocity (ws) 
in the domains (2) and (3) can be calculated on the basis of the (uw, p*)-relation 
in §3 and are given in Fig. 6 (b). 

Let us now proceed to investigate the initial value problem involving the inter- 
actions between rarefaction waves, shocks and contact discontinuities. The initial 
conditions are prescribed as follows: at t=O the plasma is at rest, ie. w=O0, the 
pressure p and the magnetic field H are given by 


polo Dee 
po= 


“ae cine © GOL». 
f (6-1) 
deh sO Svinte eal 
H= 
Fie in ie 


in which /,’s and Hs are constant, the domains Dy and D, are defined by |x2|<a 
and |z|>a respectively, moreover, p) is much greater than p: and H, is much 
smaller than FI,’ so that the total pressure f)* is slightly larger than Pal, Ley 
>pi, H.<H, and p,*= p,*. In this case we can safely assume that ™) <7, and 
T0/Co< 71/04. 

This case seems to correspond to a condition which is realized experimentally 
in the process of the pinched discharge. 


' Under this condition it may occur that in D, the cyclotron radius 7 is smaller than the 
collision mean free path 4. It should, however, be noted that in the case 4>r, the hydromagnetic 


equation is also valid in which the velocity « should be considered as the drift velocity if the magnetic 
field is constant.®) 
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Fig. 7. The domain (0) is circumscribed by 
the rarefaction waves R-, R_, and the z- 
axis. The region (1) is bounded by the 
shock S_, or S_ and the z-axis. The domain 
.(3) is adjacent to the state (1) and the 
rarefaction zone and is in contact with T. 
The domain (2) is adjacent to (3) and is 
All the 


quantities in respective regions are specified 


circumscribed by R._ and R.,. 


by the respective subscripts. 


p* 


(2), (3) 
I, (5), (6) 


low pressure, Ps. 
8, the contact surface begins to move backwards due to 
the interaction with the rarefaction wave R., (or R,). 


Suppose that the plasma in D, is of 
much higher pressure and density, or much 
higher temperature than that in D, and 
is confined to be at rest by the magnetic 
field H,, and then the magnetic field H, 
is suddenly, but slightly, reduced at the 
time ¢=0. The motion which follows 
this initial stage is illustrated in Fig. 7. 

Since the pressure f,* is nearly equal 
to p,*, the shocks, S, and S., are quite 
weak and may be considered as the 
magnetosonic disturbances with the effec- 
tive sound speed c. Hence, across the 
shock fronts, the temperature rise is quite 
weak and the plasma velocities in (2) 
and (3) are small, but the pressure 
(temperature) difference across T is suf- 
ficiently large. All these quantities can 
be calculated on the basis of Fig. 6. 

Let ¢, be the critical instance at which 
the first interaction between the contact 
discontinuity T (or T¢) and the rare- 
faction wave R, (or R.) occurs. 


Until this instance, ¢,, the plasma of high temperature 
expands slowly, the surface of which moves with the 
small velocity #2, keeping contact with the plasma of the 


Then, as can be seen from Figs. 7 and 


0 an This backward motion of the contact surfaces leads to 


Fig. 8. (u, p*)-diagram 
for the case described in 
Fig. 7. 


the compression of the inner plasma bounded by them. 
The slow plasma expansion and the subsequent compres- 
sion established above arise, of course, from the large 


difference of the magnetic field across T. 


In the process of the high current discharge, we can find the circumstances 
analogous to that described above. Suppose that the plasma accelerated towards the 
discharge axis by the self-magnetic force is pinched and confined within a column 


of small diameter during a short time interval. 


Then follows the expansion of this 


plasma column. In this last process occurring after the first pinch of the plasma, 
the motion may be considered as if it resulted from an initial condition such as 
corresponding to (5-1). Therefore we can apply the result of the above initial 
value problem to the description of this motion. 
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The results obtained by such analogy are stated as follows. A weak divergent 
hydromagnetic shock precedes with a velocity nearly equal to the effective sound 
speed. Since it may be considered as a magnetosonic disturbance, the temperature 
rise resulting from this shock wave is negligible, though the effective sound speed 
is large if the magnetic field is strong. On the other hand, the inner plasma column 
of high temperature bounded by a contact surface begins to expand slowly, and is 
decelerated immediately by the magnetic field due to the current flowing on the 
contact surface, then tends to the backward motion which leads to the re-compres- 
sion of the plasma. Of course, the practical experimental configuration is cylindrical 
whereas a plane geometry has been considered here, and the actual phenomenon 
seems to be more complicated.* Further it is doubtful whether such an initial con- 
dition as mentioned above is realizable in practice or not; moreover, in the case of 
the actual pinch, the density », is so small that the applicability of the hydro- 
dynamical description is questionable in D,. Nevertheless, one can expect that in 
crude approximation the model under our consideration is of interest so far as 
qualitative discussions are concerned, since it provides an explanation of re-compres- 
sion of the plasma of high density which was already suggested by Kurchatov” 
in connection with the time lag of neutron emission. The present theory suggests 
only the possibility of such an oscillation of the plasma column. The connection 
with other theories’ is not so clear because the theory described in this paper is 
constructed on the basis of the interactions of elementary waves and contact dis- 
continuities** and it seems to be different from that obtained by Leontovich and 
Osovetz."” 

The discussion along the line of the present thought, cannot be expected to be 
valid throughout the process of the pinched discharge. To understand the mechanism 
of this phenomenon we have to wait for more detailed investigation. 
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Appendix A 


The volume change |7,~7,| induced by the shock transitions from the state 
(1) to the state (2) can be derived from eqs. (2-4) and (2-9); ie. 


is oma (—p’)y7, 


Sees eg 3 (A-1) 


* Some qualitative considerations on this point are given in Appendix B. 
With this respect, our theory may have some connection with that given by Allen.1 
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Approximations to this equation for the two extreme cases are presented below 
and imply the property D of the Hugoniot curves described in § 2, ii); 
GL) cisterna. ik ate weak shock (p,.*~p,*), 


Red eati Soe ats sis (A-2) 
C2) = 108 4 yg, tt strong shock (p,*—> co), 
S2 sidy an, OH) i EST (As) 
Pe, ae pr * 4p pi + es 3p?) 12/ (802 Dy p* , 


since t~//7,, for p.*— oo (cf. Fig. 1). 


Appendix B 


In the latter part of §5, we have discussed the two-dimensional motion of the 
plasma with cylindrical symmetry, applying the result of the analysis in the case 
of the one-dimensional motion. It was supposed there that the qualitative patterm 
of the flow would not be much altered by this change of the configuration. The 
validity of this supposition, however, should be examined, in particular near the axis 
of symmetry. (cf. Fig. 8) In this appendix some consideration on this point will 
be given, though it is not rigorous from the mathematical point of view. 

First we present the sets of the equations of the isentropic flow for the follow- 
ing four cases. 

1) Unsteady one-dimensional flow. 


80/At+8pu/dx=0, (B-1) 

du/dt+udu/dx+ (1/p) (Op/Ax) =0. (B:2) 
2) Unsteady two-dimensional flow. 

0o/dt+00U/8r+pU/r=0, (B-3) 

dU /dt+U9U/dr-+ (1/p)9p/Or=0, (B-4) 


where r is the distance from the axis of symmetry and U is the radial velocity. 
3) Steady two-dimensional irrotational flow in the (2, 2) -plane. 


Anw/Az +Apu/x=0, (B-5) 
wodu/dz+udu/dx+ (1/p)dp/Ax=0, (B-6) 
4(w?+w’) +22 ob =constant. (B-7) 
4) Steady three-dimensional rare dpe flow with cylindrical symmetry. 
dow/dz+00U/Or+pU/r=0, (B-8) 
woU/dz+UaU/ar-+ (1/p)9p/Or=0, (B-9) 


4(U+008) + | £2 a =constant. (B-10) 
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Now we consider the steady flow. It has been shown experimentally” that if 
the flow is supersonic in the case 4) with eqs. (B. 8-10) the propagation of the 
weak wave including its reflection at the axis of symmetry is qualitatively similar 
to the corresponding one in the case 3), where the exact analysis is possible (cf. 
reference 7), $$ 114, 115 and 148). This suggests that the appearance of the term 
eU/r in the equation of continuity (B-8) does not affect the qualitative feature of 
the propagation of the weak wave. (This supposition, however, has not yet been 
justified by the mathematical analysis ; for example, the calculation with the linearized 
theory gives a singularity of the velocity field along the axis r=0,'" and the 
exact treatment near the axis does not seem to have been published.) 

Next, we consider the unsteady flow 1) and the steady flow 3), then the exact 
analysis with the method of characteristics shows that the qualitative feature of the 
propagation and the interaction of the weak wave which are symmetrical with respect 
to the axis z=0 is not so different between these two cases. 

Thus as a conclusion from the discussions given above, we can suppose that, 
analogously to the cases of the steady flow, the time dependent propagation of the 
weak wave with cylindrical symmetry is similar to the corresponding one in the 
one-dimensional case. The situation may not be different in the magnetohydro- 
dynamics if the magnetic field is perpendicular to the motion of the plasma where 
we have only to replace p by p* in eqs. (B-1-4). 
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Addendum 


The result of the analysis presented in § 4 of this paper is contradictory to the description in 
reference 7), p. 179, in the limit H->0. Recently, however, the author has received a letter from 
Profs. R. Courant and K.O. Friedrichs in which they have mentioned the correction to the error 
in their book. The author thanks them for their kind communication. 
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The Kirkwood superposition approximation is investigated by making use of the expan- 
sion theorem for the potential of average force and its correction term is found in a form 
of the expansion in powers of particle number density po. The lowest order term of this 
correction is calculated for a special configuration of three particles in a fluid consisting of 
hard spheres and the Kirkwood approximation is shown to overestimate the distribution 
function of triplets in this case. The Kirkwood integral equation with correction is solved 
by expanding the radial distribution function in powers of p. The solution thus obtained is 
shown to be exact up to the order of p?, while the Kirkwood approximation itself does not 
yield the correct term of the order of p?. It is shown that the distribution function of triplets 
can, in principle, be expanded in terms of radial distribtution functions and a few terms of 
this expansion are calculated explicitly, of which the first term just corresponds to the 
Kirkwood superposition approximation. 


§1. Introduction 


The integral equation method for evaluating distribution functions in fluid 
systems has provided a useful means, for instance, to determine the radial distribution 
function itself, to calculate the equation of state, to study the condensation phenomena, 
ete. Since both the Kirkwood»®® and the Yvon-Born-Green®”” integral equations 
involve the distribution functions in sets of three particles in addition to the radial 
distribution functions, it is necessary to introduce the assumption of a_ suitable 
closure, that is, a relation between these distribution functions, in order to solve 
the integral equations. The closure which has been widely used is the Kirk- 
wood superposition approximation in which the potential of average force in a 
set of three particles is assumed to be the sum of the three pair potentials of 
average force. This is equivalent to assuming that the triplet distribution function 
is a product of the three radial distribution functions. 

So far, there have been several methods for estimating the extent of validity 
of the superposition approximation. The most rigorous method is to compare the 
exact expansions of the radial distribution function and the pressure in powers of 
the number density g with the corresponding one obtained with the aid of the 
superposition approximation. This has been done for the case of the third and 
fourth virial coefficients in a system of hard spheres, by Hart, Wallis and Pode”, 
Rushbrooke and Scoins®, Nijboer and van Hove”, and Hiroike. They found that 
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the superposition approximation yields an exact third virial coefficient, independent- 
ly of the potential used. (Meeron’” has shown that this comparison is less signi- 
ficant than it seems since the third virial coefficient is given correctly by any closure 
whatsoever.) However, the fourth virial coefficient is no longer exact and, in the 
case of hard spheres, the discrepancy amounts to about 21.5%. Also, as was shown 
by Nijboer and van Hove, the fourth virial coefficient for hard spheres shows a 
wide discrepancy when calculated via the virial theorem, using the superposition 
approximation, and via the compressibility integral. Thus the superposition aproxi- 
mation seems to be inaccurate even at low densities and gives inconsistent results 
when substituted in different equations. 

On the other hand, the direct comparison” of the equation of state and radial 
distribution function obtained via the superposition approximation with the experimental 
data shows a surprisingly good agreement up to quite high densities. Likewise, a 
comparison with the results calculated by the Monte Carlo method”? shows good 
agreement up to moderately high densities. Thus the superposition approximation 
seems to be more accurate than could be expected from the comparison with the 
fourth virial coefficient. 

Confronting with these facts, several authors have attempted to justify’?’” or 
to improve’? the superposition approximation or to use” it so that it will lead to 
less inaccuracies than those associated with the previous equations. However, it 
seems that the statistical mechanical foundation of the superposition approximation 
has not yet been fully discussed. 

The purpose of this paper is to investigate the Kirkwood superposition approxi- 
mation by means of the general theorem in statistical mechanics. In § 2 using 
the expansion theorem for the potential of average force, the meaning of the super- 
position approximation is clarified and its correction term is given in a form of 
expansion in powers of o. In §3 the lowest order term of this correction is re- 
tained and calculated in the case of hard spheres for a special configuration of three 
particles. The Kirkwood approximation is shown to overestimate the triplet distri- 
bution function in this case. Then § 4 is devoted to generalize the method to the 
case in which the coupling parameter is included and the Kirkwood integral equation 
with correction is solved by expanding the radial distribution function in powers of 
¢. It is confirmed that the exact terms up to p* are obtained by this procedure. 
In §5 a possible representation of triplet distribution function in terms of radial 
distribution function is discussed and a few terms of this representation are calculat- 
ed explicitly, of which the first term corresponds to the Kirkwood superposition 


approximation. 
§ 2. Expansion of potential of average force 


When a subset of m particles (denoted by M) at fixed configuration is chosen 
out of all the particles in a fluid system, there is a potential of average force act- 
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ing on this set, averaged over the possible configurations of the remaining particles, 
If the distribution function normalized to unity of this subset is denoted by Gm(M), 
the potential of average force W,,(M) is defined by 


Jm(M) =exp |—fW,, (M) | (1) 


where S==1/kT with k Boltzmann’s constant, T the absolute temperature. In this 
section we.shall briefly explain the expansion theorem proved by Meeron™ and find 
the correction term to the superposition approximation in a form of expansion in 
powers of p. 
For a one-component system with no long-range order, W,,(M) is expanded 
in powers of ¢ as follows”, 
ov 


We (M) =U(M) —4_ Ss) 10M, N)d(N). (2) 


Here U(M) is the direct interaction potential in the set M and d(N) denotes the 
integration over the coordinates of m particles of the set N. The Q(M,N) is a 
sum of products of f functions, 


f (ij) =exp [— FUG) J—-1, (3) 
where U(ij) is the two-body potential function.* This sum is characterized by** 
(a) every particle of the set N is connected to at least two particles of the set M, 
either directly or by two or more independent paths, ie., paths which involve 
mutually exclusive sets of intermediate particles, 

(b) all particles of the set N are also conneted among themselves independently of 
the set M, i.e., without involving particles of M, 
(c) particles of M are not directly connected among themselves. 

Some of bond diagrams contributing to W;(123) are given in Fig-dprand Fig. 2. 


7 V of 1%, of lV’ Bye 
\ e | | e | | ° | | o- 
1 Yipee | 1 Vii) 1 he sigs il is 3 
Fig. 1. Diagrams contributing to W, (123). The points 1’ and 2/ mean the particles 
of the set N. These diagrams are characterized by the absence of f-bond connect- 


ed to the particle 3. 


1 


It may be easily seen that the summation of all the diagrams of the type 
shown in Fig. 1 together with U (12) yields W,(12). The similar diagrams in 
which the particle 1 or 2 is not connected together with U(23) or U(31) will lead 
to W,(23) or W,(31). Therefore, if we write” 


'* The potential energy of the system is assumed to be a sum of pair potentials. 
#* A detailed account may be found in references 11) and 21). 


R. Abe 


nm 
to 


W123) > W,@2) + W,(23) 


aye 1 Oe 4 2/, 
\ + W,(31) + w,(123), 
(4) 
ee 
Ll 2 3 3 ii 4 3 


ws (123) may be characterized by the 
bond diagrams shown in Fig. 2, 1.e., 


voo ale PRS w; (123) 
r Mi 
a Sere at (a3, N)d(N), 
Bp va N! 
ea alee ae (5) 
Fig. 2. Diagrams contributing to W, (123) where g(3, N) is a sum of products 


in which every particle of the set 


of f functions subject to, 
M (=1, 2, 3) is connected by f-bond. 


(d) every particle of the set (1, 2,3) 
is connected to at least one particle of the set N, 
besides the conditions (a), (b) and (c) mentioned above. 

Substituting eq. (4) in eq. (1), we have 


93123) =9 (12) 9 (23) 9 (31) exp | —fw,(123)], (6) 


where y(12) is the radial distribution function, i.e., g(12) =exp(—fW,(12)}. 
From this equation it follows that the Kirkwood superposition approximation, g;(123) 
= (12)9(23)7(31), corresponds to assuming that w (123) =0, ie, to neglecting 
the contributions of the bond diagrams shown in Fig. 2. In other words, w;(123) 
represents the correction term to the Kirkwood approximation. 

If we retain the lowest order term in eq. (5), eq. (6) becomes 


93(123) =9 (12) 9(23) 9 (31) exp [of FA’) F(21’) F(3V’) dzy'}. (7) 


§ 3. Validity of superposition approximation 


In the previous section, we have derived the correction term to the super- 
position approximation in a form of power series of p. In this section we shall calcu- 
late the lowest order term of this correction for a special configuration of three 
particles in a fluid of hard spheres. 

For hard spheres of diameter a, f function is given by 

fj) =—1, for |x,—x,| <a, 

=(, tor |[%,—%,|=a.. 
Therefore, as is seen from eq. (7), the calculation of the correction term reduces 
to calculating the volume of the region belonging to all three spheres of radius a, 
of which centers are separated by |%—%2|, |x,—%| and |x,;—~x,|, respectively. For 


simplicity, however, we shall consider a special configuration in which these centers 
form a regular triangle. If we measure the distance in units of a, we obtain from 
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eq: (7) 
9s (123) /9 12) 9 (23) 9 (31) =F (r) =exp [— pa’. (1) ] (8) 
for this special configuration. Here 2(7) implies the volume of the region common. 


to three unit spheres of which centers are separated from each other by 7, with 
r= |X,— xX, 


/a= |x, —%_|/a= |x3— | /a. 
The calculation of 2(r) is rather lengthy, though it is elementary. Here we 
quote only the result (the derivation is given in the Appendix): 


2 Ht) 
Q(r)=7+ T 4/3 = eh es r(r°—12 ee (p= WD Stat | 2 tod Si 
A 8 ) dl (7 ) sin eS) 
api oS 6—2r—r° Syn 6+2r—r7 — 
+ sin | ae! a | sin | pie es | <r<y 
need G=1) Ks : VY 3 GrnWV4=r) af sicascmagd 
SETAE (9) 


Using this equation, we calculated the function F(r) for pa’=0.5 and 1.0, 
respectively, and the result is shown graphically in Fig. 3. From this figure, it 
may follow that the superposi- 


F(r) : ; : F 

tion approximation is _ exact 

1.0 for r>\/ 3 to the extent of 
nt the approximation employed 
here, but the error produced 

0.6 by the superposition approxi- 
mation increases as 7 decreases 

0.4 and amounts to about 50% for 
r=1, 1.e., for the configuration. 

os: of closest packing. Further- 
0.0 more, F(r) <1 for 1<rSj/3, 
Ott Del Deets 1A ee LE M77, r that is, the superposition ap- 


Fig. 3. The function F(r) for pa’=0.5 and 1.0. proximation overestimates the 


triplet distribution function in this case. However, the numerical value obtained 
here should not be taken too literally, for we have considered only the lowest order 
term of correction, neglecting the higher order terms. These terms seem to have 
the compensating effects, i.e., the tendency to increase F(r), since the contribu- 
tion of the products of even number of f functions is opposite in sign to that of 
the lowest order term. Futhermore, if the potential has the attractive part, the 


f function becomes positive in the region of attraction, thus F(r) may increase 


even in the lowest order approximation. Rise de 

Although the quantitative feature of the superposition approximation 1s some~ 
what obscure as mentioned above, the qualitative feature may be that it overestimates: 
the triplet distribution function for the repulsive potential and underestimates for the 
To clarify the situation it may be necessary to solve the Yvon- 


attractive potential. : 
d compare the results with those 


-Born-Green integral equation with correction an 
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obtained without correction. We shall not enter into this problem here, but in the 
next section we shall solve the Kirkwood integral equation with correction expand- 


ing the radial distribution function in powers of /. 


§ 4. Superposition approximation in Kirkwood’s integral equation 


In the Kirkwood integral equation for the distribution function, there appears 
the coupling parameter ¢ which is defined so that we have the fully coupled real 
fluid of N particles for ¢=1, but if ¢=0, particle 1 does not interact with any of 
remaining N—1 particles. The generalization of the results obtained in § 2 to this 
case is straightforward if we regard the particle 1 as an impurity and apply the 
expansion theorem for the two-component system”. Then it is readily verified 
that 


93(123, ©) =9 (12, £)9(23)9 (31, ¢) exp[—Pws(123, €)], (10) 


where w;(123, ¢) is given, as previously done, by eq. (5), but the f function con- 
nected to the particle 1 is replaced by 


fi, ¢) =exp[— PFU (12) |—1. (11) 
If we retain only the lowest order term as in § 3, we have 
— fwws(123, €) =ph FV, ) FAV) f(BV) dey’. (12) 


We shall solve the Kirkwood integral equation in the following, using eqs. (10) 
and (12). 
Let us consider the exact Kirkwood integral equation, without superposition, 
A9(12, ¢) /0F=—U(12)9 (12, €) +89 (12, €) (U(13) 9 (18, ¢) drs 
—fp\U(13) 95(123, €) dis. (13) 
In solving this equation, we expand (12, ¢) as follows, 
g(12,¢) =e UGA 7] ig uae + 0792 (12,¢) + vee], (14) 


Substituting eqs. (10), (12) and (14) in eq. (13) and comparing the coefficient 
of , we have 


09, (12,5) /0¢ = —B{ U(13) e4 £(23) de, . 


If we integrate this equation by ¢, we have 


91 (12, ©) ={ (18, $) £(23) drs. (15) 
Using eq. (15) and comparing the coefficients of o°, we obtain 


0 a 
ge 22612; ©) =<. (£13, ©) £14, £) £(23) f(24) /2+F(13, §) £14, $) (23) £(34) 


+F13, $)[1 + £(23) | (24) £(34) + £18, ) £14, $) £(23) £(24) £84) /2} dead. 
(16) 
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The integration over ¢ from 0 to 1 leads to the exact form for the 9.(12), if one 
mobessthatg2(12, 0)==fGz,-0)=0. Therefore, if one calculates the fourth virial 
coefhcient by using g(12) obtained here, it may be given correctly both via the 
virial theorem and via the compressibility integral. On the other hand, if the 
Kirkwood approximation, i.e., 93(123, ¢) =9(12, €)g(23)9(31, ¢) is substituted in 
eq. (13), the g.(12) is no longer exact though the g,(12) is given correctly, and 
hence the fourth virial coefficient is not given correctly though the third one is cor- 
rect. 

From the above argument, it may follow that the fourth virial coefficient is 
given exactly if the term of the order of p is taken into account in w+ (123). 
Similarly, if the terms up to ” are retained in w (123), the fifth virial coefficient 
may be calculated exactly, and so forth. Thus the superposition approximation can 
be improved up to any virial coefficients as one desires. 


§ 5. Possible representation of g, in terms of ¢ 


Since the integral equations for the distribution functions involve g; in addition 
to g, if it is possible to represent gs in terms of g, we shall have an exact equation 
to determine the radial distribution function and hence all thermodynamic functions 
will be calculated. In this section we shall discuss this representation, using the 
results obtained in the previous sections (we consider the case ¢=1.) 

It is easily seen that gy, can, in principle, be expressed in terms of gy; for since 
both g,; and gy involve the potential function U, the elimination of U from gs and 
g may give the functional relation of g, with gy, independently of the potential 
used. Based on this consideration, we shall calculate a few terms of the expansion 
‘of g3; in terms of 9. 

Let us first consider the expansion of W,(12) in powers of ¢: 


W, (12) =U (12) ~-£ rary sen dnioe b fray s@2" 


+ f(AV) £(21’) £22’) + fAV) f(21/) f(12’) 
+3 £AV) £12’) FAV) £(22)] £12") dey'dzy +0(p").. (17) 


We can regard this equation conversely as a defining equation of U(12) in 
terms of W,(12) and f functions, and solve U(12) as a function of W, and g 
functions by an iteration procedure : 


U (12) =W,(12) +-£ \aayn@r dey a F\taaya (22) 


—4h(1V)h (12) h(21/)A(22') Ja (1/2!) dty'dey’ +0(") 5 (18) 


where 
h(12) =9 (12) —1. (19) 
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From eqs. (3) and (18), we have 

f(12) =h (12) — pg (12) {h(11)h(21’) dz’ +0(¢"). (20) 
Then the substitution of eq. (20) in eq. (5) leads to 


— Pw, (123) =p\A(11) A (21) ACB’) dey 


20 91+ 
a ae jaa AA Yh 2) fp Cl 2 as adae +0(p°) A (21) 
2 aj 
1’ oy 1’ WA lV’ Wa 1’ We 17 a 
il 72 3 1 2 3 1 2 3 aL 2 os 1 2 3 
Fig. 4. Diagrammatic representation of h-bond contributing to w. Fig. 5. 


where > implies a summation over the bond diagrams of the type shown in Fig. 
4. However, the bond diagrams given in Fig. 5, which appear when ww (123) 
is expressed in terms of f functions, do not appear in the new series. 

It may seem that eq. (21) is a power series of p, but, in reality it is not the 
case, since h function depends on pg. If eq. (21) is substituted in eq. (6), it is 
evident that g,(123) is expressed in terms of g. Obviously, the procedure develop- 
ed here can be carried out to any desired higher order terms, although the procedure 
rapidly becomes very tedious. Furthermore, the procedure may be readily extended 
to the case in which the coupling parameter is not equal to 1. 

In this section we have considered the problem in the classical theory of statis- 
tical mechanics. However, we believe that the conjecture developed here may be 
generalized to the case of quantum theory. For instance, the functional relation 
between the reduced density materices may be obtained by eliminating the potential. 
function from these quantities, as we have done in this section. We hope that such 
a procedure may prove useful in connection with the quantum mechanical treatments. 
of the many-body problem. 

In conclusion the author wishes to express his sincere thanks to Prof. HH. 
Ichimura, Dr. K. Hiroike rnd Dr. T. Morita for their valuable discussions. A part 


of this work was supported by the Scientific Research Expenditure of the Ministry 
of Education. 


Appendix. Calculation of 2(7) 


If we set the volume of the region cut from the sphere with radius 1 by two: 
plains @ and @) illustrated in Fig. 6 to be V(p, J, @), it is easy to see that 


—————— 
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2(r) =3V (7/2, r/2, 7/6), (Al) 
and therefore the calculation of 2(r) reduces to that of V( Dy. 
Let the equation of plain @ in Fig. 6 be 
Sp Yote/ zo—1. 
Furthermore, if g denotes the distance illust- 
rated in Fig. 6, V(p, J, #) is given by 


Viprt to) of E (1—2") — (1—2”)sin™ 


qg 
Jp 


‘ = 
See — yo(1— 2/20) 


Sg ren yA z/2)° | aha 


for z9>1. The integration of the second 
term on the right-hand side can be carried 
out in terms of elementary functions by the 


Fig. 6. @ and @ indicate two plains use of partial integration, and after a very 
of which perpendicular dis- lengthy calculation, we obtain 
tances from the origin 0 are 
p and J, respectively. The V(p, L, 0) =7/6- p(p’—3) - {1 +2/a 
foe -sin“'[ (psin#—D /V/1=p* cos 6} 
+7/6-1(?—8) - {1+2/z-sin™| (lsin6— p) /\/1—EF cos 6]} 
+2tpl cos 0/3—tsin 6 cos 0/3 +2° sin 6 cos 6/34 (z—J)/3, (A3) 
-where 
t?=[cos’6 + 2pl sin 0— p’—P|/cos’6 (A4) 
and . 


J—sinr 


| (1 +dsin#) Se | 
(1+p) \/1—Fcos 0 
= sin~f (1—Z sin @) fae diet S| (A5) 
(1—p)/1—2 cos 4 
From eqs. (Al), (A3), (A4) and (A5), we immediately have eq. (9) in § 3. 
Tt should be noted here that the J given by eq. (A5) can be written in a more 
symmetrical form : 
J=sin~'[2t cos 6(pl—sin#) /(1— p’) A—P)]. (A6) 
However, this form for J is not convenient, for the value of sin“'x is not 


uniquely determined in eg. (A6). On the other hand, in eq. (A5) this value is 
"unique and takes the principal value, i.e, —7/2< sin™'2<7/2. 
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The Unified Model for Si” 


S. P. PANDYA 
Physical Research Laboratory, Ahmedabad 9, India 
(Received November 19, 1958) 


The weak coupling unified model is applied to the low lying levels of Si29% It is shown 
that, although the energy levels are predicted quite successfully by the model, it has only 
qualitative success in explaining other properties such as the magnetic moment or f-decay 


of P29, 


§ 1. Introduction 


A considerable amount of experimental information on the properties of the 
low levels of Si® (excitation energy <4 Mev) has now become available” The 
success of the rotational collective model (indicative of large deformation of the 
nuclear core) in explaining the experimental data for A=25 nuclei has led to the 
application of this model to Si”, with a reasonable amount of success.” However, 
for A=28, the occurrence of the closed sub-shells at N=Z=14, 16 and the trend 
of decreasing spheroidicity with increasing A noted in reference 2), suggest that a 
vibrational collective model may perhaps be more appropriate for discussing the 
properties of these nuclei. Some time ago Feenberg” has considered the case of 
Si” in terms of the weak coupling collective model. At the time, however, the 
nuclear level scheme was not so well-known, and a detailed comparison of the theory 
and the experimental results could not be done. We present here results of a more 
detailed calculation of some of the properties of the low states of Si”, using assump- 
tions somewhat different from those of Feenberg. Only the states of positive parity 
are considered in this report. 


§ 2. Energy levels and wave functions 


We consider Si” nucleus as a spherical core of 14 protons and 14 neutrons 
filling up the nuclear sub-shells up to 1d;., and the last odd neutron in the 251. 
or ld, state. The collective motion of the core is described by the quadrupole 
surface oscillations, which are quantised, and the states of the nuclear core with 
0, 1 and 2 quanta are coupled to the single particle states of the odd neutron. The 
mathematical formalism for such a case is well known,” and will not be described 
here. The important parameters entering the theory are: 

(i) the energy separation of the two states 25,,. and 1ds;/ 


4=E(1ds—) — E (2512) 
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(ii) hw, since the excitation energy of the m quanta state of the collective 
oscillations is given by (7+5/2)hw, and 

(iii) g, the parameter describing the strength of the coupling of the odd neutron 
to the collective motion of the nuclear core. We have in our notation 


Gare hw/8%c 


where c depends upon the rigidity of the nuclear surface, and k is a constant. 

In the following calculations, we consider q as a variable parameter, and take 
g=0.5, 1.0 and 2.0. The value of fw is chosen from the experimental data on 
Si, which shows the first excited state at 1.8 Mev. We interpret this state as 
the n=1 vibrational state of the spherical core, thus giving Hw=1.8 Mev. Since 
we are only interested in energy levels below 4 Mey, it is clear that states with 
n>> 3, lying at excitation energies of 5.5 Mev or higher, may be neglected. In 
absence of a priori knowledge of 4, we take J=1.5 Mey. 

The Hamiltonian matrices for J=1/2, 3/2 and 5/2 are constructed, and the 
eigenvalues and the eigenfunctions for the lowest two states of each J are evaluated 
by explicit diagonalisation of the matrices. Table 1 lists the energy levels thus 
obtained for various values of g, normalised to zero energy for the lowest state 
J=1/2. We find that with our choice of the parameters J and fiw, the observed 
energy levels can be fitted reasonably well by g=1. The argument against larger 
values of g is supplied by the excitation energy of the lowest J=3/2 state, and 
the splitting of the two J=3/2 states. Our experience with the nuclear sheli model 
suggests that the separation of the 2s,,. and lds), states could not be much larger 
than what we have assumed here, viz. 1.5 Mey. It can be seen from the structure 
of the Hamiltonian matrices that smaller values of 4 would lead to smaller separa- 
tions between the two J=5/2 states, larger separations between J=3/2 states, and 
lower excitation energies for J=3/2 states as well as the first excited J=1/2 state. 
Thus we conclude that if the value of fw is fixed from the assumption that the 
first excited state of Si®* is a collective vibrational state (so that Hw~2 Mev), and 
A is given by the reasonable value of 1.0—-1.5 Mev, the observed energy level scheme 


Table 1. Energy (in Mev) of the low-lying levels of Si29 for 4=1.5 Mev, Ao=1.8 Mev. 
The experimental energies are listed in the last row. Although the spin of the 3.07 Mev 
state is not exactly known, we have assumed it be 5/2. 


iy 12 om Wow iiet 3/2 3/2* 2) wonge 

q=0 0 3.30 1.50 1,80 1.80 3.30 

q=0.5 0 3.10 1.15 2.15 1.75 oe 

q=1.0 0 aes 0.80 2.43 1.68 3.03 

q=2.0 0 4.32 0.42 2.88 1.74 3.22 

Expt. 0 4.00 1.28 2.43 2.03 3.07 
—_—————————— 


* unstarred and starred values refer to the lowest and the first excited states of a given J. 
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Table 2. Eigenfunctions of the low lying states of Si29, for g=1.0. 


: = a — — 
(nkj) 1/2 | 3/2 3/2* | 5/2 5/2* 
(0 0 1/2) 0.920 siete: sal VERT MHS AT Mee ee 
(0 0 3/2) 5 | 0.709 | 0.340 | es - 
qd 2 ne) / — —0.605 | 0.677 | 0.919 0.129 
(1 2 3/2) | 0.377 —0.293 —0.501 —0.085 0.823 
(2 0 1/2) 0.081 = pee ae 
| | 5% 
(2 2 1/2) = 0.103 | 0.338 —0.021 0.453 
(2-4 1/2) = = | - | = _ 
(2 0 3/2) al 0.117 — 0.023 -- | = 
(2 2 3/2) —0.078 0.147 |  —0.246 | 0.145 0.272 
(2 4 3/2) | = =e = | 0.355 —0.165 


* 
unstarred and starred values refer to the lowest and the first excited states of a given J. 


for Si® below 4 Mey, can be fairly well explained with g~1. In particular, the 
spin of the 3.07 Mev state is here predicted to be 5/2. 

Table 2 lists the eigenfunctions of some of the states for g=1.0. The notation 
is that (7kj) denotes the amplitude of the state of the nuclear core, with m quanta 
and spin k, coupled to the single particle state of spin j of the last odd neutron. 
It may be seen that the weak coupling approximation is fairly good for the states 
considered here, and the components with n=2 have rather small values, indicating 
convergence, and justifying the neglect of components with n= 3. 


§ 3. Magnetic moment of Si” and $-decay P”—> i 


With the help of the eigenfunctions as calculated in the previous section we 
have evaluated the magnetic moment of the ground state of Si”. In this calcula- 
tion, Schmidt values are taken for the single particle magnetic moments, and the 
g-factor for the nuclear core is assumed to be 0.5. The values obtained for the 
magnetic tnoment are —1.82, —1.61, and —1.20 for q=0.5, 1.0 and 2.0 respec- 
tively, as compared to the value —1.91 for g=0, and the experimental value —0.59. 
The correction is in the right direction but not large enough. It seems to us that 
in the weak or intermediate coupling model (and also in the nuclear shell model 
including mixed configurations) where the correction to the single particle value of 
the magnetic moment is provided by mixing of the higher state wave functions in 
the ground state, it will not be possible to reproduce the experimental value of the 
magnetic moment, because as the experiments show, the next excited J=1 /2 state 
lies at least 4 Mev above the ground state, and hence in any such model the mixing 
of the two states would not be expected to be very large. 

a on the positron decay of the mirror nucleus P” to the 


The experimental dat 
For the fi-values of the allowed 


low levels of Si” is summarised in reference 2. 
beta-transitions we take the expression, 
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eee Ga00 lees 
[§1]?-+1.3] fo]? 

Table 3 lists the values of the matrix element |{o|? for the various transitions 
as obtained from the above expression and the observed ft-values. Also listed are 
the values of the matrix element as calculated theoretically with the help of the 
wave functions obtained previously. 


Table 3. Experimental and Theoretical values of the matrix element Ifo? for the 
B-decay of P29. 


niet arate | ae State Experiment. |= Ye, sie Caleplsted Whee tite 
é | t | | q=0 q= 1.0 q=2.0 
1/2 1/2 | 0.180 3 2.34 1.56 
1/2 3/2 0.040 0 0.01 0.03 
se, 3/2* 0.15 0 0.02 0.03 
We 5/2 | <0.03 0 0 0 


Again we see that the qualitative effect of introducing the collective vibrations 
of the core is to improve the shell model predictions, particularly for g~1 we 
obtain the ratio of the matrix element |{c|* for the two states J=3/2 as 2 com- 
pared to the experimental ratio of ~3.5; however, the quantitative discrepancies 
are very large. 


§ 4. Conclusions 


We have considered the unified model for Si®, and attempted to improve the 
predictions of the nuclear shell model by introducing collective vibrations of the 
nuclear core. It appears that in the weak coupling, for a reasonable realistic choice 
of the parameters, the observed level scheme for excitation energy <4 Mey can be 
well explained. However, when we consider the nuclear properties depending upon 
the detailed structure of the wave functions of the nuclear states, we find that 
although a qualitative improvement over the results of the simple nuclear shell 
model is obtained, the quantitative discrepancies between the theoretical and the 
experimental results are still large. It seems unlikely that increasing the magnitude 
of the coupling parameter would remove completely the discrepancies. 

This work has been supported by the Department of Atomic Energy, India. 
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The influence of non-magnetic impurities on superconductivity is investigated on the basis: 
of Bardeen, Cooper and Schrieffer’s theory. It is shown that the impurity-scattering of electrons 
leads to the reduction of the energy difference between the superconducting state and the 
normal state, and the effective reduction of the electron-electron interaction due to phonon 
exchange and screened Coulomb force takes place as a result. This effect can account for 
the reduction of the superconducting transition temperature which is observed for tin by 
Lynton, Serin and Zucker. The calculated value of the change in the transition temperature 


is in agréement with the experimental one. 


§ 1. Introduction 


Lynton, Serin and Zucker” have reported that the superconducting transitior 
temperature of tin is lowered when small quantities of other metals are added, by 
an amount proportional to the residual resistivity but independent of the actual metal. 
added. In connection with the absorption of ultrasonic waves in metals, by the 
semi-classical treatment, Pippard” showed that the impurity-scattering of electrons 
leads to the reduction of the electron-phonon interaction and suggested that this effect 
may account for the reduction in the transition temperature of tin caused by alloying. 

By the perturbation-theoretic method, we investigate the influence of non-magnetic: 
impurities on superconductivity on the basis of Bardeen, Cooper and Schrieffer’s: 
theory.” Our investigation is concerned with the nature of the ground state of 
impure superconducting metals. We can show that the impurity-scattering of electrons. 
leads to the reduction of energy difference between the superconducting state and 
the normal state, and the effective reduction of the electron-electron interaction due: 
to phonon exchange and screened Coulomb force takes place as a result. Also ae 
can show that, under the assumption of the isotropic impurity-scattering, the BCS 
theory explains the experimental fact that the change in the transition temperature 
is proportional to the residual resistivity but independent of the Despetiies of the: 
impurities added. The calculated value of the change in the transition temperature: 


of tin is in semi-quantitative agreement with the experimental one. 
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$2. Caleulation of energy difference between the 
superconducting state and the normal state 


The Hamiltonian of the system is taken as follows, 
H=Hyes +H’, (1) 
H’=>) Uk, kl Cy; Cie, ? (2) 
kk! ,o 


where Hyes is the Hamiltonian given in BCS, and v,z,,, the matrix element of the 
perturbing potential which originates from the deviation of the periodic potential. 
Throughout this paper, the notations are same as in BCS. 

It is easy to calculate the energy difference between the superconducting state 
and the normal state in the impure metal. By the use of the tables IJ and III in 
BCS, the second order perturbed energy can be written as 


\ 


MS AS 2 is we 
Es(¢) =-S Res 4-1-4"): (3) 


In the limit €,— 0, eq. (3) reduces to the expression for the perturbed energy of 
the normal state, which is 


2 
E,(0)=—} [Px ,r0| 


: : 4 
70 |e +l €'| ce 


Thus the energy difference between the superconducting state and the normal state 
can be written as follows, 


W,*=W,+E, (0) = He 5), (5) 


where W, is the energy difference of the pure metals. By using eqs. (3) and (4), 
‘we get 


Peraaniiale o{ EE’/—ee’+ 6, |ee’| — ee! 

Es(0) -Es(¢0) =| {enn elec | akdk', (6 
iesdnegeyny ile (SEECETES 2|ee’|(le] +]e"]) es 
where 2 is the volume of the system. In the case of weak coupling, the pre- 
dominant contribution of the integral of eq. (6) may come from the neighborhood 
of the Fermi surface. Then, in eq. (6), the matrix element |v;,.x,|? can be replaced 


by an average value over the Fermi surface, (|Un.nr|">¢- Hence eq. (6) can be 
rewritten as follows, 


ia aed : 1 ar 2 |ee’|— ee’ 
CO) Eg 66g) ead €€ iS aes 
5 eaysiemrl a Eereeee) eel dette 82 
(7) 


‘The integration is over the region R; the region of interaction which is defined by 
the condition |e|<#w, as in BCS. Thus we obtain 


(oe mK 2 Chow Fw EE’ 2 
E 0 —E SS ue P f age - u 
2(0) =F, Ce) eal re ) Mei )/| de | del are Acer. 


(8) 
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where Ky is the wave number at the Fermi surface. To the order of (€)/hRa)’, 
we get 


weotake ONE Rn Be 77s 
E 0 —E, Se eee hi ge eS t a / 
(0) =E,() "8 = hoo( ie )Ios( a e), (9) 


where N is the total number of conduction electrons, and E, the Fermi energy. 
Then eq. (9) can be rewritten as follows, 


54 = eee Ndlvm.eel Dr, ho ®) 
E, (0) E, (€o) aoe E? N(0)V exp( NV ) : (10) 


Substituting eq. (10) in eq. (5), we obtain 


Wot =W.(1— eee LT Deel Je), (11) 
64N(0)V  N(0) hw is 


It is seen from eq. (11) that the impurity-scattering of electrons leads to the 
reduction in the energy difference between the superconducting state and the normal 
state, that is, the interaction of impurity atoms with the electrons lowers the energy 
of the normal state more than that of the superconducting state.* The reduction 
of the electron-electron interaction can be derived from eq. (11). Using eq. (11) 
and BCS’ expression for W,, we get 


of =2N(0) (Aw)? exp (—2/N(0)V‘), (GES) 


where V* is the electron-electron interaction constant in the case of impure metal 


and is given by 


2 
vV*=Vv(1— 3 5 N(| vx. x71 ik (13) 
\ 32 OF hw 

Next we shall show that the change in the transition temperature is proportional 
to the residual resistivity. Using eq. (11) and the empirical relation that N(0) - 
(xT)? is proportional to Wo, we get 

AT; oe ei : N : N(lvxn| Dr ; (14) 
te 128N(0)V_ N(0) hw E, 


Using the free electron value of N(0), we get 


age te, 1 NC ex.rl 2s . (15) 
Reng ae N (Oy E,;ho 


According to Nordheim’s” approximation, we put 


\ox nal? = (Na/ 2) x12) |Ovp., nel" (16) 


in connection with Matthias, Shul and Corenzwit’s experiment*), C. Herring has 


i ent! Eero 
SOS His suggestion is seen 


suggested the same effect in the case of the spin exchange in superconductors. 


in. reference (5). The author is indebted to Professor R. Kubo for this point. 
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: : 4 . 
where N, is the total number of ions and x the concentration of impurities. 9U,,n, 


is expressed as follows, 
P 
OVK ye = u(r) —v,(r)} et -*" dr, (17) 


where v(r) and v,(r) are the core potentials of the host atoms and the impurity 
atoms, respectively. From eqs. (14) and (16), it is evident that the change is 
proportional to the concentration of impurities z when it is small. This result 
coincides with the experimental fact. It is well known that the residual resistance 


and the mean free path” are given by 


pr= 3h? /320m 21K, , (18) 
and 


1 & 8m2 8 Qym* 4 apache : 
pen Sere Ae 2d oJ |Ovx,xr|"(1—cos @) sin 0dé, (19) 
where 2 is the volume of the unit cell, and @ is the angle between the two wave 
vectors, k and k’. 

If |Ovg.42|? is replaced by an average value over Fermi surface, i.e., if the 
impurity-scattering is isotropic over the Fermi surface, eq. (19) can be rewritten as 
follows, 


done 167° 2Q)m _. 
i (pe ‘A 


sles X)K OVI I0|") 7» (20) 


This is consistent with the assumption of BCS that the electron-electron interaction 
constant V;,,, 1s replaced by an average value over the Fermi surface. Substituting 
eqs. (16) and (20) in eq. (15), we obtain 

SW a: al 8 Coch al maa (ond 4 

Te 128° NO)}V (ria) 2 xe ie 


~ 3 . eh . 1 . Pr (22) 
3227 N(0)V *(raq)°> m8) 


where a is the Bohr radius and r, is defined by the following relation, 
(75a) ae (3/4x N.) ais ? 


where N, is the number density of electrons. The number of valence electrons per 
atom and the mass of ions, contained in Hyes of eq. (1), must be replaced by their 
average values. Therefore, the coefficient of p, in eq. (22) is expressed by the 
value corresponding to their average ones. When the concentration of impurities is 
small, however, it will be adequate to calculate the coefficient of o, by using the 
numerical values of the pure metal. Then the change 4Tg is proportional to the 
residual resistance but independent of the property of the added impurities. Eq. 
(22) explains the result observed by Serin et al. For the purpose of numerical 
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comparison with the experimental results, we apply eq. (21) to the case of tin 
Using the values of N(0) V=0.296, r,=2.21, 9=195°K (from Pines®), and E,= 
1.131 X10-" erg*, we obtain ; 


4T¢/Te ~ 7X10" X (1/2,). (23) 


In the case of the alloy whose residual resistance is 1 per cent of the room 
temperature resistance, the mean free path /, is of the order of 107‘ cm. Then 
from (23), we see that transition temperature Ty is decreased by about 0.7 ae 
cent. This value is in agreement with the observed value of 0.7 per cent. 


§ 3. Discussion 


Pines® suggested that the effect of alloying is explained by using the average 
number of yalence electrons per atom and the average mass of ions. This is the 
coherent part of the impurity effect. Our investigation is concerned with the in- 
coherent part of the impurity effect (impurity-scattering). Lynton, Serin and Zucker’s 
experiment shows that when the concentration of impurities is small, the incoherent 
part contributes essentially to the change in the transition temperature rather than 
the coherent part, and that when the concentration is relatively large, the coherent 
part has the predominant effect of increasing the transition temperature. Our con- 
clusion is that in the case of the small concentration of impurities, the impurity- 
scattering lowers the energy of the normal state more than that of the superconducting 
state, and the effective reduction of the electron-electron interaction due to phonon 
exchange, and screened Coulomb force takes place as a result. The reduction of the 
transition temperature caused by alloying can be explained by this effect. Also it 
is seen that under the assumption of the isotropic impurity-scattering over the Fermi 
surface, the BCS theory can explain the experimental fact that the reduction of the 
transition temperature is proportional to the residual resistivity but independent of 
the added impurities. It will be allowable to neglect anisotropic effects and assume 
the isotropic impurity-scattering over the Fermi surface, in the same approximation 
as that of the BCS theory that the matrix element Vz,x7 is replaced by an average 
value over the Fermi surface. Furthermore, the discussion on the case of the screened 
impurity-potential, in which Ov, will not change appreciably over the Fermi surface, 
leads us to the same assumption. 

In order to calculate quantitatively the change of transition temperature caused 
by alloying, we should investigate the change of free energy difference between the 
normal state and the superconducting state. Our calculation, however, may be 
sufficient for explanation of the experimental result. The details of the quantitative 


calculation will be published in future. 


* This value is evaluated from the specific heat coefficient, 7, which is 4.1110-4 cal/mole/deg? 


for tin (from Serin et al.). 
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Possible existence of the universal VA coupling and the global symmetry in the non- 
leptonic hyperon decays is discussed. The observed deviations from the expected symmetries 
in actual decays are explained as effects due to the mesonic structure of hyperons. In a close 
relation with the idea of the global symmetry a new isotopic spin is defined, which is 1/2 
for all the baryons and integer for K. The conservation law of this isotopic spin is satisfied 
in the non-leptonic decays. 


§ 1. Introduction 


There are many conservation laws such as the conservation of the baryor 
number, of the charge, of the strangeness, and of the isotopic spin which have 
been found in elementary particle physics. Some of them are known to be only 
approximately valid and reasons for their violation are due to either the electro- 
magnetic or the weak decay interactions. It is quite conceivable that there may 
be more approximate conservation or symmetry laws so far unknown to us, because 
they are violated due to the strong 7 or K interaction to an appreciable extent. 
Among them the global symmetry of baryons has been proposed by Gell-Mann” 
and Schwinger,” but the K interaction is supposed to violate it considerably and 
prevents us from proving the existence of the symmetry. 

The isotopic spin change (4J) in the non-leptonic decay of hyperons has been 
studied and the 4/=1/2 selection rule has been confirmed to be approximately 
valid.» An attempt was made by Prentki et al*. and one of the present authors” 
for interpreting this JJ=1/2 rule as a conservation law 4(J+1’) =0 strictly valid 
to the non-leptonic decay interaction when the K interation and the electromagnetic 
interaction. are turned off. The small deviation from it may be due to either the 


electro-magnetic interaction or the K interaction. 


**k One way to obtain the deviation is through the electro-magnetic correction on the A[=1/2 
rule. Another way is to assume presence of decays with 4/-+«1/2 even in the bare particle decay 
interaction. In this case the global symmetry of the z interaction Prevents those decays with 
Al*e3/2 from occurring as real processes. Then the K interaction violates the symmetry, thus 
making possible the decays to proceed. See ref. (5), pages 641 and 642. 
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Our purpose of making further study on the non-leptonic decay of hyperons is 
to try to disclose yet unknown symmetry or conservation laws, which might be 
exhibited in the decay interactions of bare baryons. Deviations from the expected 
laws should be due to either the z or the K cloud around the bare particle (core) 
and studying of them may give us some insight into properties of the mesonic 
clouds of hyperons. 


§ 2. Experimental data of the non-leptonic hyperon decays 


Before proceeding with our program, let us summarize our experimental 
knowledge about the non-leptonic decays. The observed decay amplitude A and 
the asymmetry factor @ for various hyperon decays are given in Table I.*:** 


Table I. Table for values of the decay amplitude and the asymmetry factor 


|A|? | || 
LDS. BGA | 0.78 x 10-14 i hg Ls 
>n+r° 0.41 x 10-4 | unmeasured (A 4,9) 
3+ p+n0 1.04 10-™4 I@l~1 (Ay) 
> n+rnt 1.24 10-14 | |®%,|~0 (A,) 
s-S nt 1.06 x 10-14 | |@j~o (A) 


Since the parity may be violated in those decays, the amplitudes are composed 
of two parts, A° and A”; the former gives a pion in an s-state and the latter gives 
a pion in a p-state. Gell-Mann and Rosenfeld” consider A as an amplitude in a 
complex plane, namely, A=A*+7A”, The branching ratio of A decay is quite 
consistent with the d/=1/2 rule. The large asymmetry factor of A decay ({a|~1) 
means |A*|~|A”| for A> p+zx7 and indicates that the decay interaction is of the 
V+Ai type. 

The 47=1/2 rule applied on the ¥ decays imposes a relation on A ; 


—A, +4/2 Ay=A.. (1) 
The equation (1) and the observed relation 
LA, || Ag)? |A_[? (2) 


require that A,, A_, and ,/2 A) form approximately a (45°, 45°, 90°) triangle 
in the complex A-plane. This indicates A*/A” or the asymmetry factor is different 
among the three + decays. In fact the results of recent measurement on @ 


* The decay amplitude A is defined by |A|2=AT/2pc, where T is the corresponding decay rate 
and p is the momentum of the pion emitted in the decay. See ref. (6), page 447. 

** The asymmetry factor (@) times polarization of hyperon (P) has been measured, but not 
“alone. According to the latest experiment done at Berkeley, @P is large for 2*>p+n° and very 
small for 3+-n+z+ (private communication from H. Miyazawa). The values for @ in Table I 
are certainly consistent with the measured values of @P, although they may not necessarily be true. 
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(4,~0, |a|~1) are consistent with this prediction and require that the two lines 
of the triangle, A, and A_, nearly coincide with the two axises of the complex 
A-plane, respectively. 


§ 3. Universality and global symmetry of the bare hyperon decays 


Our working hypothesis here is to attribute as many symmetry or conserva- 
tion laws as possible to the bare particle decay interaction, and then to see whether 
the observed violation of the laws can be explained as due to effects of the mesonic 
cloud. Since we have only little understanding even of the pion structure of the 
nucleon, where more experimental information is available, itis fair to say that we 
have no knowledge on the mesonic structure of hyperons at all. Therefore, what 
we will emphasize later is to present a possible mesonic structure and a decay 
scheme attached to it which can qualitatively explain the observed violation of the 
assumed laws. 

The observed large asymmetry (|a|/~1) in the A decay indicates that the 
decay interaction is approximately of the V+A type. If the actual A is equal to 
the bare / in most of its time or the effect of mesonic ‘cloud on the decay inter- 
action is negligible, the decay interaction of the bare / may also be of the V +A type. 
This V +A interaction and its possible universality for the bare Fermion decays have 
been suggested® and may have profound meaning. Therefore, we shall assume that 
the bare hyperon decays (*—>N+7 and A-+N-+7) are of the V+A type. 

The observed branching ratio of A decay, (A>2+7°)/(A>p+77) ~1/2, is 
consistent with the 4J=1/2 selection rule. This will also hold for the bare A 
decay, because the z and K interactions are supposed to be charge independent 
and do not change 4J. The 4J=1/2 rule is not necessarily required for the + 
decays, but the experimental data are consistent with it. Furthermore, if it does 
not hold, A should show, to a certain extent, decays with 4/ different from 1/2 as 
A can decay indirectly through a virtual 2 decay. In order to preserve symmetry 
between the / and » decays as much as possible we shall assume that the JJ=1/2 
rule is universally valid for the non-leptonic hyperon decays. 

As discussed in § 2, the 4J=1/2 rule alone does not determine the 2 decays 
but gives only eq. (1). According to our working hypothesis we shall further 
impose a symmetry property for the bare hyperon decays, which is essentially equal 
to Gell-Mann’s global symmetry” applied to the decay interaction. The idea is as 
follows : 

Stand Y=(22]2)/jf2 core L=(M+2)//2 and 2~ form a pair of 


: zo T= do: 
baryons, respectively, as p and m or = and &~ do; 


(4) oes=(G..), vy=(F), and re=(S 2): (3) 


The four ¥’s are considered to be an iso-spinor with isotopic spin 1/2, the 
iso-space here being different from the ordinary one. Gell-Mann’s global symmetry 
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is to require that the z couplings with each of the four fields are equal among 
each other : 


H,=f\ Dvist Unb a Psyst Fa0x 
+ Diz 0 Pb_ + Crt FG} (4) 
The baryons have the identical mass when only the 7 coupling is present and the 
actual mass differences among them are due to the K coupling. Here we assume 


the global symmetry even for the bare hyperon decay and take the following decay 
interaction : 


GP ytr, (Lt7s) PrA bn 
a Path, (127s) V20y6,} (5) 
+hermite conjugate. 


This globally symmetric interaction contains in it the conservation law of a 
new isotopic spin quantum number, which is 1/2 for every baryons and 1 for 7. 
The J7=1/2 rule, where I is the ordinary isotopic spin, and the universal V+ A 
coupling are also satisfied. 

If there is no correction to the decay interaction (5) due to the z and K 
couplings, the universal V+ A law gives the asymmetry factor a equal to +1 for 
all the % and A decays. Furthermore, the global symmetry gives 


|Abl?: |As[: [ALP 


= lie 2 see O- (6) 


Since the strong = coupling is assumed to be globally symmetric and also does 
not produce the mass differences among baryons, eq. (6) holds even in the presence 
of the z coupling. The asymmetry factor, on the other hand, will deviate. from 
+1, because the 7 coupling may enhance or damp A* more than A”, Yet a 
should be the same among all the non-leptonic hyperon decays. Only the K 
coupling can cause the observed difference of @ among them. In the following 
section we shall discuss modifications of the decay amplitudes A due to the z and 
K mesonic structure of hyperons and we will show that the observed A could be 
obtained by taking such effects into account. 


§ 4. Effects of the mesonic structure of hyperons 
on the non-leptonic decay amplitudes 


Since the magnitude and phase of A in the complex plane could be quite 
effected by the presence of the mesonic clouds around the core, let us first try to 


get an orientation about the structure of the clouds. The actual A or ¥ is considered 


to be in a composite state composed of a bare particle state, a bare particle plus 
one pion state and so on: . 
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+. J+, Anat, Sty. (7) 
We consider here only the pion cloud, because to the following discussion it 
is more important than the K cloud and also it is probably more intense. Then 
the bare particle 4 or Sin eq. (7) should be interpreted as one including the K 
cloud. Therefore, 3 is heavier than / if the actual mass difference between ¥' and 
A is due to the K interaction. Then the energy difference between the 2’ and the 
A+7 states is small and the A-+7 state may have an appreciably large amplitude. 
On the other hand, the +7 configurations in both A and 3’ are energetically 
much less favourable and may be relatively unimportant. 
sas we shall take a rather extreme point of view that / is nearly equal 
to A and » is a superposition of 3 and A+z. Deviations from this assumed 
structure may be appreciable, but we hope that qualitative aspects of the following 
discussion still remain. Making one further remark concerning the importance of 
the K coupling may be relevant here. The K coupling is assumed to be an agent 
for the mass splitting among baryons and the effect of it is taken into accont 
through the mass difference between 3 and A. Otherwise the *+7 configurations 
in the actual A and ¥ should be equally important as the 1+ configuration in 
and the following discussion concerning the asymmetry factor @ will have no validity. 
The bare hyperon decay interaction (5) is written in terms of the bare particle 
fields,* Vy, ¥,, Uy, Fs and ¢,. Since the bare nucleon (¥y) and the bare pion 
can form an actual nucleon, the interaction (5) itself can cause, for example, a 
virtual decay of A into an actual neutron. This transition does conserve momentum, 
spin, and the other conserving quantities except energy of the system and may be 
important as a virtual process. Possible transitions due to the interaction (5) are 
schematically shown in Fig. 1. 
The core of hyperon, 5’ or 4, can 
decay into either a continuum 
state with one nucleon plus one , 


pion or an actual nucleon state * VEA 

/ Ti : 

(A->n or S*—>p). It is im one 
portant to notice that only V or - N 
A interaction can be effective for Eas Ea cate aucloomepion 
A->n (or X*—>p), because the system 
relative parity between 4 (2’) and Fig. 1 Schematical representation of possible transi- 

tions due to the bare particle decay interaction. 


N is definite and therefore parity 


: 5)2 
is always conserved (or violated) (6) 


* Since we shall discuss modification of the decay interaction (5) due to the pion cloud only, 
the decay interaction which we really need is one written not in the bare fields but in the core fields 
including the K cloud. However, we shall here disregard the difference. 
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when their relative parity is even (or odd). On the other hand the pion in the 
continuum state can be either in s or p orbit around the nucleon and A’ and A” 
can be both present for the transitions to the continuum state. 

The presence of the transition, the core going into a nucleon alone, is important 
in reducing the magnitude of asymmetry factor, |@|, from 1 to 0 for the S*—>n+7 
and S-->n-+-2- decays. First order perturbational treatment of eq. (5) does not 
contain this transition and it appears only when the strong ~ interaction between 
the bare nucleon and pion is taken into account.* We shall assume that the 
transition is very much enhanced by the 7 interaction. 

The decay interaction (5) and our model for the hyperon structure, A~A and 
Si~JS* plus A+nx*, gives the following decays: 


decay scheme decay amplitude 
py VFA Pe (a,+1a,) 
»' decay | s* WA n+n* V 2 (a,+ia,) (8) 
A+n* —_—— a J 
V or ge ib, 
A Ze +a / ek 
yy Nae @4 (a,’ +7a,') 
van Seen er you (a, +ia,') 
V+A get at 


The decay amplitude a,+za, is the amplitude for a 3 going into a continuum 


N-+7 state times the probability amplitude for seeing a bare » alone in the actual 


*. Because of the V+A character, we have |a,|~/|a,|. The amplitude 7b, is 
the amplitude for a A going into a gists times the probability amplitude of the 
A-+z configuration in the actual Y. We have chosen relative parity between / and 


N as even, and therefore only the (tes amplitude has appeared. This choice is 
more desirable from our point of view for preserving symmetry among baryons as 
much as possible, although it is not essential to our discussion. The resultant decay 
amplitudes for the three »' decays are 


A. =) 2 (a,-+14,) +-ib,; 

AL. — ib,,, (9) 
and Ay =a,+1a,, 
where |a;| ~|a,|. (10) 


The effect of the mesonic structure of hyperons on their decay amplitudes is 
expressed solely in terms of b,/a, and non-zero value of this parameter modifies 


* See the Appendix. 


Global Symmetry and Isotopic Spin Conservation 447 


the simple prediction by the universal V+A law and the global symmetry applied 
on the + decay. Now let us examine whether the observed asymmetry factors and 
the relative magnitudes among A’s (in Table I) can be obtained by a suitable 
choice of the ratio. 

Eq. (9) predicts |@,|~1 and |a_|~0 which are consistent with the measure- 
ments. The value of b,/a, is determined from the requirement, |a,|~0, and it 
gives 


V 2a,+b,~0. (11) 


Therefore, A. and A_ have only s and p wave amplitudes respectively. As 
for the decay rates, eq. (11) together with eqs. (9) and (10) give 


|A,|Pas| A_?Pax|A,|?x 2a’, (12) 


which is just the observed relation among the three amplitudes. 

For the A decay the observed branching ratio (~1/2) is easily explained as 
a consequence of the decay interaction (5), which has the 4J=1/2 rule init. As 
for the magnitude of decay amplitude, the global symmetry of the decay interaction 
assures us the nearly equal decay rate for A>p+z~ and 3*—p+z7", which is 
consistent with the experimental result. If we take our model too literally, the 
ratio |A,-|?/|Ao|?(=|a’/a|?) is equal to 1 divided by the probability of the bare 
5 configuration in an actual 3. Theoretically this should be larger than 1 and 
may conflict with the experimental value, which is a little smaller than 1. Con- 
sidering our choice of the extremely specific mesonic structure of hyperons, the 
discrepancy should not be taken too seriously. 


§ 5. Discussions 


We have succeeded to show how the observed hyperon decays can be reconciled 
with the assumed laws, namely, the universal V+ A law and the global symmetry 
in the bare particle decay. There the A+ configuration in 3 and the parity 
conserving decay of A: going into a neutron have played essential role. Although we 
have practically no quantitative understanding on the mesonic structure of hyperons, 
our success could perhaps be considered as a certain justification for the validity 
of the assumed laws and the importance of the 4+7 configuration in =. 

Our difficulty in exploring the symmetry and conservation laws valid for the 
bare particle decay interaction is that those are, in general, violated to a considerable 
extent by stronger interactions than the decay one itself. There has been argument 
by several authors that the stronger interaction would show more symmetry or 
conservation law than the weaker one. The original idea of the global symmetry 
was proposed along this line. If nature really follows the arguments then finding 
these laws would be easier than otherwise. We think that the argument does not 
sarily stand and there may be other cases where the weaker interaction shows 


neces : 
In fact, our global symmetry is valid for 


| more symmetry than the stronger one. 
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both the strong = interaction and the weak decay interaction and not valid for the 
K interaction. 

Decays of baryon do not occur by separation of the = or K cloud from the 
core of baryon. Rather they are due to change of the core itself, accompanied 
with the change of the isotopic spin, strangeness and so forth. Therefore, we may 
say that the essential part of decay is in a certain region of the core, although 
how small the region is is beyond our present knowledge. If the decay interaction 
possesses some symmetry or conservation laws, these would be of vital importance 
for future study of the natural law governing the small region of the core. 

The decay interaction (5) with the global symmetry has indicated a new 
possibility for assigning an isotopic spin to each elementary particle, which is different 
from the ordinary one. In Table II we give a list of values of the new isotopic 
spin together with the older one. 


Table II. Values of the isotopic spin of baryons, z, and K mesons 


New assignment | {2 1/2 | 1/2 1/2 / 0,1 
Old assignment ay, iis 0 1 1/2 1/2 


We list only the magnitudes of isotopic spin. The four isotopic spin doublets 
in the new assignment should be taken as shown in eq. (3). The new isotopic 
spin is conserved in the = and the weak decay interaction, but not in the K inter- 
action Since the K interaction does not conserve the new isotopic spin, the value of 
isotopic spin for K itself is not determined through the strong interaction. Rather 
we require that the conservation of the new isotopic spin is generally valid not only for 
the bare hyperon decays but also for the bare K decays into = mesons. The 
4I=1/2 rule interpreted as the conservation law of the new isotopic spin gives zero 
as the isotopic spin of K,° and 1 as those of (K*, K,°, K ie 

Let us ask which assignment of the isotopic spin is more advantageous for 
our understanding of elementary particles. Since in the old assignment the strong 
zx and K interactions conserve the isotopic spin, the study of production, scattering, 
and other strong interactions would certainly be much more easily treated in terms 
of the older one. On the other hand, the new one may have more advantages 
over the older one in studying the weak decay interaction, which conserves the new 
isotopic spin when the particles are bare. (See Table UI) Furthermore, it may 
be appropriate to remark that whether the K interaction conserves the usual isotopic 
spin is not yet decided experimentally. We think that the two isotopic spins are 
in complementary relation with each other; for example, existence of the charge 
doublets of K meson, (K,, Ky) and (Kj, K_), and the K, and K,° problem would 
be clearly understood in the usual isotopic spin assignment 1/2 for K. On the 
other hand the 47J=1/2 rule in the non-leptonic K decay would be understood 
more easily in terms of the new isotopic spin assignment, which is zero or 1 for K. 
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Table III. Tables of isotopic spin conservation and non-conservation 
for the various types of couplings 


SS 


T 


| 


zx coupling | XK coupling el-mag. coupling | decay 
New isotopic spin | O x ; Ss “% — @ 
Old isotopic spin | oO O(?) x D< 


In § 3 we assumed the decay interation (5) of Yukawa type. We can also 
take the interaction of Fermi type, which is biquadratic in the baryon fields. Both 
the universal V+ A law and the global synimetry can be retained, if we write the 
interaction as, e.g., 


94 Dt (1+75) Fr( O07 ors y+ Pty rs Py) 
+ Bry, (Vtis) Vs (Gat utsVet Petr rs%2) } (13) 
+hermitic conjugate. 


The conservation of the new isotopic spin is evident in the expression (13) 
and also the 4J=1/2 rule is obtained. Whether the Yukawa type interaction or 
the Fermi one is more fundamental cannot be decided here. If the latter turns 
out to be a choice, we have to remember that eq. (13) is only an example of 
those interactions which show the universal V+ A law, the global symmetry and 
the conservation of the new isototopic spin. 

Finally, we shall make remarks about the observed deviation from the 4J=1/2 
rule. The presence of non-leptonic K* decays into two pions show clearly that 
the rule is only approximately valid. The electro-magnetic interaction certainly is 
a cause of the violation of the law, although preliminary study of it seems to indicate 
the effect is not enough to explain the observed K* decay rate. We shall discuss 
the effect in a forthcoming paper which will appear in the Supplement of the 
Progress of Theoretical Physics. If the electro-magnetic correction turns out to 
be too small, we have to assume such a bare particle decay interaction that causes 
transitions not only with 4J=1/2 but also with 4I different from 1/2. It is easy 
to show that the conservation of the new isotopic spin is not compatible with the 
“presence of such transitions. Therefore, we have to abandon either our global 
symmetry and conservation of the new isotopic spin in the bare baryon decays or 
the charge independence of the A coupling which is not yet experimentally proved 
to good accuracy. What is the cause of the decay of K* into two pions remains 


to be seen. 
Appendix 


Perturbation calculation of decay amplitudes in eq. (9) 


The decay amplitudes (eq. (9)) are obtained through two important assump- 


tions; 5 is in a compound state composed of the 2’ and the 4+7 configurations, 


az 
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and the enhancement of the virtual transition, a / going into a neutron, does occur. 
Considering the great difficulty in making any reliable calculation of the mesonic 
corrections on the bare particle decay interaction, it is not unreasonable to empha- 
size the importance of the existence of a model which could reconcile the proposed 
symmetry laws with the observed decay rates and asymmetry factors of 2 decays, 
such as ours, where the two assumptions are essential. 

However, we shall here present perturbation calculation of the S' decay amplitudes 
for comparison. In the perturbation method the decay amplitudes a and 6 in eq. 
(8) are obtained from Feynman diagrams, Fig. (Al) and Fig. (A2), respectively. 
If we make calculation in the static approximation, the amplitudes become 


+a,~a,Cg (—idq) (20,)~”, (Al) 
and 
b,00 (39/2) (f"/1H)* (20g) 1" (22) | dR (GS-B) (Ax oy— ern) > 
Ki(Ho? baw ier gy Oday 
= (39/2) (f/t2) (—i0-q) (2a,)*(w,— 4a) 
x (27) rh ARAB Piodiwer edly bends 


ay 


V2 ay 


Fig. (A3) 


Here, dy, and dy, are the mass differences between Y and N and ¥ and J 
respectively. f”/47 (f'=/2m-f is the pseudovector coupling constant between seh 
and nucleons) is taken as equal to 0.08. w, and q are the energy and momentum 
of the emitted pion. w, and k are the energy and momentum of the virtual pion 
which appeared in Fig. (A2). % 

The ratio of the two p-wave amplitudes, R=b,/a,, becomes 


R= (f?/4t) (3/27) u3? (p= Aga) = dk R*/a,” (A3) 
w1.5. 


In obtaining this we have used wy~d 


uw in eq. (A2) and a cut-off mome 
of for the integral over h. mentum of 
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Thus, our perturbation calculation gets nearly equal magnitude and the same 
sign for a, and b,. In the text we required the relation (11) to hold, which 
leads to nearly equal magnitude but the different sign for the two amplitudes. 

Next we shall examine in more detail the decay amplitude of 3° going into a 
continuum state. The decay of the Feynman diagram, Fig. (A1), gives, of course, 
nearly equal amount of s and » wave amplitudes. However, there is another decay 
amplitude of higher order as mesonic correction, e.g., one from the Feynman diagram, 
Fig. (A3). There ** becomes a single proton, which should be considered as a 
bare nucleon in a real nucleon plus a pion state. The decays have only p-wave 
amplitudes and conserve parity. In the text we assumed that those could be neglected. 

In the perturbation calculation the decay amplitude a,’ becomes 


e 


a,/cc3g(f7/t#) (2e,)*"(2t)* | d*k(2ex) (19-4) 


xX 45) (id -k) (den—cx) * (— 10 +k) 
=—39(f?/H) (20,)-*"(—i68- q) dy 


e 


a9 ie \ PR (oe Jew) (A4) 


Then the ratio, a,’/a,, is 


— (3/2) (f?/47) 43x | dh wg" (wx—4ux)7* 
ww —5.1. (A5) 


Therefore, the parity conserving decays (Fig. (A3)) are not small at all. 
Besides, it means the existence of the parity conserving decay even for 2*—>p+7", 
which was disregarded in the text. 


Note added in prooe. The measurement of aP for the 32 decays at Berkley was done by Cool,. 
Cork, Cronin, and Wentzel. Combining their data with the 4/=1/2 rule, they obtained Oy.= — aS 
+ (0.03+0.11) and a=+(0.99+0.01). We are very grateful to Prof. Lofgren for sending their 


manuscript before publication. 
References 


1) M. Gell-Mann, Phys. Rev. 106 (1957), 1296. 
2) J. Schwinger, Proceeding of the 7th Rochester Conference (Interscience Publishers, Inc.,. 


New York, 1957). 
3) R. H. Dalitz, Proc. Roy. Soc. A69 (1956), 527; Gyo Takeda, Phys. Rev. 101 (1956), 1547. 


A nearly complete list of references can be found in M. Kawaguchi, Phys. Rev. 107 (1957),. 


Bae 
4) B. d’Espagnat, J. Prentki, and A. Salam, Nuclear Physics 5 (1958), 447. 
5) G. Takeda, Prog. Theor. Phys. 19 (1958), 631. 
6) M. Gell-Mann and A. H. Rosenfeld, Annual Review of Nuclear Science, vol. 7, (1957). 
7) See, e. g. Drell’s report on the nucleon structure in 1958 Annual International Conference: 
on High Energy Physics (CERN, Geneve). 
8) See, e.g. R. P. Feynman and M. Gell-Mann, Phys. Rev. 109 (1958), 193. 


Progress of Theoretical Physics, Vol. 21, No. 3, March 1959 


Determination of the Pion-Nucleon Coupling Constant by means of 
the Nucleon-Nucleon Dispersion Relation 


Sadahiko MATSUYAMA 
Department of Physics, University of Tokyo, Tokyo 
(Received November 20, 1958) 


Making use of the dispersion relation for nucleon-nucleon scattering, the coupling constant 
between pion and nucleon is determined from the neutron-proton scattering length in triplet 
state and the binding energy of the deuteron. The coupling constant g?/4xz thus determined 
coincides with those deduced by other theories. 


$1. Introduction 


Attempts to determine the pion-nucleon coupling constant have been made by 
various authors. Otsuki and his colleagues” were perhaps the first group that has 
succeeded to bring out this programme in a reliable way, and obtained g?/4z=0.065 
~0.090. However, their arguments, based mainly on the electric quadrupole moment 
of the deuteron, depends on the nature of nuclear forces at short distances, and 
could not avoid some ambiguities in the course of calculations.* Concerning the 
pion-nucleon scattering and pion photo-production, calculations were made by Chew 
and Low” by using their own formulation and by Bernardini” et al. with the aid 
of the Kroll-Ruderman theorem. 

Recently, the dispersion relations for pion-nucleon scattering of Goldberger and 
others® have enabled us to calculate the quantity in a way independent of the 
detailed character of meson theory, and many investigations have been made along 
this line.» However, the pion-nucleon scattering data at present contain large ex- 
perimental errors, and do not permit a very accurate determination, leading to 
apparently inconsistent conclusions in some cases.” At any rate, the striking agree- 
ment between these values of the coupling constant determined in various ways 
gives a strong support to the pion theory of nuclear forces. 

The dispersion relations for nucleon-nucleon scattering derived by Miyazawa 
and the present author” provides another approach for this problem. These formulae 
present a method to calculate the quantity in question directly (without solving the 


Schrodinger equation) from the scattering amplitudes (or phase shifts) of the 
nucleon-nucleon scattering. 


* Ohmura has shown that the restrictions im 


-at short distances are too stringent and that the | 
are remedied. 


posed by them on the nature of nuclear forces 
ower limit of g?/4z becomes 0.05 when these points 
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Since the experimental data for nucleon-nucleon scattering are more accurate 
than those for pion-nucleon scattering, especially in the low energy region, and since 
the binding energy of the deuteron is very well known, it seems likely at first glance 
that our formula provides a highly accurate means for this purpose. Unfortunately, 
however, we have no experimental data for this case separately for singlet and 
triplet states except for extremely low energies, and there appears a continuous 
spectrum in our formula in the unphysical region in contrast with the pion-nucleon 
case. These two situations give rise to some complications in our treatment, and 
obscures a part of the merits of our method. 

In this connection, the value of g’/4z must be determined in such a way that 
the low energy scattering amplitudes give the main contribution to our result as 
will be illustrated in sections 2 and 3, where the effective range approximation plays 
an essential réle. 

Errors caused by the approximating methods in our calculations are estimated 
in detail in section 4. Suggestions as to how to increase the accuracy are made 
in the last section. 


§ 2. Formulation 


Our fundamental formula is the dispersion relation for nucleon-nucleon scatter- 
ing in the laboratory system and in the forward direction with one subtraction, 
Ie; 


D® (@,) —D® (m) sh R™ it 1 US @pi= Ue ™) 
‘W1—m 1—RoOr m?(w,—wp) (m—wp) woy—™m 
1 ¢ A® (wv) 
= ae zl 
a 7 P| (w—a,) (o—™m) oe ae) 


All the notations are the same as those in I. The first term on the right-hand 
side originates in the fact that the two nucleons can form the deuteron, and should 
therefore be retained only in the case of neutron-proton scattering in triplet state. 
The second term is the integral of the same function as in the third term with 
the region of integration w<m. U “ (w) reduces as was proved in I, to the Fourier 
transform of the nuclear force potential in the static limit. Therefore the second. 
term can be calculated at least in principle in a field theoretical way and can be 
represented as a power series of 9, the pion-nucleon coupling constant. 

If we choose the energy «; sufficiently small, the main contribution comes from. 
the potential of the second order in 9, fourth and higher order potential being small 
corrections to the second order one. We shall take in this paper only, the second 
and fourth order potentials neglecting all higher order effects. . 

Thus eq. (2-1) becomes an quadratic equation of g?/47, and we can determine 
the value of g’/47 from this equation if all the quantities in the other terms, D, 


454 S. Matsuyama 


A, R and r, are known. Assuming the charge independence of coupling between 
pion and nucleon, we can write down the second order nuclear potential as 


®(y) =—-F_® _(g®.¢) (6% -e) (2-2), (2-2) 
MAG euaiptaar War Noles ck 


where & is the momentum of the incident nucleon, m’+k*=o*, and e the unit | 


vector in the direction of k. Pseudoscalar coupling and pseudovector coupling give 
the same result by the so-called equivalence theorem® as far as the second order 
potential is concerned. 

As mentioned in section 1, we do not know at present any experiment that 
deals with the nucleon scattering in singlet and triplet states separately, except for 
extremely low energies, and therefore we must insert the averaged value of A‘ (w) 
and D®(w) into (2-1) if the high energy quantities give large contribution to this 
equation. On the other hand, if the average of the second order potential (2-2) 
is taken over the singlet and triplet states, it vanishes and the fourth order potential 
now becomes the main part of U(w). 

The Fourier transform of the fourth order potential, which arises from a part 
of the continuous spectrum of A(w) in the unphysical region, cannot be calculated 
in any reliable way from our present stage of knowledge of quantum field theory, 
and therefore, our formula (2-1) gives no information about the value of the 
coupling constant if we choose w, so that the high energy data contribute largely 
to (2-]). 

At low energies (‘‘ thermal ” energies) the neutron-proton scattering cross section 
is very well known for spin singlet and triplet states separately, and consequently 
we have a good knowledge about the scattering lengths for these respective states. 

Moreover, for low energies, say, below 10 Mey in the centre-of-mass system, 
the S-matrix (and consequently D(w) and A(w)) can be represented by only one 
phase shift (the S-wave in the case of singlet state and the so-called a-wave, the 
S- and D- wave admixture, in the triplet state), contributions of all other partial 
waves being negligibly small, and for the phase shift of the S-wave (or a-wave) 
the well-known effective range approximation holds.” 

Therefore, if we choose w, so small that for the left-hand side of (2-1) the 
effective range approximation holds and that the contribution of the fourth order 
potential to U® (w,) -U®(m) is sufficiently small in comparison with the second 
order, and if the integral of the last term is sufficiently convergent so that A(w) 
for large value of w (say, above 10 Mev inc. m. system) contributes to the integral 
very little, eq. (2-1) can be regarded as a relation of g'/4m, the scattering length 


a and the effective range r (deuteron radius R can be represented by a function of 
a and 7). 


This is indeed the case, and we can determine the value of g°/4x from the 


scattering length in the triplet state and the binding energy B of the deuteron to 
a certain extent. 
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§ 3. Method of calculations and result 


Denoting the phase shift of the S-wave (or the a-wave) by 0, the dispersive 
and absorptive part for the singlet state can be represented as follows: 


eg nl Set 
Dw.) =—— — sind cos0 
m , 
and 
A(a,) = 2% 1 sina, (3-1) 
m ke 


where the subscript c means “in the centre-of-mass system ”’. 

For the triplet state, where the effect of the tensor force is not negligible, we 
can write down the expressions for D and A in the same form as (3:1) provided 
that 0 denotes the phase shift for a@-wave, and the D and A the averaged values 
over the direction of the resultant spin.’ 

As we are mainly concerned with the non-relativistic energies, k,=k/2, and 
the effective range approximation reads 


k, cotd=— + ae rh G2 


a 


On inserting (3-1) and (3-2) into (2-1), the integration of the last term can 

be carried out analytically without difficulty, and we have no need of a numerical 
integration of a singular function such as in (2-1) which has often been the source 
of an enormous error in the pion-nucleon case. 
Let us consider the case of the neutron and proton in the singlet state. Insert- 
ing the numerical value a= (23.69+0.06) X10-“ cm, and PSO I~) 7 X10 om, 
and taking w,=1.17 Mev+m in the laboratory system, we see that the term 
proportional to the nuclear force is extremely small (less than 1 per cent) compared 
with other two terms. This is perhaps due to the fact that the scattering length 
for this state is large and negative and the appearance of the virtual bound state 
makes the Born approximation (i.e. the Fourier transform of the nuclear potential) 
very much different from the scattering amplitude D(w,) for such a low energy. 
Owing to this fact and the large uncertainty of 7, we cannot determine the value 
of the coupling constant from the singlet data, but we can see that our formula 
(2-1) is consistent with the value of g®/4x determined from other methods. 

For the triplet state, the situation is much better. The scattering length is 
positive and much smaller than that for the singlet state, and the effective range 
r can be accurately determined by the relation 


r=2R(—— 2.) | 


* Strictly speaking, the quantity defined by this relation is not r of (3-2), but 0(0, —B) of 
Bethe.™ Similarly, the x in the first term on the right-hand side of (2-1) should be replaced by 
_ p(—B, —B). Errors caused by the identification of (0, —B) with r and p(—B, —B) will be 
estimated in the next section. 


456 S. Matsuyama 


and 


R= By (3-3) 


where B is the binding energy of the deuteron. 
Inserting the experimental value for a and B known at present, 


G=(5.371 +£0.023) x10 “om, 
B=2.226+0.004 Mev, (3-4) 


and taking w,=m+1.17 Mev*, we see that the magnitude of the second term on 
the right-hand side of (2-1) is about 4 per cent of the left-hand side and that the 
experimental data (3-4) have an enough accuracy to determine the coupling constant. 

Concerning the convergence of the integral in the last term of (2-1), we see 
that the most (98 per cent) of the contribution of the integral comes from the 
energy region below 10 Mev in the c.m. system, and therefore the use of the 
effective range approximation proves legitimate. Detailed discussions for this point 
will be given in the next section. 

The second term on the right-hand side of (2-1), the term containing the 
Fourier transform of the nuclear force, is expanded in a power series of the square 
of the coupling constant, and the term of the second order in g? is immediately 
given by (2-2). The evaluation of the term proportional to g* should be carefully 
done for, if we calculate it with pseudovector coupling theory the divergence difficul- 
ty which cannot be amalgamated into the mass nor the coupling constant appears. 
On the other hand, if we start with pseudoscalar coupling theory, the main contri- 
bution comes from nucleon pair terms which in almost all the cases known at 
present show a violent disagreement with experiment. 

We have therefore decided to calculate it with pv coupling with momentum 
cut-off at 64 which has shown in some cases tolerably good agreement with ex- 
periment. As the fourth order term itself is a minor correction to the second order 
term (about 6 per cent) a rough estimation will suffice. Although the Fourier 
transform of the fourth order potential in pu coupling theory without cut-off itself 
is a quadratically divergent quantity, it reduces to logarithmic one when the sub- 
traction procedure as in (2-1) is made. Thus this term becomes fairly cut-off- 
independent, e.g. even if we take the cut-off momentum 3 instead of 64, our 
result, g’/47, is changed only by 1 per cent. Therefore it is not unreasonable to 
suppose that our procedure, although crude may it seem, gives a fairly reliable 


result so far as g’/4z is concerned. All the terms of the orders higher than 94 
are neglected. 


The result thus obtained is 


* This energy corresponds to the momentum k,=0.05 mc. The choice of the value for @, is 
of course arbitrary so long as the approximation methods described above hold. Indeed, precisely 
the same result is obtained also when we put e.g. k,=0.01 mc. 
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9/47 =0.080 + 0.007. (3-5) 


§ 4. Estimation of the errors due to the approximation method 


The method of calculations described in the preceding section contains some 
approximations in certain respects. Since the term in our formula containing the 
coupling constant is represented by a small difference of large quantities, the accuracy 
of these approximations must be carefully examined. 

In this section, we shall deal with this problem in detail, and find that our 
result (3-5), although surprisingly accurate may it seem, is subject to some un- 
certainties. 

a) The effect of P-wave 

Phase shifts for triplet P state are given by Worthington and others” for the 
case of proton-proton scattering. Charge independence of the nuclear forces pre- 
scribes that the same phase shifts apply also in our case. They are so small that. 
when inserted in our formula averaged with respect to resultant spin directions give 
rise to no appreciable change in our result. This fact suggests that the effects of 
partial waves of higher angular momentum can be safely neglected. 

b) As the integral in the last term of (2-1) extends to high energy region,. 
this term may deviate from the original one if we take a more accurate formula 

k, cotd= — - bps 1 rk27— Prk, (4-1) 
a 2 
instead of (3-2). 

The numerical value of P is not exactly known at present either experimental- 
ly or theoretically, but it is plausible that P does not exceed 0.05." If we assume 
P=0.05, the value of the integration increases by 0.083 per cent and the value of 
g°/4z decreases by 1.3 per cent. 

c) Differences between 7 and p(—B, —B) and e(0, —B) 

When the effective range approximation (3-2) exactly holds, there is no dif- 
Ptence be wean? and e(—B, —B) and e(0, —B), but if we take into account 
the last term of (4-1), slight differences between them come forth. They are 


given by 
_2 
p(-B, —B)=(1+2-P)pO, —B) 


and 


r=(1-2- P) (0, Ey; 


and change our result by an appreciable amount. Even if we put the value of P 
as small as 0.01, the first term on the right-hand side of (2-1) increases by 0.19 
per cent, the other terms increasing very slightly, and the g’/4z increases by 9.4 


} per cent. 
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§ 5. Conclusion 


(3-5) is our main result. This result has been obtained by putting P=0, and 
the probable error indicated here is purely of experimental origin. About 4/5 of 
it comes from the uncertainty of the triplet scattering length and the rest from that 
of the binding energy of the deuteron. Inclusion of the last term of (4-1) may 
change our result to an appreciable amount, and therefore we cannot determine the 
value of the coupling constant very accurately by our method. 

However, it is to be remarked that our result agrees well with those obtained 
by quite different methods. The good agreement of our result obtained by putting 
P=0 with others may be an indication of the smallness of P. If we can obtain 
the value of P, in either experimental or theoretical way, the accuracy of our calcu- 
lation will be much increased and another test of the consistency of the meson 
theory will be presented. 

In the singlet state, where the effect of P is less important, more accurate 
measurement of the scattering length is desired. 

The author thanks Drs. H. Miyazawa and T. Ohmura for valuable discussions. 
He is also indebted to Yomiuri-Yukawa Fellowship for the financial aid. 
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A Note on Polarized Cross Section 
of High Energy n—d Elastic 
Scattering 


Yoshiyuki Sakamoto 


Department of Physics, Kyoto 
University, Kyoto 


December 6, 1958 


In the previous note” we pointed out 
that for high energy 2—d elastic scatter- 
ing the calculated values of differential 
cross section give similar results for 
various sets of phase shifts calculated 
by several authors.”*» That is to say, 
in spite of the difference between the 
phase | shifts 
theoretical potential” and the ones calcu- 
lated using entirely phenomenological 
potential,” especially the large difference 
ithe 2 ts, 2); FS, 8D 
state phase shifts and mixing parameters 
€, (J=1, 2), we can reproduce the 
experimental differential cross section 
well. At 90 Mey, which is of our interest, 
the dominant contributions to the cross 
sections of the nucleon-nucleon scatter- 
ing as well as n—d elastic scattering 
are determined by the *P,, °F, °S,, °D,- 
state phase shifts and mixing parameters 
€;, €;. For high energy n—d elastic 
scattering, the manner of interference 
and the magnitude of interference terms 
are quite different for various sets of 
phase shifts. However, the sticking 
factor or the fourier transform of the 


calculated using meson 


intrinsic deuteron wave function acts to 
mask the difference between the various 
sets of phase shifts. So, the calculated 
differential cross sections become similar. 

In this note, we report the results of 
our calculation of polarized cross sections 
for the.n—d elastic scattering using two 
sets of phase shifts”*’ of the nucleon- 
nucleon scattering. 

The polarized cross section of n—d 
elastic scattering is given by 
1 16 
on pete] 


+(G*C+C%6) 


PI(0) = ; (B*C-+C*B) 


o" 
2 


where I(@) is the »—d elastic differential 
cross section given by 


+-(N*C+C*N) |S (dh, ), Q) 


1(0) =o 7 (2|N/?+2| HP 


42 1GP+ 2 |G— NE + 101C" 
1 
——|G—2N|? 

aad | 

+35 9BB+G+N}')S(dk, 0), (2) 


where B=Brna+ Bap, C=Cant Crp, and 
so forth. Bin, Cyn, etc., are the coef- 
ficients of m—n scattering spin matrices 
and Bnp»..Cnp; etc. the coefficients of 
n—d_ scattering spin matrices, respec- 
tively. And B, C, etc., were expressed 
by Wright® in terms of the nucleon- 
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mb/sterad. 


PI(6) 


Fig. 1. Polarized cross section of n—d elastic 
scattering at 90 Mev. The curves are calcu- 
lated with the equation (1) of the text. Curve 
I is the result for the set of meson theore- 
tically calculated phase shifts,2) and curve 
II is the result for the set of entirely pheno- 
menologically calculated phase shifts.3) The 
maximum of polarized cross section comes 
out at 50° for n—/, and 45° for p—?p scatter- 
ing.) But, owing to the sticking factor the 
maximum of n—d elastic polarized cross sec- 
tion comes out at 25°~30° and the calculated 
polarized cross sections have positive signs 
for angles which we are interested in. 


nucleon scattering phase shifts. 

S(dk, @) in the right-hand side of eq. 
(1) and eq. (2) are the sticking factor. 
When we calculate S(dk, #), we dis- 
regard the D-state wave function of 
deuteron. This is consistent with the 
approximation for eq. (1) and eq. (2) 
having physical meanings at small angles. 
To calculate S(4k, 0), we use the deu- 


teron wave function with hard core” in 


order to be consistent with using sets 
of phase shifts calculated by using meson 
theoretical potential or entirely pheno- 
menological potential. 

The calculated values of polarized 
cross section using both sets of phase 
shifts” give similar results (See Fig- 
1). However, the difference between 
these calculated values of the polarized 
cross section are appreciable in constrast 
with those calculated values of differential 
cross section (See Fig. 1 in our previous 
note”). Now, it is worthy to note that 
the effects of sticking factor which acts 
to mask the difference between both sets 
of phase shifts for differential cross 
section disappear for the polarization 
P=PI(@)/I(@) (not for polarized cross 
section), so the interference between 
n—n and n—p scattering appears ex- 
plicitly. 

If we had an accurate experiment for 
the polarized cross section of m—d 
scattering in future, eq. (1) would be 
useful to decide more reasonable set of 
phase shifts of nucleon-nucleon scattering. 

The author would like to express his: 
sincere gratitude to Prof. M. Kobayasi 
for his kind encouragement, and to the 
members of his group for helpful dis- 
cussions. He also would like to acknow- 
ledge the correspondences of Dr. J. 
Sawicki and Dr. L. S. Singh on this 
problem. The author is indebted to 
Yomiuri-Yukawa Fellowship for financial 


aid. 
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-A Remark concerning the Bogoliuboy 
Theory 


John M. Blatt 


Dept. of Applied Mathematics, Univ. 
of New South Wales, Sydney, 


Australia 


January 5, 1959 


In the Bogoliubov theory of super- 
conductivity” the statistical matrix does 
not commute with the operator for the 
total number of electrons in the system. 
However, if we introduce the operator 


P defined by 


Pee ly at 
P= at Noe. odd, 


Noeiec.= even 


(1) 


then the Bogoliubov U-matrix commutes 
with P. There are Fermi-type and 
Bose-type excitations in the Bogoliubov 
theory. Odd numbers of Fermi-type 
excitations change P to —P; even num- 
bers of Fermi-type excitations, and Bose- 
type excitations in any number, leave P 
unaltered. All physical operators, for 
example, the current density operator /, 
commute with P both before and after 
the Bogoliubov transformation. As a 
result, an electromagnetic field can induce 
transitions only to even numbers of 
Fermi-type excitations. 

If we denote the energy gap in the 
Fermi-type spectrum by C, then the 
electromagnetic methods” measure the 
quantity 2C. On the other hand, the 
exponential term in the specific heat 
computed in a straightforward fashion 


| is exp(—C/kT), not exp(—2C/kT). 


There should therefore be a difference 
of a factor 2 between the “electro- 
magnetic energy gap” and the “thermal 
energy gap”. 
observed. 

We suggest that the Bogoliubovy theory 
should be reinterpreted as describing, 


No such difference is 


not a single system, but an ensemble of 
two systems, one with P= +1, the other 
with P=—1. 
Fermi-type excitations in the Bogoliu- 


This means that single 


bov theory, as well as all odd numbers 
of such excitations, are to be regarded 
as unphysical and should be omitted. 
Since the operator P commutes with all 
the theory, this 
procedure is consistent within the theory. 


other operators in 


We can visualize the situation by 
means of the following simple analogy 
to the ordinary band theory of solids. 
We start with a single-particle energy 
spectrum with a gap of size 2C at the 
Fermi energy #4, as shown in Fig. 1a. 
The least possible excitation energy is 
then 2C, corresponding to the excitation 
of an electron just below the gap into 
a state just above the gap. The Fermi 
energy /4 (at zero temperature) lies 
halfway in the gap, as shown by the 
dotted line. 

When we transform to hole theory 
in the usual fashion, we plot |é&,—y| 
rather than &, itself. The resulting 
energy spectrum is shown in Fig. 1b. 
The gap appears to be of size C rather 
than 2C. However, now the least pos- 
sible excitation is a combined excitation 
of an electron, with k>k,, and a hole, 
with k<k,, and the excitation energy 
is again 2C, as it ought to be. “Single 
excitations” are impossible, and the same 
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applies to all odd num- 
bers of Fermi-type ex- 
citations. 

The analogy to the 
Bogoliuboy theory can 
be made even closer by 
including the Bose-type 
excitations into the pic- 
ture. If we draw the 
Bose-type spectrum as 
energy per particle, 1. e., 
we draw the quantity 
2€,(p) rather than the 
energy &(p) of the 
pair of particles making 
up the boson, then the 
spectrum starts at the 
Fermi energy /4, goes 
up linearly with |p|, 
and ceases when 4 &,(/) 
exceeds C. This is 
shown in Fig. 2a in the 
ordinary way of looking 
in Fig. 2b with the use 
at it, of hole theory. 


1) Bogoliubov, Tolachev, 
and Shirkov, “A New 
Method in the Theory 
of Superconductivity”, 
Dubna, 1958. 

2) Biondi, Forrester, Gar- 
funkel, and Satterth- 
waite, Rev. Mod. Phys. 
30 (1958), 1109, and 
reference given there. 


Comment on (p,n) Cross Sections 
R. Nakasima and H. Watanabe* 


Research Institute for Atomic Energy, 
Osaka City University, Osaka 


and 


*Osaka University, Osaka 


December 13, 1958 


Recently, Howe” measured the ex- 
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citation cross sections of (pf, 2) reaction 
from, “Guy ®Cuy “7n,..”Zn, and, “Za, aod 
suggested that the large variations from 
isotope to isotope in the magnitude of 
the (p, 72) cross section seem to be an 
indication of the occurrence of interac- 
tions other than compound nucleus 
formation process. In that paper, the 
(p, n) cross sections were measured at 
energies up to 12 Mey, and the cross. 


/ 
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sections were compared with the total 


reaction cross sections based on Shapiro’s © 


argument” that the (p, ) cross section 
is the same as the total reaction cross 
section in the low energy region since 
the neutron emission mode is considered 
as the most predominant one so far as 
the energy is not very high. Although 
this argument is certainly justified for 
many cases, careful note on binding 
energy of the last proton must be taken 
in discussing the reaction mechanism. 
The purpose of the present note is 
concerned with the fact that 
the large variations from isotope 
in the magnitude of the (p, 7) 
cross section, as pointed out 
by Howe, may be or may not 
be explained by the use of 


compound nucleus picture. The 
calculations are made for the 


isotopes of Ni, Cu and Zn from 
among the many available data” 
on (p, ”) cross section since 
the variations from isotope to 
isotope of these nuclei consider- 
ably differ from each other in 
spite of these elements are in 
neighboring atomic number. 
The method of the. calcula- 
tion, based on the usual com- 
pound nucleus model, is same 
as before. In the evaluation 
of the excitation cross sections, 
the nuclear radius is assumed 
to be R=1.5X A’*® fermi and 
the constant a which appears 
in level density formula, is 
chosen as a=2 Mev for all 
elements undertaken. The cross 
sections for compound nucleus 
| formation by proton are esti- 


mated from Shapiro’s paper,” and the 
separation energies are determined by 
the use of Wapstra’s table.” In the 
numerical integration to obtain the ex- 
citation cross sections, the evaluations 
at low excitation energies become some- 
what uncertain because of the technique 
of the numerical calculation and then 
one must devote efforts to the determi- 
nation of the threshold energies in (pf, 
m) reactions. The threshold energy for 
(p, m) reaction is given by E,,=S,—Sp, 
where S, and SS, are the separation 
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Fig. 3 


energies of neutron and proton from the 
compound nucleus, respectively. For 
the most cases, the difference between 
the threshold energies determine the 


a otha ma (2, m) 
1000 


11 &;,(Mev) 


variation from isotope to isotope in the 
magnitude of the cross section at low 
excitation energy region, and with in- 
creasing the excitation energy the varia- 
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tion is governed by the competitive 
processes of other kinds of particle or 
of secondary emitted particles, in other 
words, the threshold energies of other 
decay modes play an important role for 
the behavior of the excitation function. 

The comparisons between the experi- 
mental cross sections and the calculated 
ones are made in Figs. 1, 2, and 3, 
where the calculated cross sections are 
represented by the solid curves and the 
numbers added to each curves refer to 
the mass numbers of target nuclei. 
From these figures, it is apparent that 
the calculations based on the compound 
nucleus model may explain the variations 
from isotope to isotope in the magnitude 
of the (p, 2) cross section fairly well. 
For the cases of Cu and Zn (Figs. 2 
and 3), some considerable disagreements 
in absolute values of the cross sections 


are observed. As the reason for these 
disagreements, one may consider the two 


facts; one is the discrepancy between 
the experimentally determined threshold 
energy and the estimated one, and the 
other is the fact that in the present 
calculations for all cases the decay 
probabilities are calculated for compound 
nucleus of “Cu except for the relations 
of the separation energies and of the 
even-odd rule. If the calculations are 
made more rigorously for each cases, 


one may expect better agreement between 
experiment and calculation. Thus we 


may conclude that the large variations 
from isotope to isotope in the magnitude 
of (p, 2) reaction, as measured by Howe, 
are not the evidence for the non-compound 
nuclear process but offer an example as 
to the usefulness of the compound nucleus 
picture in such an energy region. 


1) H. A. Howe, Phys. Rev. 109 (1958), 2083. 
2) M.M. Shapiro, Phys. Rev. 90 (1953), 171. 
3) Blaser, Boehm, Marmier and Peaslee, Helv. 
Phys. Acta 24 (1951), 3. 
Blaser, Boehm, Marmier and Scherrer, Helv. 
Phys. Acta 24 (1951), 441. 
4) A. H. Wapstra, Physica 21 (1955), 367. 


Momentum Dependence of the 
Healing Distance 


Takashi Tagami 


Institute of Physics, College of General 
Education, University of Tokyo. 
Komaba, Tokyo 


November 13, 1958 


One of the merits” of Brueckner’s 
method is to furnish the theoretical basis 
to the validity of the independent particle 
model for nucleus. Indeed, Bethe and 
Goldstone” have shown that the appli- 
cation of the exclusion principle in the 
intermediate state of the constituent 
particles should play the most important 
role for the validity of I.P.M.; the 
inter-nucleon force ‘“‘wounds”’ the nucleon 
wave function violently when the nucleon 
distance is much less than the range 
of nuclear force, but as the nucleon 
distance increases, the wound would be, 
in virtue of the exclusion principle, 
“healed” up and consequently the wave 
function would approach to the free 
particle wave function, not to that 
asymptotic form with a phase shift. 
The distance in which the wounded 
wave function may nearly come in ac- 
cordance with the free particle wave 
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Fig. 1. The schematical behaviors of s-state wave func- 


tion of the two particles interacting through hard core 


potential. 
------- free particle pair: w° 
—-—-— isolated particle pair: u#s 
— ——— imbedded particle pair: uim™ 


imbedded particle pair: ut” 


called 
distance’? by Weisskopf et al.” and 


function has been “ healing 
found to be equal at most to the mean 
nucleon distance in the nuclear matter. 

In this paper, a plausible analytic 
expression is given to this healing dis- 
tance and its momentum dependence is 
discussed quantitatively based on Bethe- 
Goldstone’s equation which is, for an 
imbedded nucleon pair whose center-of- 
mass is assumed to be at rest, given by 


1 
M* 


(V* +R?) hy. (r) = V (r) $x (1) 


ARF to 
SiR | ak’ | dr’ V(r’) h;,(r') eth o—ry) 


0 0 
(1) 
where M* denotes the reduced mass, 
k’s correspond to the relative momentum 
and the Pauli principle is taken into 
account by the last term. As has been 
noted by Weisskopf et al.,” the restric- 


tion of the center-of-mass mo- 
mentum K=O would not 
change the main features of 
functions for 
general case. Following the 
procedure of Bethe and Gold- 
stone, we can solve this equa- 
tion and get the s-state wave 
function in the closed form, 
two-nucleon 


relative wave 


assuming the ; 
potential V(7) consisting of 
only hard core with core radius . 
D. Such potential is of course 
different from the real nuclear | 
forces, but for the purpose of 
discussing the effect of the | 
Pauli principle the following 
results would be reliable for 
the actual situation, too. 

uz(r) =kryy(r) is given in the ap- 
proximation (Dk;)*<1 by 
u(r) = Aluo— (1/27) (uy +u2— us — mu) |, 


(2) 


where 
u=sink(r—D), 
uw =sink(r—D)|{Sia(r—D) 
+Sib(r—D) +SiaD+SibD}, 
uy=cosk(r—D)|Cia(r—D) 
—Cib(r—D) —CiaD+CibD}, 
uz=sink(r—D)|[Sia(r+D) 
+Sib(r+D) —SiaD—SibD}, 
us=cosk(r—D)|Cia(r—D) 
—Cib(r+D) —CiaD+CibD}, 
with 
A=k,|1— (1/2) {SiaD+SibD) coskD 
— (CiaD—CibD) sinkD} |-1, 
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a=k,+k, b=k,—k, 


and Cz, Si are the integralcosine and 
integralsine functions as are tabulated 
in the book of Jahnke-Emde. 

The behavior of «%(7) is shown in 
Fig,./h, 

Now, we wish to rewrite w«(7r) ap- 
proximately in the following form: 


sinkr—(sinkr—sink(r—D) ) 


“try = K ene D) r>D 


0, T ay 
(3) 


where the second term in the right- 
hand side is the difference between the 
unperturbed wave function z;,(7) =sinkr 
and the isolated pair particles wave 
function w;5(7), which should correspond 
to the magnitude of the ‘ 
to the interaction. The schematical 
behavior of this approximate function 
u(r) is also illustrated in Fig. 1, from 
which we can see that a@ corresponds 
just to the inverse of the healing distance 
ao 

Expanding the solution «,(7) and _ its 
approximate expression 7%,,(7) both about 
the core radius D and rearranging them 
in the power series of kD, then we get 


‘wound ” due 


(2) = A[ kD) -(k(r—D) ) /6 


+ (kD)(k(r—D) ) /124 SS | 


Gr) = +aD)| k(r—D) 


—(«(r—D)) /6+0((eD))+~ | 
(5) 


with 


A=ky|1— (Dkx/#)(2—reIn =* ) 
—K 


Ph es 3 \ 
penn tewreten ieee 
SSK 


+O((erD)?) +o 
and 
K=k/ ky. 


Restricting ourselves in the region of 
K°< Dk,y, in accordance with the as-~ 
sumption (Dk,)*<1 involved in the 
solution (2) of the Bethe-Goldstone- 
equation, we can get the next relation 
from the comparison of the above equa- 
tions (4) and (5), 


1+aD=A. 


Thus, the healing distance is given as. 
follows : 


k/Rp 
th 
0 0.2 0.4 0.6 0.8 1.0 


Fig. 2. The momentum dependence of the 
healing distance. The hard core radius is 
assumed to be 0.410718 cm and consequently 
this figure should be regarded with confidence: 
in the region of k/ky<0.7. 
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A(R) =D| (2-«In ca Pees | 


Fi 1—« 
forix’ S Dky. (6) 


In Fig. 2, the momentum dependence 
of the healing distance is shown for 
the assumed hard core radius 0.4X 
10>” cm, 

For the imbedded pair nucleons, it is 
‘found that the wave function of a 
nucleon pair moving with the relative 
‘momentum less than 0.64; is healed up 
within the mean nucleon distance in 
nuclei and it seems, therefore, that such 
nucleons are moving nearly independent- 
ly. On the other hand, for those 
‘nucleons which have the relative mo- 
‘mentum nearly equal to Fermi momentum 
ky, the healing distance is so large 
-compared with mean nucleon distance 
-and consequently the nucleon pairs seem 
to behave the neighbouring 
nucleons just like as isolated nucleon 
Thus, it 
may be concluded from the local Thomas- 


against 
pairs in free scattering states. 


Fermi gas aspects of nuclear structure 
that the nucleons inside the nucleus 
move almost independently. However 
In its surface region, the situation would 
be considerably different and there would 
be some strong tendency to the nucleon 
-clustering about which we shall discuss 


in a forthcoming paper. 
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On the Intermediate Resonance 
Levels in the Nuclear Reactions 


Sin-iti Igarasi, Ko Izumo 
and Takeshi Udagawa 


Department of Physics, Tokyo 
University of Education, Tokyo 


December 17, 1958 


Nuclear reactions at intermediate 
energy region have been interpreted by 
means either of direct reaction” or of 
the statistical model.” The direct reac- 
tions are such processes in which the 
incident particle interacts only with a 
special nucleon in the target nucleus, 
while in the case of the statistical model 
nuclear reactions proceed mainly through 
compound nucleus formation. However, 
one may reasonably think the mechanism 
of nuclear processes in this energy region 
lies somewhere between the two mecha- 
nisms. That is to say, it may be sup- 
posed that in actual reactions the incident 
particle interacts strongly with several 
but not all nucleons in the target nucleus. 
Indeed, there are experimental facts” 
supporting this mechanism. In nuclear 
reactions at intermediate energies level 
spacings are shown to be 100~300 kev 
and level widths 50~100 kev. For 
example, Fig. 1 shows the experimental 
data of Ni(p, p’)Ni* obtained at the 
Institute of Nuclear Study, Tokyo 
University.” In this note, we should 
like to interpret these data by a nuclear 
model based on the above mentioned 
mechanism. 

In our model, we assume that the 


nucleons in the target nucleus, which 
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do 
dQ 


in mb/sterad 


15 


10 


0 


8.6 9.0 95 
— E> in Mev 


Fig. 1.. The differential cross sections of inelastically 
scattered protons as a function of the incident proton 
energy E,,. Residual nucleus are left at first excited 
state. There appear four intermediate resonance levels. 


consists of A-nucleons, can be separated 
into two groups, an inert core and N- 
outer nucleons. We further assume that 
the inert core always remains in its 
ground state and its effect upon the 
incident particle as well as the outer 
nucleons is approximately given by a 
certain average potential acting on them. 
We further assume that all the remain- 
ing interactions are two body forces. 
With these assumptions, our model 
Hamiltonian is written as follows, 


Hy=l ot tek V,.+H,+U,+U,, 
(1) 


Ni(p, p') Ni* (Q~—1.4 Mev) 


where T’, is the kinetic energy 
of the incident particle, H,. and 
HZ, are the outer-nucleon and the 
inert-core Hamiltonians respective- 
ly. V,, is the sum of interac- 
tions between incident particle 
and the outer nucleons, U, and 
U, are the potentials acting on 
the incident particle and _ the 
outer nucleons from the 
core, respectively. 

Now, we consider a fictitious 
light nucleus containing (N+1) 
nucleons. 


inert 


This number of nu- 
cleons corresponds to the sum 
of the outer nucleons and the 
incident particle. Using the same 
notation as that of the outer 
nucleons and incident particle, 
the Hamiltonian of this light 


nucleus is written as follows, 
Hy=T ZA + V pe (2) 


Then, we consider the relation 
between the light nucleus and 
the model system. If U, and U, 
in the right-hand side of (1) are 
constant inside the internal region of the 
model system, the eigenvalues of the 
model Hamiltonian Hy, correspond one: 
to one with the eigenvalues of H,, ex- 
cept an additional constant. As is well 
known, the radius of the model system 
is proportional to (A+1)”*, while the- 
radius of the light nucleus to (N+1)™. 
As the level spacings are proportional 
to inverse square of the nuclear radius, 
the level spacings D, of the model 
system are narrower than that of the 
light nucleus, D,». Similar considera- 
tions show that the excitation energy E” 
of the model system is larger by the- 
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E=8 Mev 


RSily, a) Al 
Nits, p)Ni* 


100 


10 


19 100 200 
=A 
Fig. 2. Level distances of intermediate resonances 
‘vs mass numbers of compound nucleus. Experimental 
data are shown by circles, and five curves are calcu- 
lated one for incident energy E=8 Mev. These two 
data, Ni(p, ~’) Ni* and Si(p, a), are explained by 


N=7~11 outer nucleon numbers. 


same ratio than the corresponding energy 1) 
E’ of the light nucleus. These relations 
are roughly estimated as 


N+1\" 

JOM OPVESID: AGI) Oats 

1 (E) ~ Do ( lalierce: (3) 
-and 


> 


Bw p.( tt, “ (4) 
N+1 2) 
respectively. 

We are interested in determining N 
which depends on the incident energy 
£ and the mass number A in order to 


reproduce the experimental level spacings. 


Weisskopf formula” was used to 
estimate D,). The results are 
shown in Fig. 2. The calculated 
curves are fit with the experirnental 
values if we take N=7~11. In 
other words, the levels with inter- 
mediate widths which are shown 
in Fig. 2, suggest strongly the 
existence of some resonating groups 
with 7~11 nucleons in the nucleus. 

The experiments available for 
the evidence of such resonating 
groups, however, are still very 
few. Thus it is too early to say 
anything about the actual energy- 
and mass number dependence of 
N.  Furthercoming experiments 
will clarify these points. 

This model seems to suggest 
various interesting theoretical in- 
vestigations, such as a generaliza- 
tion of the intermediate coupling 
theory proposed by Lane, Thomas 
and Wigner.” These problems 


will be discussed later on. 
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New Equation of Spin 1/2 Particles 
and Isomorphism between Various 
Transformations 


Zensuke Tokuoka 


Department of Physics, Wakayama 
University, Wakayama 


December 10, 1958 


In consideration of the Fermi-interac- 
tion, Pauli? proposed two transforma- 
tions, 


(P-1) f=a¢+brs¢~” (la)P?+|o?=)), 
(P-Il) $’=exp(i7s) 9, 


under which the neutrino equation is 
left invariant. ¢” is the charge conju- 
gate function of ¢. Meanwhile, Giirsey” 
showed that these transformations are 
isomorphic to the space-rotation and the 
gauge transformation of the first kind. 
He obtained these results by using his 
“wave matrix formalism”.*”? However, 
not only are the greater part of physicists 
not accustomed to this formalism, but 
also it is doubtful that these results are 


always correct independent of the re- 
presentations of the Dirac matrices, 
because the formalism was constructed 
by referring to the special representa- 
tions of 7- and o-matrices. 

The purpose of this letter is twofold. 
First, let the wave function ¢ be a 
suitable linear combination of # and ¢y. 
When ¢ satisfies the Dirac equation, ¢ 
satisfies a new field equation which 
includes ¢” in the mass term. Serpe 
and Case” have shown that the Weyl- 
Jehle equation is equivalent to the 
Majorana equation for hermitian field. 
Similarly, the new equation is equi- 
equation for 


valent to the Dirac 


non-hermitian field. Secondly, if we 
investigate the transformations of ¢ cor- 
responding to the various transforma- 
tions of ¢, Giirsey’s results are easily 
obtained. Consequently, the derivation 
essentially depends on the suitable combi- 
nation ¢ of ¢ and ¢”, and not on the 
wave matrix. The general formulation 
of the wave matrix theory can be con- 
structed by re-interpretation of the direct- 
product representations of 7-matrices, 
and indeed, if we apply this formalism 
to ¢, we can immediately derive Giirsey’s 
wave matrix. 

The wave function ¢ and its charge 


conjugate ¢? are defined by 
gG=6.—n92, P= PPTs, 
where 
ds=12f, P$E= (Px)? =718 ?”, 
and 
Te= (147s) /2. 
If # obeys the Dirac equation (7,9,+ 
«)=0, ¢ satisfies the generalized Jehle 
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equation (0,+7250;)¢+«7;6?=0 in 
which 2,= —7€ ju7n7i/2 is a set of 4% 4- 
Pauli In the case of the 
Majorana abbreviation ¢=¥¢”, 


matrices. 
if we 
choose the special representation 


On fase Qty 
aga os at ») 


1 OTS 
n=(4 oN 


it is readily verified that the equation 
reduces to the equation (16) of Case’s 
paper in the sub-space corresponding to 
the eigenvalue 1 of 7;. Using our 
method, we can easily deduce the rather 
peculiar transformation laws, given by 
Case, corresponding to space-reflection 
and time-reversal. 

Corresponding to the proper Lorentz 
transformation of ¢, 


P\=exp (ta, 2,+h, Li) d, (1) 


@ transforms according to 


o =exp (iA, 2%) 4, (1) 


in which a, and , are real and A, is 
a complex "3-vector, ““"and= Ley. 
Phase- and 7,-transformation (P-I1) of 
¢ correspond respectively to 7;- and 
phase-transformation of ¢. Hitherto, the 
Pauli- (P-I) and TKT-transformation®* 
have been proposed to generalize a phase 
transformation (the gauge transforma- 
tion of the first kind), but we propose 


the following as a general gauge trans- 
formation, 


* The TKT-transformation is introduced by 
Takahashi, Kamefuchi and Tanaka in order to 
interpret the electromagnetic interaction of the 
Jauch field. It is a generalization of the usual 
phase transformation, and is given by 

¢’=ap+bg? (Ja\?—|b|2=1). 


b= (A+ B75) $+ (C+ D7s) ¢”, (2) 
in which A, B, C and D are the com- 


plex numbers satisfying the relation 
JAP =1BP IC? Hb +1 
and AB*=€p*. 


Corresponding to this 6-parameter trans- 
formation, ¢ is tranformed by 


# =exp (7A; Px) 9, (2') 


where A, is a complex 3-vector. {?; is 
a set of 4X4-Pauli metrices defined by 
P1=—7s, P2=—hir7s, Ps=Ts- 
Indeed, +'; and §?; satisfy Pauli’s com- 
mutation relation, 2 ;2,=7€%;3,+0, 
and 9,0, =e. 9:+0,, but L; is not a 
set of Pauli matrices because it satisfies 
the relation L;Ly=i€j5,+0,. | Con- 
sequently, (1’) and (2’) have the same 
form which shows the isomorphism of 
the proper Lorents transformation and 
the general gauge transformation. This 
is an extension of Giirsey’s correspon- 
dence. The general 7;-transformation of 
¢ is given by 


gf’ =exp(7A,’ ae) i, 


and corresponds to the transformation 
of ¢ 

0 = (A+ B75) b+ (C+ D753). 
Therefore, the general gauge transfor- 
mation and the general 7;-transformation 
are reciprocal to each other with respect 
to ¢ and 4. 

Here, we call attention to the fact 
that the Dirac equation is not left 
invariant under the general gauge trans- 
formation and general 7;-transformation. 
There are two view-points. One is that 
under some restrictions the invariancy 
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of equation is regained, e.g. for «=0 
the equation is left invariant with respect 
to the Pauli transformation and ;;- 
transformation though it is not so for 
general «(*0). The other view-point 
is that the Dirac equation is not satis- 
factory and must be generalized so as 
to be left invariant under general trans- 
formation. Baryons may obey such 
equations. 


The detailed discussions will appear 


_ in this journal in the near future. 
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Origin of Cosmic Rays Revealed in 
the Rigidity Spectrum of 
Primary Particles 
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*Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 
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University of Tokyo, Tokyo 


December 23, 1958 


It has now become very probable that 

the rigidity spectra of various nuclei in 

_ the primary cosmic radiation are similar 
~ to each other ; especially the existence 


ae 


of their maxima all at a rigidity of 
around 1.6 GV as well as their gradual 
decreases towards lower rigidities are 
noticeable.” When we regard these 
features as being caused outside the 
solar influences (for the discussions of 
the other possibility see reference 1)), 
we can impose certain important restric- 
tions on the possible mechanisms effec- 
tive in producing the primary cosmic 
radiation. 

In order to obtain a spectrum such as 
observed from one of thermal type 
which, in the energy region under con- 
sideration, increases monotonously _ to- 
wards lower energies, a mechanism is 
needed to cut-off the lower energy part 
of the latter. 
hereafter, has to act together with some 


This process, called B 


acceleration process A. From the ap- 
proximate coincidence of the maximum 
positions in the rigidity spectra of the 
primary p, @ and C, N, O components, 
it is quite natural to assume that the 
effects of both A and B on the primary 
cosmic ray particles depend mainly on 
the magnetic rigidity of the particle. 
Since the B process is more responsible 
than the A process for the occurrence 
of the maximum, we discuss some pos- 
sibilities of the B process. 

First of all, it can be conjectured that 
the processes responsible for the observed 
spectrum shape cannot be operative 
uniformly over the entire Galaxy, since 
the overall average matter density is 
very low and only the ionization loss 
acts as the predominant B process. We, 
then, get the results in conflict with the 
observation as has been argued in 


reference 1). 
We thus have to consider certain 
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spatially limited regions of our Galaxy, 
called active regions hereafter, as the 
places where A and B processes operate, 
the latter taking part in modifying the 
spectrum from that inside the active 
regions. The next question is whether 
the observed spectrum is in a steady 
When we 


consider the fact that we are observing 


state or in a transient one. 


a cummulative effect over a very long 
period, we arrive at the conclusion that 
a certain B process is operative steadily 


in some active regions of our Galaxy. 

One of the B processes of the required 
type may be the absorption in the active 
region combined with the temporary 
confinement of the particles by, for 
instance, magnetic clouds, by which the 
spectrum of emitted particles is modified 
from that of confined ones. This type 
of B process has been shown” to modify 
the spectrum to some extent in the case 
of the Forbush decrease. Since the 
association of some celestial body with 
the active region is quite conceivable, 
we exploit this possibility a little further. 
This is, in fact, the case in the solar 
production of cosmic rays, and a similar 
situation may be considered as responsible 
also for the substantial part of the 
galactic cosmic radiation, if we refer to 
the speculations that the extended atmos- 
phere of red giant and super giant stars” 
or the shocks taking place between pairs 
of binary stars” could be conceivable 
local sources. 

We now describe qualitatively how 
effective the B process is in the accelerat- 
ing region containing absorbers, leaving 
a quantitative study to a forthcoming 
paper. The particles trapped in this 
region undergo the scattering by turbulent 


magnetic fields in the course of accele- 
ration and are lost out of this region 
by escape or the absorption. Taking 
the linear dimension of this region as 
L and the scattering mean free path as 
l, we estimate the mean time for escape 
of the particles of velocity v as t,— 
L*/lv. 

rigidities, 


Since the particles of lower 
hence of shorter J's, stay 
longer in the region, they have more 
chances to hit the absorbers. Therefore, 
we can expect the B process that pre- 
ferentially cuts out the particles of low 
rigidities. In order to see if the absorp- 
tion is effective enough, we estimate the 
mean lifetime for the absorption. If 
the particles are trapped in a volume of 
L* in which there are absorbers with an 
effective cross section of S, the mean 
absorption time is obtained as ¢, ~ L*/Sv. 
The ratio of Z, to 2, 4t,/i.—o7 2. 
shows how the B process becomes effec- 
tive as the rigidity decreases. 

In the extended atmosphere of the 
giant stars S may not be much smaller 
than L’, so that ¢,/t, seems to be large 
enough. In the binary star system, S 
may be as small as 10* L?, so that 
only too small a value of 7 can give a 
large enough value of ¢,/f,. It is 
interesting to note that the particles 
thus absorbed may be responsible for 
the generation of light elements, as has 
been shown in § 4 of reference 3). In 
this respect our model seems to get an 


independent support. It should also be 
remarked that the acceleration process 


taking place together with the above B 
process does not have to be an unrealistic 
one. For example, the rate of energy 
gain may be such that it stays low in 
the lowest energy region, then increases 
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with energy linearly or so and levels off 
at high energies. Such an _ energy 
dependence is quite reasonable and may 
be accounted for in terms of the betatron 
mechanism and its realistic modifications. 

In addition to the simplest model 
above, there are some other possibilities, 
if we assume special A processes. One 
of them is a combination of A and B 
processes in such a way that the particles 
accelerated from a low rigidity drops 
out of the acceleration rather rapidly 
and only a small part undergoes an 
efficient acceleration, so that they reach 
high rigidities without appreciable loss. 
Then the acceleration stops at a certain 
rigidity ; consequently the particles ac- 
cumulate just below this limiting rigidity. 
Such a mechanism may be operative in 
the so-called magnetic mirrors. 

A more special and probably unrealistic 
mechanism is the resonance acceleration 
such as the one proposed in Appendix 
V, (iv) of reference 3). This certainly 
produces a valley in the rigidity spectrum. 
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Equation of State of Classical 
Electron Gas 


Ryuzo Abe 


Physics Department, Tokyo Institute 
of Technology, Tokyo 


January 12, 1959 


In a recent paper by Ichikawa,” the 
long range correlation effects of Coulomb 
interaction are shown to increase the 
free energy of the Debye-Hiickel limiting 
law by 22%. If this is true, a similar 
conclusion may be drawn by the usual 
cluster expansion method, without re- 
course to the collective coordinate re- 
presentation. Although , Mayer” has 
carried out the order estimation of the 
contributions of complicated clusters 
other than ring clusters and shown that 
they are of higher orders, his conclusion 
is not fully justified in the case of 
electron gas, since some of terms con- 
sidered by him diverge for purely 
Coulomb interactions without hard cores. 
Thus it will be worth while to investi- 
gate the higher terms in a 
systematic way, free from the divergence 
difficulties. We wish here to present 
an exact evaluation of the free energy 
term which is expected to be of the 
next higher orders than the lowest one, 
i.e., the Debye-Hiickel law. 

If we define the function S(e) by 


order 


Si - — <1 Bn m+1 (1) 

(0) Poa 25 ? 
with 9, the irreducible cluster integral 
and p the particle number density, the 
equation of state, the Helmholtz free 
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energy, etc., are easily derived from this 
According to Mayer,” S() 
is expanded as follows, 


function. 


: kes iis i 
S(e) == Oy, (7) =e a — al 
m=2 m! V 


sv yp L=Pael™ a¢m). (2) 
m>i> je (R;5) ! 

Here the S,() is the contribution of 
the ring clusters and >¥ implies the 
summation over prototype graphs with 
m branch points,” d(m) the integration 
over the branch points and &;; the 
number of bonds between the branch 
points i and 7. The potential function 
gi; is given by 


PNG et mE (3) 


in the case of Coulomb interaction. S)(/) 
is known to lead to the Debye-Hickel 


law, i. e., 
So(e) /p=4/3 (4) 


with A=2)/ 7 #? 06 which is the 
non-dimensional parameter characteristic 
of the classical electron gas. If we 
further consider the graphs m=2 in eq. 
(2), each term is shown to be divergent. 
However, if all the terms m=2, i.e., 
all the graphs of watermelon type,” 
are summed up, the result is no longer 


divergent and is given by 


Sal) 2 =27p| keg = 


! 0 


Pw Wy (ees 
+8q(r)— ia | Tr ar. 
ve 
The similar expression was already 
derived by Yukhnovsky” from another 


point of view. An analytical evaluation 
of the integral leads to 


ioe (?) /0 =1/2= A/8 oer ge) 


x 3 3 (=1)’/nlin=7)! 


n=0 r=0 


ATE Tete Le 

x [2/4 FEL) + Kina) (2V 47 +1)) 
42/(r+DV4(r+1) 

x Kin) 2V4(r+1))], 


where K,(x) is the Neumann function 


of purely imaginary argument. An ex- 


plicit calculation yields 
BC) /p=" (ly la eat) oe ete 
+7 log4/12+O(%’) 


Thus the 
contribution of graphs with 2 branch 


where 7 is Euler’s constant. 


points never leads to the term of the 
order 4 and turns out to be of higher 
orders than that of S)(). 
that the more complicated graphs do not 
lead to the term of the order 4 and the 
Debye-Hiickel law is exact with respect 


It seems 


to this order for the purely Coulomb 
interactions as well as for the one with 


hard cores. The detail of this article 
will soon be published. 


1) Y. Ichikawa, Prog. Theor. Phys. 20 (1958), 
(Alay 
2) J. E. Mayer, J. Chem. Phys. 18 (1950), 1426. 


3) E. Meeron, Phys. Fluids 1 (1958), 139, 246. 


4) R. Abe, J. Phys. Soc. Jap. 14 (1959), 10. 


5) T.Morita, Prog. Theor. Phys. 20 (1958), 920. 
6) I. R. Yukhnovsky, J. Exp. Theor. Phys. U. 


S.S.R. 34 (1958), 379. 
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Field Theoretical Interpretation of 
Multiple Meson Production 


Tsutomu Imamurat 
and Keizo Kobayakawa* 


Department of Physics, University of 


North Carolina, North Carolina 
“Department of Physics, Nara Medical 
College, Kashihara, Nara 


December 17, 1958 


the 
has 
recently been surveyed by Koba and 
Takagi.” 
give the formula for the cross-section of 


The historical development of 
multiple production of particles 
In the present note we shall 


multiple production of mesons under 
the following three assumptions : 

a) The interaction between a nucleon 
and a pion is present only for a finite 
time interval 0 to ¢. The transition 


matrix is assumed to be 


U(co, 4) =U(0, —o)=1, (1) 


namely no interaction exsists for — 0 
to 0, and ¢ to ~. 

b) The free Hamiltonian Hi is re- 
garded as a C-number for the above 


mentioned time-interval (0,7). In this 
approximation we have 
Ut, 0) = er el et, (2) 


where H, is the interaction Hamiltonian. 
-c) The concept of renormalization is 
assumed to get only the relative cross- 
section of 7 pion production. 

By virtue of a), b) and of the sym- 
metrical pseudoscalar interaction, we can 
exactly obtain the following matrix ele- 


+ On leave from Osaka University, Osaka. 
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ment, for example, a positive pion colli- 
sion with a nucleon. 


M=(,|U(c, —o) 
= {V2 ha/ (22) 
| jis Ga’) Ga) e740), 17) 
X Byoae"(K) Fede dx’, (8) 


Xe) 


where 7% is the free vacuum, a is a 
Dirac spinor, and K, k are the mo- 
mentum of the incident nucleon and the 
pion respectively. ¢*(x’) and ¢(x) are 
the operators of the meson and nucleon 
fields for t=0. From the above matrix 
element we have the relative cross-section 
of (n—1) pion production (the number 
of final mesons, n=7.+n_+%, 1., 1 
and m are the numbers of positive, 
negative and neutral pions respectively) , 
such as, 


AE ght Nis BSS 
dK’ Uiad 18 te 


ye (Ko Kol + (—)" CK Km’) 
BISGyicaviNG 


xX {F(n,, n_+1, m) (n_+1)}? 
xG(n+1, mo) 


S| TOK +h Ki SB) diel bags 
J t=1 4=1 
(5) 


Here the following relation has been 


used, 
ents Ts Te (ar) =—Z7 — (igt oS, ee) n+1 
m+1 
No n_+1 ifs 

a a i arias 4 
i do(%) <<, O(%)-++, OF (KX): 

x F(n,, n-+1, m)G(n+1, m), 

(6) 
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where 

F(n,, n_+1, m) =f" {(tt0+%n +1) /2} 
X {(n—Mm +144 n.1—-8ng) /2} | 
XV 2™-"/n,!(n_+1)! m9! 
x PA(n+2+9n1)/2}, 

G(n+1, m) =1—94,,(1—%ns1) 


0 
with 0,= ' for 


Here Z is a renormalization constant 
and the symbol, : : represents Wick’s 
S-product. 

The covariant integration with respect 
to the phase space in the formula (5) 
is evaluated by the saddle point method.” 
Namely it runs to 


a 


= (207)" pe'n™ (a/7)""/ (28)? I (ay? 


Xexp|2 log {— H{? (—1a) a} 


+ny—K"a/2nv7\, (7) 
where a is the solution of the following 
equation, 

JQ) 2/2 eth R iy a) 
=W/npe=r 
and 


I(x) =1 42/2? 
— (3/x) GH (—ix) /H®(—ix)} 
— Hy (14) / ta), 


From the equations (5) and (7) we 
can obtain quantitative results. The 
average value of mn becomes 3.7, for 
example, in 7~—p collisions at 5 Bev 
when ¢ is taken to be the collision time 
and y’/4z=15. This value is in fairly 


good agreement with experimental one,” 


but unfortunately the angular distribu- 
tion of nucleon in finite prongs is nearly 
isotropic in c. m. system. 

In a similar way we can derive the 
cross-sections in nucleon-nucleon collisions 
and in nucleon pair annihilations. One 
would find the differences of the present 
treatment from those of LOW® or 
Fukuda and Takeda’s theory,” namely 
in the present work the interaction 
between nucleons is not replaced by a 
potential, the nucleon recoils are taken 
into account and its self energy part is 
also considered. Furthermore, it will be 
seen that, contrary to Fermi’s statistical 
theory,” we have evaluated the matrix 
element from a point of view of meson 
theory and the integration over the phase 
space is covariantly performed. Details 
of this note will be reported in near 
future in three parts: pion-nucleon 
collision, nucleon-nucleon collision and 


antinucleon-nucleon annihilation. 


1) Z. Koba and S. Takagi, preprint of a manu- 
‘script to be submitted to the “Fortschritte 
der Physik”. 

2) G.E.A. Fialho, Phys. Rev. 105 (1957), 328. 

3) G. Maenchen, W. B. Fowler, W. M. Powell 
and R. W. Wright, Phys. Rev. 108 (1957), 
850: W. D. Walker, Phys, Rev. 108 (1957) 872. 

4) H.W. Lewis, J. R. Oppenheimer and S. A. 
Wouthuysen, Phys. Rev..73 (1948), 127. 

5) H. Fukuda and G. Takeda, Prog. Theor. 
Phys. 5 (1950), 957. 

6) E. Fermi, Prog. Theor. Phys. 5 (1950), 570. 
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Molecular Processes induced by u- 
Mesons in Hydrogen Bubble 
Chamber, II 


——Mechanisms of Formation of t- 
Mesonic Hydrogen Molecular Ion‘ 


Yukio Mizuno, Takeo Izuyama, 
and Mikio Shimizu 


Department of Physics, University 
of Tokyo, Tokyo 


December 23, 1958 


In this note we report the result of 
our qualitative study on the mechanism 
of formation of a #~ mesonic molecular 
ion by the low energy collision of a 
mesonic proton or deuteron atom with 
a proton or deuteron bound in an ordinary 
hydrogen molecule. This was made as 
a preliminary study for detailed calcula- 
tions based on approximations similar to 
those used in the previous paper.” 

First we mention on the molecular 
ion formation by collision of a po 
mesonic deuteron atom with a proton. 
The mesonic (HD)* has two bound 
states, one being the ground state Ps; 
(whose dissociation -energy > 187 ev) 
with the total orbital angular momentum 
L=0 and the other being the excited 
state @, (whose dissociation energy 
(44 ev)? with’ b=1: or Then? (HD)* 
in the ground state can be formed by 
two ways. One is by the direct transi- 
tion from the incident state @, to the 


ground state @,. The other is by the 


+ The main part of this note was published 
in Progress Report of Research Group for the 
Study of Molecular Structure in Japan, No. 7 
(December, 1957). 


indirect transition through the excited 
state M,. In these transitions some 
other quanta than p, d, and »- under 
consideration must be ejected because 
both the total energy and the total 
momentum must be conserved. We here 
consider only two cases of ejection of a 
photon (radiative process) and of ejec- 
tion of a 1s electron bound to the proton 
(Auger’s process), because these two 
First, 
Since 


are expected to be most important. 
we consider the direct transition. 
the bombarding energy is very low, 9%, 
is essentially of s character for small 
values of the —d distance under con- 
sideration. Then the direct transition 
is essentially the so-called 0-0 transition, 
so that the radiative process is almost 
impossible. Consequently the transition 
occurs exclusively by Auger’s process. 
Next, we consider the indirect transition. 
In this case, the radiative and Auger’s 
processes are both possible, and each 
step of transitions turns out to be an 
electric dipole transition from angular 
momentum arguments. In the present 
preliminary calculation, we assumed for 
@’s simple forms similar to those used 
by Jackson.” The result of this calcu- 


lation is given in Table I. 


Table I. Reaction rate of (HD)+ formation 
in pure liquid hydrogen (in sec™). 


| 0,05 | 0; > Op | Op > 5 


Auger’s | 19-1 104 101 
process 
Radiative 0 1071 106 
process 


From Table I we see that (HD)* will 
be formed mainly by making two steps 
of transitions 0, >@%,->M, ejecting two 
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electrons bound in an ordinary hydrogen 
molecule. This conclusion is consistent 
with Skyrme’s one” that some other 
mechanisms than the direct transition 
will be important ; but it is inconsistent 


) Jackson estimated 


with Jackson’s one.” 
the reaction rate of the direct transition 
and found a very large value (~10' 
Then he concluded that a ~~ 
mesonic molecular ion will be formed 
by the 
Jackson’s method of treating the direct 
transition is very difficult to be justified, 
as will be explained in our full paper. 
Our present calculation will also be too 
rough to be accepted quantitatively, but 
our conclusion 


sec”'). 


direct transition. | However, 


seems to be correct 
qualitatively. 

Next, we will touch simply on the 
mechanism of formation of the p-- 
mesonic (HH)* and (DD)*. In these 
cases the indirect transition through the 
?, state (E1 transition) is forbidden 
at the limit of zero bombarding energy, 
as is seen by considering the symmetry 
character of #,, M,, and ®, with respect 
to the exchange of the two nuclei. Then 
we expect from the above argument on 
(HD)* that the reaction rate will be 
very small compared with that of (HD) *. 
However, this expectation seems to be 
open to discussion, for our qualitative 
study on bound states of (HH)* based 
on a Morse oscillator model tells that 
(HH)* may have an extremely loosely 
bound state with L=O or a resonance 


level in the neighbourhood of zero 


bombarding energy. Then we can ex- 
pect a possibility that the low energy 
scattering of a /@ mesonic proton atom 
by a proton exhibits a resonance and 
the amplitude.of the correct incident 
wave function %, for values of the p—p 
distance of the order of the #~ mesonic 
Bohr radius is far larger than that of 
the Born approximation used in our 
For (DD)*, on the 
other hand, it has four bound states, 
two with L=0, one with L=1, and 
one with L=2, and then nct only the 


present estimation. 


direct transition %,->%, but also several 
ind’rect transitions such as @, > 9, > @,, 
P,> 9, ®, (excited) > @, are possible. 

In these circumstances, we wish finally 
to stress that the mechanism of mole- 
cular ion formation is rather different 
The result of 
our detailed calculation based on an ap- 
proximation similar to (I)® will be 
published in the near future. 


from isotope to isotope. 


1) M. Shimizu, Y. Mizuno and T. Izuyama, 
Prog. Theor. Phys, 20 (1958), 777; which 
will be hereafter referred to as (1). 

2) J. D. Jackson, Phys. Rev. 106 (1957), 330. 

3) T.H.R. Skyrme, Phil. Mag. 2 (1957), 910. 

4) S. Cohen, 1D. Lo. Judd.. and JR. sje Raddel. 

Phys. Rev. 110 (1958), 1471: 
They have also calculated the reaction rate 
of molecular ion formation. Their calcula- 
tion seems very similar to cur detailed one, 
though the details of the mechanism and 
the calculation are not reported so far, 
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Errata 
Dispersion Relations and Vertex Properties in Perturbation Theory 
K. Symanzik 
Prog. Theor. Phys. 20 (1958), 690 

a) In the formula following (10) the last term should read 7 /?/64 instead of 
| Fy? /64. 

_b) The statement in footnote *11) that the general method gives 27<2M?+4ME 
+O(€*) is due to a calculational error. The correct value is 2<2M *+ O(&) 
and, therefore, the conclusion of the footnote is invalid. Cp. Y. Nambu, 


“Limitations on Momentum Transfer in Dispersion Relations of Scattering 
Amplitudes”, to appear in Nuovo Cimento. 


Errata 


The Clobsch-Gordan Coefficients 
S. Datta MAJUMDAR 


Prog. Theor. Phys. 20 (1958), 798 
The following corrections should be made. 
p. 800, 11th line... The equaticn should read as follows 
Om = EL 


p. 801, eq. (10)...Delete the comma in the middle of the equation and close up. 
p. 902...In the line immediately after eq. (13) (221772|j:j2) should be replaced by 
(myn,| 77). 
p. 802...4th line from the bottom should read as follows 

eet a facies com ts A mia pate 3 ae Ne 1) 
p. 803...At the end of the last line “7=1” 
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Dynamical Properties of s-d Interaction 


Hiroshi HASEGAWA* 
Department of Physics, University of Tokyo, Tokyo 
(Received October 28, 1958) 


The dynamical properties of two spin systems composed of conduction electron spins and 
localized d-spins interacting by exchange are investigated in connection with the electron-spin 
resonance of d-spins with the free electron g-value. It seems to us that some basic consider- 
ations are necessary for the problem along the line of the widely accepted idea that the s-d 
interaction itself does not lead to any relaxation time and shift. The usual adiabatic approx- 
imation is applied to this idea. A modified damping equation of the Bloch type as well as 
Bloch’s relaxation theory are also useful, but these are not enough for a complete solution 
of the problem. A certain controversy involved in recent experimental and theoretical work 
at Berkeley concerning the electron spin resonance in Cu-Mn dilute alloy is pointed out and 
examined. We believe that the possibility could not be eliminated that the spin-lattice re- 
laxation time of conduction electrons in the alloy due to mechanisms other than the s-d 
interaction is longer than previous authors have assumed. 


§ 1. Introduction 


The importance of the exchange interaction between conduction electrons and. 
localized incomplete d-shells, so-called s-d interaction, has recently received increasing 
attention both from experimental and theoretical points of view. In particular, Yosida’” 
has investigated theoretically the origin of anomalous magnetic and electric properties 
of Cu-Mn or Ag-Mn alloys taking into account this interaction, and has given an ex- 
planation for the absence of a large paramagnetic resonance shift which was antici- 
pated by Owen, Browne, Knight, and Kittel” but was not found in their experi- 
ments of the electronspin resonance on manganese in copper. Yosida has also 
presented an explanation for the absence of a large excess Knight shift of the 
nuclear magnetic resonance on copper in Cu-Mn alloys, saying that the cross pertur- 
bational effects of the s-d interaction and the hyperfine interaction should be re- 
sponsible for the broadening of the resonance line rather than for the shift. A de- 
tailed calculation of the line width has been made by Behringer’ on this basis. 
Yosida® has further given a theoretical interpretation of the anomalous electrical 
resistivity and magnetoresistance found in these alloys at low temperatures in terms 
of the effect due to the s-d interaction. The success of his theory in the resistance 
problem may be regarded as a direct evidence of the interaction. According to these 
two authors the main features of Cu-Mn alloys can thus be understood fairly well if 
one assumes a value of the s-d exchange integral in the alloys nearly equal to the one 


ee 


* Now at Carnegie Institute of Technology, Pittsburgh 13, Pa., U.S.A. 
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in free Mn* ions. The experimental investigation of impurity. states of various 
transition elements in copper has been extended by Sugawara” using nuclear magne- 
tic resonance techniques. 

Owen, Brown, Arp, and Kip” have reported the results of their experiment on 
the magnetic susceptibility and the electron spin resonance in those alloys. In order 
to explain the mechanism of the resonance anomaly found at low temperatures they 
argued that the polarization of conduction electron spins is highly concentrated at each 
manganese ion and produces the local anisotropy field for the d-core spins of man- 
ganese. In this argument they referred to Kittel and Mitchell’s theory” which states 
that, if the coupling of conduction electron spins with the lattice is stronger than 
with the d-core spins, the above mentioned local field may be effective as a shift 
observable in the d-core spin resonance experiment. 

This idea has a close relation to Yosida’s theory, because the localized charac- 
ter of the polarization is one of its main assertions. But Yosida’s theory implies 
the fact, though he did not mention it explicitly, that this type of polarization can 
never contribute to a shift in the d-core spin resonance experiment, since in such 
dynamical processes the magnetization of conduction electrons does not stay at its 
thermal equilibrium position, but precesses following the d-core magnetization so that 
its direction is always kept parallel to the latter. This picture is essentially based 
upon the so-called adiabatic approximation.” 

However, it is not clear how Kittel-Mitchell’s theory and Yosida’s theory are 
mutually related, because the latter author did not state the significance of the spin- 
lattice relaxation of conduction electrons in the treatment. In fact, Yosida’s treat- 
ment of minimizing the total diagonal energy involves an isothermal picture for the 
spin system of conduction electrons, and is therefore different from the adiabatic 
approximation in its original sense; it assumes implicitly the shortness of the spin- 
lattice relaxation of conduction electrons. 

Generally speaking, the dynamical problem of the s-d interaction is much more 
complicated than that of the nuclear relaxation through the hyperfine interaction in 
metals, since the time scale for the motion of the conduction electron spins may 
be comparable to that of the localized d-spins, so that the observable shift and 
broadening may not necessarily be considered in a simple analogy to the nuclear 
magnetic resonance in metals. In fact, we may expect that the effective shift and 


line width are considerably reduced from the corresponding value in the case of iso- 
thermal limit as functions of the ratio, 


Relaxation time through s-d interaction 
*~Relaxation time through other mechanism . 


This is shown in section 4. 


The calculation used in that section is essentially phenomenological and has a 
certain ambiguity in treating the spin-lattice relaxation. Nevertheless, we regard it 
as a necessary step to obtain a complete understanding of the problem, because the 
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experimental data of the line width at paramagnetic region seem to indicate that 


the spin-lattice relaxation time in copper is not short enough as previous theories 
are applicable. 


§ 2. Experimental facts and existing theories 


2.1 First, we refer to the work of Owen, Browne, Knight, and Kittel,” who 
made the following argument. 


The polarization of conduction electrons in the substance is given by 
M,° =%,(H-+4M,°) , (2-1) 


where 7, is the Pauli paramagnetic susceptibility, 4 the molecular field coefficient of 
the interaction between conduction electron spins and d-core spins, and M,° the 
magnetization of total d-core spins along the direction of the applied constant field 
H.. As is well known, 7, is given by 


pA) 46 Opa ep (2-2) 


where n(E;) is the state density per unit volume at the Fermi surface of the s- 
band for one spin direction, and is equal to 3n/4E, for the free electron model, 1 
being the number of conduction electrons per unit volume. The molecular field co- 
efficient 4 is expressed in terms of the zero-Fourier component J(0) of the s-d ex- 
change integral as 


A=J(0)/9H'N , (2:3) 


N being’ the number of Cu atoms per unit volume. Then the effective fields acting 
on each d-core spin of manganese and on each nuclear spin of copper are written 


as 
H,=4M,? =44%,H+?%GM.° (2-4) 
H,=aM,° =a7%,H+a4X,M,° (2:5) 
respectively, where 
a= A),/2NentvtEe (2-6) 


is related to the hyperfine constant of copper in the metal. Therefore, one might 
expect the additional resonance shifts 


ie Bol ae EUs 1a /H=<ila (2:7) 
for the electron spin resonance, and 
4H,°/H= aht Ma? | H=aAtgla (2-8) 


for the nuclear resonance, besides the ordinary first order shift and the Knight shitt 
1.2. 


JH® /H=iYp= (2/9) (n(E,)/N) +I (0) (2-9) 
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4H® /H=az,=(1/9n) (49/ By) (n(E,)/N) Ao (2-10) 


respectively. The additional shifts, (2-7) and (2-8), are directly proportional to 
the equilibrium value of the magnetization M,° which depends on the temperature 
and the concentration of d-cores. The ratio of these shifts to the first order 
shifts is given by 


Ma (J (0) /3kT).(N,/N) 9 S(S+1) (2-11) 


which is related to the paramagnetic susceptibility of the contributions from d-core 
spins, where N, is the number of Mn ions per unit volume. Even at low concentra- 
tion of manganese in copper, say one per cent, this ratio is expected to be of the 
order of one at 100°K. However, these additional shifts were not observed experi- 
mentally, and therefore the s-d exchange interaction in the alloy looks to be much 
weaker than that in a free ion of manganese. 

In the d-electron spin resonance, the second order shift of the form (2-7) 
should be observable, if the spin-lattice relaxation of conduction electrons due to the 
proper mechanism is shorter than the one due to the s-d interaction, so that con- 
duction electron spins may be kept at the equilibrium polarization as given by eq. 
Folly. 

This last assertion is due to Kittel and Mitchell’s argument” made in connec- 
tion with the ferromagnetic resonance shift if ferromagnetic metals. Yosida” did 
not make any argument concerning this assertion, but showed rather in a different 
way that the excess field (2-7) cannot contribute to a line shift in the d-electron 
spin resonance. The assumption made implicitly in Yosida’s argument is that the 
second part of the polarization proportional to the molecular field coefficient 7 in eq. 
(2-1) follows instantaneously the temporal change in the total magnetization of d- 
electron spins, so that eq. (2-1) should be replaced by the following vector equation 


M,(t) =%,(H+4M,(t)) : (2-13) 


This is illustrated in Fig. 1. One sees at once that the effective feld #Y M(t) 
cannot produce a torque on M,(¢). The difference of Kittel-Mitchell’s shift and 
Yosida’s shift is also shown there. 

This interpretation comes from the following treatment in Yosida’s theory. First, 
we take into account the diagonal part of the s-d interaction with respect to the 
wave number & of the Bloch states, and, combining it with the kinetic energy and 
the Zeeman energy of conduction electrons, we minimize the total first order energy. 
This leads to the uniform polarization indicated by (2-1). At the same time, we 
obtain a gain of the polarization energy in the following form 


4H; = —4%,(H+44M3)*, (2-13) 


which is supposed to take part in determining the motion of the d-electron magneti- 
zation. But, we must also take into account the non-diagonal part of the s-d inter- 
action so as to complete the perturbational treatment. This gives the additional 


Dynamical Properties of s-d Interaction 487 


terms of the polarization 
energy, —4%,(4Mi)*? and 
—47,(4M%)? of the parts of 
the interaction which are non- 
diagonal with respect to the 
Zeeman states but are dia- 
gonal to the Bloch states. 
These terms add up, together 
with JH®, to the following 
isotropic energy 


4H” = —347,(H+4M,)’, 


(2-14) 
. which may be looked as the 
(a) Bitch Niichel s shift effective Hamiltonian for the 
ORCS Rr motion of M,. Eq. (2.12) 
Fig. 1. can be regarded as a pheno- 


‘menological expression of this procedure. 

2.2 Before making further examination we briefly review the experimental 
results and some related discussions. 

(1) The line shift and width of Mn-electron spin resonance at paramagnet- 

ic region. 

As was reported by Owen, Browne, Arp, and Kip”, the fine structure and the 
hyperfine structure are absent and the observed g-shift is quite small, less than 1 
%. From the theoretical side, however, Yosida predicted that the first order shift 
(2-9) should be observable though the second order shift (2-7) should not. 
Yosida admitted that the theoretical value of this shift is several times larger than 
the observed shift, when one uses the free ion value of the exchange integral Jy in 
eq. (2-9). 

The observed line width above 77°K is approximately proportional to the tem- 
perature, which is a strong indication that the spin-lattice relaxation through the 
s-d interaction is responsible for this broadening, but the observed width is only 
about one several tenth of the value estimated by the Korringa formula”. 

(2) Localization of the polarization of conduction electron spins. 

The absence of the second part Knight shift (2-8) was explained by Hart 
and Yosida” in terms of the localization of the polarization. From their argument, 
the second part of the uniform polarization in (2-1) is completely cancelled by the 
perturbation of the wave function almost everywhere just except the vicinity of 
the position where each d-core spin is located. 

(3) Static susceptibility. 

If the simple molecular field approximation is applied, we obtain the Curie- 


Weiss law” 


10) 
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Y ) 2 
yay Cte) (2-15) 
ee 
where 
y Ng cess -16 
C= 5 GPx S(S+1) (2-16) 
b= 4 a )7(0)S(S+1). (2-17) 


The paramagnetic Curie temperature 4, is positive in this approximation. But, if 
Yosida’s theory is strictly valid in explaining the absence of the second order Knight 
shift, we must expect that this positive 4, is almost cancelled out by the second 
order perturbation of the non-diagonal part of the s-d interaction. This is because the 
complete expression of 4, obtained by the moment-expansion method, when applied 
to the s-d interaction, is proportional to the first moment of the Cu-nuclear reso- 
nance line predicted by Yosida’s formula, provided that the mean distribution of Mn 
atoms around an Mn atom is the same as that around a Cu atom. Therefore, the 
existence of positive @,, experimentally confirmed for the alloys of Mn concentration 
more than 1% must be accounted for by certain other origins. 

(4) Mn-electron spin resonance at low temperatures. 

There is a serious discrepancy between two pictures illustrated in Fig. 1 in 
connection with the mechanism of the anomalous shift. 

(5) Anomalous decrease of resistivity at low temperatures. 

The mechanism of the phenomenon has been explained by Yosida® under the 
simple molecular field assumption. Above the Néel temperature a conduction elec- 
tron is scattered by each d-core isotropically with respect to that spin states, so that 
the cross section is proportional to S(S-++1), whereas at absolute zero it is propor- 
tional to S*, because d-core spins are completely ordered. He derived the corre- 
sponding resistivity difference assuming the free electron model and the free ion value 
of J(0). His result is 1/3 of the observed value in Cu-Mn alloys. We note here, 
however, that the state density at the Fermi surface of the s-band in copper may 
be 1.4 or 1.9 times as large as the one expected from the free electron model”. 
If we take the effective mass of the conduction electrons in copper 1.4 times as 
large as the true mass, the estimated value of the resistivity difference becomes 
more consistent, since the resistivity is proportional to the square of effective mass. 

Thus the experimental facts seem to present us several problems to be re-ex- 
amined more carefully. An important question is concerning the length of the spin- 
lattice relaxation time of conduction electrons, which determines the applicability of 
varlous pictures. 


§ 3. Consideration from thermodynamical point of view 


The total system under consideration is composed of three components, namely 
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M,=(spin-system of d-cores) 
M,=(spin-system of conduction electrons) 
L= (translational motion of conduction electrons). 


The translational motion of conduction electrons is generally very fast. Roughly 
speaking, it is characterized by the frequency E,/h. Therefore, the dynamical be- 
havior of the slow spin-system may be described by the usual adiabatic approxi- 
mation. 

Suppose that the total Hamiltonian for the total system is given by 


H=H,(q) +Hxu(Q)+Hi(qQ), (2-1) 


where g and Q represent the coordinates of the fast system L and the slow spin 
system M respectively. H;,(q) represents the dynamical motion of the fast system, 
i.e. the kinetic energy of conduction electrons, H;,(Q) the Zeeman energy for the 
both spin-system, and H,(qQ) the interaction between them. Then, the principle 
of adiabatic approximation states that the Schrédinger equation for the two systems 
can be separated into two parts: 


{Hz (q) + Hig Q)} Gna= Wa(Q) Pn (2-2) 
{Wa(Q) +H (Q)} bne=EnrBer - (2-3) 


This couple of equations states that the system L polarizes according to the instan- 
taneous configuration Q, giving an adiabatic potential W,,(Q) which takes part in 
determining the motion of 14. As a consequence, the heat transfer processes be- 
tween L and M are neglected. , 

In the present problem of the s-d interaction, H,(qQ) represents the exchange 
interaction between conduction electron spins and d-core spins, for which the adiabatic 
approximation is ideally satisfied, so far as there is no other magnetic interaction 
and the g-factors of conduction electrons and d-core spins are just equal to each 


other, so that the relation 


[Hy, H,-a|=0 (2:4) 
is fulfilled. | 


In this case the frequency spectrum of H,., is a 0-function having a sharp peak 
at zero-frequency on the frequency scale of Hy, so that the precessional motion in 
the spin-system due to the Zeeman energy does not induce any transition between 
the levels of adiabatic potential, or, in other words, the adiabatic approximation in 
this case is not an ‘approximation. Accordingly, the s-d interaction neither affects 
the Zeeman levels nor produces any heat transfer process from the spin-system to 
its surrounding, so that we do not expect any shift and any relaxation through the 
s-d interaction in the resonance problem. 

From this consideration we see that the energy minimization treated by Yosida 
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cannot be understood by the adiabatic approximation. In that treatment, the spin- 
system of conduction electrons M, is regarded as completely in thermal equilibrium 
at a definite temperature T’ which characterizes the thermal equilibrium of the system 
L. In this sense the fast system L plays 

| a role of heat reservoir for the dynamical 

system, so that we may call L a lattice 

De Hee | ™ | system. At the same time, Yosida’s 
. | picture may be called an isothermal picture 
for conduction electron spins. As a result 
| of this picture, the coordinates of the con- 


: duction electron spins are completely elimi- 
nated from the dynamical equation, which 


| adiabatic picture 


necessarily leads to the first order shift 
| (2-9) for d-spin resonance. This situa- 
tion is shown in Fig. 2. The difference 

Fig. 2. between the adiabatic and the isothermal 
picture rises primarily in the strength of thermal contact between the systems. 
In the isothermal picture the transfer of heat from the system M, to the lattice L 
takes place in a moment, so that the s-d interaction is fully effective on the relaxation 
for the dynamical system M,. For this picture, therefore, it is necessary that the 
spin-lattice relaxation time of conduction electrons is sufficiently short ; this must be 


isothermal picture 


an implicit assumption in Yosida’s theory. 

In actual cases we may expect, more or less, an intermediate situation between 
the two idealized pictures, where the s-d interaction may be partially effective on 
the shift and broadening observable in d-spin resonance. 


§ 4. Phenomenological equation for two spin systems 


4.1 In order to make an interpolation between the two idealized pictures in 
the dynamical problems we consider a couple of phenomenological equations of the 
Bloch type.” This is written as 


/ ; i = Ht 1 
M,=7M, X (H+4M,) — M,—M,) — Ma M : 
’ T, ‘ ) T, st 7M (4-1) 
M.=7'M, x (H+4M,) +—1_m,—-—_,. (4-2) 
ete < Lee 


Here M, and M, are the total magnetization vectors of conduction electron spins 
and d-electron spins respectively, and 7 and 7’ are corresponding magneto-mechanical 
ratios which are assumed to be just equal to each other through the present section. 


First of all we note the several assumptions required for these equations. 
‘These are as follows: 


* 
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(1) The strength of thermal contact may be characterized by three time con- 
stants, namely 
T;:: spin-lattice relaxation time of conduction electron due to the mechanism 
other than the s-d exchange. 
T.2: spin-lattice relaxation time of conduction electrons due to the s-d exchange. 
T.;: spin-lattice relaxation time of d-cores due to the s-d exchange. 


(2) It should be satisfied that 


M=0, M=M,+™M,, (4-3) 


when T’,,= ©, ie. zero-strength of the contact between the system of conduction 
electron spins and the lattice. This is because these equations should be consistent 
with the original equation of motion. 

(3) In the equilibrium state each magnetization M,., M, has a definite value 
M,° and M,° respectively, and the law of detailed balance 


WPL ge fl ae (4-4) 


is satisfied. 
(4) In eq. (4:1) M, is the final value of M,, towards which the relaxation 
of M, proceeds. For the equilibrium state eqs. (4-1) and (4-2) provide solutions 


We Me MMe (4-5) 


From this requirement we see that the equilibrium value of M, is equal to M,°. 
But in the non-equilibrium state it is not necessarily true to expect that 


M,=M,° . (4-6) 


This is the most serious ambiguity inherent in the phenomenological treatment. In 


fact, there is another possibility to put 
M,=M,° +%4(Ma—M.°) (4-7) 


which implies that the magnetization M, is always relaxing to its instantaneous equilib- 
rium value.* In any case, it is important to note that the phenomenological treat- 
ment itself does not concern what are the actual values of M,° and M,°, so far 
as the requirements (4-4) and (4:5) are satisfied. : 
(5)7 In the non-equilibrium state the deviations of M, and M, from their equilib- 


rium values are assumed to be small, so that the terms of quadratic or higher 


order in the deviations 


0M,=M,—M.°, 6M,=M.-—M.2° 


may be neglected. 


Then eqs. (4:1) and (4-2) are separated into transverse and longitudinal com- 


* This standpoint is expressed by Kasuya!), About this point we had a controversy which 


remains unsolved. We hope that a detail of his theory will be published in future. 
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ponents and are linearized for the deviations as follows: 


i 


sl 


M} =—ir(H.+4M,°) Mj +ir(H, +2Mi)M,°——+—(M—M}) 


1 1 ¥ 4- 8) 
— Ms + M ( 
1, Das : 


Mi =—iy (H.+4M,°) Mj +i7(H, +4M3)M,° 


ee ey, (4-9) 
LY Ji 
for transverse components, where 
MF=Mi+iM%, Mt=M2+iM:, (4-10) 
and dg ow @ Boi (4-11) 


are the external oscillating field. 


OMi= —w,(M,° +0M,) — 4 (8M:—6M) 


sh 


=. oms4atiom: (4-12) 
sd dies 
iMi=—w,(M,°+8M,) +1 _am:—_1_am- (4-13) 
sd ds 


for longitudinal components, where w, and w, have the order of magnitude H,?. 
which are taken into account in the problem of saturation. 

These equations are direct extension of the nuclear relaxation in metals through. 
hyperfine interaction, which was treated by Heitler, Teller, 


and Overhauser.” 
According to their results T,2and T sare given by 


i — Pete 2n(E;) 2 NM 2 2 
Fg Ea et 28S) (4-14) 
il = 20 an(E;) a 2(E;) ‘ 


where ¢J*), means the appropriate average of the square of the s-d exchange in- 


tegral over the Fermi surface. These are based on the second order perturbational 
theory, and satisfy the relation 


Mol Uae (4 3 16) 


which is to be compared to eq. (4-4). We shall come back to this point later in 


connection with the choice of the final value M, in the phenomenological equations. 
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4.2 Eqs. (4-8) and (4-9) are rewritten in a following form: 


is -% | A ‘ ‘M,° 
=—D.\.: +HrH,| ‘ 4-17 
\Mz | | : ] | aoe 
WO, Ws 
where —D,=i | : (4-18) 
(OF Ws 


When the oscillating field H(t) is inserted adiabatically at t=— co, the solution 
of eq. (4-17) is given by 


MEvi—§ aie 
| =| e7t-P sir, (t/) ( ae : (4-19) 
Mil, 2. S38, 


which describes the resonance under the condition (4-11). The resonance frequency 
and the effective damping constant are determined by solving the determinantal 


equation 
det|iw + D,|=0. (4-20) 
If the two characteristic frequencies w, of the solution satisfy the relation 
Im(w_) >Im(o.) (4-21) 


we may neglect the heavily damped component e’*-‘ in the expression (4-19), and 
obtain its asymptotic form. 


This becomes 


Wg — Ox 20 
M+ ) 1— : M,° 
s | O,—O_ O,— QW \ : 
air. ete, EEN that dt! (4-22) 
— 1 4 
Mt 20 4p Wer | M.° 
a wt = a 
/t pe —— CO 4 — W_/ \ 


When the observed spin-resonance in the metal is regarded as the one due to local- 
ized d-core spins, only the fourth component in the matrix (4:22) is effective on 


the absorption, and so we obtain 


pat Ws— Wy iy |mac ; (4-23) 
L' (o) In| (1+ a) i(w+Reo,) +Imo., 


If there is a necessity to take into account the microwave skin-effect in analysing 
the experimental data, one may apply Dyson’s theory” of the electron-spin resonance 
in metals in the case of infinite diffusion time, where the fundamental resonance 
frequency and the relaxation time are considered to be given by 


Ores = — Re(w+) (4-24) 
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1/Tr9¢=Im(o,). (4-25) 
The solution of the determinantal equation (4:20) is written as 
Os =4(o, +05) +4[ (0,— 05)? + 4c, |!” (4-26) 


where w, is chosen so as to satisfy the inequality (4-21). 
Now we calculate the explicit form of this frequency according to the given 


model. 
case A. M=M.,° 
w,= —7H,4+ (i/T.1) — 7 —tw) M3 ws= (7A—iw) MP 
—D,=i 2 
w= (yA—iw) M8 ws= —7H.— (7/—iw) Me 
(4-27) 
Here we write 
LT 2=wMy 5 LAT 7 200M;3; (4-28) 


for the sake of simplicity. 
Inserting each parameter given by (4-27) into eq. (4-26), ws; become 


o,=—7H,— + (7i—iw) (M,° +M,*) ——— : 


a si 


il : 1 a : i 1/2 
— rA—i 2 °)/)— A—iw 24 9 
+3 Efe iw) (My? +M,°)—~—1 | +4 (72—iw) M, : | _ (4-29) 


si si 


These may be simplified under the assumption 
NY eg i 


which is actually valid so far as the observed resonance is regarded as the one due 
to the d-core spins. These become 


(7A t 7) Mey ls 
" (GA-iw) M,? —i/T 


~ ~ 
(Ca | 


(4-30) 


w_=—7H,— (yi—iw)M,° +—~ (4-31) 


si 


where the inequality (4-21) is automatically fulfilled. From eqs. (4-24) and (4-25) 
the shift and the broadening are given by 


d= —Re| (7A tw) M,°i/T oy |= (Toaileay 
(7A—1w) M,° —i/T 2d O47 /Ta)?* + GAM STi)? 


74M,° 
(4-32) 


t= In| CAH) MPa | Op IM Ta)" Teal Test Tal Te)? 1 
Veep (7A aa 7w) M,° af T yz 


(1+ 7 a/Tez)? + 7AM? Tea)? 2a 
(4-33) 


In a similar way we can estimate the effective longitudinal relaxation time Ties by 
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assuming saturation. Under the stationary condition the left-hand sides of eqs. 


(4:12) and (4-13) are equated to be zero, and the deviation 0M? is solved as a 
term of H,’. 


This becomes 


0M2=— (w,M,° + aM?) /Tra+waM® /Ts1, 
wWa(1/Ter+ Lf lg) =F sea ae 


Here we assume that the effective power absorption of conduction electron spins 
from microwave is small compared with that of d-spins, i.e. 


(4-34) 


W,K Wa » 
that the solution (4-34) is approximated to 


Mz=— Wal sr Las ( ead, a 17 Ta) Mego) (4-35) 
1 Wale as ( NES si ia) 


This is compared with the usual saturation formula for one spin system, which is 


written as 


YEE i 
liao de 
Therefore 
J ic: hl (4:36) 


Tver ef T ge Fe i, 


effective shift and damping constants TH 
SASS SUE Sei eed aaa Se Tas 


1/T2ef 


yAMs 


1 a Ticcitalkels 
Fig. 3. 


These results are graphically shown in Fig. 3 as a function of the parameter 
pe Lgl tay 
§5. Discussion and summary 


The results obtained in the preceding section contain two independent parameters 
x=T,a[T.z and M,° which are unknown so long as we confine ourselves to the 
== a8 sL ? 
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phenomenological treatment. The most important question there is concerning the 
value of M,° which determines the shift and the relaxation time in the shortest 
limit of T,,. When M,° assumes the value 


1,(H+2M,°) ’ (5-1) 


then eq. (4-32) gives Kittel-Mitchell’s shift (2-7) in the case x00, which con- 
tradicts Yosida’s theory. In this case, further, the calculation of T., in the second 
order perturbation of the s-d exchange is no more valid because of the restriction 
of the detailed balance (4-4). For the consistency with that relation, we must 
expect 


1 = 27 2n(E;) 


liga) ON N 


instead of the Korringa formula (4-15). Or, in the reversed sense, the second 
order perturbational theory in calculating the relaxation time requires the assumption 


J AP ATU Ate)? (5-2) 


Mo =1,H. (5-3) 


This leads to Yosida’s shift in the case 2-00. 

This ambiguity rises in the uncertainty of the question to what extent the s-d 
exchange field may be regarded as a fluctuating quantity and to what extent it actually 
contains the uniform field acting on conduction electron spins. The second order 
perturbational theory (4-14) and (4-15) assumes that the s-d exchange produces 
nothing but a fluctuation, while the equilibrium value (5-1) implies that it actual- 
ly acts on conduction electron spins as a uniform field like the external field. 

In the present paper we cannot answer to this question, because it requires 
more detailed calculations from the given Hamiltonians of the spin-lattice interaction 
as well as of the s-d exchange. Instead of this we here introduce an important 
idea to modify the phenomenological treatment which was proposed by Kasuya.™ 
This asserts that, if the s-d exchange produces a uniform field steadily acting on con- 
duction electron spins, then the spin-lattice relaxation of conduction electrons should 
occur as if the polarization M, keeps its direction parallel the instantaneous field 
%p(H+4M,) (see Fig. 1). This corresponds to 


case B. M,=M,° +%,4(M,—M,°) (5-4) 
M,° =%,(H+4M,°) . (5-5) 
w= —TH,+~2—— (rh) Mi? (Fi) My — i %e_)) 
—D,=1 sh SEL 37: | 
\os= (74-iw) M,° ws= —7H, — (yA—iw) M,°) (5-6) 


This leads to the results just same as (4-32), (4-33), and (4-35), where the 
parameter M,° is replaced by" 2H we: | 
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AQ — (Piaf Haz) : rhY.H 229) 
+7 u/Tin)'+ (AM Ta)?” ee 
I = (1 +74M,° Ta)” ca Lan COPS) ee il = (4-33/) 
T ser (1 te 1 ; =F (74M,.° lees) ie 
EE ll (4-35/) 


Ter WG L ag 5 ie Te 


~with the results of the second order perturbation theory for the relaxation time 


1 ae ete oe Nu 2 
= af : . 
Tipe h N ( a 5 ane, ee 
1 Bien) 27 lo,) x 1(E,) 
= eg nT 
TT ety N ce N Cor 


Here we summarize the results: 

(1) For the dynamical problem such as resonance there are two entirely differ- 
sent pictures in treating the spin-system of conduction electrons ; i.e. adiabatic and 
isothermal pictures. In the adiabatic limit we do not expect any shift and any 
broadening of the d-spin resonance line through the s-d interaction. On the other 
hand, in the isothermal limit, we have two different predictions, i.e. Kittel-Mitchell’s 
-shift and Yosida’s shift. As far as we know, there is no reliable answer to the 
“question which shift is actually correct to be expected. 

(2) From the phenomenological point of view based on the thermodynamical 
-consideration it is possible to make an interpolation between two idealized pictures, 
ie. between the adiabatic picture and the isothermal picture of either K-M theory 
-and Yosida’s theory. In any case the criterion of the isothermal picture is given 
by 

dR SANE (5-7) 


This means that the s-d interaction is almost ineffective on the shift as well as on 
‘the line broadening, unless the above condition is fulfilled. For instance, the time 
scale of Cu-Mn dilute alloys (1% Mn in Cu) can be written as follows: 


Kh Ten Ting ne 
10-8 105" 10-” 10-8 10m One ei Uae 
sec 
Fig. 4. 


One sees that the length of 7, which well satisfies the isothermal condition is 
fallen into a quite limited range. 
(3) If one assumes that the equilibrium value of the total magnetization M,° 


is given by 


* Numerically this criterion does not depend on the choice of M,°. 
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M,° =1,(H+4M,°) (5-8) 


then the difference between K-M theory and Yosida’s theory consists in the direction 
towards which M, is relaxing in every moment. In both cases the calculation of 
the spin-lattice relaxation time based on the usual second order perturbation theory is 
wrong, and therefore neither of them is more convincing. To obtain a more definite 
conclusion it is necessary to estimate the higher order effect of the s-d interaction. 

In this connection it is noted that Yosida’s theory implies that the magneti- 
zation of conduction electrons is spatially not uniform. This is far from the simple 
expression (5:8). From his picture M,° is rather only the Pauli paramagnetism 
%,H almost everywhere just except the vicinity of each d-core, and the dynamical 
behavior of the localized part of the magnetization might be understood from the 
fact that conduction electrons adiabatically follow the d-core spins. The greatest 
trouble is, therefore, how to reconcile the relaxation theory with that effect of locali- 
zation. 

(4) We make a discussion from experimental points of view. The magnitude 
of the s-d exchange integral previously anticipated by Berkeley group for Cu-Mn 
dilute alloy was about 1/10 or so of the one for free M, ion because of the screen- 
ing effect. This has been modified by the precise analysis of the resistivity anoma- 
ly and of the line width of the nuclear magnetic resonance. As was shown by 
Yosida and Behringer, the s-d exchange integral in the alloy is consistent with 


the free ion value which is equal to 
J,o=8.5,% 105" ete. (5-9) 


This is also confirmed by Sugawara”. 
The corresponding relaxation time T’,, is generally very short, which may be 
expected as 


Liao xX WO 7 sec (5-10) 


where f is the atomic per cent of manganese in copper. Accordingly, the isother- 
mal condition 


Le: < Jie 


is considerably strict even for the specimen of the lowest concentration of manganese 
used in the experiment. If this limiting case is valid, the shift and T.,» are estimat- 
ed as 


Nel ae EV aves. alley by Yosida’s theory (5-11) 
=A sd Aa) 3.4 xf) Ts by K-M theory, (5-12) 
where TJ’ is the absolute temperature. 
T p= T= OK LOT ae sect by Korringa formula 
(=7X10-" sec, at T=77°K) (5-13) 
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=p x0 Flee are) eo x 100 fF * (5-14) 
by assuming the K-M theory. 


The shift (5-11) is several times as large as the observed shift for Cu-Mn 
alloy at paramagnetic region, even though about 1% experimental error is assumed. 
The effective relaxation time (5-13) is based on the formula (4-15). This is in- 
dependent of the concentration of manganese. The observed value of JT, is about 
1~5X10-" sec. at 77°K, and is several ten times as long as the eStimatéd value 
(5-13). It is even longer than the value (5-14) expected from the formula (5-2) 
which is consistent with the K-M theory. On the other hand, if 7’, is longer than 
T 2, we may expect that the s-d interaction is not fully effective on these observable 
quantities. For instance, when T,; is assumed to be 10 times as long as T.¢, eqs- 
(4-32) and (4-33) tell us that 


4H eet AMES 
re £00 2°, EP 


Tease 210 Dh, (5-16) 


(5-15) 


The experimental results are not quite precise so that we cannot determine whether 
the K-M theory or Yosida’s theory suits better. But, in any way, there are con- 
siderable discrepancies between the observed data and the predicted values from 
these theories. In this connection it is interesting to note that the observed line 
width at 77°K is slightly concentration dependent, which has a tendency that the 
specimen of the higher concentration shows the narrower line. This may be expected 
from our formula (4-33) or Fig. 3, provided that T., is longer than T,, and does 
not depend so much on the concentration of manganese. 

(5) The conduction electron spin resonance in metallic copper has not yet been 
observed, and so the spin-lattice relaxation time of the conduction electrons in copper is 
regarded as considerably short compared with the one in alkali metals. Elliott’ has 
discussed on the basis of the spin-orbit coupling theory that 7’, in noble metal is 
about 10-sec at room temperature, which seems to be still longer than the actual 
length of T,, in copper. Further, there is a possibility that the actual length of 
T,, in the alloy is more or ess shortened from that in pure copper. 

It seems to us, however, that the length of T;,; in the alloy less than 10°" sec 
at 77°K is too short, and is rather unrealistic. If this might be the case, much 
larger effect must be expected on the electrical resistivity. The plausible length of 


Lo will be 
eee lO see at fo: 
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A new method is proposed which enables one to convert the formulae for a uniform 
multi-component system to those for a non-uniform one. As an application of the method, 
the expansion formulae of the free energy, potentials of average force and distribution func- 
tions for a non-uniform multi-component system are derived in a simple and systematic way. 
The formulae are obtained both for a continuous and for a lattice system. The formula 
obtained for the free energy for a continuous system coincides with that given by Arinstein, 
and the first few terms of the formulae for the free energy and the pair distribution function 
for a lattice system are identical to those given by Yvon. 

A procedure to convert the formulae for a continuous system to those for a lattice system 
and vice versa is given. 

The phase change between solid, liquid and gas will be discussed on the basis of the ex- 
pansion formulae obtained here, in a separate paper. 


§ 1. Introduction 


The expansion formulae of the free energy and distribution functions in powers 
of the one particle distribution function are long and well-known for a uniform one- 
component continuous system.*+” The corresponding formulae for a uniform one- 
component lattice system* will be obtained by the same method, as has been noticed 
by Fuchs”. For a uniform multi-component continuous system, the expansion 
formula of the free energy has long been known” and that of the distribution 
functions was derived lately by Meeron®. It seems, however, to be improper to 
apply the ordinary virial expansion formulae to non-uniform systems such as the 
solid state, the system of two phases in equilibrium, the ordered states of solid 
solutions or antiferromagnetic Ising system, etc. In such cases, use of the expan- 
sion formulae in powers of the one particle distribution function will be more 
suitable. In fact, for a non-uniform lattice system, the first few terms of the ex- 
pansion of the free energy and the pair distribution function in powers of the one 


* By a continuous system we mean a system which is composed of particles whose coordinates 
are continuous variables: the examples are ordinary fluids and solids. In contrast, by a lattice 
system we mean a system which is composed of particles whose coordinates are diserete variables, 
only taking the coordinates of lattice sites of a lattice: the examples are a classical lattice gas, 
Ising system and models for solid solutions? 4). 
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particle distribution function have been obtained by Yvon*. For a non-uniform 
continuous system, the expansion formula of the free energy was lately given by 
Arinstein” in full terms, though without detailed derivation. The derivation of the 
expansion formulae will be much simpler and more direct for uniform systems 
than for non-uniform systems, and the expansion formulae for uniform cases have 
already been derived, as mentiond above. Then it will be interesting if we can 
obtain the formulae for the non-uniform systems by such a method as starting 
with the formulae obtained for the uniform systems, without any effort to repeat 
or generalize the derivation for the uniform cases. In this paper, it will be shown 
that such a method exists in fact: The formulae for a non-uniform system will 
be shown to be obtained by applying the formulae for a uniform system to a uni- 
form system properly constructed. The method will be illustrated for the cases 
of the expansion formulae of the free energy, potentials of average force and 
distribution functions in powers of the one particle distribution function. 

In § 2 will be given a procedure to convert the formulae for a lattice system 
to those for a continuous system and vice versa. By the aid of the procedure 
introduced in § 2, the expansion formulae of the free energy, potentials of average 
force and distribution functions for multi-component continuous and lattice systems 
will be obtained in §3 and § 4. The procedure used in §3 and § 4 is merely the 
application of the known virial expansion formulae for a uniform multi-component 
lattice system to a lattice system properly constructed. 


§2. Relations between quantities for a continuous system 
and those for a lattice system 


In order to deal with both continuous and lattice systems at the same time, 
it is convenient to introduce the transformation procedure which enables one to 
transform the quantities for a continuous system to those for a lattice system and 
vice versa. In this section, we shall discuss this transformation procedure, which 
is to be used in the following sections. 

For this purpose, we consider a continuous system of volume V, which con- 
sists of L cells of equal volume 4=V/L and whose potential energy is dependent 
only on which cells are occupied, independently of the detailed positions in the 
cells. So if we denote the coordinate and species of the ith particle by r; and », 
and the set (r;,»;) by x;, and the coordinate of the center of the cell including r; 


by R; and the set (Rj, »;) by X,, then the potential energy of our system above 
stated satisfies 


P(x, No,°*", Xv) =O(X, X3,-, Xy). (2-1) 


The configurational part of the partition function of our system is 


o={)-| dr,:--dry exp[ —O(x,,---, xy) /kT | 
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E L 
=4". 3S}. SS) exp[—O(X,---, Xx) /kT]=4" -Z,, 
Ri=1  -Ry=l 
where S\%-; means that the sum is to be taken over all coordinates of the center of 
the cells. Now we assume that the centers of the cells constitute a lattice, then 
\Z,, is the partition function of the lattice system, of L lattice sites, of which the 
potential energy is given by @(X,, X;,---, Xy). 
The particle distribution function of our system is 


pe (%,°*, X,) — \\---| dry .1:-:dry exp|—P(%,°"-, xy) /kT \/Ze 


ip L 
= NR ee Bc = exp{[—@(X,,--:, Ry el aes 


Rpt Ky=1 


=e (Xi, gS Xn) [a > 


ie CA,,"-» An) isthe 72 particle distribution function of a lattice system. 
As the result, we can transform the formulae for the continuous system to 
those for the lattice system by the procedure of replacements : 


‘i L 
rR; (oe > (2-2) 
Bet 
then 
Ze— 4": Z,, ps? Og hae Xi) a pS? (Xy-°, Xo". (2:3) 


Reversely, if we consider the continuous system as a lattice system with in- 
finitesimal 4, then we can transform the formulae for a lattice system to those for 
a continuous system by the procedure reverse to that just introduced. 


§ 3. Free energy 


The systems considered in the following are those of which the potential 


energy is given by the sum of potential energies between pair of particles : 


D(%,°°", Xy) = Sy Oto X;), (3-1) 


b(%:, x;) =i ,(Te r;) 


for continuous systems and 


(10. Cae Xw) = a 6(X;, X;), 
N2i> jal (3-2) 


b(X;, X;) =, ,C%, R;) 
for lattice systems. 


Let us start with t 
uniform multi-component continuous system oO 


he virial expansion formula of the free energy Ac for a 
f volume, V and temperature T, 
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composed of N particles of which N,, N,,--- and N, particles are of the species. 
ce 
Cg aN ei ht pes ot ee i eT | IEE Bs MN 
apa ou Be \2am kT e o> 2 vec ny! \\ ¥ " nzis fet Js 


(n=n, +---+n,) (3-3) 


a and 7, respectively :” 


with 
Sig=f (Xe %i) =fos (Te 7) 
=exp[—4(x, x,)/kT]—1 
=exp[—6.p,(ri, 75) /kT J—1 (3-4) | 


where ~,=N,/V. Here, A on 3} implies the specification by Mayer'™® that the 
sum is to be taken over all products which are more than singly connected ; strictly 
speaking, the term of »=2 is the exception where fis 1s taken. ) 

The corresponding formula of the free energy A, for a uniform multi-component 
lattice system, of L lattice sites, is obtained from (3-3) by an application of the 
procedure (2-2) and (2-3) as 


Ay pA = }? 3/2 

t= —InZp= Ning Zoe N in de ee ST it 

kT 2 leap sghetix Reaieenby dckceess Get 
a foo) [oa] Tv ny ws L 

=); > login es ff SS SU (3-5) 
v=a €  rg=0 nz=0 va yy! Ry=1 Ry=1 nBisjei 
i=an, Tai ) 
with 


Bi5= F(X, X;) Seay s (R;, R;) 
=exp|—4(X, X;)/kT |—1 


=exp(—¢,,(R;, R;) /kT |—1 (3-6) 
where p,=N,/L. 


Now, we turn to the derivation of the expansion formulae of the free energy 
for a lattice system of L lattice sites, in which the one particle distribution function 
e(X) =p, (R) (v=a,--,7; R=1,---, L) is prescribed. In order to deal with this 
system in the following, we shall regard the particles of the same species on the 
different lattice sites as the particles of different species, and take our system as 
if it were a lattice site composed of particles of the species la, 1f,---, Ir, 2a,.-. 
Lay, Le‘ (ef. Wigs 41) and: then) consteacr a uniform multi-component lattice eee 
of M lattice sites, composed of MN=M>%4_, > neue. particles, of which 
Mo,(R) are of the species Ryv(R=1,---, L; Bes LE CE ig een RRS for 
the lattice ensemble constructed in this way, the expansion formula for the aT 
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system is applicable and we shall be able to obtain the corresponding formula for 
the non-uniform lattice system. 


5 ge eee 

‘e- -e.""@ “ele ef) © 

ee © ee ee e® @ 1 Te Ses Ao 5 
ee OTe) Of FO! ‘Oren OG 10 OO 


e 9 @ e @ e 
EE ae: On 6  OfS7 0) “O00 <6 
e e °® e e @® M-2M-1 M 
° (eo) [e) (e) (e) (e} fe) 
A b 
Fig. 2. The ensemble of M systems of 
Fig. 1. The system of L lattice sites under con- Fig. 1. © denotes a system of 
sideration. @’s are occupied by particles of Fig. 1. 


the species, a, 8,---, t. The one particle distri- 


This ensemble can be taken as: 
bution function is p,(R) at lattice site R (R 


a uniform lattice system, of M lat- 


=1,--, L). tice sites ©, composed of the particles 

This system can be taken as a lattice site of the species, la,-::,1t,---,La,-:-, Lr. 
©, occupied by particles of the species, la, 18, The density is 9,,=0,(R) for all 
+++, 1¢,-:+, La,:-:, Lr. The density is py = ,(R). lattice sites ZR R=1,--5 M). 


Since the free energy is an extensive quantity, the free energy of the ensemble 
(system) of Fig. 2 is M times the free energy A; of the system of Fig. la. 
Therefore, the application of (3-5) to the system given in Fig. 2 leads to 


MA, =: = OR 
eee -— MV In» 
LT pz px (PR, tn @ 


Mr 


Bo ans Pee ee ee DS: Ss Fas, 
ng=0 my—=0 rzZg=0 nzz=0 R=1 v=a Nim | R=! R. =i NZt> jel " 
(n= Dha1 > =o NR) (3-7) 
with 
Fiy=F(K, Xs) =exp[—4( Ks Ky) /kT]—-1, 


7 Ay ae 
b(Xi, X35) =$(X;, X;) See 


where #, denotes a lattice site (system) in Fig. 2 occupied by the ith particle and 
&, the set (Rs X) =(R, KR, %). The fact that Ay is zero if Rix KR, reduces 
(3-7) to 


ee ee SOT Fy, (3-9) 


mig=0 m7=0 rZe=0 nyrz=9 R=1 v=a Nrv! nZzt>j21 


(n =e ein Nrv) 


where pr=pv(R) is used. Here, noticing that the interchange between w and jv 
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does not change the sum >)“ // F;;, we have 


hc TL coed 


© co L L ; 
a She eT be >I SES Pv, (Ri) “++ y, CR) : pie | Fiy 
1 


ng=0 nd vec m,! Ral #,= nzi>j21 
(n=n, +++: +n.) (3-10) 
wher€ »,2y,=---Sy, apy, B= =Yngtng =o ; which is the resultant expansion 


formula for a lattice system. 
The analogous formula for a continuous system can be obtained by applying 
the procedure (2-2) and (2-3) in the reverse direction to (3-10), and we have 


Man | dP or ate ee, ee pd 
k yaa 2am, kT. e 
= Ss) aieye S . ij =analeal dr,:--dry0,, (1) Se a Ce Deke fi) ee : 
Ng=0 n~=0 v=a Jly. nZi>j21 
(n=n,+-:-+n,) (3-11) 


In the above, we have taken two particles of the same species at different 
positions as if they were of different species.* For systems in thermal equilibrium, 
the condition of the identity of the particles is described by the equality of the 
chemical potentials, which means that they can be connected to the same particle bath 
without change in the thermodynamic state of the system. This condition for a 
lattice system is 


0 A; es 
Oo (RY BT. see 


=a value for all R; (3-12) 


#4, is the chemical potential of the particles of the species v and is to be determined by 


L 
Ny= 21 v(t), (vay, 2). (3-13) 
For a continuous system, this condition is 
7) Ao “py & ' 
I(r) AT RT a value for all r in V, (3-14) 
and y, is to be determined by 
N= { drp,(r), (v=a,--, c). (3-15) 


When we have p{(R) or eS? (r) prescribed, it will satisfy (3-12) or (3-14). 


* What used in eq. (3-10) is only the indifference of the potential energy. 
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In turn, if we wish to treat a non-uniform system of given V or L, T and 
N,’s, by starting with (3-10) or (3-11), then (3-12) with (3-13) or (3-14) 
with (3-15) is the condition of the thermal equilibrium and determines the values 
of pCR) or pi (r).* 

It should be noted, here, that equations (3-12) and (3-14), describing the 
condition of the thermal equilibrium, are nothing but the extremum condition of 
the free energy (3-10), and (3-11) for the variations by p,(R) and p,(r), res- 
pectively, under the restriction, (3-15) and (3-17), for the number of particles in 
the system. 


§4. Distribution functions and potentials of average force 


For the case of the distribution functions and potentials of average force, we 
will use the procedure used in the previous section for the case of the free energy. 
That is, we apply the virial expansion formula of the distribution functions or 
potentials of average force to the system as constructed in Fig. 2 which is the 
ensemble of the systems of Fig. 1, the system under consideration. Here, we will 
treat the expansion of the potentials of average force. As to the expansion formula 
of the distribution functions, we will only give the results. 

The potential of average force of particles for a continuous system is defined 
by 

W (x1, X,) =—kT In[o™ (%1°+*, Xn) /p (%) el a (4-1) 


in terms of the distribution functions of ” and 1 particles p”(%,-":, %,) and 
p(x) =e(*)=p.(r). For a lattice system, it is 


W (X,,--+, Xx) =—AT In[p™ (X,--, Xn) /p? (Xi) +0 (Xn) J (4-2) 


where p” (X,,---, X,) and pe (X) =p(X) =e, (RK) are the 2 and 1 particle distribu- 
tion functions, respectively. 
The virial expansion formula of the potential of the average force of 7 particles 


is given by*” 


WG 5 MDS. 
eT nZti>j21 kT sy=0 sz =0 Uo so 
Ae} Dini *d nts oo IT fis fren « (4:3) 
n+s>i>jont+l 
n+s>ken+1 
N>na1 
(s=set-0 +55) 


Here, W on >)” implies that the sum is to be taken over all products for which 
each particle of the set {sty aXe a} is connected to at least two of {x4,:+, Bp} by 


* Compare with the situation for a uniform systems where we could start directly with (3-5) 
or (3-3): (3-5) or (3-3) is written in terms of the thermodynamical quantities, V or L, T and 
N,’s, alone, while it is not the case with (3-10) and (3-11). 
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an independent path and also for which the particles {%,.1,:::, %,,.} are connected’ 
independently of the particles {x,,---, x,}. Sy 

The virial expansion formula for a lattice system is obtained by an application 
of the procedure (2-2) and (2-3), as 


a WACO. Crce Xn) — os O(X%, 2 X;) A Sas II px 
kT Pate kT oar eq=0 Yea 5,! 
SOS Ot Sir G7 le ae (4-4) 
eet es ee 
n=%>1 
(s=sat+-:-+s,) 
We apply this (4-4) to the system of Fig. 2 the ensemble of the systems: 
of, Fig: 4. , then we have 
am W™ (Kyo, Kn) per fete 6(X%,, K; O(Ay X;) \ ii I Pry 
(oIP a ety Er aa a oi or By R=1v=-¢ np! 
M M 
Sh sobs >) Tiere: (4-5) 


Rniv=t Ris | Med ele 
N>RKS1 
(s== Dhar > Nee Srv) 


Since 6(X%;, X,) and A iy are zero when RAR, “ -5) has the form of a sum. 
of contributions from lattice sites (systems) A(#R=1,---, M ); if the set (X,,---, X%,,) 
is the set of the total of coordinates for which R, is afi to # among ice. Sa pe 
then the contribution from the lattice site (system) 7 is 


7(m) ae toy 
An) > 0(X,, X;) ACTRESS Sie: oS). WT yy le 
kT m>i>je1 kT Sig=0 s;,=0 > h sTx=0 R-lv=a 7p)! 
oe) Fey Fax - (4-6) 
m+s=i>jom+l1 
m+szk>m+1 
mE>K>1 
(s OE er nee Sry) 
Noticing that the interchange between iy and J», (v=a,---, 7), does not change- 
the sum S\” /]/F, jf in» We have 
Ww oe co t 
Gin. Ae a5) Eesha 7 1 
aly mais jzt IBGE Sa=0  53=0 vea y,! 
L L 
: ORS Rivas (W) i ; 
HG R,, eo v nae sa): Oyu m+ Meee rdnite tj Eg, (4 7) 
m+sakom 
mMmEKS1 
(s=s.+--+5,) 
where Yn 1 "* Yin 65 — &, Ven ede a oe Yn + 84,48, — =f,-- ic 


An application of the procedure (2-2) and (2-3) in the reverse direction gives: 
the formula for a continuous system 
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We (x1,°°°) Xm) b(x;, Xj)  < - r 
ier p10 A) Saloresn ae iene sen, py ads 
kT mis jel 1 ar et =, gis n,! 


4 4 5 
‘{{ ifs | Bien AT mnies [eee Cee “sy, (Tone) Se Fis Sun 


m+s>t>jomil 
m+sekem+1 
maKAa1 


( s==sy-boer orks) (4:8) 
(4-7) and (4-8) are the expansion formulae we have been trying to get. 
The expansion formulae for the distribution functions can be obtained by the 
same procedure by starting with the virial expansion formulae given by Meeron”. 
The results obtained are 


om (X _ ix: ) | o(X; X;) e} [o) a 
{ ) > m =e ee i j | Nal cates Jes 1 ‘ 
eo (X,) 0 (X.) 6.) Gs kT le: 0 o ns 


L Es 
. tae be G 
21 > Ov Rone) Ovnag Rm +s) a eal 8 Fyi3 Pex 
Rmii=1 Rmts=1 m+sat>jem+l 
m+sSkiam+1 
mraK*ea1 


(s=set-::+5:) (4-9) 
for a lattice system, and 


OTL Kutt, a, =exp| — b(%:, 5)! 
0) (a4) (Xm) m>i>jai kT - 


{|| | camera? igi ue CORT) aay CEE ae acces 


m+ sah >jem+1 
m+sekam+1 
manreal 


(s=set+-:-+5:) (4-10) 
for a continuous system. Here, G on So implies that the sum should be taken 


over all products for which each particles of the set {%mi1‘"'> ge Vor kre ig Da 
are connected at least to two of {%,°°, Xm} or {Xy,-++, Xm} by an independent path. 


oe ee das 


$q=0 sp=0 V=a Ny. 


§ 5. Conclusion 


We have obtained the expansion formulae of the free energy, potentials of 
average force and distribution functions in powers of the one particle distribution 


function both for a lattice and for a continuous system, starting from the known 


virial expansion formulae of the respective quantities for uniform multi-component 


systems. The main results of this paper are eqs. (3-10), (4-7) and (4-9) with 
(3-6) for a lattice system and eqs. (3-11), (4:8) and (4-10) with (3-4) for a 
pansion formula of the free energy for a 


continuous system. Eq. (Ssbh) ,othe ex 
First few terms of 


continuous system, is identical to that given by Arinstein.” 
eqs. (3-11) and (4-10) for m=2, the expansion formulae of the free energy and 


the two particle distribution function for a lattice system, are identical to those 


given by Yvon.” 
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If there are quantities of which virial expansion formulae are known for uni- 
form multi-component system, their expansion formulae in powers of the one particle 
distribution function will be obtained by the procedure developed in this paper. 

In conclusion, we will give some comments on the method used in the text. 
We have arranged the replicas of our system in a lattice form, but without intro- 
ducing the interaction between the replicas. One might think that, without the 
interaction between the replicas, the arrangement on the lattice could not be essential 
in the derivation. On such a standpoint, we would have adopted an alternative 
method of derivation, which is different in the order of reasonings but essentially 
equivalent to that in the text. First, we consider such a uniform lattice system, 
of M equivalent lattice sites, in which the interaction between the lattice sites is 
absent, and apply the formulae for a uniform lattice system to this system. As 
the lattice system just considered may be taken simply as an ensemble of M relpicas 
of one of lattice sites, the resultant formulae may also be taken. as those for this 
ensemble. Then, if we have had this one of lattice sites corresponded to a lattice 
system, may it be uniform or non-uniform, we would have obtained the formulae 
for the ensemble of MV replicas of the lattice system and then those for the lattice 
system, which have just been aiming at. 

The constructionof the theory of phase transition between solid, liquid and gas, 
both for a lattice and for a continuous system, on the basis of the expansion 
formulae obtained in this paper will be discussed in a separate paper.” 


The author wishes to express his cordial thanks to Mr. R. Abe for valuable 
discussions on this work. 
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Analyzing the excitation functions given by the experimental researches on the nuclear 
photo-reaction, it is found that there are two types of excitation mode of nuclei; the extra 
particle excitation and the core excitation. The careful comparison of the predictions by the 
single particle model with experimental data shows that these two types of excitation mode 
are distinguished in the photo-reaction of the light nuclei. It is indicated that the resonances 
observed in the (7, 7) reactions of C18, Nt and F¥® and N¥4(7, p)C} in the energy region of 
10~15 Mev are essentially due to the extra particle excitation. 

In the case of medium weight and heavy nuclei the resonances due to the extra particle 
excitation should appear, in many cases, at the energies lower than the thresholds for the 


(7, n) or (7, P) reactions. 

On the other hand, the giant resonance is characterized by the core excitation mode. For 
the description of the core the possibility that the collective model may be rather reasonable 
than the simple independent particle model is indicated. And further, the distinction between 


these two models are discussed in detail. 


& 1. Introduction 


In the photo-reactions of the light nuclei, there exist some gross resonances 
besides the “ giant resonance » Namely, those are observed in the (7, 7) reactions 
of Be’, C8, Nand F”, and N“(7, p)C™ in the energy region of 10~15 Mey. 4ahr* 
In the photo-reactions of the heavy nuclei, even though such gross resonances may 
exist there, they have not been observed anti *now. holmithis paper! we payyour 
attention to the gross resonances and it is our very aim to investigate the excitation 
mode characterizing them. 

First, let’s consider the success of “ shell model” and “ optical model ”’ in the 
‘ other fields of nuclear study. As is well known, nuclear shell model has achieved 
great success in explaining the ground states and the low-lying excited states of 
many nuclei. The success means that at least in these states the interaction between 
nucleons in a nucleus does not play so great part as having been thought before. 


We should also like to take note of “ optical model”? which was successful in ex- 
of neutron from the nucleus. Till then the idea of 


plaining the elastic scattering . 
d by N. Bohr had been predominant 1n nuclear reaction 


“ compound nucleus ”” propose 


* This article is to be submitted to Kyoto University as a doctoral thesis. 
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theories and so it had been believed that the interaction between nucleons in a 
nucleus was extremely strong. Against this compound theory, Feshbach, Porter 
and Weisskopf” succeeded in representing systematically the gross structure in the 
elastic scattering of neutron by various nuclei using the optical potential. The 
depth of the potential used then was 42(1+0.05 7) Mev in the nucleus. Its imagi- 
nary part is unexpectedly small from the view-point of “ strong interaction”. There 
we can know the fact that the nucleons in a nucleus move unexpectedly indepen- 
dently each other even in the excited states with the excitation energies of 8~ 
10 Mey. Accordingly, first we shall put this fact to practical use in the process 
of researches for the excitation mode in the phenomena of nuclear photo-reaction. 

In § 2 we shall try to apply the single particle model to the extra nucleon of 
C® and obtain the cross section for C¥ (7, n)C”. The result will show a resonance- 
like peak in the El-excitation curve. It will be compared with the gross resonance 
observed in C¥(7, 2)C” at the y-ray energy 13.541 Mev.” Moreover, in §3 we 
apply this model to various nuclei to investigate the systematic which is found in 
the results for the photo-disintegrations of them. Actually we find the same results 
as seen in the case of C™(7, 2)C” for the El-excitation functions for N“ (7, 2) N®, 
N"(@, p)C* and F® (7, 2)F®. We point out that the resonance-like peaks correspond 
to the gross resonances mentioned at the beginning of this paragraph. Guth and 
Mullin” had already made the similar attempt for Be’(7, 7) Be®. Then they showed 
that their result agreed with the experimental result if they assumed the potential 
depending on the state. Accordingly it should be right to say that the resonance 
of Be*(7, 2) Be® essentially consists of the same mechanism as the photo-reactions 
of other light nuclei. 

Thus we indicate that in the nuclear excitation caused by ;-ray there exists 
the mode to excite the extra particle, hardly disturbing the motion of the other 
nucleons. In the same manner the single particle model, moreover, could be applied 
to the photo-reactions of medium weight and heavy nuclei. Then, in the El-ex- 
citation functions of these nuclei there should also appear the resonance-like peaks similar 
to what did in the excitation functions of the light nuclei. The peaks, however, 
should lie often in the energy region lower than the thresholds for (7, m) and (7, 
p) of these nuclei. 

On the other hand, from the integrated cross section of the giant resonance 


we can certainly infer that the giant resonance is due to the excitation of many 
nucleons in the nucleus. There the electric 
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From this discrepancy it may be inferred that the nuclear potential is velocity- 
«lependent as indicated by Wilkinson,” Weisskopf’” and Rand.” But it is uncertain 
whether the introduction of the velocity-dependence alone can settle the above dis- 
crepancy essentially. 

In § 4 we indicate the possibility that the dipole vibration model may be rather 
reasonable than the simple independent particle model. The dipole vibration model 
was proposed by Goldhaber and Teller” and developed by Gallone and Businaro,” 
Takagi and the author™ and Fujita.” They assumed that 7-ray excites a motion 
in which the bulk of protons moves in one direction while neutrons in the opposite 
direction. And further, we discuss the distinction between the collective model and 
the simple independent particle model. It may be interesting that the Majorana 
exchange force existing in two-body force plays an important role in this discussion. 

The conclusion we draw in this paper will be stated in § 5. 


§2. The photo-disintegration in the single particle model 


Nuclear state excited by y-ray may be supposed to be generally very complicated, 
‘because all the nucleons in the target nucleus have the possibility of absorbing 7- 
tay. Nevertheless, in the nuclear excitation by y-ray there is the mode to excite 
single nucleon, hardly disturbing the motion of the other nucleons. In this section 
‘and the next section we shall show the fact. We have already known one of the 
examples endorsing the above fact in the phenomena of Be’(7, 7) Be®. Guth and 
Mullin” had introduced a model to explain the phenomena in the energy region 
near the threshold for Be*(7, 7)Be*. They, namely, assumed that the ground state 
of Be? consists both of two @-particles and one extra neutron. And they supposed 
that the incident 7-ray should excite mainly the extra neutron in the energy region 
near the threshold and the 7-absorption by a-particles should chiefly contribute to 
the giant resonance. They, in practice, calculated the cross section for the 7- 
absorption by the extra neutron, and the result successfully agreed with experimental 
data. While the giant resonance in Be’ (7, 2) Be® had not been analyzed at all, it 
is well corresponding with that in He'(y, »)He*®. For the answer to the question 
‘whether such a phenomenon is due to speciality of Be® or not, we can’t help depend- 
ing on the analysis of the other photo-reactions. Now we shall draw the conclu- 
sion to this problem through examining the excitation functions for C™(7, 2)C”, 
N“(7, n)N®, NY“ (7% DP) C® and F¥(7, 2) F™. 

(8 (7, n) (ee 

The excitation function for C8(y, n)C” measured by Cook” shows two resonance 
energies E,=13.5+1 Mev and ~22 Mev, with the half widths r=$+1 Mev and 
~8 Mey respectively. Unfortunately the angular distribution and the energy distri- 
bution of the neutrons haven't yet been measured by now. Poet 

Comparing this excitation function with that for C’(7, nC - i it 18 found 
that the excitation function for C#(y, 2)C™ is well corresponding with the giant 
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resonance in C*(7,)C”. So we may expect as follows: two resonances in 
C*(7, n)C” are due respectively to the excitation of the C'-core and of the extra 
neutron moving around it. The above expectation is partly grounded on the fact 
that the separation energy of neutron for C” is by far smaller than that for C”. 
And the spin and parity of C’ in the ground state can be explained with this 
consideration. 

Now, we apply the following model to the extra neutron to compute the cross 
section for the (7, 7) reaction. Namely we assume that the extra neutron interacts 
with the other nucleons only through nuclear potential. When a photon energy 
hw is incident in the z-direction, the differential cross section for the photo- 
disintegration caused by electric 2’-pole radiation is as follows, 


doy, 8z° es Pinas wae 
2 = a(R Tt (8th Ht KT og fs J 
dQ Fats JOOS) 2 Be (HD BN GH TH) 


x FL! jy; lj) S)} (LLm—m|LLL'0) Wlgd Lj! GE’) 


XZ (Li jal li jl: 8 L/) Py, (cos), (1) 
where 
F,(Uj'; lj) = a (21+1) SS @j+V) 
x (L100 L110) Wj’ Lj; 4L) | Ryig Ruger (2) 
and 
0 (k) = Mk/87° 7. (3) 


There M and k mean the mass and the wave number of the extra neutron re- 
spectively. “7” and “2” are the total and orbital angular momentum of the neutron 
in the ground state. R,,; is the radial wave function of the particle in the bound 
state and Ry, is that in the final state where the particle is emitted from the 


nucleus with the orbital angular momentum “/’” and the total angular momentum 
is EN ale led 


ig am (2L+1)(L+1) 1 

7 L @L+I 4) 
where e; is the effective charge. 

The total cross section is 
Mk /w 


eC) FUNDS Ci +V[CLl00|L17 07 


o,=2 


x[ Wj Ls FL) PX | Wi Ruy?" dr| (5) 


0 
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When nuclear potential does not contain the term of spin-orbit coupling, eq- 
(1) can be written as follows, 


Gear iss p 2/2 abi “Ly , 
Ge a4t(—) fi stes p() S333 Ya" LL LLL 0) (100| L140) 


x (L100| LiL 0) G,* (2; 1) Gr (h'; 2) Z(L! LL! L; LL’) Px (cos @), (6) 


where 


Ge p— | Ru Ru rE dr, (7) 
0 


The total cross section is given as follows”, 


9 22-1 
eae = ue) Fd S[(LLOO|ILI 0) Px |G (Us DF (8) - 
Ee ' 
When nuclear potential is of square well, G,(/’; /) can be integrated analytically, 
as it is shown in Appendix (1). The result is 


h | 1 1 | 5 
Gl: D= es R°F(R 
Oe out Gg WR Es De AEs oF 
fph -| eH gs ene (Ie 
4 2 2) JR2 FONT IIe 
yh | (a’?+K*)R a (k PR) 18) 
4M? 1 (E,+W—E—-W)* (E,— Ey) 
(/=141); (2)% 
where 
F(R) =R| Rw dRy _ aR Ra| (10) 
dr dr r=R 


dR; aRy 2 AR dRi ; 1 UG ae i 
G(R) =| Ren ry ae a ea EE Tos {0 (+1) —1+ ) 


dR; dR yp ie Le, 
x ee lila Ral +|1 bw +1) Pt) | ]Ru Rul, (11) 


and 
I(R) =Ry (R) Ra (®)- (12) 


There a, b and K are given from the following equations. 
a= (2M/h’) (W—|£y)), 
b?=2M|E,|/h’ 


and 
K?=P + 2MW'/h’. 


* R is the range of the potential. 
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W(W’) is the depth of the potential in the initial (final) state and || is the 
binding energy of the neutron. . 
We can also calculate G,(l/; 2) by the way shown in Appendix (2), provided 


that nuclear potential is velocity-independent. The result is 


h Wh ¢ Bie 2 Wf ARy wa aR, 
Cre) OR [Ru Rulon + M > (ho)* dr Ru le Pie 
Rae ee ee 
t i fiat R= R lke r= 
+[2/ (+1) =+/¢+1)] Vi io)? - ‘1 Ril 
(for /’=1+2 and l/= ). (13) 


Let us use eq. (5) to compute the cross section for the absorption by the 
extra neutron of electric dipole radiation. The parameters of nuclear potential chosen 
then are as follows, 

R=33.29 X105" cm 
and 
V (Mev) = — W,.— W,, (I-s) (r<k) 
=20) (7%), 
where we take W,=31.1 and W,,=2.4. W,,(l-s) is the spin-orbit coupling term. 
By the way we shall adopt 1.4x10~-“cm for 7, and 13.2xA~*® for W,, in this 
section and the next. 


a V is chosen 
so as to give the binding energy 

iy properly. The configuration of 
c) the extra neutron in the ground 

8 state is ly. Our assumption 
wey that the nuclear potential is of 
& square well may simplify the actual 
s ° one, because from the elastic scat- 
g 5 tering of neutron from nuclei the 
E ‘ nuclear potential has been known 


not to plunge to zero abruptly at 
r=R and the spin-orbit coupling 
term to be confined to the surface 
of the nucleus. For the compu- 


tation of § Ryy Ruy Pdr we can 
0 


Photon energy (Mev) — 


Fig. 1. The excitation functions for C13(y, m)C!2 and 
C27, n)C, “----” means the experiment and 
the solid line does the computation of the cross section 
for the neutron emitted in ds/.-wave after absorbing 
electric dipole radiation in C83(7, n)Cl2, “—.—.— i 
means the experiment for C!2(y, 7) C11, 


use the eq. (9) with the eqs. (10), 
(11) and G2); 

Fig. 1 is the cross section for 
the photo-disintegration of this 
system, where the extraneutron 
is emitted in the dsjs-wave. It is 


to be noted that there appears a resonance-like peak in the excitation curve. The 
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resonance energy E,, the peak cross section o,, and the half width /’ are given 
as follows, 


E,,=11.8 Mev, 
C= send 
and ['=4.6 Mev. 


There are some differences between this result and the experiment that indicates 
a gross resonance at 13.5 Mev. They may suggest that even in the energy region 
in question the excitation of the C”™core contributes somewhat to the excitation 
function in the background. In other words, under the influence of the extra 
neutron the C®-core is not so stable for the photo-disintegration as when there 
exists it alone. Our result however is dependent on the value chosen for nuclear 
radius. Namely, choosing the smaller value for nuclear radius, the higher reso- 
nance energy is obtained. Therefore it seems that the differences are not serious 
enough to deny our model. It may be rather proper to say that the 13.5 Mev- 
resonance in C¥(7, 7)C” is due to the jump of the extra neutron, hardly disturbing 
the inner motion of the C™-core. 


At the same time, our 0.09 
model predicts the angular dis- 0,08 
tribution of (1+3sin’@) though 
it is not yet measured. The @ es 
strength with which the neu- &, 0.06 
tron is emitted in s-wave is far § 0.05 
weaker than in d-wave. ee 
Fig. 2 shows the cross 2 
section for the emission of the O 0.08 
neutron caused by E2.* It is 0.02 
remarkable that at 26 Mev ay 
there appears such a peak as (ap HS Sh N Dae Ios 
seen in the El-excitation curve. 10 20 30 40 


: : Photon energy (Mev) 
It is because the amplitude of 
: h 1 is Fig. 2. The cross section for absorption by the single 
eee yee J eran mete neutron of electric quadrupole radiation in C8 (y, m)C?; 
especially large in the energy @hé computation). 


region near 26 Mev. The ‘oS » is for the neutron emitted in f-wave, 
la »” for the neutron emitted in p-wave and the 


alue of the cross section how- 
= é solid line is the total of the two cross sections. 


ever, is small. Basing on these 
results, we can indicate as follows ; as if “ optical potential ” represented systematical- 


ly the gross resonances appearing in the elastic scattering of neutron from nucleus, 
the single particle model predicts the systematic appearance of the gross resonances 


in nuclear photo-reaction. 


* In this case we neglect the spin-orbit coupling and so compute the cross section using eqs. 


(8) and (13). 
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§ 3. The investigation of the single particle model 


NY (7, 7) N® and N& (Gp) C* 


In this case, let us adopt the following model. 


Namely it is assumed that 


WY ; 
N™ consists of the C’-core and two nucleons moving independently each other 


around it. The configurations of 
two extra nucleons are both 1),/. 
in the ground state. For the range 
of nuclear potential we take R= 
3.37X10-*% cm. On the other 
hand, W,=37.3 Mev and 33.6 Mev 
are chosen for the (7, 7) and (7, 
p) reactions respectively. The 
difference between the two W 
originates the difference 
between the separation energy of 
neutron and of proton. In the 
final state we neglect the configu- 
between the 
emitted nucleon and the residual 
Moreover, for the (7, p) 
reaction we do not take into ac- 
count the effect of the Coulomb 
force. So in the energy region 
lower than the Coulomb barrier 
our result may have to be modified 
somewhat. 

Our results for the electric 
dipole absorption cross section are 
shown in Fig. 3 and Fig. 4, where 
we assume that nuclear potential 
contains the spin-orbit term as well 
as in the case of C¥(7,)C™. Ex- 
pectedly, such a resonance as seen 
in C*(7, 2)C” appears also in each 
of N*(7, 2)N*® and N*(7, pe 


It originates from the circumstances 


from 


ration interaction 


nucleus. 


~ 
i>) 


ray 
o 


Cross section (mb) 


on 


10% 11) 12 See as 1617. as 
Photon energy (Mev) 


Fig. 3. The excitation function for N14(7, 2) N18 ; 
(the computation). 

The cross section is for the single neutron emitted in 
ds/x-wave after absorbing electric dipole radiation. 


Cross section (mb) 


ies we 1G) 


11S 2 oer ears 16 rz 
Photon energy (Mev) 

Fig. 4. The excitation function for N'4 (7, p) C38; 

(the computation). 

The cross section is for the single proton emitted 

in d3/o-wave after absorbing electric dipole radiation. 


that the amplitude of the ds.-wave in the nucleus js the largest at 12~14 Mev in 


the case of N“, 
Ne Ge 7).NF 


The parameters characterizing the resonances are as follows. In. 


E,=13.5 Mev, o,,=15 mb and I’'=0.9 Mey, 


while in N“(7, p)C® 
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E,.=12.2 Mev, c,=5.8 mb and /'=2.3 Mev. 


On the other hand, we shall attend to the experimental data. The excitation 
function for N“(7, p)C™ shows sharp and strong resonances at E,,~8,9 and 10 
Mev respectively.” The resonances at 8 Mev and 9 Mev may correspond with the 
levels at 8.06 Mev and 9.18 Mev measured from the inverse reaction C%(p, 7) N™ 
respectively. Those resonances should be understood to form the fine structure of 
the excitation function, so they must be averaged when it is compared with our 
result. In the higher energy region the excitation function once decreases and then 
forms the giant resonance at E,~24 Mev. For the excitation function for NG; 
n)N®, the experimental data measured by Johns et al. show a peak at about 
12.5 Mev. It is consistent with the prediction by the single particle model. Their 
result for the Ic, of the peak is about 1/12 as much as the theoretical value. 
But the absolute value of the cross section is suspected to be underestimated in 
their experiment. Actually the cross section of the giant resonance measured then 
is 1/5 as much as that of other light nuclei. From this we should infer that the 
actual discrepancy between the theory and the experiment is not so large as is 
above-mentioned. It is also reported recently that there exist some resonances in 
the region from 10.5 Mev to 16 Mev.” Namely, in this region, there appear a 
peak at ~12.7 Mev of half-width ~1 Mev and a peak at ~11.5 Mev of half-width 
~0.3 Mev. There is some evidence of a very small peak at ~10.8 Mev. There- 
fore, our result that in each of the (7, 7) and the (7, p) reactions there should 
‘exist a resonance in the region of 12~14 Mev seems to be satisfactory on the whole. 

Our result also indicates that there is a difference between the resonances of 
the (7, n) and the (7, p) reactions in comparison of their shapes while they take 
almost the same resonance energy. The shape of the resonance seen in (7, p) 1s 
sharper than that in (7,). It is due to our choosing different value for the W 
in each case. The shape is changeable to the value chosen for the depth and range 
of nuclear potential. Nevertheless co,’ indicates the same value in both cases of 
(7, n) and (7, p).- That is o,, 1°=13.5 mb-Mev in the former and o,,/°=13.3 mb- 
Mev in the latter. 

Moreover, we can predict that in this case the angular distribution of the 


‘emitted nucleon is the same as in td ited) Brae 
~1+3 sin’?. 


FY’ (7, n) EF" 

In the excitation curve of F’ (7, n)F’* it had been measured that there is a 
shoulder-like thing in the energy region lower than the giant resonance. The 
measurement, however, had not been precise enough to make clear whether it 
should really be a shoulder or a gross resonance giving the appearance of a 
shoulder. It was the experiment by Taylor et al.® that resolved the above question. 
Namely they found a gross resonance at ~12.2 Mev of the half width ~2 Mev. 


‘The peak cross section %m is 2.3 mb. 
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Now we shall apply the single particle model to this reaction in order to make 
clear whether this resonance should be due to the excitation of the extra particle 
There the range of nuclear potential and W, are chosen to be 3.74X 
We choose 1d;;. for the configuration of the 


or not. 
10-%cm and 43.7 Mey respectively. 
neutron in the ground state. 

Fig. 5 shows the excitation function for F"(7, 
n)F'® obtained from eqs. (5) and (9). It indicates 
a very sharp peak at 14 Mey with the o,,/’=15 
mb-Mev.* It seems to be unaccountable at a glance 
that this peak is by far sharper than the peak seen 
in the ;7-reaction of C® or N“. In F*(G, 2)F*%, 
however, the peak consists of the nuclear excitation 
from the dj/. state to the fj, state. So the angular 
distribution also is different from that in C’(7,2)C” 
or N“*(7, 2)N® and is~ (6+5 sin’@). 

Our result for /’ is too small in comparison 
But the value of co,,/”’ should 
have been measured more precisely than that of 
o, or /’, taking account of the errors in the ex- 
periment. Our result for o,,/" is only thrice as 
large as the experiment. The resonance energy 
calculated is higher by 2 Mey than the experiment. 
This discrepancy, however, does not seem to es- Dt eS ee ev 
sentially deny the single particle model. For our Sselid Mlgnpem anc == a 


Cross ‘section (mb) 


with experiment. 


Photon energy (Mey) 


Fig. 5. The excitation func- 
tion for F19(y, 2) F18. 


“ ”? 


is the experimental 
data taken from Taylor, 


result for the resonance energy was lower by 3 Mev 
than the experiment in C’(7, 2)C™ and the predic- 
tions by this model are not systematically different 
from the experiment in the resonance energy, F&,, 


means the computation of the 
cross section for the single 
neutron emitted in f;/>-wave 
and fs/2-wave after absorbing 
electric dipole radiation. 


for these nuclei. In short, though the gross reso- 

nance at 12 Mev in F"(7, 2)F"* is not represented with the single particle model 
so properly as in C’(7, 2)C™, the existence of the mode to excite the extra particle 
hardly disturbing the motion of the other nucleons is concluded to be an immovable 
fact. 

Thus in the photo-reactions of the light nuclei we can find the existence of 
the mode to excite the extra nucleon hardly disturbing the motion of the others. 
In the same manner the single particle model, moreover, could be applied to the 
photo-reactions of medium weight and heavy nuclei. Then in the excitation curves 
for these reactions caused by electric dipole radiation there should also appear 
resonance-like peaks similar to what did in the excitation curves for the light nuclei. 


The peak energy is inversely proportional to nuclear radius on the whole. In other 


* The cross section for the neutron emitted in fsjo-wave has a peak at~18 Mev. 
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words it is in proportion to A~”*. So the peaks should lie in the energy region 
lower than the thresholds for (7, 2) and (7, p) of those nuclei, so they could not 
be observed in the experiments for the (7, 2) and (7, p) reactions of medium weight 
and heavy nuclei. If we want to recognize their existence we are rather to examine 
the (7,7) and (7, 7’) reactions. 

And it is to be noted that for the resonance at 12.2 Mev in F"(7, 2)F* the 
half width computed is too small and our result for o,,/’ is thrice as large as the 
experiment. This discrepancy may be attributed to our nelecting the interaction 
of the specific nucleon with the others. We consider that the interaction connects 
closely with the correlation of the nucleons in the core, which we indicate in § 4. 


§4. The giant resonance and the core excitation mode 


As we referred in § 1, the giant resonance is essentially due to the core ex- 
citation and its resonance energy for the various nuclei is much higher than the 
prediction by the independent particle model so far as the nuclear potential is as- 
sumed to be velocity-independent. 

The above matter can be understood easily in the special case that the nuclear 
potential is of harmonic oscillator : 


1 i 
H= ee kT, 14) 
Big oy uae. \ 
Then, Brink™ indicated that the Hamiltonian can be transformed as follows, 
il 1 2 i 2 1 NZ 2 £2 
soar is AMo/7R I. fe - Mo,’ G5) 
Picea stcltigg ap ty ee SN ALM 5S ee 
Aiunt= Dae = Uint b) 
ae! if Cie BL oa a i gg? 
Tw = 25g P"— bam | 2(NZ/A)M 
and 
d- NZ; 
Uin= Se Ma, lr, ——_ AM«e 7R?——— a a ace 
where 
1 
R=— Tr, P= Dai Pn> 
A> 
or cite iar ina We sla Na tel 
and 
Ue=Wg=Ui= (=,/4). (16) 
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i and j mean the i-th proton and the j-th neutron respectively, and Hj, is quite 
independent of the centre of mass and the dipole vibration coordinates. From the 
above equations Brink pointed out that the Goldhaber-Teller collective mode is con- 
tained alreadly within the shell model description. The classical angular frequency 
of the dipole vibration is just the same as that of one particle motion, w. w may 
be determined in terms of nuclear radius R=1rA‘* from the following equation.” 


\e (r,—R)*Pdt=3/5-R. (17) 

Now, let us pay our attention to the closed-shell nuclei (N=Z=2, 8, 20,------ by. 

In these nuclei the wave function for the ground state can also be written as follows, 
P=O(C)-bal&)-¢-(R), (18) 


where # contains only proton-proton and neutron-neutron relative coordinates while 
¢, and ¢, are the lowest S state wave functions for the centre of mass motion and 
the dipole vibration. Then the relation between w and R is obtained from eg. (17). 


he eee . 
ho= ae A+! { 31 C,(n+§)/A— (8/2A)}. (19) 


C,, is the number of nucleons with quantum number 7. Following Levinger’s 
estimation that 5} C,(7+3)/A=0.87 A‘*, we obtain 
n 


hw=42 A-*{1—1.7 A-“"} Mev. (19’) 


Here the numerical result is based on ™m=1.2 107" cm. 

If this model is not incomplete, Zw should correspond to the giant resonance 
energy. The theoretical value, however, is lower than the experiment as is seen 
in Table 1. 

This discrepancy may suggest the velocity-dependence of the nuclear potential, 
which was indicated by Wilkinson,” Weisskopf! and Rand2® The velocity- 
dependence is certainly made clear, not in detail enough, also from the experiments 
for the elastic scattering of nucleon from nuclei.” But it is not sure whether the 
introduction of the velocity-dependence alone can settle the above discrepancy es- 
sentially. Then, it will also be significant to study another possibility that the 
classical angular frequency of the dipole vibration, w;, may be not always the same 
as that of one particle motion in the actual nucleus. 

The nuclear radius is assured to be the same, provided that there is the fol- 
lowing relation between w, and w; even if ws, w:2w and w,=o. 


(1/Na;) elt C,(m+3/2) /A— (3/2A)} (1/hw) 
=—(3722) (1/Ra.) VAS C,(1+3/2) /A— (3/ A) |. (20) 


On the other hand, it is to be noted that in this special case the potential 
part can also be written, as Bloch has indicated, in the following form. 
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Uins ats 4 NZ 


a va 


at re (tay ta 7 (rj—ry)? + = ge (r;—r,)°+4 AMoa’ R? 
” j a) 


MoZ? + = AM’? R 


~where 
M 


Anp= and. A,,=An= 


(207-2). 


Mo? 
2A 


Ann, App and A,, are dependent on mass number A and so Ann (T3—Py)*, for 
instance, does not correspond to the neutron-neutron force, as it is. But we may 
consider Ann/Anp, to be the ratio of the effective strength of the neutron-neutron 
interaction to the neutron-proton in the nucleus. "When two-body force is given, 


(VytVuPu)J(r), 
-we may estimate for An,/An, and Aj,,/An, as follows, 
Mon tbh. ee ) yi 7h 
= V,- iS av Ve 4- = Va) 21 
Ay Ang ( ” ee 2 [( eh Aye en! x) aa 


where 7, (n_) is the number of symmetric (anti-symmetric) neutron-neutron pairs 
and 7m’, (n'_) is the number of symmetric (anti-symmetric) neutron-proton pairs in 
the nucleus. Py is the Majorana exchange operator. 

From eqs. (20) and (21) we can obtain the following expression for hw, 


and ha;. 
echo Fas Cx(+9)/A— (8/A)} + (8/24) |/ {Can +8) /A- B/24)} 
—{s 2 
(22) 
and 
ho; = V1—x ho. 
~where 


= A’*—16 F Vu 
AA(A=2)) Vp¥(G/A) Vx! 


‘The values of Aw, and Hw, when Vw= Vu and m=1.2 X 10-" cm is given in Table 1. 

Here we can indicate that the tendency of wg>w>; is rather reasonable when 
there exists the Majorana exchange force in two-body force. When wa>w>, 
the model is no longer the independent particle model, but may correspond rather 
to the collective model, though ho, is still smaller than the experiment for the 
giant resonance energy. In order to make clear the relation between those models 
we examine the wave function W' in the case that w,>w>a; and w,=20;—O2- 
‘The wave function ¥” is different from that in the above case of wz>w>a; and 


but it may be understood that they are equivalent to each other so far as 
motion of the nucleus. Namely, they give 


x 


W.=, 
we mention the matter of the internal 
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Table 1. The theoretical value for fo, Hog and ha;. hw 
is obtained from the eq. (19%), and Awg and hw; from the 


eq. (22). 

A Rw (Mev) Riwa (Mev) hw; (Mev) 

19.3 19.3 | 19.3 

8 18.7 20.4 | 18.5 

16 16.0 | 18.2 | 16.0 

4 1232 14.0 | 12:9 

80 9.7 bel 9.7 

i 
125 8.4 | 9.7 | 8.4 
216 7.0 8.1 7.0 


the same expectation for any operator which does not contain the coordinate or the 
momentum of the centre of gravity. 
Then, it is worth notice that Y’ can be written as follows, 


P'=]1 F(ri, r;)-%. 
aj 


where 


‘ — { wa(20;— a) hie Ee : r;tr, \'| | - 
wpe rd=| ed pen ( 2 ) jexp 


2 
OW; 


9? 
, (r; = r;) ‘| 
and 


AM 
4h 


Y, is the wave function of the oscillator shell model where the nuclear potential 
is 3 Ma,’r,”. Thus we know that the collective model deviates from the simple 


independent particle model and suggests the correlation of the nucleons in the 
nucleus. 


f= 


(wa—;). 


In the above discussion we neglected the Coulomb force and the repulsive: 
force of short range in two-body force. Moreover, the arguments cannot be settled 
so simply as the above, in the case that the nuclear potential is of square well and 
contains the term of spin-orbit coupling. The dipole vibration mode, then, can be 
no longer independent of the other modes. The coupling should correspond to the 
half width of the giant resonance. 

In the E2 absorption mechanism we can also find the distinction between the 
simple independent particle model and the collective model. In the collective model 


the interaction of the nucleus with electric quadrupole radiation is described as 
follows, 


Kev paral. e a( ad) | (é: at Loy )( fy le es ) 
- 9 .: pa Vr; Foe nr; ZI rn 


+2 saa) EH (n-&)t. 
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n is the unit vector in the incident direction and & the poralization vector of the 
radiation.* So, for E2 we can indicate two types of excitation mode—one of them 
is due to the dipole vibration and another due to the individual particles. 

The second excited level of the dipole vibration is situated in the energy region 
twice as high as the giant resonance. So there should be observed the resonance 
absorption due to the collective motion of E2 in that energy region. 

For the absorption by the individual particles we can obtain the estimate using 
the model stated in § 2. For O% we compute the cross section for the E2 absorp- 
tion by the proton in p12 level. The result indicates a resonance at E,~26 Mev. 
Thus the collective model predicts two characteristic resonances for the electric 
quadrupole absorption. 


§ 5. Conclusion 


In the photo-reactions of the light nuclei we succeeded in finding an excitation 
mode, namely the mode to excite the extra nucleon without very much disturbing 
the motion of the others. In the phenomena of C*(7, n)C” we could see the fact 
that the excitation mode exists almost in a pure form. The 13.5 Mev-resonance 
is characterized by the excitation mode. The resonance energy, the half width and 
the peak cross section can be explained with the single particle model. Though 
there certainly exists a little difference, it is not the essential one but is depending 
on the parameter chosen then. 

The excitation functions near the thresholds for N“(7, n)N®, N“(y, p)C® and 
F(z, 2) F'® are not inconsistent with the predictions by the single particle model. 
But the extra particle excitation mode does not seem to be kept so purely as C™ 
(7, n)C”. In particular the resonance in F"(7, )F" is by far broader than our 
result. This discrepancy may be attributed to our neglecting the interaction between 
the specific nucleon and the other nucleons. For N“(7, 7) N® and N“(z, ~)C” we 
cannot draw the definite conclusion unless the experimental analysis is done more 
in detail, but our assertion that at 11~13 Mev there should exist a gross resonance 
characterized by the extra particle excitation mode does not seem to be inconsistent 
with experiment. 

The above conclusion also ought to be experimentally ascertained from the 
study of the angular distributions. 

In medium weight and heavy nuclei the resonance due to the extra particle 
excitation mode should, in many cases, be lower than the thresholds for the (7, 7) 
and (7, p). S90, whether there exists such a resonance should be ascertained by 
examining the (7,7) and (7; 7’) reactions. The extra particle excitation mode, 
however, may not keep a pure form in those nuclei as well as F”. 

On the other hand in the giant resonance region it is rather the core particle 
than the extra particle that mainly contributes to the excitation by y-ray. And as 


* N’ and Z/ mean the number of the neutrons and protons in the core. 


Wilkonson indicated, the independent particle model basing on the supposition of 
the velocity-dependence of the nuclear potential may be profitable to interprete 
various aspects for the giant resonance. We indicated that in some case, however, 
the dipole vibration model proposed by Goldhaber and Teller and developed by 
Takagi et al. is a reasonable description for the core particles rather than the 
simple independent particle model. And further we could make clear the features 
of the collective model through examining the ground state wave function and the 
prediction for the E2 absorption. 

The author would like to express his sincere thanks to Profs. M. Kobayasi, 
S. Nakamura, O. Hara and S. Takagi for their kind encouragement, and to Prof. 
M. Nogami and Dr. J. Fujita for their illuminating discussion and guidance. He 
also wishes to thank to the colleagues of his laboratory, members of Kobayasi 
laboratory, Mr. M. Soga and Mr. O. Sugimoto for valuable discussions. 


Appendix (1) 


In order to calculate G,(/’, 7), let us use u,,(7) =rR,,(7) instead of R,, (1). 
U,, satisfies the following equation. 


xn, iT ld+1)h’ 
F,, i ee Pe, + Ve ( r) + RE U,7 = Ena U7 > (A . 1) 
where 
nid 
i h > 
P q dr 
and 


Vi(n=—W, (r<R) 
=(0 (7 > Ry, (A-2) 


For the purpose of simplifying the calculation, we define two operators H, and 
Fy’, Namely, | 


oee. ok d+)? 
Ay ep, eee 
alin ae Cie fate 
and 
FY’ =~ in nb h? yey at 
; ore [2 (+1) =104+1)]. (A- 4) 
Then 
HH}, ' ioe ght ou (A-5) 
and 


4 


ue i — h 1 (7! 2 
Hy Fl Fl Hy= | (+1) 1+} 2100+) +1041} | (4-6) 


When /'=/+1, the right side of eq. (A-6) vanishes. 
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On the other hand, we can obtain the following equations. 


R 
| rr | Hi, igs rH, | Unj dr 
0 


2 d(ruy) dunn x ( 
<= i | ea We. tf =o (ru) | ata (Enis SF Wi —£#,, sas W,,) | eve TU, ar 


2M R 
0 
(A) 
and 
R 
\ By | Hi, Fi}! ag oe H,)} Un: dr 
0 
2 uv 
= — a | en AGT te) — Stn CEP ww) [ a (Hoe a Ww. coy nee W,) 
R 
x | mar Piece pats 2) 
0 


Eq. (A-7) is transformed into the following equation by using eq. (A-5). 


(Ean + Wa W,.) jn TU, Ar 
= h |. d (run) _— A (ry, | Lae: FY ugar (A-9) 
OM niin er we \ miu ty Un aT. 
0 


Therefore, from equations (A-6) and (A-8) 


(Born -F Va W,) |e Un, AT 
We : d(F/" un) AUyyy) FY if V=l 
= mn? ed mn —— +1 . A-10 
oM Uni ae ae (Fy uw me ’ ( ) ( ) 


As a result, we can get the following equation from (A-9) and (A-10). 


R 
ics 1 {| d(run,) AUyr) [ 
t ni = 4 x nit = TUy, 
[tert rd Tr ET Woce ew, Lesa at Grate 
0 


I | dF} Un) duty u i 
Unit a (Fy un) 
a8 Eg + War—Eu— Wn : dr dr es 


(7 =121)- (A-11) 


The above equation can be transformed into more general form as follows, 
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R 
e 


WG Ta 


of 


byadl: 1 : {| te d(TUm) _ Aon (py) = Ls COM) 
4M JB on + War ie yikes a WwW, dr lag i 
a d (Fy un) 
. dng Ge tar) | + tit 7 | ta be ; = 
dr 0 Fans + Wy— En — W,, dr 


— diy, u AF try) ae (Fj Un a] 
id Ge Un) + Un; ae 5 éd 


0 


(!=141). (A-12) 


Eq. (A-12) may be written by using R,, instead of u,,. That is, 


R 


| Baru Ry, dr 
_ ft 1 {[ Freda tics, nr. |' 
2M Eni + Wa —Ea— Wn dr dr z 
aA ve eas rey, | PR ae as op aa ae a 
+3 v@+) =yi(ks »)| {PRuv oe ze oe R,.| 


+[14+2 @+K) P+) —10+1)} | Ren Ru || 


(7’=/+1). (A-13) 


There a and K are obtained from the following equations. 


a= SE (En + W,) | 


and (A-14) 
K*= a se Orr LAY 

The integral in the region of r>R can be done in the same manner. The 
result is, 


2 © 
[Rou rf 3dr= h il = {| PR dR,, —-7 AR yy Ry | gis il 


‘, 2M 1m = soe dr dr R M a —~Leani 


aR, dR, dR dR ; 
x Fa U nit R,, 6} nit ni ai 5 
l- tit saiilek ame aad We cmap of Et DUS 
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dR AR wn il 1 
x TR ee uy R,, =. ra oe ae ea ES 
l ne r re i} +[14+ (k*—b*) 7 5 {i'l +1) L(i+1)} | 
x Ran R..| | 
R 
(= 1), (A-15) 
~where 
B= an | Eat | 
cand (A-16) 
a 2 Ew / 


o 


As a result, | Raw R,, 7dr is given from (A-13) and (A-15) as follows, 


0 


ao 


i? [ 1 il | 2 
Ryy Ry’ dr= = REC 
\ : d f i 2M Enns + W nt — Lon — W n Ean — En ( ) 


2M (Env =F Wu =a Ew _* W,) (Ean — En) 
i | (a’+K*)R _ (=) R \1@ 
4M* (En ef Wu = Ein _ Wr) y (Ean = 7) : 
(!=l+1), (A-17) 


0 


-+ 


where 


dR,, .. AR R ; 


: A | . (A-18) 
| i tf a 


F(R) = R| Ray 


— f dR,, AR R am ARwy AR, 
G(R) =| Rw dr i dr my? dr dr 


dR, one AR R,,| 
dr BG 


+2 r+) ~11+1)} | rRav 


+[1—- J (1-41) —1U+)} | Row Fal (A-19) 


and 
I(R) a [Raw ss Riu\|,=r . (A ; 20) 


Appendix (2) 


In the special case that W,= Wa, let us calculate | Rou (7) Ru (n rdr U= 


0 
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141) and (Ry,Ryrtdr (U=l+2 and ’=2). At first we pay our attention to 


0 . . 
the following relations existing between H, and r. That is to say, since 


pe lS aay ET 
fees as 2Mr2 
Th Ge ; 
Hyr— 7h, == 24 9,4 2 Cae (A +21 
uw? TAL, ue IF as. ( ) ( )] ( » 


and 


H, (H,, | aad rH,) ae (Hf, Gi rH) H, 


sles NR | e@+y—1e+py-2r +n +7040) |. (A-22) 
WM Gdr | AM 
The second term of the right side of (A-22) vanishes in the case of /’=/+1. 


Since nuclear potential V(r) is of square well. 


f 
AY Ween). (A-23) 
az 

On the other hand, 

| ea {H, ty, r— rH) — (Hy, r— rH,) H,} u,, dr 


0 
co 


a (Eas ae Eu) ‘ Roy R,, r dr. (A . 24) 
0 


o 


Therefore, from equations (A-22), (A-23) and (A-24) | Raw R,, 7° dr is given as 
follows, . 


ao 


h? W 
Ry Rage dra? Rie, | 
\ l 2 M (pate 2 [ rn 7: 


(=i+1). (A-25) 


Eq. (A+25) corresponds with the special case of eq. (A-17), where we take 
Wee Ve 


In a similar manner, we can obtain the following equation. That is, 


0 


i oh ¢ dV 
Ew ~ Eu)*| nrir An, 3 ara tut eee Q 
Cian c Be Un rar ivi Uns tn ( onde td (A:26) 
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_ 2 Sf 1 ( 
Pa nl pia We (UY) =LC+1)} | tae = Petty dr 
0 


0 


Nuclear Photo-Reaction and Excitation Modes of Nuclei 531 


ie | @@ +n -1d+ DP =20 041) -lU+)} 810+ | 
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Especially in the case of /’=J+2 or l/=/1 


ing, fy fea as a |e Som ye: 2n* He AUyy 1) (4 dV YY ted 
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: i dV 
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+ M? {2 (Z +1) Z(l+1)} | Rau ( dr )Ru rdr. (A 28) 


Therefore, the following equation is obtained from equations (A-26) and (A +28) - 
Namely, 


(Ban = En) | Ruy R nl ridr 
4 0 


on ¢ Fe} on! av | dRayw 

= Rian KR, d R,, 

M | ESS co "yea i RTOS ( en re aes 
AR 2 *. / ee am Rur | 

— ft, oe Ir dr+ : { (+1) Z(i+1)} Rav ( a5 ) arar 


(/=142 and l/=l). (A -29) 


Then | Row R,, r'dr can be given by using eq. (A-23) as follows, 
0 


( oh? WR 
| Rian Ru r' dr= M (Een) oe) Eq) 2 [Rarer Ri \|-<r 
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Quasi-deuteron model is investigated, taking account of pair correlation functions in the 
ground state wave function of atomic nuclei. The formalism of this type makes it possible 
to use the cluster development method conveniently for the calculations of the expectation 
values or matrix elements by the model wave functions. 

Pair nucleon correlation functions are determined phenomenologically but  self-consis- 
tently, by making use of partly the experimental information about two nucleon systems and 
partly the theoretical considerations for multiple scattering problem developed by Brueckner, 
Bethe and their collaborators. 

In this paper the properties of nuclear matter are investigated as the preliminary discus- 
sion. Two nucleon correlation functions are investigated in detail for every possible spin 
and isospin states of the nucleon pairs. The effect of the exclusion principle on these correla- 
tion functions is given in explicit form and it is shown that on the one hand the exclusion 
principle plays the most important role for the appearance of the shell structure, and on the 
other hand it may have some relationships with alpha particle formation on the nuclear surface. 

With the use of our ground state wave function, the saturation of nuclear volume energy 
and that of nuclear density are discussed quantitatively and the velocity dependent one particle 
potential is constructed self-consistently. 

High energy nuclear reactions, which the independent particle model without correlation 
fails to explain, are discussed and it is shown that the nucleon momentum distribution in 


nuclei is given correctly by our model. 


§ 1. Introduction 


The two kinds of difficulties have hitherto prevented us from the complete 
solution of the nuclear problem; one is the insufficiency of our knowledge about 
the interactions between nucleons, and the other is the difficulties encountered in 
the solution of the many body problem. Recent refinements and improvements of 
experimental knowledges have revealed many shortcomings of the simple pheno- 
menological “ models” of the nuclei, and the “theory” of the nuclei is now com- 
pelled to face the difficult problem of the solution of a many body problem of 
nucleons interacting strongly in the atomic nuclei. 

The application of the formal theory of multiple scattering on the one hand, 
and the adaption of the variational principle on the other hand have been proposed. 
The former method has been energetically developed by Brueckner”, Bethe” and their 
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collaborators, while many elaborate works have been performed also with the latter 
method by Jastrow,” Yamada and Iwamoto” et al. 

Before going into discussion of the relation between our method and _ those 
treatments, it might be worthwhile to give a very brief outline of the above-mentioned 
two methods comparing with each other. The method based on the formal theory 
of multiple scattering has a merit in the treatment of problems in an orthodox way, 
starting from the fundamental two-body forces and standing on a well defined basis. 
However, in practice, it would be hardly possible to accomplish the program com- 
pletely. Various simplifying assumptions or approximations would be indispensable 
in order to get to some goal anyway, and such situation gives rise to controversies 
such as: to what kind of physical concept do such assumptions correspond? Or, to 
what extent do those approximations spoil the merit of the method? etc. In spite 
of the careful approach taken by Bethe,” there remains something still in question. 
Moreover, so complicated mathematical manipulations necessary in this method might 
restrict its application to the study of the actual finite size nuclei or of the nuclear 
reactions without further modifications or assumptions. 

On the contrary, the treatment by the variational principle encounters no subs- 
tantial obstacles in carrying out some programs with the use of the cluster develop- 
ment method. This method is therefore very powerful in investigating various 
problems, such as, the effect of the hard core, pair correlations and three-body clus- 
ters, and so on. Needless to say, however, any variational treatment is marred by 
the ambiguity in choosing a trial function. 

Now let us go back to our own subject of this paper. Our aim is to invent 
a new practical approach to the study of atomic nucleus which might possess their 
merits and at the same time be free from some shortcomings of the two methods 
mentioned above. In other word, we attempt to propose a model wave function 
which not only has a sufficiently simple form to be applicable to actual calculations, 
but also is plausible and has a sufficient theoretical background. 

The starting point of our procedure is to define the ground state wave function 
of a nucleus as follows: 


V(x, Xo,***¥4) =Blle,(x;) IE Fae ( Xe, x3) IT Sasr (%, X;, Ky) cre sseees ee) 
a a<p a<B<CT 


in which x; is the ensemble of coordinates of the i-th particle, @ specify nucleon 
quantum state, and Cé symbolizes the antisymmetrization. ¢.(x;) denotes the inde- 
pendent particle orbital wave function of the i-th particle which moves in the self- 
consistent one-body potential and is in the a’ state. FSas(%;, %,) denotes the “ two- 
particle function” which is defined between the i-th and jth nucleon being in the 
a and f state, respectively, etc. 

Yamada and Iwamoto” have recently shown that the wave function similar to 
(1) makes it possible to describe the expectation value of the Hamiltonian in the 
cluster development method. Ya(x;) describes the independent nature and is a shell 
wave function or a plane wave function, corresponding to a finite size nucleus or 
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in an infinite nuclear matter, respectively. For the reasonable interpretation of high 
energy phenomena, it has been shown by Brueckner, Eden and Francis” that the 
inter-nucleon correlations as are represented by f,;(x;, x,) seem to be indispensable. 
At the nuclear surface, the effect of Pauli’s exclusion principle might differ consi- 
derably from the situation inside the nuclear matter and consequently there would 
be some strong tendency to the nucleon clustering, the fact of which may be of 
importance to alpha particle decay, etc. fys;, forrest" would play essential roles in 
such phenomena. 

Our main subjects are to determine /,;(%;, %,), fas; (%i, Xj, Xe) by simulta- 
neously making use of the experimental knowledges about two nucleon systems 
and the light nuclei on the one hand, and the theoretical methods already developed 
in the Brueckner’s theory on the other hand. 

In this paper, as the first attempt in this direction, we shall discuss the pro- 
perties of nuclear matter. Accordingly, nuclear wave function (1) is approximated 
by the Slater determinant describing the degenerated Fermi gas, multiplied by the 
product of the two-particle functions /,;(%;, x,). It must of course be duly antisym- 
metrized as a whole. Considering the insufficiency of our knowledge about nuclear 
forces and also for the sake of the convenience of computations, we shall throughout 
use the following two-body potentials which has been adjusted so as to reproduce 
the experimental two-nucleon data correctly at low energies : 


V 4) 1/204 POPV Gay PAY (e4))P), : Serber force, (2) 


in which P” is a Majorana operator, *P and *P denote the projection operators 
referring to spin triplet and spin singlet state respectively, and 


AU Vex Moe een 
foe) Tri Do A223: owl 
where D is the hard core radius assumed to be 0.4 10-* cm, while 
3V,=—475.0 MeV, *#=2.521X10"cm™. for spin triplet state, 
17,= —330.8 MeV, ‘*#=2.402X10"%cm~. for spin singlet state, 


have been given by Kikuta, Morita and Yamada.” 


§ 2. Determination of the two-particle functions 


We shall determine the phenomenological two-particle functions fz; (T1, 2) through 
the following three steps: first, we consider a two body problem in free space taking 
no account of the effects from the surrounding nuclear matter, second, we take 
account of the Pauli principle, and finally we take account the interactions with 
other nucleons as far as they can be described by the effective mass, whose quantity 


is to be calculated self-consistently (§ 4). 


(a) Distortion of partial waves 
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The wave function of two nucleons in free space which are respectively in the 
state a and # is, if the interaction is switched off, given by 


ba (11) ds (T2), (3) 
where 
bo (Tr) = (1/V 2)exp (ik, 11) vs (0,) Us (Fs) 


is normarized in the volume 2. 
Separating the center-of-mass coordinate and the relative coordinate, this wave 
function can be written as 


do (rs) 43 (72) = (1/2) exp ((KR) (1/7 2)exp(ikr) S.,(1, 2 
=(1/V/ 2)exp(iKR)¢.(r), (4) 
where 
K=k,+hk;, k=(k.—k;) /2, R= (ri+r,)/2, r=rs—re, (5) 


and S,;(1, 2) denotes the spin and isospin wave function of the system of two 
nucleons. When the interaction is switched in, the wave function (4) suffers a 
marked modification in the relative motion. The solution of the Schrédinger equa- 
tion with the central potential given by (2) can be written 


dul) = (1/V 2) SY Rr) P,(cos 9) Sex, 2).* (6) 
Z=0 
The radial part may have the following asymptotic form: 
r—>0o ; 
R,(r) > (1/kr) (21+1)e sin(kr—12/2+0,), (7) 


where 0, is the phase shift of the /-th partial wave. 
Though the rigorous analytic solution for R,(r) is impossible, we may cons- 
truct its approximate expression as follows : 


R,(r) = (2141) ie L, (Rr), (8) 
L, (kr) =(1/kr) (sin (kr— 17/2 +8,) —7, (kr) ], (8) 


introducing a modification term 7,(2, r), which will later be determined phenomenolo- 
gically. 7,(k,7) should work so that R,(r) might reproduce the behavior of actual 


* In general, there exists spin-dependent force, then the angular momentum expansion is 
written as follows: 


Ph, s,m (1) a 4x (21 +1) -i#C (ls0m|lsJm) SRT 5 (r) «Fyyq™(r), 
i 


Where Fy7/,"(r) is an eigenfunction of the total angular momentum, C is a Clebsch-Gordan 


coefficient and R,,/7* is the radial function for total angular momentum J, spin s, 


angular mo- 
mentum /’, 


In this case the formalism becomes complicated, but our treatments do not encounter 
any serious trouble. 
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wave function in the region of the small 7 and behaves as (7) with increasing r. 
Thus, 


ae 1/\/D)S3(21+ L)it-e!L, (kr) P; (cos 8) Sex(1, 2). (9) 
Comparing (9) with 
b(t) = (1//2) -S3AL+1)#- julkr) P, (cos 4) Sux (1, 2), (10) 
we now rewrite (9) as follows: 
Px (r) = (A/// 2) Le" +u? (7) +uP(r) +--+ Ta, (12), (11) 
where 
u® (r) = (21+ 1)i-[e*L, (kr) —j,(kr)]- P, (cos 6). (12) 


u(r) represents the distortion of the /-th partial wave from the plane wave caused 
by the two-body force, and contributes to the real scattering of the /-th partial wave- 
(b) Behavior near the hard core 


Let us here determine the modification term 7,(k,r). The significant informa- 
tion about the behavior of the wave function near the hard core come out from 
the deuteron wave functions. *S,-wave functions hitherto computed by various 
methods are given in Fig. 1. 


10}-------- 


0.5 


0 05 1.0 15 2.0 10-% em 
Fig. 1. The radial wave functions (3S,-state) for the ground 
state of the deuteron. 

__: Hulthen type wave function obtained by the variational 


principle. 
- The solution as given from the Blatt-Biedenharn’s pheno- 


menological potential.” 
Hulthen type wave function of Fig. 1 can be expressed as 
Ja=l/ ree? er), (13) 
in which parameters a and 6 are determined by the variational principle as follows, 
a=R;z'=0.2317 X10%em™’, 
b= (3/p)[1+4/ Gap) J *=3.036 x Prem, (13’) 
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where 
R,=4.316 X10-“% cm; deuteron radius, p=7™%—2D, 
1)=1.704X10-"cm ; triplet effective range, D=0.410-“cm ; core radius, 


8@ = (5.378 X 10-" cm) ~!; inverse triplet scattering length. 


Rearranging (13) as 
Ol 7) =1/ 7A —e- 9”. ®) ene (14) 


with 
b—a=2.804X10"%cm~"’, for spin triplet state, (14’) 


we see that the second factor of (14) determines dominantly the behavior of the 
S-wave function near the hard core and the third factor determines the asymptotic 
form giving rise to a deuteron effective radius R). 

For the singlet state, we conveniently utilize the relation (13’); there is no 
bound state, then a=0 and from the values of m=2.4X107-"cm, ‘a= (—23.69X 
10-“cem)~', we get 


b—a=1.64X10"%cm~"’, for spin singlet state. (14) 
From this consideration, for S-wave we assume 
no(k, r) =( sin(kr+0)), 7D) 
(15) 
sin(kD+0,)e°°-, r>D. 
Then, from (8) 
oO, r<D, 


| 
| 


| 1/kr[sin(kr+6) — 
Lalkr) =) sin (kD-+0,)e"-?, r> D, 
1/kr sin (kr+0,), r>o. 

(16) 

Comparing (14) with (11), (12) and 
(16), we can see that the distortion 
parameter corresponds to the value 
of b—a. Thus, from eqs. (14/), 
(14”) and Fig. 1, it may be reaso- 
nable to choose 


sin (kr+6,) 


Fig. 2. S-wave part of the isolated two nucleon 2.80 X 10"em=', for vey State, 
wave function. (schematical). v(kr) is defined by B = (17) 
Lie = Oren 1.64X10"cm~', for 4S) state. 


Behavior of L,(kr) is schematically shown in Fig. 2. 
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We can introduce the analogous modifications also for the higher partial wave 
functions. Thus the wave functions of the relative motion are obtained as 
follows : 


0, po D, 
f(r) = Coat (22+ 1)7' {e*'- L, (kr) —j,(kr)} P,(cos 0), r> D118) 


et + 3 (21+ 1)z’- (1/kr) {e*'sin (kr—Iz/2+0,) —sin(kr—/7/2)} 
x P,(cos @), Tr> 0. 


A simple rearrangement shows that the asymptotic form of the above equation is 
nothing but the familiar form, 


Px (7) pe" + (e*"/r) f(0), as r>00, 
with 


Te /2ik-S\(21+ 1) (e—1) P,(cos 8). 


(c) Effects from the surrounding nuclear matter: Pauli’s exclusion principle 


So far, we have discussed the situation of the isolated two nucleon system. 
Let us now consider the same two nucleon system imbedded and moving in the 
nuclear matter, and introduce the necessary corrections into the wave functions 
obtained above. We shall carry out this procedure by two steps. The first is the 
consideration of the effect of Pauli’s principle which is to replace ordinary matrix 
elements by the difference of the direct and exchange matrix elements, and to ex- 
clude “filled” intermediate states. The former procedure involves only a simple 
change of notation, and the latter we shall take into account here. The second 
step is the multiple scattering effect, which will be discussed later. 

The Hamiltonian for the two particles is 


FAI(1, 2) =H(1; 2) + Vis, 
where 
FA(1;2)=H(1)+H(2), H(1)ba(1) =Enba(1), ete. 

We can define a set of product wave function from two orthonormal sets ¢, (1) 

and ¢,(2) as 
®,,(1, 2) =9n(1) -bn(2), (2=0, 1, 2,-----) 
which satisfies 
be Ait 0 ih Oe 
The exact wave function of the two nucleon sytem satisfies 


AVY=EY. 
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Here we introduce the wave matrix 


Nes 


G1 yy 2. 
é 


where 


fee 


tay Sa 
4 : due) SEE 


Then, the following relation is held as well-known, 


v= 20,=0,+ 7 vy¥, 
€ 


‘ 


where Y is the wave function of the chosen states a and § to which the systenr 
would go if the interaction V,, were adiabatically turned off. 

Let us assume that these states are separable to the relative motion and the 
center-of-mass motion, and define as follows: 


P,=9,(R)-Gn(r), P= F(R) P(y), 
which satisfy 
Fy(7) Gn( 7) =€n' Gn(r), H(r)-$(r) =€-¢(7), 
where 


Fy (1,2) =Ho(r) + A(R), H(r)=Hi(r) + Vu(7). 


Further, we neglect the center-of-mass motion*’ and assume the Hermiticity of Hy 
and the consequent orthonormality of 2, : (@,,|%,)=Omn, which follows 


H(r) =go(r) + 3) Gn(r) PE) hate e (19) 


For the isolated nucleon pairs, H,=T,+T, and all the intermediate state can be 
taken except the chosen states a and #. Therefore (19) is written explicitly as : 


Suan 6 a <3 V(r) by (r') bh o-P) 
inde) etm 4 P| ane | de! 
tyr) =e" + (an)? Jo : r (PF) /M 


(20) 
where 


k= (ky—ks) /2. 


*) Weisskopf et al® have remarked such approximation and noted that the more detailed 
calculation of cases with the center-of-mass momentum K=+0 has shown that the main features of 
the solution are the same as in the case K=0. Our present aim of approaching the Bethe-Goldstone 
equation is not to make use of the results themselves, but to get qualitative information about the 


effect of Pauli’s exclusion principle. So far, the following discussions based on such information 
would not be so affected by this approximation. 
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Ve can transform (20) into the differential equation 
1/M(p*-+#) ar) =1/ (22)°( ah [ae!V (ego 
=| ard rr) V(r) u(r’) 


=V(r) Px (r). (20') 


This is just an ordinary Schrédinger equation of two-body scattering problem. Conse- 
puently its solution ¢;,(r) is nothing but the one given by (18). 

For the imbedded nucleon pairs, Pauli’s exclusion principle excludes the occupied 
mtermediate states of the pair nucleons and the summation in (19) should be carr- 
ed out only outside the Fermi sphere, which modifies (20) to the expression 


: fia ro ik (p—9l 
dur) =e™ + 5 | dk’ \ dr’ iad te Mise (21) 
(27)" Jey Jo (ki BoM, 
where now the principal value operator P can be dropped. The corresponding dif- 
‘erential equation comes out to be 


J ot +B) ule) =1/ (27)*|db! lade! V(r) ele ewer” 
M ky JO 
o fos) k F a 
=| an | ar'—| dk’ | ae! (21) 
0 0 0 0 


kp oo 
=V(r)¢x(r) — ails (27) 4 *ak'\de'V (r') b, (r’) ether 
0 0 


the consequences of which has been explored by Bethe-Goldstone,® Weisskopf et 
al.” and others. The main consequence from the modified Schrodinger equation 
(21’') is as follows: near the hard core, the wave function suffers strong distortion 
following the rapid variation, which means the high momentum components are 
effective in the &/-integration of (21’). Therefore, 


jan'~\ aK a fe dix), for E> 
k F 0 0 
(22) 

which implies that the wave function (21) is almost the same as (20) near the 
hard core. Thus the situation discussed in (6) does not suffer serious changes from 
the exclusion principle. On the other hand, the asymptotic form of the wave func- 
tion must be substantially influenced by the exclusion principle. In fact, in con- 
sequence of the short range nature of the nuclear force V(r’), the contribution 
from the region of large r’ is almost negligible, hence in the asymptotic region 
(rc), the argument h’(r—r’ ), of exponential is so large and the contributions to 
the integral would come only from the region of very small k’, were it not cut off 
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by the exclusion principle. Thus, for the asymptotic form, 
k fo) o 
| "dk’~\dk’, ot [ak’~o, for ro. (23) 
0 y hy | 
Hence, (21) becomes 
¢(r)—e*", for roo. (24) 
This means that the wave function contains no real scattered wave at all but only; 
a distortion near the scattering center, that is to say, the exclusion principle forbids 
the elastic scattering of any nucleons in the Fermi sea. 
Now, let us turn back to our problem. In conformity with above conclusion, 
we must modify the distorted S-wave (16) in the following form: 
Ly (kr) =1/k7{| {sin kr+ (sin(kr+0,) —sin kr)e~”} 
— {sin kD+ (sin(kD+0,) —sin kD)e~*"}e"-], (25) 


Instead of (18), then, the correction terms defined by (11), (12) now come outt 
to be 


aes TRIES 
ue? (r) = \ e*La (kr) —jolkr), A>r>D, (26) 
0, TA. 
where 
6j=0, 8 A=aq 


and 4 corresponds to the so-called! 
“healing distance” introduced by: 
Weisskopf et al®. The magnitude of 
which, from the analysis of wave func- 
tion (20), we have given as” 


j =D 52 = note)" 1} 


for «*< Dk,, (27) 


sinkr ~ 
aK 
sin (kr+6y) Ss 


Fig. 3. The modified S-wave function. 
—— the imbedded nucleon pair where «= k/ky 


Convenientl 
. the isolated nucleon pair ages 


shall take the mean value 
A4=1.24X 10em-", (27’) | 


The feature of L,(kr) is shown schematically in Fig. 3. 
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in 


degree (b) 


60° 


m*=().7 m 


LOS cre 


Fig. 4 The phase shifts d9* which have been computed from the effective nuclear 
force (2). (a) For triplet S state. (b) For singlet S state. 


It will not be too difficult to carry out the similar modification for higher partial 


waves to get 
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0, 7D, 


Lien =| (28) 


jilkr), r>A, 
and then the wave function of the relative motion (18) should be replaced by 
de(r) =e +3 uP (0) 
Z 


D r<D, 
= | er 4S) (2141) 7" {e"L, (kr) —j.(kr)} «Pi (cos #), Dx rS4, (29) 
Zz 


eikr rT > 2 


(d) Effects from the surrounding nuclear matter: effective mass 


As has been shown by Brueckner and Levinson”, the considerable parts of the: 
interactions between the chosen system and the other particles of the nuclear: 
matter can. be included through the introduction of a one particle common potential 
Ve, which has to be determined self-consistently from the wave functions ¢;(r) 
themselves. In general, Ve comes out to be quadratically velocity dependent and 
allows us the use of the effective mass approximation. In conformity with these 
arguments, we replace the nucleon mass © in (20) and (21) by an effective mass 
M*, and further, replace the phase shift 0, by the effective phase shift 6,*, which 
should be computed from the Schrédinger equation 


1/M* (7? +k’) ox (7) =V (r) ox (r). (30) 


Some results of such computations are shown in Fig. 4. 


(e) Definition of two-body functions 


From our fundamental assumption (1) for the ground state wave function of 
the nucleus, we define the two-body function as follows: the wave function of the 
nucleon pair 1 and 2 which are in quantum states a and &, respectively, is given 
in nuclear matter by 


al, 2) =@,,(1, 2) fas (1, 2) Sus =a(1) 43 (2) fos (1, 2) Sas 
=9,(R) ¢x(T) fos (1, 2) Sas; (31) 


where each definition is as previously given in (1) and (5). This wave function 
is also written as 


Pos(1, 2) = Vx (R) (rr) (31’) 


with ¢,(r) given in (29) and referred also to (30). In accordance with the argu- 
ments in § 2,(€), we obtain, by comparing (31) and (31’), the following relation : 


fa, 2) =fi(r) =14 [uP (r) +u” (r) uP (1) 4+. Je . (32) 
~1+uf (r) e-*, (32’) 
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This function depends on the relative distance, relative momentum and _ spin- 
isospin values of the nucleon pair. It involves the effective mass implicitly through 
the effective: phase shift which is the only one parameter to be determined self- 
consistently. Throughout the following calculations, we shall use the approximation 
(32'). But it should be remarked that (32’) not only includes a distorted S-wave, 
but also the unperturbed higher angular momentum partial waves (11). It 
is worth noting that contributions of the higher partial waves come mainly from 
the region of r much larger than the core radius where the distortions of wave 
functions are already healed up by virtue of the effect of the exclusion principle. 
Consequently, it is expected that (32’) comes out to be a good approximation. 
Some features of f,,(7) are shown in Fig. 5. 


Fas (r) 


r(10-" cm) 


0 D 1.0 2.0 3.0 
Fig. 5 Two-body functions for the various states. (M*=0.73M) 
—— spin triplet state 
teense spin singlet state 


§ 3. Correlation functions 
‘The expectation value of nuclear potential of the form 
V=>) Vas(ri, rs), (33) 
a<B 


-with a 
D =A tg Tap t+ ArT ats + AorFaF pT a7 


can be written as 


(Vy = AGRD fatrydr 3 Sa (1, 2)|9 (6 ¥2) [Sore 2)) 


ar<css 
X(Sur(1, 2)V (rs #2) Sel, 2))) (34) 
~where 
(Sas, 2) lg (ri, r:) | Ses C1, 2) )=|dxdey--dxa¥™ (ri, To, Po 2) ,%g°-*%4) P( ” ) 
(35) 


> as denoted by L. Rosenfeld.” 


is the so-called ‘correlation matrix’ 
function “% comes out to be 


In the perturbation theory, the nuclear wave 


546 Le Tagami 


P=1// TF DICP tT), (36) 


where ¥ and ¥, are the Slater determinants corresponding to the ground state and 
excited states configurations of the Fermi gas. The two first approximations of the 
correlation matrix are thus found to be 
(oec) 
(Spa (1, 2) [9| Sos (1, 2))"—~V/A(A—1) 3165," (r:) bic p* (F2) 
aks on 
[Sas (1, 2))]11Ses (1,2) ) bea (71) bes (T2) (37a) 
—(S.5(1,2) jee P*|Sqs) bres (T;) Or, (r2) Ay 
(Sus (1, 2) |9]Ses(1, 2))° =1/A(A—1)2 
occ) (unoece) 
xR} Pk a* (71) Pieg* (Fo) Par (71) ker (Fa) (Sap (1, 2) |Ci| Sue (1,2)), (37b) 
kokpkalkgl 
where 
Sup (1,2)|D| Sarg (1,2)) aks] V(r, 72) Raker) 
Sa(W2)IC| Sen, 2) pales 1 » 72) Rey 
(Sas (1, 2) |C,|Sarsr (1, 2) ) ee 
— (Sas(,2)|PP°P*| Sam (1, 2)) (hako| Vira) uke) 
E,+ E;— Ew — Ez, ‘ 
is the coefficient of the perturbation treatment. 
In these formula, the summation is to be extended, according to the indication (occ) 
or (wnocc), over all occupied or all unoccupied individual states of momentum k 
in the configuration Y%, each state being counted only once. 
As well known, Volz calculated the diagonal matrix elements of g by (37) 
and obtained the results as schematically indicated in Fig? 6.” 


(38) 


0 1 2 3 10-° cm 1 a S 


Fig. 6 Correlation functions with respect to I. P.M. aspects of nucleus. 


10-° cm 


Obviously Volz’s calculations fail when the hard core is present in the nuclear 
potential. 


In our model, two-dody wave function br, (71) des (rz) in (37) should be replaced 
bye. (b52) fos(1, 2), thus we obtain 


(Sus(1, 2)|9(7) [Sap (1, 2) )= AAD we Ord Af rMerwman, 
a”p ‘ p v0 


(39) 


Quasi-Deuteron Model of Atomic Nuclei. I 047 


where 
P(A) = "| (B/p)'—3(2/ke) +2}, (40) 


g@? (F) = fas* (r)[ CSug|1|Sep) fos Cry) Asa” 


Sas) fea(r) |. . (41) 


Substituting f.s(r) from (32), we get the correlation functions for two nucleons of 
specified spin, isospin and relative momentum : 


gf? (r) =1— jo(2kr) —2|'u (77) [P+ : (42-a) 

| gf (1) =14 jolkr) +2 [Pu (7) P+ AUP (7) jake) +2[%u* (1) jolkr) 
+ Fuh (17) 2ee*™ (77) | Peet (7) Pl? r) +3 e,* (r) J+--, (42 -b) 
| gf? (r) =same as gf? (r) except the exchange of 3 and 1, (42-c) 
| gf? (r) =same as gf (r) except the exchange of 3 and 1, (42 -d), 


(a) 


r(10-*% cm): 


r(10~* cm): 
3.0 


D- 1.0 2.0 


Fig. 7 The correlation functions for two nucleons of specified spin, isospin and relative 
momentum. Notations should be referred to eqs. (42) and (43). M*=0.73M. 
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where g{?(r) denotes the correlation function for the nucleon pair of spin triplet 
and isospin singlet state, etc. 
It is easy to translate (42.a) to (42.d) in the following form, 


gs (r) =1— jo (2kr) —2)]?uk (7) P+ ee : (43a) 
g(r) =1 42 Ful (r) jo) + [Pu (7) (P= Pa? (7) Pe : (43 -b) 
GSO'(P) F142 uP (PV) 0 (RY + uP ) P— Pa? (P+ ; (43 -c 


go (1) ST [a (r) P28 (7) Lio er) + 1/20 J? (7) IPF Pak? (1) PE 
=1/2(9* PO +9),  (43-d) 
where g‘*'~(7) denotes the correlation function for the nucleon pair of spin even 
and isospin odd state, etc. In fact, the following relations hold, 
g(r) =9g%® 4.3980 4 3g4-9 4 gan 
=Ag 4 dgit 4+ Age 4 Ages). ete (44) 


Results of the computations obtained by the approximations (32’) are shown in 
Fig. 7. 


§ 4. Volume energy and nuclear saturation 


In §2, the effective mass was left undetermined. We shall carry it out in 
this section in the course of the calculation of the volume energy. 

In our procedure, the course of treatment is based on Brueckner-Levinson’s 
approach, and the actwal calculation was carried out by. the cluster development 
method. 


(a) The cluster development ; Effective potentials 


The nuclear volume energy is represented as 


WoC lat ey ese (45) 
where 
H=— (h?/2M) e+ Vas (75); (46) 


where V,,(7;) is two-body nuclear potential which has already been given by (2). 
VY is, according to (1), assumed to be 


dl A ae 
VAL (uatimay? V9 ya) HT fos (%, %3), (47) 
where the summation is taken over all the permutations P= (Metta), 6 is 41 


The volume energy E can be expanded in conformity with the cluster expan- 
sion as follows: 


EEEO LPO Pow eh . (48) 
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E™ corresponds to a Fermi gas energy, E™ arises from the two-body clusters and 
E® consists of the correction terms due to the three-body clusters, etc. E™, EK”, 
E™,.-- are found to be as follows: 


B= S14." (71) (—2/2M pi) $0(r) dr oe 


EO =1/253 [32 Fe] $4) () fes® Ov Hea Le DAUM CeaVfultr Peder 
a8 (3) | 


E® =F, +694 £,° +E, (51) 
where 
pO =F >| ee é, [d.* (r;) ds* (r2) fos (v1, r2) Figs CF 2) 0: (11) 95 (ra) fis (r, rm) 
X dry dry >) bg* (r2)b:* (Fs) px (2, 3) 45 (Fa) be (Fe) dry-drs| ey 
(sx) 


«,8,7 


Ei, = 1/23 ee Go| (r;) s* (r2) 6,* (Ts) fas* (ry, T2) Reet (2, 3) 


x [2 “pita (op 1) ee (1,2) d; (r1) d, (rz) dy (rs) fis (r,r2) hyn (2, 3) 
x [2+he(8, U]dri drs dra | (51-b) 


BP =1/4>) | Pet | 4. (71) 65* (rs) 8 (ra) Bot (Po) Fas (Para) hyo (B, 4) 
SP? @,8,7°S 


xX Fiwtl, 2) ds (r1) 4; (r2) dy (Ts) d, (4) fe (Tr, T2) hy, (8, 4) dr, dr, dr, dr 

(51-c) 

Eo = 1/6 2! > e, | 6." (r1) d3* (r2) d,* (13) fas” (ris Ts) Toy (fo,Fa) Seat (rs, 71) 
(aint) 


«,8 | J 


x(—1?/2M (pi +72) + V2") 10: (71) 6; (72) be (Fs) 


X fags Pr) fou (Pes Ps) fis (Ps ary dr, dr, |, (51-d) 


and 


Aawtl 2) =— (h?/2M) (7 +72) + Vas (ri, 12), (51-e) 
hep (1, 2) =fop™ Ps rs) fap (Pig Fa) — 1 (51-f) 


S’ means the sum over the permutations (2745) excluding 1, (a, 2) Gs 9) and 
(a, 2) (7, 9). Here, we are confining our subjects to the nuclear matter with an 
equal number of protons and neutrons, and the Coulomb forces are omitted. By 
virtue of our fundamental assumption, the calculations are, though elaborate more 
definite and foresighted compared with the formal procedure of the multiple scatter- 


ing aspects. cogs 
The results of the volume energy per nucleon is given by 
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E=E/A=EP LEP LEM Pn eee j (52) 
where 


&% =F /A= (3/5) (Wks2/2M), (53) 


occ) 
6% =E/A=(1/2A2) S\Ue@) dr 
a,f 


k 
= (1/242) 31 ([9UE%(r) +3UE P(r) +3UL(r) FUL) dr, (54) 
k hig 


in which U;,(r) may be regarded as the “effective potential ” to the single particle 
motion in the nuclear matter and given as: 


UE? (rv) =Peas* (1) Sus*[ (—2?/M) (p,?+2ikp,.) + Vag (r) | (Pees (Fr) Ses— Pea (7) Spa) 
= fos® (7) Sas*[ (—2?/M) (p.?+2ikp,) + Vas(r) | (fas (7) Ses—e™ : fon (r) Spa), 


(55) 
with 
k= (k,—ks,) /2, r=r,—T,. 
Substituting (32’) in (55), we get 
hay (7) =0, (56 -a) 
UR? (r) =0, (56-b) 


UE? (r) =2(— RY M) Cull 7) +e“™)( 7,2 P(r) +B ui? (Fr) )+4°V (rg), 


(56 -c) 
UR” (r) =2(—#?/M) Cub (r) te*)(p,* ‘Up (7) +R tu? (r) HV (rg (r). 
(56 -d) 


Replacing the double summations with respect to k,, k,; by integrations, we get 


> 


, kp 3 be 
e=(1/204| “Pe der? dr[9U® (kyr) +38U8 (hr) +3U (Br) 4UO(&, 9] 
where (57) 
Ue (kr) =0 
U™ (kr) =0 


(58 -a) 
(58-b) 
US (kr) =2(—#2/M (su? (Ryr) + jo(kr) Nr u(y 1) +B u (h, r)) 

HV (r)9°?(hyr),  8-c) 
OO Rr) 9 ( @ ft/M) (tu (kyr) +jo(kr) Xr 'u® (kyr) + u® (h, r)) 


+'V(r)g (kr), (58 -d) 
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Fig. 8 Effective potentials between imbedded nucleon pairs. 
(a) spin triplet, isospin singlet 
(b) spin singlet, isospin triplet 
(M*=0.73M, k=0.5k7) 
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Ue, ) =lUEC) do/fdo. 


Results of our computations of effective potentials are shown in Fig. 8, where 
Up (kr) =2(A2/M) (w+ jo(kr)) (peut ku), (59) 
Ur(k, r) =V(r)9(k, 7), (60) 
and U(k, r) =Ur(k, r) + Uy (k,r) are plotted separately for some spin, isospin states. 
(b) Self-consistent common potential: Effective mass 


In § 2, (d), we have introduced a common potential V, which should represent 
the influence of the other particles to the chosen pair. Using the effective potential 
(56), let us calculate this average common. potential self-consistently. We define 
as 


Ve(M*, be) =) UE CM, r) dr 
8 


=1/2n|O k) dk r?dr{3US? (MP, k, r) +8U% (M*, k, 1) , 
0 0 
(61) 


where 


Ue) (M*, k, r) =2(— h?/M*) {a (Bot, k, r) +jo(kr) 


x {p.2 uo (Bo, by 7) +H uw? (Bot, by 7) + VO (rg (Oye, br), (62) 


and 
2k, O<k< (kr—k,) /2, 
Q(ka, k) =4 (1/ka) {he /4—(Re/2—k)*},  |Re—Rel /2<k< (Re th.) /2; (63) 
0, pte Wee: 


In these effective mass approximation, the effective mass M* is defined by 


1 PZee te) | py 
k =k * 


=— ee 64 
hat dk. M* M eo 


As the higher momentum components give the main contribution to the distortion 
near the hard core as has been discussed in § 2, (ec), we may choose k,* being 
nearly equal to ky (Fermi momentum). In this way, the velocity dependent one- 
particle potential is computed self-consistently after the fifth iteration. The result 
is shown in Fig. 9. 


It is found out from the figure that the effective mass M* takes the value 
M*=0.73.M, (65) 
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according to k,* nearly equal to &,. 


Mev | V-(R) 
; 1 9 kl kp (c) Nuclear saturation 
an ae From eqs. (53), (57) and (62), 
we can derive the volume energy as the 
-40 ; 
function of nuclear density p=(47/31r,*)"*, 
~60 where 7) is a mean radius of a nucleon 
-80 and related to nuclear radius R= A’ 7, 
~100 and also to Fermi momentum k;= 
1.523/7). Using the effective mass M* = 
Fig. 9 The velocity dependent one-particle 0.73.M, the results of the calculation 
potential. (M*=0.73M) are shown in Fig. 10, where & is the 


mean kinetic energy of a particle in the 
ground state of a Fermi gas given by (53), &;? is the effective kinetic energy due 
to two body correlations given by 


k fo) 
ep = (2a) [PR dk | dr 3{US& N+UEME | — 66) 
v0 


ap and &,® is the pure effective potential 
ev ° 
energy given by 


= (22%) {PQ dk\ 7? bee 


ep x {UP (, ) + US, )}-67) 
ro(10-** cm) 

It can be seen that the minimum 
of the volume energy per particle is 
found to be —18.3 MeV at a density 
value which is equivalent to a nuclear 


=f(l (2) (2) 
E=EV LEM +EM 


ay radius of 0.94 A’? x10-“cm. The se- 
parate contributions to the volume energy 
' per particle are 
ii 6 =32.5 MeV. 7 =48.6 MeV, 
&," = —99.4 MeV, (68) 
150 and) €=6%+6,% +é,% =—18.3 MeV. 


: The comparison of our results with ex- 
Fig. 10 Nuclar saturation according to the ; 4 R=112 A™<10-" 
groumd state wave function (1). eé) is the perimental ata (R=1. Seg] 
mean kinetic energy of a Fermi gas par- €=—15.1 MeV) and the results obtained 
ticle, €72) is the kinetic energy due to two- by Breuckner and Gammel” suggests 
body correlation, &y® is the pure effective that wwevhave® beans dod faielyilpos d 


i = ) (2)+¢ (2). 
potential energy and €& ED +e V os i 
The effective mass is taken as 0.73M. agreement. No doubt, it is desirable to 
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replace our effective nuclear force (2) by a more realistic potential consisting of the 
central, tensor and, if necessary, spin-orbit force. Also we must still reconsider 
about our simplifying assumption for the effective mass in which we have chosen 
At ky: 


$5. Many-body cluster terms and Pauli’s exclusion principle 


The main corrections to the volume energy (68) come from E” (51) which 
are cluster integrals over the configuration space of three or four particles. In order 
to see whether the corrections are likely to be small and how the Pauli principle 
works in this respect, we shall evaluate the main correction terms (three-body 
cluster 6, +6) using the function f,3(r,, 72) which makes E+E minimum. 
From (51, a) and (51, b) we obtain 


E,9 46,9 = (1/A) (E,°% + £2) =Enx+&,, (69) 
where &,, which consists of €;° and a part of &'°, is written as: 
BS 1 / AGS ar, dr, dr, h®? (2, 3)U®"? (1, 2; 3), (70) 
kk aky 


(3) 


and &,, which is the rest part of &, is given by 


€,=1/2A2D) jar, dr, dry h*(2,3)h%- (3,1) U@* (1, 2:3), (71) 
hgh 


ke 
in which the effective potential U%*®(1, 2; 3) is given by 
ULF (1, 2; 3) =— {Un(1, 2) ef ra" — U (1,2) 68 atin * 25% a3t #2} | (707) 
US*? (1, 2; 3) =4U (1,2) — {Up (1,2) (et s1723-+ fra") —U x (1,2) 
X (e8 Faris*#arnn tara + et barat haragttytay)) } (71’) 
with 
U,(1,2) a Fos* (Fiz) Sus* {—1°/M* (py, + thas) + Vas (Tia) } fos (P12) Sess 
Ux(1,2) =33 fas® (Pia) Sap® {—1?/M* (p,' + iba) + Van (is) } fra (Pix) Spas 


OE) =U,(1,2) == Ux(1,2) e7* 08712, 


where 
k=k.—ksg, r2—T;—T, etc, 


; = i : : ; 
and >} denotes the summation over spin and isospin states. A‘: (1,2) has already 


«8 
been given by (51, t). The calculations were carried out along the line indicated 


in the papers of Yamada-Iwamoto. They are tedious but straightforward. The 
results are shown in Table 1. 


Though we are not too confident about the values in Table 1, it might be con- 
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Table 1. Correction energies from the three-body clusters. 


eee 


type of term &7(3) & (3) 
b Vv (3) = e7(8) + €7,(3) 
| in MeV in MeV jai Vv 
A 12.5 =—a4 | 3.1 
7, | 


— 6.9 | 4.4 25 


chided that the correction energies due to higher clusters are fairly small in the 
nuclear matter. 

Further, in order to investigate the effect of Pauli’s exclusion principle, we have 
repeated the above calculations making use of the two-body functions f,(r1, T2) 
derived from (18) which do not contain the effects due to Pauli’s exclusion principle 
and are, of course, equivalent to the one derived from (29) when a tends to zero, 
corresponding to the infinite healing distance. The result of such calculations 
without using the Pauli principle shows that &%+€&% gives rise to an additional 
energy of about 15 MeV per particle as the difference between the correction energies 
€ and &, each being of the order of 300 MeV. 

We can clearly recognize this feature from (70) and (71). The magnitudes 
of these terms are largely determined by the integrals’ 


| tha (dr, ce \r Vig eoerer (72) 


2.0 


1.0 


r(10-"° cm) 


Fig. 11 The behaviors of rh(r) which largely deter- 
mines the magnitude of correction energies. 

——— with the effect of the Pauli principle 

Fesees without the effect of the Pauli principle 


and these in turn depend upon the function rh(r). In Fig. 1, we present a com- 
parison of the two functions rh(r), one arising from the f,.(7) in which the Pauli 
principle is taken into account, and derived from (29), and the other from f¢s(7) 
- in which the Pauli principle is not taken into account and derived from (18). 
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It is clear that the large correction energy €” arising from the two-body functions 
derived from (18) are due to the large broad peak of rh(r), which becomes con- 
siderably suppressed by the effect of the Pauli principle. 


Zan (r) aS 
4 


r(10-* cm) 


Fig. 12 Correlation functions with or without the effect 
of the Pauli principle. 


—— with the effect of the Pauli principle 
seeeee without the effect of the Pauli principle 
(k=0.5k p) 
It may also be instructive to see how the correlation function 9,,(7) changes. 
its shape through the effect of the Pauli principle, which are shown in Fig. 12. 
We can also conclude from Fig. 12 that in the situation where the healing 
distance 4 takes a large value, the two-body correlation functions have a higher and 
broader peak. The value 4=1.24X10-“cem, which has been made use of throughout 
in this paper, is the mean value of the one appropriate for dealing with a nuclear 
matter of infinite extension. For an actual nucleus, however, especially in its surface 
region, the situation would be considerably different. If we suppose that in the 
nuclear surface region the healing distance of nucleon wave function happens to have 
some large value than in the inside, it may be concluded from the above discussions. 
that nucleons in the surface region would have a stronger tendency to clustering, 
and this clustering in the surface region may be of importance in such phenomena 
as alpha decay, deuteron pick-up, stripping and (p, @) reaction, etc. 


§ 6. Application to high energy nuclear reaction phenomena 


The information from the high energy nuclear reactions is indispensable for 
mvestigation of the nuclear structure more into details ; the wave length of a nucleon 
moving with the kinetic energy of about 20 MeV is nearly equal to the mean nucleon 
distance in nuclei. The tentative analysis carried out by Brueckner, Eden and 
Francis” has shown that the cross sections of high-energy nuclear reactions depend 
on the nucleon momentum distribution which was found to be much different from 

that for the shell model of the nucleus and thus provides with strong evidence - 
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or the existence of marked correlation in the nuclear ground state wave function. 
Assuming the deuteron aspects of the correlation functions between neutron and 
eroton, Levinger™ and Dedrick™ have analyzed the high energy photoeffects fairly 
well. Coincidentally, in the recent experiments which have been carried out at the 
AIT synchrotron laboratory”, ejected neutron-proton pairs from nuclei irradiated 
with a 340 MeV bremsstrahlung beam were observed and their angular correlation 
was measured. This has been intensively approached by Gottfried””. 

(a) Nucleon momentum distribution in the nucleus. 

Here we try to show that our ground state wave function (1) provides with 
t relevant nucleon momentum distribution which can be represented at high energies 
sy a single function giving reasonable agreement with all such experiments on, for 
*xample, nuclear photoeffect, deuteron pickup and proton-proton scattering in a 
sucleus, as has been discussed by BEF”. 

The assumptions necessary for the approach of these high energy reactions are : 
1) the impulse approximaion, (2) the partial closure approximation with respect 
so the nuclear ground state wave function and (3) omission of the antisymmetrization 
Setween emitted particles and residual nucleus. Then the cross sections of these 
-eactions depend on the ground state wave function through a factor 


fh, kz) =2/ AD 


jaye) Sexsne hah (11, T2) dr, dr} , (73) 


where k,, k, are the final momenta of the two ejected nucleons, while ¢(r1, 72) is 
the initial wave function of the two nucleons which in our model is given by 
fo (T1, T2) = bie (r;) bes (r;) fe (r) Se.sQ, 2). 
Assuming that the center-of-mass moves freely through the Fermi gas, 
aki (1, T2) ee hae ati ir); 
we find 


2, O(Ky-bey— Kg). 


Fle, ks) =2/A*) | 1/22) 'expli aha /2 WE” dr 


«,8 


| 


A-further simplification is possible when ki, k,>ka, k, and consequently when the 


‘momenta are nearly conserved, k,==—k:. We then get (dropping the delta function) 


the final result 
2 


Ue, k) = (k) =2/A?S3[ 2) exp (— ihre dr]. 74) 


(2) (r), we have calculated g(k) in our 


Substituting the wave functions (29) in # 
d, but the state integration has to 


model. The radial integration is straightforwar 
be carried out numerically. The result is shown in Fig. 13. 
The experimental momentum distribution can be reproduced with fair accuracy 


by a Gaussian function 
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Jerp(R) == (1/a?x*”) exp(—k’/a’), (75) 


where the value of the parameter @ is given as a°/2M~14 MeV. This is alsa 
shown in Fig. 13. We find that for greater values of the momentum k (corres+ 


& (k) 
0.1 
0.01 > 
Theoretical (f) 
Experimental 
k?/2 m (Mev) 
0.001 
0 20 40 60 80 100 120 


Fig. 13 The nucleon momentum distribution in a nucleus. The distri- 
bution come out from the shell model wave function is also illustrated, 


which has been calculated by BEF. 


ponding to the energies per particle of from 75 to 150 MeV), our nuclear wave 
function predicts correctly the experimental momentum distribution. 


(b) Choice of the distortion parameter ? 


In § 2, (6), we have determined the value of the distortion parameter ? from 
the analysis of deuteron wave function. The high momentum components of the 
nucleon distribution function derived above is now found to be so sensitive to this 
parameter that the comparison of y(&) with experiment may furnish a powerful 
mean for testing the reliability of the value of £. 

For this purpose, we shall make use of a simplified two-body wave function, 
where all partial waves other than the S-wave are neglected, 


P(t) =1// 2 {jo(kr) tu (r)} =1///2 -Ly(k, r). 


As we are interested in the high energy portion of the momentum distribution func- 
tion, only the behavior of the wave function near the hard core is of importance 
where we may put exp(— ar) ~exp| —a(r—D) ]~1, then 


? 
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1o(k, r)~1/kr {sin(kr+ 05) —sin(kD+ 0y) e8"-} 
=cos 0,/kr{sin k r+tan 0, cos kr— (sin kD+tan 6, cos kD)e**-} . 


“rom the effective range theory, tan 0,~—k/a, where a is the inverse of scattering 
vength. Using this relation, we get 


My(k, r) =— (1/rV a? +?) — {cos kr—ar jo(kr)} + {cos kD—aD jy) (kD) } e**-” ]. 
‘\s a further approximation, we assume near the hard core 
cos kr—ar jo(kr) =e. 
Thus, the wave function is simplified into 
her) = (1/2) (1/7) (e/a BY {ee eH, (76) 


correspondingly, the nucleon momentum distribution function can be expressed in 
“ simple form as 


9(p) =2/4D 2 ty ik 1 _san| (ai— p’) (8—a)sinDp+ p(f’—a’) cosDp j 


é 


zx 2 gtk p? (a+ p’) (B+ p’) 


(77) 


“n even further simplification is attained by the approximation 1/(a’+k’) s=4/ky 
and then the summation S} becomes only over spin and isospin state. The change 


of g(p) caused by the Sarton of f is illustrated in Fig. 13. 
It may be safely concluded from Fig. 13 that the value of the distortion para- 
meter § determined in § 2, (b) seems to be fairly reliable. 


§ 7. Concluding remarks 


It has been our subject to construct such a ground state wave function of nucleus 
-hat may not only maintain the characters of the independent particle model wave 
‘unction, but also include the correlations between the constituents. The starting 
Soint of our procedure was to define the ground state wave function as given by 
(1). In this paper, we have discussed the two-body correlation functions in the 
sase of nuclear matter, where three parameters have played the important role. 
They were 

(1) the distortion parameter “/?” related to nuclear forces, 

(2) the healing parameter “a” related to Pauli’s exclusion principle, 

(3) the effective mass “ M*” related to the velocity-dependent common 

potential. 

Taking account of the empirical information and making use of the methods—not 
results—of the theoretical approaches hitherto published, we have carried out the 
Jetermination of these parameters quantitatively. 

It has been shown that our model wave function seems to predict some of the 
: roperties of nuclear matter correctly such as saturation character of binding energy 
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and of nuclear density, and the nucleon momentum distribution in nuclei. Moreover, 
the physical background for the independent particle aspects of the nuclear structure 
has been brought to light in a concrete and explicit form just as has been em- 
phasized by Yamada and Iwamoto”. That is, as has been illustrated in Fig. 8, the 
kinetic part Up(k, r) of the effective two-body potential, which comes out from (59) 
due. to the correlation between nucleons and the coupling effect between correlation 
and the single particle motion, plays a decisive role in making the effective 
potential much weaker than the real potential. This should be one of the reasons 
why the independent particle model explains some of the properties of nuclear 
matter fairly well in spite of the much singular and short range real inter-nucleon 
forces. This kinetic part of the effective potential gives rise to the effective kinetic — 
energy €$?, which plays, as can be seen from Fig. 10, an important role in the 
saturation phenomena, and without which no reasonable saturation properties would 
come out from the Serber force. 

It is remarkable that the above results are the consequences of the application 
of the cluster development method with the wave function (1). From the method 
of the formal theory approach of Brueckner et al., however, it would be difficult 
to give such a concrete form to U7(k, r) as in our model. It has also been shown 
in §5 that, by virtue of the cluster development method, the evaluation of the higher 
order correlation terms could be carried out, though laborious and tedious, with no 
obscurity as in formal theory. In fact, we have shown explicitly in Fig. 11 and 
12, that the magnitudes of higher order terms were suppressed to become fairly 
small owing to the Pauli exclusion principle. 

The healing distance 4 discussed in § 2, (ec) actually is k-dependent, while we 
have employed its mean value in our wave function. This point will be improved 
in the forthcoming paper, in which we also wish to try to discuss the more realistic 
forms of the nuclear two body potentials. Evaluation of the surface energy and 
the symmetry energy is also in progress. 
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“Note added in proof As has been explained in this text, eq. (62) is the effective potential refer- 


red to the chosen nucleon pair being in nuclear matter and has been obtained from (55) by intro- 


.ducing the effect of interactions of the chosen pair with other nucleons. Thereby, we have made 


use of effective mass approximation and consequently phase shift 69, which is contained implicitly 
in the effective potential through the two-body correlation function fys (7), has been replaced by the 
effective phase shift 8)* and further, the nucleon mass M, which is contained explicitly in the kinetic 
‘part of the effective potential, has been replaced by the effective mass M*. The justsfication of such 
procedure has been discussed by Weisskopf et al%. In this paper, however, regarding with the 
process of our treatment for the determination of a effective mass value, it would be more consis- 
tent for M in (55) to remain unchanged even in (52), though 4p should be replaced by 69* in ac- 
«cordance with the translation of (55) to (62). Author is very grateful to Prof. S. Yoshida for cri- 
ttical discussion on this point. 
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Nonlocal Interactions and Dispersion Relations 
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When the microscopic causality is not satisfied we could not give the usual physical 
meaning to the dispersion relations proposed by Oehme. 

The problems of ghost seem to be closely connected with the propagation characters in 
the cases of nonlocal interactions. 


Recently it has been confirmed by the experimental data of electron-proton 
scattering at Stanford” that the proton has a structure. This fact may suggest 
that all ‘elementary particles” have some structures. It may lead us to the 
modification of the conventional concepts of elementary particles so that it may 
solve many difficulties lying in the present field theories. Under these circumstances 
it will be worth-while to reexamine the nonlocal interaction formalism. 

On the other hand, the dispersion relations” seem to be one of the important 
relations in physics as they use only observable quantities. They have been derived 
only in the cases of local interactions but from the above reason it will be an im- 
portant problem to extend them to the cases of nonlocal interactions. We shall, 
however, face various difficult problems when we will follow the usual method in 
those cases, 1.e., the problems of (i) the existence of S-matrix and of interaction 
representation (ii) causality condition, etc. 

Oehme® has shown that the dispersion relations can be derived by suitable 
modifications, even if the microscopic causality is not satisfied : 

If the commutator is such that 


[7*(0), #(% y0)J=O for y?—y,?> 1? (1) 


for the forward scattering, the Fourier transform M(So) of the scattering amplitude 
M(w) is 


fee} 


ay 


Ly ees \ dw exp (—iws))M(w) =0 for e=—h (2) 
and the dispersion relations hold between the real- and the imaginary-part of MZ (w) 


Xexp(iwl) because M(w)exp(iwl) is regular in the upper half plane of w instead 
of M(a). 


But it is very doubtful that his result has a usual physical meaning: The 
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above result is based upon that I(€.) is given by jhis-eg. (22), Mex 


ME) =(2)*| dye | ydy BOX’, — yn) 
0 Yo-o B 
Ly (0-8) Gil y*— (yo —F)*P), (3) 


where B is defined by 


a ' 
ee <P. pol [7* (0), 7(¥ yo) 10, My) |q|2B(y*— yo", Yo; 0, M)o(yx) 


(4) 


and has the property of commutator vanishing for y’—y,’>J.. (For other nota- 
tions, see his paper.) In fact, if €) is less than —J,, the nonvanishing region of 
B(y’—y0, —0) has no common part with the integration region over (y, yo), 
hence (>) is equal to zero for §,<—J,. But when the microscopic acausality 
like eq. (1) holds it is very doubtful that IN(&)) is given by eq. (3). In the 
following we shall examine eq. (3) in the case of nonlocal interaction. 

Because the problem is very complicated in general cases, we here consider a 
simple nonlocal interaction corresponding to Feynman’s cut-off for the photon 
propagator which has often been reconsidered recently in the modification of quantum 
electrodynamics at small distances, in connection with the nucleon structure.” 
Namely, we consider the following nonlocal interaction Hamiltonian density 


H' (x) ==ie \ d'x! B(x) 7,$(x) A,(a')F (2—2')), (5) 


where F(x”) is a suitable real form function. 

First we calculate an S-matrix before we consider the dispersion relations for 
the scattering processes. Because the S-matrices are in general not unitary if we 
calculate them with the Bloch method” in the cases of nonlocal interactions, we 
will calculate them with Hayashi-Katayama’s method.” Following them, we put 


A, (2) =A, (2, 0) + Vy (a, ©) +ie| d'x'd'x"3 ee ae) 
—e(o, &”)}Dia—2) G2) 2) FU —-2)"), (6) 


b(a)=4(z, 6) + W(z, 2) +ie| d'z'd'2"}{e(a—2") 


—e(d, 2} Saar, Ce) Ae OF U2 2"), (7) 
where 
lim V,,(2, «) = lim W(x, 7) =0, (8) 
so that 


lim A, (x, )=A,'(2), _ lim $(2, o)=p" (x), (9) 
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and we define as 


lim A,(z, o)=Ay"(z), lim $(2, 7) =¢'"(2). (10) 


o> +o 


A, (2, «), (x, 7) and ¢(x, ) are assumed to satisfy the usual equations of mo- 
tion and commutation relations for free fields in the case of local interaction 


formalism. In general, 

lim V, (2, o) 40, lim W(z, o) #0 (Ty 
and we will state later that the appearence of so-called ghost is closely related to 
eq. (11). 


V..(z, «) and W(z, o) shall be determined in such a way that we can have 
unitary matrix U[o, o’] which satisfies the relations 


A,(2, 6) =U~[o, oA, (2, o/) U[e, oJ=U" [oJ A(z) U[e}, 2) 
¢(x, 0) =U-"[o, 0’) $(2, 0’) U[s, o}=U~[o] $" (x) U[e], (13) 
Ulo]=UIs, —2]. 
‘Then from the relations 
AN (2) =U. {ego ic0) Ay (2) 0 L.c0,,-—- 00 ete. (14) 


the S-matrix is given by 


S=U[0o, —oo]. (15) 
If we assume that 
i0U[o}/d0(x) =U[o] H(2x/c), (16) 
where H(2x/c) is a Hermitian operator to be determined later, then we have 
DA, (x, 0)/d0 (2!) =[A,(z, ), H(2!/0)], (17) 
idb (x, 0) /80(2x!) =[$(x, o), H(2!/)] (18) 


from eqs. (12) and (13) and 
OV, (a, 0)/90(2") =i[A, (x, 0), H(a!/0)]+ie| d'x"D(x—2') 
XP (x79 (2) FU(a!—2")") lene, (19) 
OW (a, 0) /B0 (2!) =i[$ (a, 2), H(2'/o)]+ie| d'x"S(a—x!)r, 


KOE VA M2) PCG 2) Nano (20) 


from jeqs. (6), (7), (17) ‘and (18). 
If we put 


H(a/o) = >) e" Hy(2/0), (21) 
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Vic ae St PV G8) (22) 
and 
W(2, ¢)= S} e” W,,(2, c), (23) 
n=1 


each term in the expansions can be calculated perturbationally. For instance, 
H, (2/0) =—i\d'yd'2F(y, 07499, ©) Ap(% 2) 
x {2a0(x2—y) +b0(x—z)} F((y—2z)?) |e, (24) 
where a and } are constants satisfying the relation 
Bat bt ) (25) 
from eq. (8). Especially when 6=0 and a=1/2, then 
Hy (2/0) =—i| da! B(x, 0)i4$ (a, 0) Ay(2', 2) F((2—2')") [ap 


= —if (x, 0) 7p$(2, 6) A,(2, ©) ae; (26) 


which coincides with a usual local interaction Hamiltonian density. Here we have 
used the relations 


F((x—2')) =1/(2n)*| dtpf(p" ern nerath 
| (27) 
f(0) =1, 
Ma) Geto /(2n)'| abd (Ray (2, iexntiee) (28) 


and 
A, (2/c) = —1/2| d'e’d'yd'y’ Fa, T)T P(x, T)P(y, o)7Tp 


x[{e(2’—y") —e(c, y)}/2]D(2'—y) $y, 0) F((x—2')) F((y—y)) [aro 


(29) 
etc. 
The S-matrix is given by the equation 
50 A 
s=-[1-i| d'eH(x/o) |]1-i| a'eH(a/2) | 
o-; i) : 
O71 ° 
=.[i-af d'xH(x) || 1-1 | del" (2) |, (30) 
og o-} 


where 
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Hi" (2) = 3) e* Hi(a) 
= — icf" (x) ry" (x) An(@) 
he (a) raf"(x) | d'x’d'yd'y' "(orp 
x[{e(2’—y’) ~e(a—y)}/2| D(a! —y)") F(a—2')) FU 9) 
see ee ae 


That is, we have only to use eq. (31) as an interaction Hamiltonian density in 
the usual Feynman-Dyson formalism to calculate the S-matrix. Since this S-matrix 
is unitary, the commutation relations [Aj"(2), Ay"( y)| have the same values as 
[A®@), AP(y)|=—i0,D(a—y). But [AM (a). AS) |, -wineh are aie 
for finding the dispersion relations following the usual manner, have different values 
as follows: From the relations 


AB (2) =57 AR(2)S= Ye"| diax-d'enlH" (an) {H (a), AP@)}~TI 
X 4 (241— 22) I Kn 165 Ed (32) 


i 
ia) = - for 2 =—0, 


the commutation relations are 
[Aaa 

=(Anr(z), A'(y) +A (2), Ar y)], (33) 
where Aji'(x) are the parts of Aj" (2x) which are obtained with the local interac- 
tion Hamiltonian density eH;"(2;) instead of H™(2x;) ({=1, --:, 7”) in eq. (32) 
and Ays'(x) are the rest parts of Aj"(x). Therefore 

[A(e), A(y)J=0 for G—y)*50 (34) 
but 


[Ags'(z), Av'(y)] 40 for (a—y)?>0. (35) 


As Ajy:'(x) are of third order in the charge e, the microscopic causality for eq. 
(33) is satisfied only to the second order in e. Also the S-matrix elements for 
the scattering are the same as those in the case of usual local interaction to the 
second order and therefore, in this case, we find that the dispersion relations for 


the scattering are satisfied only to the second order. It is remarkable that the 
microscopic causality 


[Ag"(z), Al(y)]=0 for (x—y)?>0 (36) 


is not satisfied while the interaction Hamiltonian density H'™ (x) satisfies the inte- 
grability condition. Even if the nonlocal interactions are such that eq. (3b)ots 
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satisfied, the conditions used by Goldberger,” especially the following conditions, 
could not be used for those interactions : 


(i) The photon propagator is 
(FIP(Ap(2), Ar(y)) |i 


and this is proportional to the S-matrix element since lim A Sp) =e (er), 4c (y) 
=Ay(y) and Aj"(r) =S7A™(x)S. s 
Gi) The canonical commutation relations are satisfied. 
| Therefore, the exact dispersion relations in the cases of nonlocal interactions 
cannot be obtained by the usual manner. 

Now, the regions of acausality are determined by the characters of form func- 
tions but, even if they are like eq. (1), we find, as in the above-mentioned example 
that the scattering amplitudes may have complicated forms including form functions 
and differ very much from the form of eq. (3). Moreover, even if the microscopic 
acausality is not due to nonlocal interactions, the integrability conditions would also 
be destroyed, and we could not look for the S-matrices following the usual manner, 
hence in these cases the scattering amplitudes also could not be written in the form 
like eq. (3). Consequently, when the microscopic causality is destroyed we could 
not give the usual physical meaning to the dispersion relations modified by Oehme. 
We should keep these circumstances in mind for the discussions of errors of dis- 
persion relations.” 

Finally, we mention the problem of “ghost”. As was seen above, when the 
interactions are nonlocal the field quantities are not of outgoing wave characters in 
the limit ¢ (time)—>-+ co even if they are of incoming wave characters in the limit 
t—>— oo ; accordingly, in order to search for the unitary S-matrices, it is necessary 
to separate the outgoing waves from the field quantities in the limit z->+ co and 
to combine them with the incoming waves. That is, in these cases the propaga- 
tions of the systems due to the initially given interactions do not coincide with those 
due to the unitary S-matrices in general because the former do not propagate to 
the outgoing waves while the latter do. The former do not exhibit true propaga- 
‘tion characters but the latter have relation to the true propagations of observables. 
The so-called ghost seems to express these circumstances. In the Lee model,” i 
practice, if we want to extend it relativistically by taking into account the pie 
the interaction becomes nonlocal, satisfying no integrability condition.” Namely, 
the Lee model is, by origin, of acausal, nonlocal character and therefore, when the 
S-matrices are looked for in the usual manner, they are nonunitary and the ghost 
appears. It is well known that if we use the cut-off functions to look for the 
unitary S-matrices, the ‘“‘ ghost ” disappears, and for this purpose the above method 
in the cases of nonlocal interactions will be applicable. For instance, the cut-off 

formalism used by Kaellen-Pauli® in the Lee model seems to correspond to the 
‘nonlocal interaction having the form function of two point variables like eq. (5). 
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Ordinary deuteron stripping theory has been extended to include the heavy particle strip- 
ping process by antisymmetrizing a final state wave function with respect to an ejected 
nucleon and a target nucleon. A formalism presented by Owen and Madansky is inconsistent 
for discussing an interference effect between the ordinary deuteron stripping process and the 
heavy particle stripping process. Experimental results of angular distributions of the Be 
(d,n)B1 ground state neutron are well reproduced by the present theory. 


§ 1. Introduction 


Characteristic forward peaks observed in angular distributions of (d, p) and 
(d, n) reactions have been ‘successfully interpreted by the deuteron stripping theory”. 
In many cases, however, it has been observed that angular distributions have also a 
significant backward component. Madansky and Owen” have suggested the so-called 
heavy particle stripping mechanism to account for the backward component observed 
in the ground state B"(d, m)C” reaction, and later they have extended the origi- 
nary deuteron stripping theory to include the effects of heavy particle stripping 
by using a final state wave function which is antisymmetrized in the exchange of 
a neutron from the deuteron and an outer shell neutron of the target nucleus.” In 
this case, however, they referred to different directions of space quantization axes to 
calculate transition amplitude of the ordinary stripping process and the heavy particle 
stripping process. This procedure is inconsistent for discussing interference effects 
between the two. 

Concerning the exchange effects in the nuclear stripping reactions, except Madan- 
sky and Owen,”~* French” has tried to evaluate the value of the stripping amplitude 
and of the exchange amplitude with a limited range of validity of the formalism, 
and Kammuri and his collaborators” have investigated the neutron exchange effect 
of the C¥(d, n)N™ reaction. Recently, Ames, Owen and Swartz” have analyzed 
angular distributions of the neutron from the B"(d, n)C” first excited state reaction, 
basing on the formalism of Owen and Madansky.” 

The exchange effect discussed above will, however, be essential when the 
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target nucleus has a loosely bound extra neutron. Furthermore, one may expect 
more pronounced manifestation of the exchange effect at lower incident energies of 
deuterons. Therefore, among the rest of all cases, the ground state Be’(d, 7) B™ 
reaction will be the most suitable case for investigating the exchange effect ; the bind- 
ing energy of the extra neutron of the Be? nucleus is known to be only 1.67 MeV. 
Fortunately, experimental data have been obtained by several investigators for the 
reaction at low bombarding energies of deuterons.”~” In section 3, we will examine 
this very case on the basis of a general formulation of the problem discussed in 


next section. 


§ 2. General formulation 


In what follows we will formulate the problem along the Born approximation 
stripping theory developed by Bhatia and others,” assuming that the target nucleus 
consists of a core and one outside neutron, and that internal states of the core are 
not excited by the reaction. We shall make use of the notations of reference 10). 

(2-1) Deuteron stripping term 

The amplitude of the outgoing neutron through the deuteron stripping process 


is given by 
T(4) — a (Mx /2rh’) Pip» Op; Pris On, EF) Un, (On) enn?! n 


(ou 


SV Cr Ors Fay Oey ep Sasi Gott 2) ethan trp? 
X Fy, Tp—P rn In Sp) dr pd Oydr dA Gnd 9) AO ny dS (1) 
with 


rn =la— (M,/M,)r > > (2) 


where 
M,* =M,M,/M,+M,, M.*=M.M./M.4 M; 


and k,=M,*V,/h, V, being the velocity of the ejected neutron relative to the final 
nucleus, k,=M,*V.,/h, V. being the velocity of the incident deuteron relative to 
the initial nucleus. The suffices m, nm’ and € denote the neutron of the deuteron, 
the outside neutron and the internal coordinates of the core of the target nucleus, 
respectively. For the internal state of the deuteron, we take a pure S-state wave 
function. 

Following the stripping approximation, we neglect the interaction between 7 and 
the target nucleus, and assume a surface interaction of radius R, for the interaction 
between the captured proton and the target nucleus. Then, by considering conser- 
vation of angular momentum, we obtain from eq. (1) 


ae = Crinaia(l, Has Mp» Hn) Cpl VPs 5 Lp, Mp» Mp) stGoe'?? (8) (3) 


php 
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where 
M* , 
(P| V4 3 ie Mp, Moa ee omh? \PEe, 0,, Pry On, $) 
x Vien Op, Try On, =) Py, (Tar, On, é) Yom (wy) Lu,,(Fp) (A) 
X drpdOydrydGn,d§ , 
G,/»"» (0) a \ Y Fm, (2p) et higtKie,-RVG | ( Ir»—R,|) dr,d2, (5) 
with 
k,=k,— (M,/M,) Kens K,=k,/2—kp . (6) 


72, is an orbital angular momentum of the captured proton relative to the target 
nucleus. 
Eq. (3) is rewritten as 


I, (9) = By > CieapeC, ba; Pp» Pn) Cian (ye be 3 Mp, ly) 


Ly pp Ine 


x Ci,3, CGip By His He) Cell Vilgas 70, 1/2) ) s¢Gee'?”? () (7) 
where 


cieieie 7 eb = ; 
{Fy Vi\ljs ee A 1/2) ede + 2 Cran (hes be Mp, jie) 


Qj tL phy Hat 


x Ci,5, Cip by 3 is Pe) (Hl Ve 3 pe, Mp, boda (8) 
and use has been made of the relation 
S) Cyn (J, M; m, m") Cyn (J, M; m', m!') revista oD ec (9) 
Mm! Zs +1 


To calculate the factor G,’»"»(@), we take for the radial part @,(7) of the 
deuteron internal wave function the approximate form 


O,(r)y = (a/22)"e-%/r 5 @=0.23 X 10" cm7 (10) 
and take the axis of space quantization in the direction of hy. 
Then, we obtain 
G,/e”» (0) =O m_.0 Gy? (4) =O 4,0 (4x (21,+ 1) at Php, (Ai R)) G (Ki) (11) 


where 


G, (Ky) = (87a) "/ (a2 + Ky’) (12) 


and Jiy(FaRs) is an /,-th order spherical Bessel function. 


(2-ii) Heavy particle stripping term 
The heavy particle stripping amplitude, corresponding to the exchange of the 
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neutron 7 of the deuteron and the neutron n’ of the target nucleus, is given by 


s -ik 
I,.(9) = a —~ | Ph em Op, Try On, F) Lp, (Fm) e hel ny 
x V Ce, Op, Pry On, Tn, nly * &) wy (Tn, Ons, €) 
XK ean Mp) !2 De Val Tos Seng) Ar AG yA AG, AT AGE . (13) 


This time, we take the origin of integration at the centre of mass of the deuteror 


and neglect the interaction between the neutron 7’ and the deuteron. Then, eq. 
(13) becomes 


fe 
HG) = paces \ra Te p> Un rat. ©) Xi. (On) en ens 


XV (rp—Pe Sp, Pn—Te On, §) &, os (Fay —Toy Snr, €) Can nr * Mee) Mg 
(14) 
X Fy Tn—Vp, Ins Sp) dr .drydd,dr,dG,d0 dG dé , 


where r”,,=r,,— (M./M,)r,,r,. being the position vector of the centre of mass of 
the core. 


We divide the internal wave function of the initial nucleus into two parts, the: 
outside neutron part and the core part, making an approximation as follows, 


Ya (Ta, Sar SJ —= > Crees bs Pa Po) Crap Gn Hr Mis F) 


BCX) 
x Py mg Par) Le (Gar) Pox, (€) > (15) 
jo being the internal angular momentum of the core. Then, 


I..(0) = >) oS Cazie Chis Mi Hn Ho) Cian Cin #23 My Pn) 
ef 


Teme m,( 


x CP, | V| Ha 3 ts Mey (a) Gab). (16) 
where 


Ms 


(P| V [Pa > Le Mey aS ee on? 


{vt (r,—T., Op, rnr—Te., On, &) 


x Vir,—Pe Op, Tr—TVe, On, €) El ghd eo On, om) . Cli 


X Dy ($) Yigm,(2-) dr,dr,do,dr,do,dé , 


Coe 


(0) = (BY ae (2,) entkaRag-tK a'n,— Re) v, oe (rx,—R,) d2.dry, (18) 


with 


kp=ka+(Ma/M,) hey Ky=(Mz/M,) ieg-+- ke , (19) 
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and R, is the interaction radius between the core and the deuteron. 
Eq. (16) is, as in the case of eq. (3), rewritten as 


T,,(@) = ae = >1,.6 C; 710 Gis Lis a fo) ee 1/2 Cin a LL Un) 


Py m;(H7) ia) 
x Cyl tes Hs 3 Ho, mM.) Cy.4a Gp Ue; Ls, Pa) (20) 


Meili cit iasta alow (0). 


where 


cas gras Rees 
Cir Wile ere Jo) Yee Sh SS = Opie 6 Hs 3 o> mM.) 
2jrt+1 Home Hh 


x Cy 1a ip Lys Hs: La) P| Vita 5 d., Mey i. : (21) 


By taking the axis of space quantization in the direction of k,, in accordance with 
the case of evaluating J,,(4), and taking as the internal wave function of the out- 
side neutron 7’ of the target nucleus, the wave function ¥ z4m;(Pnr) for a spherical 
potential well, then we get 


Giee™ (4) = 16§72j-e otto Gy (k,Ro) Y , a (Kp, ky) 
x G,(K2) Y,,,,, (Ka ki), (22) 
where 


G.(K) =|" jn, (Kor) RC rrdr, (23) 


R(r) being the radial part of ¥,,,,,(r), 2, the relative orbital angular momentum 


between the deuteron and the core. 
(2-iii) | Differential cross section 
The differential cross section is given by 


do/d2oc3}\Ig,—T.2|? 
=D [Loel?—2Re Loe Lee) + [Zeel”} 5 (24) 


where S| means an average over spin components of the initial nucleus and of the 
deuteron and a sum over those of the final nucleus and of the outgoing neutron. 
Explicitly, using eq. (7), the first term is obtained as follows, 


Py yl ee he (25) 
3(27;+1) Mit Gh, 2(Qj4) © P 
where 
il 
ate Se [Ciel Vilies Gol 1/2) Deel”. (26) 


Using eqs. (7) and (20), the second term is expressed as follows, 
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9 
——___— - IR ah HbeS 
3(2j;41) Mt Mahn 
2 Sy So i 


7S) - 
3 (je ve i) By spi dn Epp pice) LeMe mi(¥7) J (Hs) 
x Cie Gs Pa 3 / Yn, Pa) Ci, poli OR Pe, My, i) C55 Op Ly > His i) 


Gis Pa 5 5) Lr Yo) C., 51/2 Gp P71; > M15, Pn) Cat. Fas Bs 5 ’ Po m1 a 


Gy, 
x Cy 42 Ip PL > Ls» Zz) Om 0 
: z = = = A Fl eM eM; 
XRG sll Vil des Jol 1/2) Patel Vl jas Js Ze. Jo) Wed ES . (27) 


Considering the conservation of the components of angular momentum which appear 
in the Clebsch-Gordan coefficients, we find that the non-vanishing terms are only 


those with 
m;=m, . (28) 


The above expression is, therefore, reduced to 


BY Zyl om Z.m.m 
Cre 29 


where 


Agios PS Sy Ds ra Cui OL. fits Pade) 


ua ah ght, Mn™p jo.) 53s) 
x Ci, yr l/2 ce te 5 ? Mp; My) C55. Ly; > bis Le) Cy 59 (ss BP: 3 Ha Ho) 
x Ci ,.1/2 CR re Cae bs 5 Hoy Me) Cina Gp My Pay Pa) 


X Or. 06 Sell Vl Fas Jo Lor 1/2) peed ell Viligeessthekben dade oe (30) 


Finally, the third term is expressed by eq. (20) as 


Te ipa es 
3 On 1) Lot, er 3 (eit 1) Wp gy ‘os Rens 22 > Cy da Je La 5 > La /o) 


x Crit Gis Pr, Mh, Ws) re Ps 5 Po, 1) Cy 5p bys Psy Pa) 


XCF V lias jlo Go) Ge MONE 


sas it bomei Lo/m/ Al mem; 5 L/m,/m;/ } 
3 (Giga ie ta ay ae : (31) 
where 
Lome; Ulm _ il : 
Ags “= = teak bs > bo, Me) Ci 5207 het Hs > [4’, m,) 


a3) 27, +1 
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x Cip\l V\lja > is (Z., Jo) ree Syl Vilja > is Ge, Jo) Dies (32) 


Tymem;; t tig ot 


Gee Ci in Jo bes Ha bo) C5) ig Ges lan) Lt, Lo) (33) 


x Cian (jn Hr; Mix Hn) Cian, fey; Me's len) Gee ae : 
(Here attention should be paid to the fact that, in the expression (31) for the heavy 
particle stripping term, the cross terms between different values of 7, and m, do 
rnot vanish in general, differing from the case of the expression (25) for the deuteron 
-stripping term.* In such special cases, however, in which either the intrinsic spin 
.of the core of the target nucleus j, or the internal angular momentum of the extra 
‘nucleon J; is equal to zero, these cross terms do vanish so that the expression (31) 
is greatly simplified. 

Now, by the conservation of angular momentum, the angular momenta Ee or 
‘the captured particles are subject to conditions, 


| Je=jithts,, (34) 
| Jr=jothtja > (35) 
respectively. Furthermore, the conservation of parity restricts the values of /, and 
I, to either even or odd, and in the deuteron stripping process the value of J, is 


restricted to a single value in almost all of the cases. Therefore, combining eqs. 
(11), (22), (25), (29) and (31), we obtain finally 


Fel igbRICKED) ‘ 


aster (AiR:) Gi(K) > a Ay he (RRs) G,(K2) Y tg, (Ka, k1) Ym, Ko, ki) 


4: P awe. pa are t/m/G2( Ke) }’72, (k2R2) jx, (k2Ra) (36) 


igme 1/m/ mym;/ 


(Kes,“ky) a singe (Heay Hea) Y gm, Kay” Bex) Ya gms Ba, Fex), 


where 
\A xan ne (1677/3) (47/21, spit )87R, [i'r prt an oe omeme/ Air), (37) 


me ing) = 2BOTC 5 54 (fin Mes Hay Ho) C5 59 joo He 3 Bis PH) 


TM; 1,/me 
x Ci ,1/2 (in Ut > Mi, Pn) Ci ,172 (Gj, bi 3 mi, Pn) (38) 
abies 16M; be iy ie L 


1/my are specific nuclear factors which are independent of the 


7 ma) ATLL ssa 


kinematics of the reaction concerned here. 


* We are oblidged to Dr. S. Okai for clearly pointing out this fact to us and for helpful 


discussions during the preparation of the present article. 
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§ 3. Analysis of Be’(d,n)B” ground state reaction 


Basing on the discussion developed in the first section, we will discuss here the 


angular distribution of neutrons of Be’(d, 2)B™ ground state reaction as a specific 


example of application of the general theory presented in section 2. 


. . G 
It is known that the ground state of Be® is of P3,., odd parity and that of B’ 
is of P;, even parity, so /, is restricted to values of 


ig t507 Or td. 


We take here the value /,=1. As for J, if we take the spin 0 of the Be® ground 
state for the intrinsic angular momentum j) of the core, we are restricted to only 
those values of 


deceit orlerds 


while if we take for j, the spin 2 of the Be® first excited state, 7, are allowed to 
take those values of 


L=0,2, 44084 & 


Since we are concerned with lower incident energy of the deuteron, we take the 
value of /,=0, assuming that the core of Be’ has an intrinsic angular momentum 


Z ‘Lae eq. (36) is reduced to the following expression, 
do /d2oc| 7, (kiRy) G, (Ky) |? 
+ Aji (hii) G, (Ky) jy (AR) G: (Ke) cos (Ko,k;) (39) 
+ Bl jo (ki Rs) Go (Ka) |?, 
where 
A= (1672/3) ReA,”/A,/ (40) 
Ba(2r) Pr) Ap | (41) 
A, B are the nuclear factors and we take them to be adjustable parameters in the 


following analysis of experimental data. We notice that the parameter B is a 


positive definite number. Taking the square well wave function for the radial wave 
function R(r) for the outside neutron 7’, we obtain 


GHK) ==a7z, ain § f 1 1 | 1+8r, 
a\*r2 0 070 Pie 24K Bre 


sin Kart ji(Kar) | > 


(42) 


where 


ky=// 2M*(E—V) /h=6.70 X10" cm- 


8=)/2M*lE] /h=2.66X10" em- , 
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a=2(ky/9)'” 
g=horo+| (2+ 70) (ho/P)*+ (1+810) (Ro/8)?—1] sin? Roro/ Ro » 
Rory cot Romp =1+ (1+ 81) (ho/P)’. 

“Jere we take for the well radius 7, the following values, 


™=5.010-" cm : 


| 
Those numerical values presented above are determined through the analysis of the 
photo-disintegration of Be® by Guth and Mullin." 

) : g . 2 
| Using the formula (39), the experimental data obtained by Pruitt, Swartz and 


Hanna” have been reproduced by the following values of parameters, 
R,=9.0X10-" cm, R,=455 10-" em; 
A=—0.44, oe rap 

Fig. 1 shows a comparison of the experimental data and the theoretical curve. 


Since the parameters A, B are indepen- 
dent of the kinematics of the reaction 


E,= 0.945 Mev 


within the frame of the stripping approxi- 
mation, we have analyzed other experi- 
mental data at different incident energies 
of the deuteron, using the above 
determined values of R,, R,, A and B. 
For the case of E,=0.8 MeV observed 
by Green et al.” a better agreement be- 
tween the experimental data and the 
theoretical curve is obtained by taking 
R,=5.2*10-" cm. This is shown in 
Fig. 2 by a broken line. Agreement bet- 
ween the experimental data obtained by 
Shpetny” and the theoretical curve is rather 
poor at E,=1 MeV, yet we believe that 
this is due to experimental defects, since 
Shpetny’s result at H,=0.8 MeV has a 
stronger asymmetric angular distribution 


30 60 90 120 150 

. @ deg than Green’s result at the same incident 
Fig. 1 Relative angular distribution of the energy GF sha, denteron whichis inigdo d 
Be? (d,n) B ground state neutron at 


cp xy DAR MIEV). “THe citcles\ axe the agreement with the theoretical curve as 
Phe . 


experimental data observed by Pruitt, shown in Fig. 2. The result at H,=1.6 
Swartz and Hanna”. The solid MeV is consistent with the theoretical 
curve is the theoretical angular curve calculated from the formula (39) 


distribution which has been calculat- 7 
A ty arr ge paraindters. preset. using the above values of the parameters. 
€! 


ed in the text. This is shown in Fig. 4. We have also 


578 K. Hasegawa and Y. H. Ichikawa 


E,= 1.0Mev 


Ez = 0.8Mev 


30. ~60~«90~C«O2)S 8 0 8 86M. 12 150 
@ deg 6 deg 

Fig. 2 Comparison of the experimental and Fig. 3 Comparison of the experimental! and 
theoretical relative angular distribution theoretical relative angular distribution 
of the Be®(d, n) B ground state neutron of the Be%(d, n)B™ ground _ state 
at Ea=0.8 MeV. The circles are the neutron at Hg=1.0 MeV. The circles 
experimental data observed by Green et are the experimental data observed by 
al.8) The broken line is the calculated Shpetny®). 


curve by using the larger value of 
5.2X10-8 cm for the interaction radius 


Te 


calculated expected theoretical angular distributions at E,=3 MeV and 5 MeV. 


§ 4. Discussion 


Applying the general formula (36) to the Be’(d, n)B" ground state reaction, 
we have been able to reproduce overall features of the observed angular distributions 
at different deuteron incident energies. The interaction radius R, for the deu- 
teron stripping has been found to be much larger than R,, the interaction radius 
for the heavy particle stripping. This suggests that the deuteron stripping mainly 
takes place through interaction between the deuteron and the outside neutron of the 
Be* nucleus which spreads out to a large extension due to its weak binding energy. 

As for the interference term, in the calculation of Owen and Madansky the 
axis of space quantization is taken in the direction of k, for the deuteron stripping 
term, while for the heavy particle stripping term in the direction of K,, so the 
factor cos(K.,” k,) in the second term of eq. (39) is absent in their interference 
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E, = 3Mev | 


= 5 Mev 


30 60 90 120 1 a 4 i =f 4 
= 30 6. 9 120. 150 
6 deg 
0 deg 
‘Fig. 4 Comparison of the experimental and Fig. 5 Calculated relative angular distribution 
theoretical relative angular distribution of the Be9(d,n)B ground - state 
of the Be9(d,m)B!® ground _ state neutron at Ez=3 MeV, and E,=5 MeV. 


neutron at Eg=1.6 MeV. The circles 
are the experimentel data observed by 
Shpetny”. 


term. With the negative values of the parameter A, the interference term is destruc- 
tive in the forward quadrant and constructive in the backward. The presence of 
factor cos(K,” k,) is essential for obtaining such overall good agreements between 
the experimental data and the theoretical curve at various incident energies of the 
deuteron such as shown in Figs. 1-4. 

Concerning the value of the angular momentum 7, of the captured deuteron, 
our choice of 7,=0, j,=2 being assumed, may be justified since we have &,R,<2 
for E,=2MeV, hence contributions of the deuteron wave with /,=2 can be 
neglected at the lower deuteron energy. Furthermore, if we take 7.=2, assuming 
jo=0, then the factor j.(k,R,) becomes larger at the forward angle and thus we 
fail to interpret the backward component of the angular distributions by the heavy 
particle stripping machanism. 

Thus, the overall good agreement between the experimental data and the theo- 
retical analysis obtained in the last section leads to the conclusion that the core, say 
(Be®), of the Be’ nucleus has an intrinsic angular momentum j,=2 in the ground 
state of Be’. Then, it may seem that we have to take a spheroidal well wave 


function for the wave function of the outside neutron to calculate the factor G,(K2)-. 
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But, since the main factor jo(k,,) is insensitive to the detailed form of the outside 
neutron distribution, the general feature of our analysis will not be changed by the 
use of the spheroidal wave function. This may, however, give rise to a sizeable 
effect on theoretical determination of the excitation curve for the photo-neutron dis- 
integration of the Be® nucleus. It will be interesting to investigate this effect in more 
detail along the theory of Guth and Mullin. 

Finally, we will comment on the theoretical curves calculated at £,=3 MeV 
and 5MeV. For E,>3 MeV, &R, becomes larger than 2, thus the deuteron wave 
with 7,=2 becomes much effective. According to our estimation, the contributions 
of the D-wave deuteron capture gives a rather isotropic angular distribution so as 
to fill in the valleys of the angular distributions. Further experimental investigations 
at those higher deuteron energies will be expected to make clear the contributions 
ot the D-wave deuteron capture. 

The authors wish to express deep gratitude to Professors K. Nakabayashi and 
M. Kimura for their critical discussions and encouragement. They are obliged to 
Professor S. Morita of Kyushu University for his helpful discussions about the ex- 
perimental data cited in the present work. One of the authors (K. H.) wishes to 
thank Mr. K. Itabashi for helping him in many respects and the Yukawa Yomiuri 
Fund for a research grant. 
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Lorentz Covariance of Quantum Electrodynamics with 


the Indefinite Metric* 
Suraj N. GUPTA 


Department of Physics, Wayne State University, Detroit, Michigan 


(Received November 17, 1958) 


It is shown that the norm of any state vector in quantum electrodynamics with the inde- 
finite metric is Lorentz invariant. The treatment involves the use of certain Lorentz-covariant 
quantities called expansors. 


§ 1. Introduction 


The most general state vector for the photon field can be expressed as” 


o 


Part =e Waal (eG BE): (1) 


k,l,m,n=0 

~where k, 1, m and m are the numbers of the four types of photons in the state 
represented by the normalized vector Y(k, 1, m, n), the Ag mn are arbitrary coe- 
‘ficients, and for simplicity we are confining our attention to a single Fourier com- 
ponent of the photon field. We shall investigate the behavior of the quantities 
Axim under a Lorentz transformation. The main interest of the present paper 
lies in the fact that although the Az... are neither tensors nor spinors, a Lorentz 
transformation for these quantities does exist, which keeps the norm of the state 
vector (1) invariant. The present investigation is similar to that of Dirac”, but we 
shall follow our formalism” of quantum electrodynamics with the indefinite metric 
‘instead of the older unsatisfactory treatment. 

Recently in a paper published in this journal Sunakawa® has questioned the 
Lorentz invariance of the state vector in quantum electrodynamics with the indefinite 
metric, but we shall show that there does not exist any difficulty of Lorentz invari- 
ance. Our treatment, of course, is in complete agreement with the earlier work of 


Belinfante.” 


§ 2. State vector for the photon field 


In our original treatment” of quantum electrodynamics with the indefinite metric, 
two sets of quantities were introduced (called the Hermitian conjugates and the 
adjoints), which made the resulting formalism unnecessarily complicated. Therefore, 


* Supported in part by the U.S. National Science Foundation. 
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we shall follow a simplified formalism described in a recent paper”, which involves 
only one set of quantities called the Hermitian conjugates”. “sage 
The normalized state vector Y(k, 1, m, n) for the photon field is given by 


E(k, l, m, n) =(k! L! m! n!)717a,* a as” a” ¥(0, 0, 0, 0), (2) 


where aj, a, a; and a are the annihilation operators for the four types of photons. 
The Hermitian conjugate of (2) is 


y* (k, if. m, n) ==(! {fl m! ni) Vgr* (0, OF 0, 0) a,** ai Agi Ligh (3) 


where a,*, a,*, a;* and a)* are the creation operators. It follows from the com- 
mutation relations 


(ai, a,*|=[as, ar*|=[a@,, as*|=1,.[a, a*|=—I1, (4) 
that 
ie (p, q, 7; Ss) Lk, L; mM, n) = (—1)"0z5 B14 1 er (5) 


Using (2), we can also express the general state vector (1) for the phcton field 
as 


P— >) Agi mnlk) Lm! gi)-*"a,* a, a” ag 2'(0, 0, 0, 0), (6) 


and its norm as 


p* P= >)(—1)” VA com i Ay jb nee: (7) 


§ 3. Lorentz invariance of the norm of state vector 


We shall show that when the operators &, a, a; and a, undergo a Lorentz 
transformation, the coefficients Aj) m.,. in (6) transform in such a way that the 
norm (7) remains unchanged. Since (a, a, @3,7a)) is a four-vector, it will be 
sufficient for our purpose to consider the infinitesimal transformations 


faa a, am 
aq=a/+€a,/, a2 =a! — €ay’, A3= As’ ,ay = ay, (8) 
and 
steal Al aig = 
U=A,, A=, Aas=a;'+€ay’, ay = ay’ + €a;', (9) 


where € is infinitesimal. The above transformations correspond to infinitesimal rota- 
tions in the (2, x.) and the (xs, 2,) planes respectively. 
Case I. Carrying out the infinitesimal transformation (8), 


we can express: 
the state vector (6) as 


P= 31 Aastma (Ri 1 mi n!)~1? (ay! + €ay')* (ax! — €ay')‘as™ay" P(0, 0, 0, 0) 


— ‘ -1 ~ 
FDA bw smn (Rl Lm! nl)? (ay! ail + hea al — Leal? gift) 


* It is important to note that the Hermitian conjugate quantities, 


as defined in referenc 
. . is. . € 5 ‘3 
correspond to the adjoint quantities in reference 1. 
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X a;'"a,"Z(0, 0,-0,0), (10) 
which can be written as 
TA pales mn) | ay @ as” as” 2'(0, 0, 0,-0) (GED) 
with 
Alz.tmn= Agama t LP (RA) Apsraatmn 
—€(2+1) BY Agnis.aQo.m (12) 
where Agjm.n With a negative suffix is to be taken as zero. We then find 
21-1)" Arima Abtomn 
=S1(— 1) "Adi mn Assmn 
tel? (RAL) (AE mn Ansiyt—tmnt Abitr—1.00 Axa) 
(241) RP (AR 21.0 AttmntAbime Artis1.m.0) | 
=>3(—1)” Adirmn Abz.m.n (13) 


Case IJ. Under the infinitesimal transformation (9) the state vector (6) 
becomes 


VP=S1Ag nn (RE! 1! m! nl) a” a," (as! + €ay!)™ 
X (ao! + €a,')” (0, 0, 0, 0) 
=SApime(kl lim! nbc al” a," 
<a)" ay!” + mea aj™*! + nea" as) £6020, 0; 0); (14) 
-which can be expressed as 


V=S1A't a mn(k! 1! m! n!)~*?ay" ay!” ax a!” ¥(0, 0, 0, 0) (15) 


with 
Alton Abt en i eos mle’. Vege 
+ em? (n+1)PAbtm—1.0415 (16) 
where again Aj.) With a negative suffix is to be taken as zero. We then obtain 
D(C 1)” Avs min A’ e.tm.n 
SS) At ma Ab iiomit 
4 €(m+1)1970'? (Abi min Agi atin i + Ak: m41.n—-1 oy oan) 
+ em (2 +1)? (AR i mtn Ay jm -F CE.2 min Auj,s, m=1,041) | 
=3)(—1)"Aki mn Ab,timn- (17) 


Tt should be noted that the factor (—1)” in the expression for the norm of the 
‘state vector is necessary to ensure the cancellation of the infinitesimal term in (17). 


: 


S 
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We may call the quantity Azz... which is neither a tensor nor a spinor, an 
expansor. However, our treatment of expansors is much more symmetrical with 


respect to the four types of photons than that of Dirac”. 
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Photodisintegration of the Deuteron at High Energies 


Shih-Hui HSIEH 


Physical Institute, Nagoya University, Nagoya 
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It is shown that the photodisintegration of the deuteron up to about 140 Mev can be 
well accounted for only by the nucleon parts, if many effects are correctly treated. It is 
pointed out that the influence of the nature of the triplet odd state (which is the final state 
of the electric dipole transition) is remarkable, and the necessity of using exact multipole 
formulas at high energies is emphasized. 


§ 1. Introduction 


The photodisintegration of the deuteron up to about 140 Mev (the threshold 
energy for pion production) can be well accounted for only by the nucleon parts 
(without including the virtual pion effect), if many elements which take part in 
the process are correctly treated. The important points are that the D-state: pro- 
bability of the deuteron should be large” (perhaps of the order 6~8%)”, the 
tensor force of the triplet odd state (*O) must be strong,” 
the transition ?D—*F, is to be included,” the hard core radius of the singlet 
even state (1E) would be large®”® 
radiation should be treated correctly. 

In this paper, these points being considered, the computation of photodisintegra- 
tion of the deuteron at high energies is carried out and it is indicated that the 
photodisintegration of the deuteron up to about 140 Mey would be mostly due to 
the nucleon parts and the contribution of the nucleon parts would be still large at 
E,>140 Mev. Consequently it suggests that the virtual pion effect would be 
negligible at E,<140 Mev, and its effect would not be so large even at F,>140 
Mey. Especially we place great emphasis on the influence of the nature of the 
triplet odd state, and shall show that the ambiguity about the natures of the triplet 
odd state in p—/p sacttering can be excluded. Also the necessity for using exact 
multipole formulas at high energies is emphasized. 

In § 2 the formulas of the transitions are given, and our method of computa- 
tion is explained. In § 3 the calculated results are shown. Finally some discussions 
are made in § 4. Also the exact treatment of multipole is explained in the Appendix. 


and also be positive,” 


and, furthermore, the formulas of multipole 
8),9) 


§ 2. Preliminary 


In this paper we compute only the isotropic part and the total cross section 
which are most important ones in the photodisintegration of the deuteron.” 
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The transitions which contribute mainly to the isotropic part and the total eas 
section at E,<140 Mev are the electric dipole (e. d.) and the magnetic ge. 
(m.d.). The transitions are induced by the 7,(k,7) part of the incident 7 ray 


: 11) 
(writing in the spherical harmonics), and may be represented by 


Nk, r) ap (S,+°D)) —'*P,, FL , *P,+°F; 
Ik r) +38; —— "Sy 
+°D,—='D,. 


The formulas for the e.d. and m.d. cross sections (we denote them by ¢,, 


% . 5 re ip ip 
and o,,.) and the isotropic cross sections given by e.d. and m.d. (o% and of, 


are as follows. ** 
ou =a < a k ; (Iul-+8hut+5 hat + > I?) (1) 
Cui =a (PH) (Ee AEE bat + Tet) (2) 
c= £ ne k(a,+ay) (3) 


a= [ale +90.°+ 13hy’— 8lio liz cos (0,°— 0,7) — 18], Iz cos (6;'— 0,7) (4) 


aah {31, —2Iy cos (0 —dy) +3]; cos(0;;—d,) —T, cos (0:0) } (5) 


in the approximation in which the coupling of *P, with *F, is neglected. 
es ( h \ ME 
lic \ Mc h° 
Here I, In, i, and Jy represent the matrices whose final states are if ee 


*P, and °F, respectively ; and Ij), Ig, represent those whose final states are 'S, and 
2D 
2° 


In the case in which we take k,7/3 as approximate one to Nk, 7), the formulas 
of I,; are relatively simple. In this case they become 


Osha —— (Pu Hp) 


tk | los! —V/2 cos (3)! a3) Too Io. +4 Inn} : (6) 


lo= | (U,-V/2 W.) Usd (7) 
ha= | (Ueto Wa) Unde (8) 
In= \(U,— =o W.)rUndr (9) 


* The expansion into power series, which is usually adopted, is not correct.9) 
** Symbols used in this paper are same as those used in the previous papers.) 
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ee 
| WirU,dr (10) 
Iw= | UsUedr (11) 
Tix \ WU .dr (12) 


if we neglect the contribution from virtual pions. Here U, and W, are the radial 
wave function of the deuteron of *S, and *D,, and U;,; are the radial wave func- 
tions of the state, with L=i and J=j. 

The formulas for exact j;(k,7) are quite complicated. When we neglect the 
D-state of the deuteron, it becomes as 


f= \ {1G n+ ooh ryt} ARON 


EE fp faorenpru(S—t)tadr 


- 


instead of 
Iy= | UarUudr, (14) 
and 


In=[UeU {1S yr) + Pt} drm | Uy SED dr (15) 
3! 5! kr 
instead of (11). (See the Appendix.) 

The actual computation indicates that the last part of (13) including 1/M is 
very small, and it is sufficient only to take the first part (without 1/1). 

We have used the phase shifts of *O and *E obtained from the analysis of 
p—p scattering data’ for the computation of cross sections, and for the wave 
function of the deuteron we adopted that of I-O—T—W.” 

In the computation of e. d. we have taken the P wave so that it is shifted by 
the given phase shift? at r>1/k (k=mc/h) and that it continues smoothly and 
falls to zero at r=0.1/k in r<1/k. For the F wave we used free wave at all 
distances. In the computation of m.d. we have estimated the magnitude by com- 
puting its upper limit.” 

Because the contributions of o,, and Om, to Tip and o, are negligible, we do 


not touch upon them in this paper. 
§ 3. The calculated results 


I. When the final interaction is neglected. 
At first, let us consider the case in which we neglect the final state interaction. 


In this case the computation is simpler. The calculated o,, are plotted in Fig. 1. 
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In Fig. 1 we show the three 
cases, k, r/3+deuteron —— *P, 
k, 7/3 + deuteron —— *P + °F, 
ji(k, r) + deuteron —+*P + °F, 
from which we can see the 
contributions of *P, *F and the 
higher order terms of 7,(2, 7). 
For the last case, to avoid 


wearisome computation, we have 
only estimated its magnitude by 
the following computation. We 


: (0) 
have computed o,, neglecting the 100 sedi ple E. (Mev) 
D-state of the deuteron and the Fig. 1. The total electric dipole cross section of the 
ratio o,, (for ji(k, r) +38; — case I and the experimental «7 are shown in unit of 
3P) /o (for k r/3 435 3P) 10-* cm?. If the magnetic dipole cross section is added, 
ed be 1 


the difference between the experimental curve and the 


at various energies. Then we calculated curves is decreased more. The dotted curves,. 


multiplied the ratio to o,, of the 1, 2, and 3 represent oeq for the cases, 1) ky r/3+ 3S, 
case) 277/38 4-(CS;-- 3D) —= "Pe +3D,) >8P, 2) ky 7r/3+ @S,+3D,)>3P4+3F, 3) 7, (kr rn) 
437 (Such estimation would + @S,+3D,) >3P+8F respectively. The solid curve 


represents the experimental or. 


not be very reliable at E,>150 
Mev where *D,—~+*F, transition becomes the main one. ) 

Il. When the final interaction is included. 

Now let us consider the cases when the final state interactions are included. 
For example, we have chosen for the computation of the photodisintegration of the- 
deuteron at 87 Mev and 132 Mev two sorts of phase shifts which can account for 
pP—Pp scattering data at 170 Mev and 260 Mev given by C_J—V™, Set A cor- 
responds to positive tensor potential, and Set B corresponds to negative tensor 
potential. 

The phase shifts are obtained by neglecting waves with />2. (It will be- 
called S—P approximation hereafter.) * In the two sets, only set A can be fitted 
to the polarization data.” But we have also shown the results for set B for: 
comparison, because, if the phase shifts of D and F waves are also introduced in 
P—P scattering analysis, there would be sufficient possibilities that a set belonging: 


Table 1. Phase shifts which are fitted to p—p scattering data got by C_J—V.12) 
(in unit of degree) 


Energy 0? 0,° 6;} op 
170 Mey A 19 22 =o 10 
B 19 —19 24 9 
260 Mey A 22 18 —25 15 
5 —22 ail 32 9 


aa 
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to class B fits the data.* 

The phase shifts are shown in Table 1, and the computed results are presented 
in Table 2. We see that the differences between A and B are quite remarkable. 
Comparing with the experimental data, we know at once that only set A is 
favourable, and set B seems to be excluded.” (It is to be noted that all the 
previous theories predict that the virtual pion effect is still small at least at k,— 
. 90 Mev.’”) 


The experimental data are™ 
Tip=4.5~5.5 op=7~9 at E,=87 Mev 
Cip=A~O op =0~b “at 2152 Mev 


in unit of 10-*% cm’. 


Table 2. Cross sections corresponding to Table 1 are shown in unit of 10-29 cm?. 


1) Cross sections for ky r/3+ @S,+3D,) >8P 


A | 151 5.05 0.6 
87 | 
B 0.45 3.04 0.6 
0.90 2.07 0.4 
132 “n 
B 0.36 1.05 0.4 


A 4.68 6.99 0.6 

ba B 1.69 4.99 0.6 
A i 2.53 3.09 0.4 

bee B 0.64 2.07 | 0.4 


Ex | i = | oa a nage EE 
, ris | 5.62 8.39 0.7 
X B 2.03 5.99 0.7 
A 3.54 4.30 0.6 
132 z on 2.88 0.6 


; : are 
In these cases Oma’? 18 negligible, and in the computation of oq the hard core radius of 1E is 
™m 


taken to be 0.2/k.8) Also Ey is in unit of Mev. 


* The validity of the argument in S—P approximation is referred in § 4. 


590 S. Hsieh 


Comparing with A of Table 2, we see that photodisintegration a a pene 
up to about 140 Mev would perhaps be accounted for almost only by the nuc! 
ar of the case I is smaller than that of the case A (Fea of the ee is 
3.56 X10-*% cm’ at E,=132 Mev, whereas o,, of the latter is 4.30X10°~™% cm’ at 
E,=132 Mev), and the case I shows that o,, is not small even at H,> nes eee 
Therefore we may say that o, (Note that o,>o,,) of the nucleon parts would not 
be small even at H,>140 Mev. 


§ 4. Discussion 


I. On the natures of photodisintegration of the deuteron 

1. From §3 we see that the photodisintegration of the deuteron up to about 
140 Mev would be well accounted for almost only by the nucleon parts, if many 
effects mentioned in § 1 are correctly treated. Furthermore, from § 3 we see that 
the contribution of the nucleon parts would perhaps be still large even at E,>140 
Mev. : 

2. Consequently it suggests that the contribution of the virtual pion would 
yet be small at #,<140 Mev, and it may not be so large even at E> 140 Mev. 
Previously, several authors computed the contribution of virtual pions in the photo- 
disintegration of the deuteron. However, their treatments are very rough, and 
there are many questions on the validity of the initial state and the final states 
adopted by them. (In their computation the final states are put as free waves, but 
the phase shifts at high energies are large, and their influence is very important 
as we have seen in §3. Also they neglected the *D, state of the deuteron, whereas, 
as we have seen in § 3, the contribution of the *D, state is quite remarkable at 
high energies.) Although our computation is not exact, our treatments on initial 
and final states are much better than those made in the previous theories. (Also 
refer to II, 2 of this section.) Therefore our computation may present som 
gestion on the magnitude of the contribution of virtual pions. 

Il. On the properties of the nuclear forces 

1. Photodisintegration of the deuteron imposes some conditions on the properties 
of nuclear forces. We have indicated that the D-state probability of the deuteron 
would at least be larger than 4%, for if it were not, both A and B would have 
given less o,, and less o» than those given in § 3.” Furthermore, we have seen 
that photodisintegration of the deuteron suggests about the properties of 4E and °Q 
at lower energies.» Now in the present paper we see that photodisintegration of 
the deuteron also removes the ambiguities about the natures of the triplet odd state. 

2. In §3 we have shown that set A can well account for the data, but it is 
not for set B, in which we have only shown the computed results of two sets. 
However, the conclusion is more general.” By adopting many sets of phase shifts 
to the computation we can easily show that the set corresponding to strong positive 
tensor force (which is characterized by 6,°>0 and 6!<0) can well account for the 


e sug- 


Photodisintegration of the Deuteron at High Energies 591 


data on the photodisintegration of the deuteron, but it is not for the set corresponding 
to negative tensor force (which is characterized by 0,°<0 and 0,'>0). 

3. It is important to ask if our conclusions should be changed, when the 
phase shifts of 1D, and *F waves are introduced into the analysis of p—>p scatter- 
ing and also into the computation of photodisintegration of the deuteron. We might 
say that our conclusions would not be so much changed owing to the following 
reasons. When higher waves are introduced in. p— / scattering analysis, we can 
still get classes A and B by the natures of the phase shifts of *P."” The important 
point is that: how would the phase shifts of "D, and *F, waves affect the results ? 
We might say that the change by the phase shifts of these waves are very small 
at least at E,2~90 Mev, for the ‘D, wave which is concerned with m.d. is not 
very important, and the phase shift of the ‘F, wave is yet very small’ so that the 


integral \ We U,dr is not so changed by the shift of °F, wave at E,—90 Mev. 


Therefore we may say that the tensor force of the triplet odd state should be — 
positive and strong at least at E,<90 Mev,™ if the phase shifts of *D, and °F 
waves are also introduced into the computation. 

4. At last, let us discuss the applicability of pion potential (to nucleon-nucleon 
scattering and photodisintegration of the deuteron). The static pion potential gives 
6,°>62>6) at many energies, and the mutual separation of 0;' is large due to the 
strong tensor force of the triplet odd state!” Furthermore, it gives 20°>0,’>0 
and predicts that 0,’ is very small at £,—90 Mev. Such set belongs to category 
A, and can well account for the photodisintegration of the deuteron, and also can 
be fitted to the nucleon-nucleon scattering and the polarization data. 

Therefore we may say that the static pion potential is useful up to about 170 
Mey (corresponding to E,~90 Mev in d(7y, p)n) in qualitative nature. 

The author is much obliged to Mr. M. Nakagawa in deriving the exact e. d. 
formula. Also he is grateful to the Yomiuri-Yukawa Fellowship for financial support. 


Appendix 
The exact amplitude of multipole radiation are to be given by” 
ag(l, m)= AE | rt Fy 7) Xf (7 XJ teks M) dv (A-1) 
c 
Arik.” wes * ° d INBY 
ady(l, m)=——_\1 F, (kr) X#%,- (j+cp XM) dv. ( ) 
c 


Applying (A-1) to the case J=1, m=0, which is needed in the computation of 


the electric dipole transition, we get 


a,(1 0y= = veal ro Fy (Ry r) © in Os d)[w(r-p+2)e 


+ ip?(r-j) tick,’p (r X M) |dv. (A-3) 
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Omitting the last term which is needless in d(7, p)m, and substituting 
2 


3 6 = 5 Ay 
hin Ss (Ry r+ (Re) | (A-4) 


FG Ee »| 


in (A-3), we finally get 


ae 3 1 2 es ora 
eas 2 {oer ep er) toy (her)? 


ax(1, 0) =— V2 ; Ar 


, 1 2 ete | , 9 
X €Pa* Y, cos + se k, tar r) we ee wea On? aar cost |e, 
(A+5) 


from which (13) is obtained. 


Similarly, from (A-2) we can get (15). . 
If we take only the first term of (A-5), we get (14), or (7)~(9). But if 


we include the higher order terms of (A-5), T.2 18 increased by about 50% at 
£,=140 Mey, and becomes about twice at E,=200 Mev. oc, at high energies 
is also increased by the higher order terms of Pil ky t): 
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Low-lying electronic states of very long linear conjugated molecules with equal CC bond 
‘lengths is studied within the framework of Pariser and Parr’s z electron approximation, by 
‘means of Tomonaga’s one-dimensional sound wave method. It is found that as the number 
N of carbon atoms increases, the frequency of the sound wave with the lowest wave number 


tends to zero in proportion to Vlog N/N. It is shown that Araki and Murai’s treatment 
-which gives a result contradicting with ours contains a difficulty. 


§ 1. Introduction 


There has been found an interesting experimental rule” on the wave-length of 
the first optical absorption band of linear conjugated molecules, such as polyenes, 
carotenoids, cyanine dyes. As the number N of carbon atoms increases, the wave- 
length grows longer but in cases of polyenes and asymmetric dyes the wave-length 
converges to a finite limit, whereas in the case of symmetric cyanines the wave- 
length seems to increase linearly with N. An explanation of this rule was given 
_at first by Kuhn”: From the standpoint of the VB theory there exist two equiva- 
lent structures with the lowest energy for any symmetric cyanine, but in the case 
-of a polyene or an asymmetric dye molecule there exists only a single structure 
with the lowest energy. Hence in the former molecules all C—C bonds become 
equivalent on account of the resonance, while in the latter ones single and double 
‘bonds tend to localize due to the incomplete resonance, and the bond lengths alter- 
‘nate. This alternation has been concluded also from the MO theory.” As a result 
‘of this the Hartree field for z-electrons in polyenes and asymmetric dyes has the 
period of two bond lengths, and in the limit of No we get two energy bands, 
one completely filled and the other empty, which are separated by a Brilliouin gap 
of finite breadth, so that the wave-length of the absorption corresponding to the 
transition from the top of the filled band to the bottom of the empty band con- 
verges to a finite value. 

Another explanation of this convergency was proposed by Araki and Murai.” 
‘They maintain that the correlation among 7 electrons is very strong. Then they 
adopted a one-dimensional free ‘electron model, and calculated its excitation energy 
by using Tomonaga’s one-dimensional sound-wave method.” In this method low 
‘excitations of this electron system may be interpreted as creations of bosons belonging 
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to sound-waves of these electrons. They have ascribed the first absorption of a 
carotenoid to the creation of the boson with the lowest wave number or the lowest 
energy, and they have also succeeded in getting the convergency. 

As has been pointed by several authors, Araki and Murai’s theory cannot be 
regarded as established because it is not clear why such a sound wave does not 
exist in symmetrical dye molecules. However, the above objection does not give a 
positive proof that the sound-waves do not exist or the collective excitation does 
not correspond to the observed first absorption of a carotenoid. Moreover, if any 
theoretical difficulty could not be found in Araki and Murai’s treatment, it would 
be natural to accept their opinion that the correlation effect is very strong. Then 
the validity of Kuhn’s explanation would also become doubtful, because Kuhn’s 
treatment is based on the simple MO method in which the electron correlation is 
neglected without any reason. However, Araki and Murai’s result also cannot be 
accepted straightforwardly, because in their treatment several drastic simplifications 
are made. Accordingly, it seems necessary and interesting to make a more careful 
theoretical study on low-lying electronic states of linear conjugated molecules at the 
limit of Noo. 

In this first paper we restrict ourselves to the atomic configuration where all 
the C—C bond lengths and all the C—C—C_ bond angles are equal, respectively 
(See Fig. 1). Throughout in this paper the straight line passing through the 
middle point of each C—C bond is taken as the z-axis and a line which is perpen- 
dicular to this x-axis and lies in the molecular plane is taken as the y-axis (See 


Fagee])). 


A ; Aa 
| 
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Fig. 1. The model considered in this paper: Equal bond lengths 


and equal bond angles. Small circles represent the carbon atoms. 
Triangles are hydrogen atoms, 


In our treatment the effective Hamiltonian for the low-lying electronic states: 
under consideration is constructed on the basis of Pariser and Parr’s 7 electron 
approximation” which has gained great success in the interpretation of optical 
spectra of organic molecules. Then this Hamiltonian is diagonalized by means of 
the Tomonaga theory of one-dimensional sound waves. 


§2. The Hamiltonian for the z electron system 


In the usual theory of z electrons, one assumes that it will bring no serious 
error to treat the z electrons separately from the remaining electrons, that is, one 
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supposes that the role of the latter electrons is only to give a classical electrostatic 
field for the z electrons. In this approximation these 7 electrons form a closed 
system whose Hamiltonian is given by 


H =H, SF H, 
Hoss | (x) Ky (x) die* 
His | $* (UP (a) de 


+ || (8) OF (x) me f(x!) (x) d*xdta: i Cnn) 


|Z ae 


In the above, the quantized wave function of this 7 electron system is denoted by 
(x), in which x=(Z, £), Z and ¢ being respectively the space and the spin co- 
ordinate, and K is the kinetic energy operator —(h’/2m)4, and further U(2%) is 
the electrostatic potential for a z electron due to the 7z-electronless molecular ion. 
core. This U(z) may be written as 


pings = D0 ur(Z) 


—N/2<RSN/2 


where wz ,(Z) is the potential due to the ion core belonging to the R-th atom. 
Following Pariser and Parr, we simplify the Hamiltonian (2-1) by following 
procedures I, II and III. 
(I) We adopt the formal procedure of the LCAO approximation, 1. e. we 


approximate (x) as follows, 


g(x)= d°. ORK, o) Gala) (2) (2-2) 


—N/2S5RSN12 


where Gx(Z) is the 2p7 orbital of the Rth atom, and o is a spin function @ or B. 
(Il) We neglect formally differential overlaps of the form 


Pn(E)Pu(Z) (RAR) 
except in the following integral 
Ba| ga (@)Kynu (@)d' (2-3) 
where Z denotes 1° or —1. Then, the commutation relations of the operators 
b(R, «) become 
DCR, 7) b* (RY, 0) +*(R, o)O(R, ©) =9 x01 For (2-4) 
b(R, o)b(R, 0’) +O(R, o')b(R, 7) =0- 


and, substituting (2-2) into (2-1), we get 


F: dz=drdydzde, while Bx=dadydz. 
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Ho=B 3S Sy O*(R, 0) b(R+1, ©) (2-5) 


|R|,|R+2/SN/2 
where we have omitted a constant N | @eKeud'e. Similarly we obtain 
ila p(R,) -I(R,—Rs) 


—N/2581, R2SN/]2 


4h S12 H*(R,, 01) D*(Ra, o,)b(Re, 2) b€R:, 0%) -J(R—R) 
—N/25R1, R2eSN/2 


(2-6) 
where 
p(R)=6*(R, a)b(R, a) +b*(R, 2)b(R, P) (2-7) 
(RR) =| len (Z) |? te (@) Ea (2-8) 
and 
JER AR) =e'|\ Pe (Zs) |" [Pea 4) |? dx,d°xy. (2-9) 
|z1— Z| 


Further, omitting a constant —3N-J(0), we can write the second term of the 
right side of eq. (2-6) as 
3 De eC R) e(R:) -J(Ri— Ry) 


a N/2SRi, R2SN]2 


4 ya 7 (CR) 7 (Ry) -J(Ri— R2) 


-N/2SRi, RoSN12 


a > e(R,) -J(Ri— R,) +const. 


—N/2SRi, R2SN12 


where we have introduced the notation 
tT(R) =e(R) —1. (2-10) 
Therefore, we obtain 


H,;=3 Ba} 7(R,)7 (Re) J(Ri— R) 


—N/2S Ri, Re<N/2 


P(R) RR — Re) (2-11) 


—N/25821, RoX<N/2 
where 


K(Ri— R:) =J(R,— R;) +I(R,—R,) (2 -12) 


and we have omitted the constants mentioned above. From (2-5) and (2-11) we 
get the following Hamiltonian 


H=H,+H, 
=B die Dy O*(R, o)b(R+I, o) 


12), |R+7)/SN7/2 


sen 4 7(R,)7 (Ry) J (Ri — Ry) 


2 
—N/2SA1, ReSN/2 


a Da e( Ri) K(R,— R,) (2-13) 


—N/2SR1, ReSN/2 
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(UI) In the Hamiltonian (2-13) B and J(0) are regarded as empirical 
parameters. Therefore they are not always the quantities restricted by (2-3) and 
(2-9) respectively, but more flexible ones which contain to some extent the 
effect of electron correlation of short range character formally neglected in the 
procedures to derive (2-13). Strictly speaking, the orbital ¢, corresponding to 
the operator 6(R, o) appearing in the present Hamiltonian cannot be defined ex- 
plicitly as the 26z AO itself or the Wannier function. In any rate, pr given by 


(2-7) may be regarded as an operator corresponding to the number of electrons 
belonging to the R-th atom. 


Now we define p$?(m=0, +1, +2, ---; |n| <.N/2) by the following equation, 
1 R 271 n R) 
AG _wpsSRenia Bex p(- N 
or mR) aN ss pf? exp(— as =<" R). (2-14) 
meen” 


Ther BY=) > 7(R,)7(R.) J(R,—R:), i.e. the first term on the right side 


2 wich. RoSN/2 


of (2-11) becomes 
enc l 


271 
> exp 
, N? (-¥/2kman2SN]2) (-N/2SR1, R2SN/2) 


= (Ri + maRe) | 8? 0? J(R,— Rs) 


: 2 be Pee Pas. Die exp| — = ee (7, +12) 2, | 


—N/25m,n2SN/2 —N/250SN/2 


ate 
2 


xp[ — 5 (m—m) 0: | 7(Q.). 


pas e 
—(N=2/01))S025N—2/2.! 


t > , we get 
Reprraneing the SUM 4 eipeiovenar 0 ay ~ yaa toate 
HO. 2s 7 9 J 
Q -N/2gn<Ni2 
Living OW) pW) ie | - | 
pi TN? caieomewit Prs spiewe P 
os exp| — 2 (m—n,) 04] IQ) (2-15) 
N-21@i1S1¢21SN N 
where 
J@)=N- St exp — 287 9) 1(Q). (2-16) 
—-NS0SN 


If N is infinitely large, the second term on the right side of (2-15) is negligibly 
small compared with the first term.* Accordingly we use the following approxima- 


* This is owing to the fact that our J(R) approaches to zero at a sufficiently rapid rate as 
R increases, as well as to the fact that J(R) is a slowly varying function in the region R> 1. 
> 
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tion : : 
"4 2 N Oe 
HP=i MS oo? pp - Js D (2-15’) 
“ —N/2<n<N/2 


We next consider the second term on the right side of (2-11), i.e. 


Hy oy, ew) CUR) 


—N/2Sh1SN/2 


where C(R)= > K(R&,—R,). 


—N/2S5R2SN]2 ; 
Here it should be noted that K(R) defined by (2-12) vanish almost completely if 
R is larger than a certain value, say R,, irrespective of N. Therefore we may 
suppose that C(R,)=C unless |R,|>N/2—R,, C being a constant irrespective of 
R,. Then, noting that 3} 7(R,)=0, we get 


—N/25R15N!2 


Hi ine 35 =(Ri) (CCR) —C). 


Ri 
N/2—Ro<jRi}SN/2 
From this one can easily derive the conclusion that HY is negligibly small compared 
with HY’. Therefore we obtain 


Hd. SI ph? pI. (2-17) 


—N/25n5SN/2 
Now, J(R) should satisfy the following properties, 
J(R) =e’/Ra, if R is infinitely oe, 


(2-18) 
J(0) =Iarge but finite ) 


where a is the length of the 2z-component of a vector combining two adjacent 
carbon atoms (cf Fig. 1). Here we assume for mathematical convenience that 
Ny 
; . 
ron mes ; _& ( exp(7kR) : 
NoJ@= 31 exp(ikR)-J(R)=— \ eee aR (2-19) 


—-N 


where k=27n/N and 7 is some dimensionless number. Then we obtain 


Wo De} aS 
JOR J ee log (/ N?+72+N/7) (2-20) 


— 


and lim N- J [k]= (2e/a) Ko(7|k|) (2-21) 


where J[k]=J, k and n being combined by the relation k=2zn/N, and k 
retains a finite value irrespective of N by the process 2— co according as N->co,. 
In the above, Ky is a modified Bessel function of the second kind. 

In the kinetic part Hy given by (2:5) we use the following approximation, 


Die dy O*(R, o)b(R+1, Wat > ek b*(R, o)b(R+1, o), 


|R],|R4+2)SN/2 


which is valid in the case of sufficiently large N. Then H, can be easily diagonalized 
by the following transformation : 
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Baa aaa Ute o) -exp(— a R). (2-22) 
‘Then we have 
Pigeet SY he( 2) - Oi, ans (2-23) 
—N/25nSN/2 
where € (72) =2B cos(27n/N). (2-24) 


By means of eq. (2-4) we also get 
as Antor + Aner One = Dent Ooo 


Ans Anta + Qnrot Gh A (2525) 
Here it should be noted that 


7. —! * 
px ae ps) Qn +no Into (2 e 26) 
|n/|,|n?+n|<N/2 


for |n|< N. 


§ 3. Eigenvalues of the Hamiltonian 


Here we seek for excitation energies of low excited states of our system whose 
Hamiltonian is given by (2-17) and (2-23), i.e. 


H=H,+H, 
Hn = pas € (2) Nae, H,=¢4 >] J n\Ph Pn ) (3-1) 


—— * ——s _\o * 
Nno = Ano Ano » Pn eae) ee Ani +no Anta 
ni 


where J, is the abbreviation of J$ and so on. According to Tomonaga,” suf- 
ficiently low excited states given by the above Hamiltonian may be interpreted as 
the oscillating states of density waves, if for these low excited states the Hilbert 
space may be replaced by the sub-space in which holes and excited particles exist 
only in the neighbourhood of the Fermi levels. Here we assume that our Hy, i.e. 
the Coulomb interaction, allows this replacement in a good approximation, though 
we cannot say-that there is no question about this assumption. 

At first, p, is splitted as 


Pn= 217 (Pns + Pro) 


‘where | 
Pris — > Gar + (faye Ant —(nl2)0 
/>0 
a (3-2) 
ee | * 
no = pa Ans +(nj[2o Ant —(n/2)0 
ni<0 
Then, in our sub-space the following commutation relations hold, 
Y 
| Paes Prror |= —n0y,-n%,0r 
(ne > Purar| a NO y, ei) ee (3 : 3) 


[ Pro» Pnror|=9, 
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for sufficiently small values of |n| and |7’| compared with ny (+7, are the values 


of m corresponding to the Fermi levels ; N=2(2ny+1)). 
The frequency of dno is (1/ih) €(”). Further, for Any +(n/D0 and Any —(ni0 ls 
pearing in the expression of /, in (3-2), we may use the following approximation, 


(n't )=e (ny) skeet Be —ny)€! (tr); 


wold 


in our subspace, where ¢'()=de(n)/dn. Therefore the time dependency of pr. 


becomes 


Pno OC EXP |= eg) nt | : 
a7 
Similarly we get no ocexp| — 5 €/ (np) nt]. Therefore the operator 


a) = é! (1F) = Cone Gone sin P—no ie) 
n 


gives the equation 


iN Pio =Pno, DI. 


This is easily verified by means of eq. (3-3). 
Now, in Hp= 3} €(7) Nuno, €(7) may be approximated as 


€() =€ (mr) + €' (nF) (|| —nx) 


in our sub-space. Then we obtain 
Ho— Fy=€! (mz) {33° |n| Nao — 22r(mx+1)} 


where £,=2 >} €(m). Tomonaga tried to show that this H)— is equal to 


|2|Sn yp 
in the sub-space mentioned above. This is true if the following relation holds, 
oz Gs One ate ares a) —— = |72|_Nno = Np (Mp+ 1) . (3 ‘i 4) 


The procedure necessary for the proof of eq. (3:4) in our case is same as that in 
the case of free particles. For diagonal elements in the number representation there 
are no doubts about the validity of eq. (3-4), while for off-diagonal elements eq. 
(3-4) does not rigorously hold. Here we suppose that this discrepancy between 
both sides of eq. (3-4) is trivial. Namely we here assume that 


Hig = I) =e 9 . 
This may be transformed as 
Hy—ky=4 cl (1n) 31 (PnP =n + PinPn) 
+e (12) 31 (Gn Pint P-nfin) (3-4’) 


where 
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+ 2h 
On = Pina + ids and pa=fPn— pr : 


Conmmutation relations for e= and pz can be easily obtained from (3-3) and are 
as follows 


[exe Par | us 270, —nt> [pr Prt | =o ONO wis 
[Pas Par | — 210n, —nl> [pr Pro | — 2n0n, —n, 


LPn» Pnr|=9, tis x bul 0 ioe p10: 
Thus, noting that 


H,= 2 Jas Pont On Pn TPs tT Pola) 1 Ds Md ns 
n n>0 
we obtain 
x% =H—E,=9 +H, 
= 21 An (Pn PintPinPn) +4 (nr) > (pi tet pin ps) 
SC AC MN: ie OMe es Se ae 
n>0 n>0 

where A, =i €' (mr) +n. 


Further, introducing the following transformation, 


= [24 (a, tee ing —(n— Ae Hn} 2 
pr=(V/2/2) {— (an — An") Mn* + (On +%n) Qn} | 


ae (3-5) 
pin=(V/n/2) { (Qn +5) Yn— (An— An") Gn} | 
Pin=(V 0/2) {= (@n— Fn") Yat (n+ On) Gn} 
pr = 21 Gn*, Pn = Qn Tecns 
Vieng iV ce | (3-5!) 
DA=V In Hn piv nhs: 
is 1/4 
where n>0O and a, =( €’ (nr) +4In , we get 
€’ (nr) 
Lyn» Hn ]=lhm Hrs \=(Fns Has b= (Fes Har |=0 
(aan = Canty cn Gar = Onat (3-6) 
for negative as well as positive 1 
and 
= 3 |n| Ve (te) (Ve az) $4 In (yk n+) —V €'(ne)} 
+3} |n|V el (nr) Gn* Fn. (3-7) 


Though (3-6) is valid only in a restricted sense, we suppose, according to Tomo- 
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naga, that the operators 7,*7, and 7n*%, are usual number operators of some in- 
dependent Bose particles. Then our assemblage of interacting z electrons becomes 
equivalent to an assemblage of non-interacting bosons belonging to two different 
groups. One of these groups corresponds to usual charge-density waves (plasma 
waves). Their energy quanta fof? (m=+1, +2;-:-) are given by 


hoy? =|n| are A™ fe! (nz) +4I}. 


a fates 
Thus, the energy quantum of the plasmon with wave number k/a=27n/WNa is 


fio [B] =|] 4/6 {0-4 2% 70> (2) (3-8) 
where b==(de|k]/dk),,,=(N/27) €'(myz) is independent of N (in our present treat- 
ment 6=-—B). Therefore, using eq. (2-21), we obtain 

: | 2€* 5. / KGB) (3-9) 

lim Heo [R= 1Bh tay GB Ko(riel- 
N>o 4 


Jt should be noted that eq. (2-20) gives the relation 


Ro S|n| Ve! (nr) {e! (nz) +406} 
Soni (3-10) 


N>o 


for fixed values of 7, because, in the case of infinitely large N, J&0c1/N-logN as 
easily shown from eq. (2-20) and e¢/(mz)0c1/N. Another group of the bosons 
corresponds to spin-density waves whose energy spectrum is equal to the one 
given by a non-interacting particle model : 


ho =|n| €’ (nz) oc (3-11) 
Evidently 02 <ho™ for sufficiently small 7. 

(3-10) and (3-11) tell us that the lowest excited state is given by creating 
one boson corresponding to the spin density wave with the lowest frequency o{*. 
However, a simple consideration on the spin symmetry leads to the conclusion 
that the absorption of a photon by our spin. density wave is forbidden. Then we 
assume, according to Araki and Murai, that the frst optical absorption band 
corresponds to the creation of one plasmon with the lowest energy quantum fiw”. 

Then the result shown in eq. (3-10) does not give the convergency of the 
absorption wave-length. This disappearence of the convergency will be inevitable 
as long as we adopt the model shown in Fig. 1, because the use of the Tomonaga 
theory seems to bring no serious error into the plasma frequencies. This ‘fact is 
favorable to those who suggest the existence of the bond alternation or a Brilliouin 
gap in the spectra of Hh. 


It is obvious that the Tomonaga theory cannot be directly applied to the system 
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in which there is a finite Brilliouin gap between the Fermi level and the lowest 
excited level, because the Taylor expansion of ¢€(m) in the neighbourhood of the 
Fermi level breaks down in this case. 


§ 4. Criticism on Araki-Murai’s theory 


According to Araki and Murai lim (1/Ra) has a finite value. - This contradicts 


with-our eq. (3-10). Therefore we shére examine their theory. 

According to them we adopt the following picture: the 7 electrons are kept 
in the rectangular parallelopiped shown in Fig. 2 in which L, the longitudinal length 
of this pipe, is equal to the chain length of the conjugated double bonds, and the 
transverse motions of these electrons are fixed. In this case one should write the 
quantized wave function as 


H(x) = SY alee, 0) ¢4 (200) 
Gx (2) =L~™? exp(ixx) f(y, 2) 

if the periodic boundary condition at both ends of this pipe is allowed. In the above 
ee 2tn/ Ls (n=0; £1, +2, -+-) 


and f(y, z) describes the transverse motion and is normalized on the transverse 
section of this pipe whose area is denoted by A= Ly L, and is a constant irrespective 
of Li 


Fig. 2 


‘Then the Hamiltonian for the z electron system becomes of the same form as that 
given in (3-1), provided that’ 
Ano=a(k, 7), 


e(n) =((27h)?/2mL’) -n’, 


and J, is an abbreviation of 


; a 
JP =IP [x] =L™ | exp(iex) I(a) dx 
; -L 
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: Ue Maz tp Acad Abs 22) age 


em oe - : 
aybete Ae) is | ays d=) dy: 48 Ya (y1— 2)? + (z1—22)” 


A 


In the above, « and n are combined by the relation «=27n/L. Therefore the 
excitation energies of the plasma oscillations become 


Ro =|n\ V €' (np) fe! (mz) +2I"} (n=+1, £2, --) 
<|n|V/ €! (ny) {e’ (my) +2}, (4-1) 


where we have used the relation J” < J§”. Now J(z) should satisfy the properties 
similar to those of J(R) stated in (2-18), i.e. 


J(x) =e?/|az| if |z| is infinitely large, (4-2) 
and J(0) =large but finite. 


Therefore in qualitative arguments one may assume that 


7 —_ cS 
(x) eae 
2 B 2 i Ss . 
Then IP ay \ See a log (/ L?+6?-+ L/0). 


-L 
Consequently, lim Hof” =0, (L/N=a’ being kept constant) for fixed values of n, 
because ¢/(7;) =7"/ma'- (1/L) and J§” > (2e?/L) log L as Lo. Namely, the free 
electron model adopted by Araki-Murai should also lead to the disappearence of the 


convergence of the wave length. The reason why they have got the convergency 
is as follows: They replaced the interaction potential e?/|Z,—2Z,| by 


Ane ih ee eee ‘ 
= 3 a owliK- 2], (4-3) 
where K= CK, AGEs) and 
= Za Ke ie X (integer), 
and, by assuming f(y, z)=1/) A, they got 
4me*? e 1 
Teoldae we JS Sas heat : 
[x | ae = GL = (4-4) 


and inserted this into (4-1). 


Now (4-3) corresponds to the periodic solution of Poisson’s equation, 


do (2) = — 4m p(2) 
p(@) =e DS 4+™M)| (4-5) 


where Me (m, G > My pe » Mm, L,) ) 
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|m,, My, and m, being integers extending from —o to +c. Namely, (4:3) is 
ithe electrostatic potential induced by the negative charge of an assemblage of electrons 
‘which are arranged so as to form the ortho-rhombic crystal with lattice constants 
(L, L,, L.), each lattice point being occupied by one electron, plus the uniform 
positive charge with density (e/LL,L.) which can neutralize the negative charge of 
the electrons as a whole. Therefore (4:3) resembles the true interaction potential 
only in the region |%,—Z,|<Min (L, L,, L,). Then the use of (4-3) will be 
valid only for the sound-waves whose wave-length is very small compared with 
Min (L, L,, L.). In the present problem L, and L, should not be very large, 
hence it is very difficult to justify the use of (4-4). 

As can be easily expected from the above explanation, Araki-Murai’s one- 
dimensional interaction potential obtained by averaging (4:3) over the yz-plane is 
nothing but the electrostatic potential due to a group of negatively charged and 
infinitely extensive metal sheets which are placed parallel to each other at regular 
intervals of L plus the uniform positive charge distributed three-dimensionally. One 
can easily obtain this potential by means of the Gauss theorem. The results is 

Ome. f Fi 


yy, ) +const., 
Manet Bs |z| 


where x is measured from a sheet. This coincides with 


47? 1 I: ey FE fh Aly wil ofa) 
= p> aos iKx) = 7 = x—|ax\+ ak 


The long-range part of this potential is unreasonably large. 
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The magnetohydrodynamics in compressible gases of infinite conductivity is discussed 
under the assumptions that the flow is isentropic and steady and that the directions of flow 
velocity and of magnetic field are in the same plane. The hyperbolicity conditions for the 
starting equations, under which the discontinuity surfaces can appear, are investigated. The 
special case in which the flow is parallel to the direction of magnetic field is analyzed in 
detail. Peas 


$1. Introduction 


The magnetohydrodynamics of compressible ionized gases of infinite conductivity 
has been investigated in connection with the hydromagnetic shock waves appearing 
in various branches of plasma physics, and it has been shown that there exist many 
remarkable features essentially due to the effect of magnetic field. It has especially 
been pointed out by a few authors?” that the equation for steady hydromagnetic 
flow can be hyperbolic even for: the subsonic fluid velocity if the magnetic field is 
of moderate strength. In this paper, we shall deal with the plane isentropic steady 
flow, which is specified by the condition that the flow and the magnetic field are 
in the same plane, and discuss the conditions for the discontinuity surfaces to occur, 
or under which the characteristic equation of the original system has real roots. 
In the next section, we shall write down the characteristic equation explicitly and 
show that in our case this equation is the fourth order algebraic equation for the 
local characteristic direction and that the above conditions can be expressed not 
only by the usual sonic Mach number’ but -also by the magnetic Mach number, 
the flow speed versus the Alfvén velocity. We shall also give a graphical method 
convenient for the calculation of the real roots of this equation under arbitrary 
configurations of flow and magnetic field and it will then be shown that there exist, 
at least, two real roots when one double root is counted as two single roots, more- 
over, that the stream lines cannot, in general, be the characteristics unless the fow 
is parallel to the magnetic field.* . In the parallel flow, the stream line corresponds 
to one double root of the characteristic equation and’ may be a separation or a free 
surface, as is usual in hydrodynamics. It seems interesting to note that as the 


* This special configuration of the flow a 


nd the magnetic field will hereafter be called the 
“parallel flow”, 


Hydromagnetic Plane Steady Flow in Compressible Ionized Gases 607 


direction of magnetic field begins to deviate from the flow direction, this double 
root tends to split up into two single roots or, in other words, the contact discon- 
-inuity is transformed into the shock-like discontinuity. In § 3, we shall] investigate 
she parallel flow in detail, showing that the usual Bernoulli law is still valid, the 
strong torm of which does not, however, lead to the irrotational flow. The analytical 
xpressions of the real roots of the characteristic equation and the characteristic 
=quation in the hodograph plane will also be given. 


§ 2. Characteristic equation 


Under the configuration described in the previous section, the fundamental 
quations can be given by 


v_,H,—v,H,=a, (2-1) 


dv Ov, , Po OH, a 1 Op 
+ = H,—— A, =-— +, 22 
Taree (His ; ae (2-2) 

p24 4 Be la — H. sh OH, i Hae dp : (2-3) 

ima ot BP 9 p By” 

00 dp oka) Ov, ; 

i 3 att) (2:4 f 
tagrabigs Py ORS | Are 
dH,/0x+0H,/dy=0, - (2-5), 


in which all quantities are independent of z and ¢, the z components of the flow 
velocity: and of the magnetic field are put equal to zero, / is the magnetic sus- 
ceptibility multiplied by 4z*®) and a is a constant. 

Using the relation (2:1), one can eliminate 0H, /dx and 0H,/dy from eqs. 


(2+2)~ (2-5), and we have 


pt Hy ‘Ls @% vos H, Avy ng © Ov, aap OP’ = 9.9)? 
Dvu,+ ooo, Vy an “Ay “1 ro ra) eee , (2-2) 
Dey Uy td of Olas 3: » Oe ‘+He Buy) Hyou 3 Op | (2-3)! 

Dire vhs OL -* Oy p Oy 
Do+¢-0v,/0x+ p-9v,/9y=0, (2-4)’ 
| y,-0H,/8x-+v,-0H,/8y + H.-8v,/8:y—H, -dv,/8y=0, (2-5)’ 


in which D stands for v,-0/0x+vy:0/0y, and c, is the sound velocity. Introducing 
the vector h defined by 


h=,/ MoH, 3 (2-6) 


and denoting the line-element of the characteristics as do, we have from egs. 
(2-2)'~(2-5)’ the following characteristic equation for x, and. yo, 


if 


608 Y. Kato and T. Taniuti 


M— 22 (07 +¢,") +¢472 (Lehy— yohs)’ =0,* (2-9) 

in oa A and 2 are defined by 
AN=V,Vo—VyLo; (2-7) 
2=2°+ yo", (2-8) 


and c, is the Alfvén velocity equal to |hl. 
Let us introduce the local polar representation : 
hs=hces 6, hy=hsin 6, 
(2-10) 
tes rcos Xod:ye= resid; 
in which the direction of the polar axis coincides with that of the flow velocity. 
The equation (2-9) then reduces to the following equation for sin 7, 
fa? sint X¥— (a? + 8") sin? ¥= —sin?(G—Y), (2734) 
where a and f are equal to the magnetic Mach number v/Cq and the sonic one 
v/Cs, respectively. It should be noted that —7 is not a root of (2-11) when 7 is 
a root unless 6=0 or 7/2, or the characteristic direction is, in general, not sym- 
metric with respect to the flow direction. Our purpose is, now, to investigate the 
number of the real roots of (2-11). It is, however, quite tremendous though not 
quite impossible, to give their general analytical expressions. Hence, we have re- 


course to the following graphical method. Let us put z=sin’Y, then eq. (2-11) 
becomes a system of two equations : 


y= (a’x—1) ('x—1), (2-1la) 
y=cos*(0—Z). (2-11b) 


The latter equation represents 
the ellipse tangent to the 
square OABC at the points 
(cos*#, 0) (0, cos’#) (1, sin?) 


(int 6.1) B and (sin*#, 1) (see Fig. 1). 
sa de ~— — (1,1) 


As can obviously be seen from 
Fig. 1, the parabola given by 
(2-1la) surely intersects the 
ellipse. Hence we have at 
least two real roots of (2: 11). 
Of course, in the special case, 
@=0, the ellipse shrinks to 
the straight line AC and in 
this case the root Y=0 should 
be regarded as the double one. 


* This equation can also be obtained directly from eq. (252) in (Ey (G)- 
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Fig. 1 also indicates that there exist four real roots if a>1, 8>1 and (a’—1) 
x (#?—1) >1, and two real roots if a>1>/ or a<1</f. 

By virtue of Fig. 1 the number of the roots can be calculated graphically 

case by case, if the values of a, 8 and @ are given. However, in the special cases 


specified by 6=0 and @=7/2, the analytical expressions of these roots can be easily 
-obtained. 


Oo t=O' (|| H) 
In this case, eq. (2-11) splits up into two equations: 
sin'Y=0, (2-12a) 
and 
a? sin'%¥— (a?+ 8) +1=0. (2-12b) 


‘The latter equation, (2-12b), gives two real roots: 
sinY=+Y (a? +/—1) /a’, 


if and only if the following conditions are satisfied : 


wi and p> 1; (2-13a) 
Pal. and. W/o) < el 2A13b) 


Or 


These conditions are illustrated in Fig. 2. They 
can also be expressed in terms of the sound velo- 


city and the Alfvén velocity, c, and c,, respectively 


{ef Fig.3). Fig. 2 
(a) If Gye Gas c,[e2/(c2-+¢2)]}"” CG, C, 

v>c, or cee/ (e+e)? <v<c; 
CBr kl, Ce Cy 

2 Z 2 1/2 

U>Cq or €fe2/(ci+c3) ? <vu<cs. aleshcenoen "" 
On the closer analogy of ordinary hydro- Fig. 3 
dynamics, the effective sound speed c* may be defined by 

1/sin ¥=v/c*, (2-14a) 

or 
7 cM=C+2(1—-1/f). (2-14b) 


Then, one sees that if # is larger than unity, the magnetic field increases c*, and 
on the contrary if @ is smaller than unity, it decreases c* and as a result it turns 
cout to be that even in the subsonic flow the discontinuity surfaces may appear. 
From (2-12a) it follows that the stream line can be a discontinuity surface. 
‘As is well known in ordinary hydrodynamics, the discontinuity of this kind corres- 
ponds to the separation surface of fluid. However, as can be seen from (2-11a-b), 
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%=0 cannot be a root except in the case of the parallel flow (v||H), and hence 
the stream lines are not characteristics if the flow is not parallel to the magnetic 


field. 
Gi) 6=7/2, (LH) 
In this case, eq. (2-11) reduces to 
a’? sinty — (a? + 6?+1)sin'¥+1=0, 
and we have four real roots : 
sin’¢=[(a*+ 6 +1) + {(a°+6?4+1)?— 4078} "")/2a°f?, (2-15) 
if and only if the condition 
v>cd+c3 (2-16) 


is satisfied. 

In the limiting case of vanishing magnetic field, the roots corresponding to the 
plus sign in (2-15) tend to 1//* and those corresponding to the minus sign tend 
to zero, that is to say, as the strength of the magnetic field approaches zero 
under this configuration (@=7/2), the former tends to the discontinuity correspond- 
ing to a shock but the latter tends to the separation surface; this implies that in 
the magnetohydrodynamics the contact discontinuity can be transformed into the 
shock.” . 

It should be noted, however, that all the relations except for those in the 
parallel flow have only local significance and are not valid in the large. Hence, it 
seems to be worth-while to investigate the parallel flow in detail. 


§ 3. The parallel flow 


The equations (2-1), (2-4) and (2-5) are satisfied automatically by the relation 
H=0"op (3-1) 
in which « is a constant. 
Substituting (3-1) into (2- 2), (2-3) and (2-4), we have the following e- 
quations for v and p, 
V,:0v,/O0x+ vy: Ov,/Oy + Myvy (Oov,/Ax— dov,/dy) =— (1/p) 0p/Ox, (3-2) 
Vz°OV,/OX+vy+Ovy/Oy + Thv, (—0pv,/0x+ dpv,/dy) = — (1/p)0p/Ay, (3-3) 
V2:90/8x+ vy-3/Iy + p-Bv,/Ax+p-8v,/8y=0, (3-4) 
in which 2) =p. 
Since in this case the stream line’ is one branch of the C-characteristics, there 


should exist, along each stream line, a relation between v, oe and their derivatives. 


with respect to the parameter specifying this line. This relation can be easily ob- 
tained as follows : : . 
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Multiplying (3-2) and (3-3) respectively by v, and v, and adding, we have 
Dal 0428 /Bar+ UyB/Bpp) rerkvy (u14+/3ec-b 04:8 /2.y) by 
=— (1/p) (v.-9/8x+ vy+3/dy) p, 
from which we obtain the relation — | I 


4(v*),otP,./p=0, (3-5b) 


or 4v’+z=const* along each stream line, in which 7 is the enthalpy and do is the 
line-element of the stream line and is defined by 2x,/y,=v,/vy. Eq. (3-5b) is 
nothing but Bernoulli’s law. 

In the following discussion we assume the strong form of Bernoulli’s law, 
namely 


4v’?+i=constant everywhere. (3-6) 
Under this condition, eqs. (3-2) and (3-3) reduce to 
rot(1— fe) v=0. (B50) 


It may be interesting to note that, contrary to the circumstances in ordinary hydro- 
dynamics, the strong Bernoulli Law does not lead to the irrotational velocity field. 
From (3-6), (3-7) and (3-4), we finally have 


(c¥§— 20? )v,/82——; v.04 — dv,/Ix+90v,/dy) 


(c2—v?) Ov,/O2—V,Vy(9v,/Ix + OvVy/Iy) + (Cs— Vy) O0y/OY 
= 0, (3 5 8b) 


in which c, is equal to 

V Top v. 
According to the usual method,” we obtain the following equations for the C-and 
the /’-characteristics : 


(oP =v") yi +20 ,vytoyot (ch —vy) Ze 


=O, (3 -9a) 

c¥*c2{ (dv,)?+ (dvy)*} —c#(v.dv,t vydvy)’ 

—(£1) (udv.—v.dv,)*=0, (3-9b) 
(44 


* We assume that the flow is isentropic. 
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in which do is the line-element of the C-characteristics given by (3-9a). Eq. (3-9a) 
is the same as that in ordinary hydrodynamics if c* is replaced by c,. The integra- 
tion of these equations will be discussed elsewhere. 
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The 2s+1 mutually orthogonal wave functions of a particle with spin s are explicitly 
worked out in the tensor formalism for a boson and in the Rarita-Schwinger formalism for 
a fermion, respectively. As an example of application, a method is described according to 
which an angular correlation function is calculated relativistically, in the case of an associated 
production of a hyperon and a kaon and their ensuing decays, assming that they have higher 
spins. 


§1. Introduction 


So far we have had no clear evidence for the existence of a particle with spin 
higher than one. However, the possibility that some of strange particles may have 
higher spin values would not be excluded from the present experimental data. 

One of the orthodox methods for determining the spin of a particle consists 
in comparing a theoretically calculated angular correlation function with the corres- 
ponding experimental one. If we wish to calculate the angular correlation function 
relativistically, it is desirable to work out the 2s+1 mutually independent wave 
functions of a particle with arbitrary spin s. In such calculations, relativistic effects 
have been taken into consideration, up to the present, only in the case of the electron 
and the electromagnetic field. Of course we can do almost the same thing using 
the knowledge only of the projection operators, as R. E. Behrends and C. Fronsdal 
did?. However the advantage of using the wave functions explicitly is obvious. 

We choose these 2s+1 wave functions in such a way that they are the eigen- 
functions of the z-component of the spin of the particle in the rest system of the 
particle. Therefore these functions are orthogonal to each other. The principle we 
adopted to obtain these functions is quite simple. In the rest system of the particle, 
a set of the 2s+1 wave functions of spin s can be constructed with the help of 
two sets of wave functions of spin s, and spin s,, respectively (s,, s.<s) : 


P(s, m)=D) (Si 5 sm| Sy S22, M2) (Ss, 1) P(S2 M2), (1) 


-* The most part of this paper was translated from S. Hori, Soryusiron Kenkyu 12 (1956), 
339 Although the content of this paper may not be up-to-date, it will not spoil the main context 


of this paper. 
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where (5s; Ss) sm|s; S2 ™, ™,) is the Clebsh-Gordan coefficient. The successive applica- 
tion of eq. (1) shows that the wave functions of arbitrary spin can be expressed 
in terms of spin 3 and/or spin 1 wave functions. The wave functions thus obtained 
will larter be transformed into a general coordinate system by a Lorentz transfor- 


mation. 
The tensor formalism for a boson and the Rarita‘SSchwinger formalism for a 


fermion are most convenient for our purpose, in which the equations of motion 


are 
(P24) buen, =0 (2a) 
Pipher ae (2b) 
doen, -»,=0 2c) 
oflmrintswpihosedy (2d) 
for a boson and 
C1Ps+*) Peng 0. , (K=S—¥) (3a) 
Tu Pusey (3b) 
Pu Epo p= 9 (3b’) 
pp ae al (3c) 
LE head Era er (3d) 


for a fermion respectively.* Eq. (3b’) can be derived from eqs. (3a) and (3b) 
and eq. (3c) from eq. (3b). i 

We shall not here consider the case in which the mass « of the particle 
vanishes. 


- §2. Construction of the wave functions 


Our work will be carried out most conveniently in the momentum space. In 
the rest system of the particle, spin 1 wave functions are shown to be as follows :** 


dy (1, m) =e (0) =F 1. i » tor yn FA 
VY2\+2 
0 
0 


Through out this paper we use the units #=c=1 and Dirac representation y;=p.0;, y4= 
a <== 


03=6, ax=—irxy, and the summation convention a,b, =a;b;+asb4=a;b;—agby 
ek : 
Phase factors in eq. (4) are chosen so that we can make use of the tables of the C-G co- 


efficients in Condon-Sh , : : ; 
aay, ndon-Shortley, Theory of Atomic Spectra (Cambridge University Press, Cambridge, 
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OS) tor m=0 (4’) 
0 
1 
0) 


and it is well known that the positive energy solutions for spin 3 particle are 


m 1 

$, (4 m) =u™ (0) = 0 for Cas = : for m= (5) 
0 0 
0 0 

and the negative energy solutions are 

$, (4 m) =v& (0) = . for m= > = ; for maa. (6) 
1 0 
0 i) 


In eq. (4) each row corresponds to the vector index y and in eqs. (5) and (6) 
it corresponds to the spinor index p. The latter will often be suppressed. 

The principle in the previous section leads to the following expression of the 
spin s wave functions in terms of these functions ; 


rw, (0) eet erties -qa eg? (0) +<-efs?(0), (m= 5%" 5) (7) 
and ; 

Pierng(0) = 22 alsmlaqn~ “gx Cem (0) “eft (0) a’ (0) (8) 
where 

b(sm|qu:+-Gs) =(s—1 1sm|s—1 1m— qx qx):: 

(213 qt+qtq|2 1n+ag) 112 a+q|/11% 4%), (9) 

and 
a(sm|qu---qx 0) = 24 sm|K } Q6)b(KQ| qx). GLO 


The corresponding negative energy wave function can be obtained by replacing 


u(0) in eq. (8) by v‘*(0). 
We carried out computations to obtain the Lorentz transformation which trans- 


forms the rest system of the particle into the system in which the particle is moving 
with momentum p. The result is 

L=1/e(et+po)( Ket po) +h, Pid» — Pid» (H+ po) Pr 

Pip) (K+ po) + Ps Pads — (H+ po) Pa 

PsP PsP» «(K+ po) + ps, —t(K+ Po) Ps 

_ i(*+ po) pis i(e+ po) px i(K+ po) Ps («+ po) Po 


(11) 


or 
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35 pdr py Op) —— eee BaP ID 
Luv =%y (Pu? Py Pus) ere ean) Od Da) Ppovs pd 
ee On (11’y 
K+ po 

where, e usual, p,=ip)=i(p’+x)1”. We can easily verify that 

es 1b, Ly, =Lyr Ly=oOpy 
and 

Luv OV= py 


where we put 0,= (0, 0, 0, zx).” 
By virtue of this Lorentz tranformation and the definition of p\” =p, ef? (0),. 


we have 
ef? (p) =e (0) +[1/e (et po) ] (Pati e Ou) p. (ta) 


which is to be inserted in place of ef” (0) after the Lorentz transformation has been 
made. On the other hand, w‘*(0) and v“(0) should be replaced by w‘*(p) = 
Su (0) and v™(p)=Sv™ (0), respectively, where the spinor transformation »S’ 
must satisfy the relation 


Seale Lasts (13) 
from which we obtain 
S=[1/2« («+ po) |'"(po+e+ap) 
S~*=[1/2« (+ po) |'?(po+K—ap). (14) 
Thus w(p) and v‘(p) can be expressed as 
u® (p) = —N(p) (i 7.p,—«) u (0) 
v(p) =+N(p) (7. Pp +) v™ (0) (15) 
N(p) =[1/2« («+ po) }”, 
where the use has been made of the relations, 7, u™ (0) =u(0) and 7, v0) = 


—v(0). We shall list below the properties of these functions ey? (p), u®(p) 


and v‘*)(p), which we can verify straightway since we wrote down these functions: 
explicitly. 


pre? (p) =0 (16a) 
ex*(p) = (—1) "ek? (p) 6b) 
et? (p)et* (p) =9(4, r) es 


/ It will sometimes be convenient if the coefficients a and b are understood to contain é- 
symbols, 6(m, gq +q,+-qa+e) and 8(m, %+°* qs) respectively, as in the case of C-G coefficients: 
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> ey (p) ex (p) =0w— i aes fa (16d) 
wu,” (p)us*?(p) =9(¢, ¢’), v0 (p)v&" (p) =—A(¢, 0’) (17a) 
i (p) vS” (p) =o (p) ui? (p) =0 | (17b) 
Se (p) a (p) = (1/2«) (—irp+k) yo (17c) 
a ve? (p) 9S (p) = (1/2«) (—i7p—K) go (17d) 
Sh? (p)uS (p) —v®(p) DS (p) |=. (17e) 


where w=u*7,, etc. It should be noted that a we take the complex conjugate 

of e®(p), we should not change the sign of i (the relativistic imaginary unit) 

which occurs at the fourth component of e™(p), except in the case of 7, e (p)*. 
Next, we shall show that the spin s wave functions 


be, (P) = = 21 b(smiqn gs) ens? (p) +e! (p) (18) 
and 
Pew (P) = = 2a alsmlan- “gx Cen? (p)--e® (p)u™ (p), (19) 


really satisfy eqs. (2) and (3). Eq. (2a) is already satisfied since Bur-vy is defined 
on the energy shell p=(p’?+«"*). That eq. (2b) holds is obvious from eq. (16a). 
Using eqs. (16b) and (16c) we see that eq. (2c) follows if 


>) b(smiq, —4 4s°--Gs) (—1) "ei (p) ef" (p) =0. 


sae 
This is the case since S$’ (—1)%(112 O|1lq —gq)=0. Eg. (2d) is valid if the co- 
efficient 6 is symmetric hor 8 the permutation of q,-::,g;. We can easily prove | 
(21241 Q+qt+qZ1Q+q' gq) @1lQ4+q 1109) = 
(Z114+1Q +qtq'L1Q+9q)U1lQ0+q/1Qq), 
ingrting. she explicit expression of the C-G coefficients, and writing gq=q@, @=Qe1 
and Q= 53 g, this ensures the invariance of 6 under the exchange of qg, and q+1, 


(ssl ae s—l). 
‘Eqs. (3b’), (3c), and (3d) can be verified in the similar way. It is clear that 
eq. (3a) is satisfied, since u™(p) is a solution of Dirac equation. It should be, 


* Let %, be a complex petal field. Then %,*%, does not mean Ln hy too bnt %4*%~— Lo*Xo- 
GRE ian este Th Otherwise we could not have both yz and 


The only Ecco case is Ty%y 
The situation would be clearer if we had used, e.g., the Feynman 


7, hermitian at the same time. 
representation. 
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however, that for the negative energy solution we must put agi Fi in eg. (3a) 
(and also in eq. (3b’)), whereas we have put ~p,=ipo(fo>0) in eq. (15), so that 


it is not 
Duyn g (P) = dia(sm| qr xl) en (p) ev” (p)v™ (p) (20) 
but %,,..,(—p) that satisfies the set of eqs. (3). To prove eq. (3b) we make 
use of the relations 
Tyee? (p)u™ (p) =S7yey? (0)u (0) = Spr q™ (0) 
where 
a =0,e{” (0) 
and 
oEDy) (0) = F Qu*” (0) 
ClO) = 20 (ON 
and we may prove 
Dia(sm|qu--dx C) eg? (p)--e'x-P (p)o%” uw (0) =0 
or 
Dl/2 (Kz sm|K 3 Q3)(K—-11KQ|K—11Q’ —1) 
—(K4 sm|K4Q —3)(K—11KQ|K—11Q0)]=0 
SK 3 sm|K 3Q3)(K—11K Q|K—11Q’0) 
+2 (K 4 sm|K } Q —3)(K-11K Q|K-11Q'1)]=0 


R-1 
where Q! is equal to 5} g,. The validity of these equations is exhibited by the 
r=l1 j s 


insertion of the explicit expressions of the C-G coefficients. 
It is not difficult to show the orthonormality of these functions directly making 
use of eqs. (16c) and (17a, b) and the orthonormality of the C-G coefficients : 


O%, (P)OL,, (P) =O (m, m!), (21) 

Pe eC) Pn ep (P) =O(m,'m’) (22a) 

Dae xP) Poe a xp (P) =8(m, m') (22b) 

Dry xo (P) Oe (py = Ol) (22c) 
Also we can show that 

PO* (p) P? (p) = (po/) 3 (m, m!) (23a) 


Pu" (— p) DE"? (—p) = (po/") 3 (m, m’) (23b) 
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OE* (— p) Ve (p) =0. (23c) 


§ 3. Quantization 
The quantized wave functions of spin s which will be denoted by bold letters 


can be expanded in terms of the corresponding c-number wave functions : 


Bren, (2) = (27) (SY co (h) Oy, (deen 
+d3(k)6r% (k)eW*%e |e) “1 Ph, (24) 
Fre ne(2) = Cn) "| 3] Aap) Fag pe H+ 


+BE(+p)OP ag (pyer” [(x/py Pa" S25) 


where c, d, A and B (c*, d*, A* and B*) and annihilation (creation) operators, and 
the commutation rules for them read 


[cm(k), cx, (k’) ]=[d,.(k), dX, (k’)]=0(m, m’)d(k—k’) (26) 
other commutators =0, 

[A,.(k), AX,(k’)],=[B,.(k), BH (k’) ],=98(m, m’')0(k—k’) (27) 
other anticommutators=0. 


The commutation relations for the quantized wave functions are now easily 
written down, by using the commutation rules (26) and (27), 


(Ope 2) Pi, EO iP te, 6942) (28) 


[F., nah COLTS feel 64) Sf == —1P wx, yeu) 4(xr—2x') : (29) 


where J is the usual invariant 4-function 


4(x2) =—1(27) Et (1/2k,) (e**» —e7“v*+) a’k, (30) 
and it can readily be demonstrated that the projection operators defined by 
Pra on vy (EE) = DS), (BLE ).00) || (31) 
Poi: inte ZP) 35 De (p) a (p) ? (32) 
or equivalently 
Payog yo (ik) =3) OO* () AEO* (Kk), (31) 


Ryn ve (ip) =2e IO"? (p) DE? (p), (32’) 
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are identical with those obtained by M. Fierz™. 


§4. An example of application 


The utility of this formalism has hitherto been rather obscure. Here we shall 
calculate an angular correlation function as an illustration of application of the above 
formulation in the case of an associated production of a hyperon and a K-meson 
and their ensuing decays, 


™+p5Y+K; Yopt+z2- and K->z*+7-, (33) 


assuming that both Y and K have higher spins, sy and sx respectively. 
Let us choose as the polar axis the emission direction of the hyperon in the 
center-of-mass system of the production reaction and we use the following notations, 


k=momentum of the incident pion 
I =relative momentum of p and z~ (decay secondaries of the hyperon) 


n=relative momentum of 7* and z~ (decay secondaries of the kaon) 
and 


k=k/ k, ete. 
Here we concern ourselves with the angular correlation function W(k, l, nm). 
The function W is expressed as a product of three density matrices: that of the 
production, E,,.a(my, my; mx, m'e; k) and that of the decay of the hyperon, 


EX (my, my; D and that of the decay of the kaon, EG? (mix, mx!; n): 
Wk, L n)= D1 Eproa(my, mx'3 Mx mx; k) EY (my, my’; 1) EP (mx, mx: n) 


mm, m, ml ,. 
Dies eh 2 (3 4) 
where my and m, are z-components of the spins of Y and K, respectively. 
Eproa depends on the detailed structure of the interaction and cannot be deter- 
mined only from geometrical consideration. So, we shall here confine our calcula- 
tion to the density matrices of the hyperon and kaon decays. 


i) Hoe (iy, My 5 l) 


> 


The element of the S-matrix relevant to the process in consideration reads (¢, 
P, q|S|my, P) where 


S~{[[atordtard'ay F204) (pan) B yen0( X29 (22). (35) 


and & is a certain function with the indicated transformation property and invariant 
under translation, and ¢, W and @ are the quantized wave function of the proton, 


the hyperon and the pion, respectively. The initial state |my, P> and the final 
state |, p; q> are expressed as 


|my, P> =AS, (P)|0> (36) 
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If; Ps ¢> =ax*(p)c*(q) |0> (37) 
where a. CD); a.(p) c*(q) are the creation operators of the hyperon with the 
momentum P and the spin component my, of the proton with the momentum p 
and the spin component ¢ and of the pion with the momentum gq, respectively, and 
|O> is the state vector of the vacuum normalized as (0|0)=1. 

With all these relations together we can write 


C6, P; q|S|my, P) = (27)* 0'(P— p—aq) 6, p; q\my, P) (38) 
and the transition matrix (¢, p; q|my, P) is given by 
(6, Pp; qimy, P)=9P (Pp) Fun, (P P)) oP -wxo”” (p)d*(q). (39) 
As 6*(q) =(2q)~ have no connection with angles, so we shall omit it hereafter. 
The consideration of the transformation property suggests that the function F is 
expressible as the sum of products of 7apa, 7.Pa, Pus Pur O(Mi Py), 1s and _ scalar 
functions of p, and P,. We can assume without loss of generality that 7p, or 


7,P, stands on the left or right end of each term, so that we can replace it by the 
proton or hyperon mass. Finally we have, by virtue of the eqs. (2) and (3)*, 


Fay a (P: P) =. (F497s) Pur-Pux- (40) 


where f and g are certain invariant function of p, and P, but — p,” and —P,,” can 
be replaced by m? and x’, and p,P, becomes — fp) « in the rest system of the 
hyperon which depends only on the Q-value, so we may regard them as mere 
numerical constants. Therefore the transition matrix can be written as 


de, plmyy =P (p) (f+) Por Pegl re (0). ,CP=0) (41) 
Next we shall try to rewrite p,,°°: PieP ining’? (). Making use of the relation 
pae? (0) =p= (47/3)""pYi2(6, ¢) 
p=|pl, 4, ¢=polar angles of p=l, (42) 
and applying the addition theorem of spherical harmonics 
SMhkikglkikogg) YR, PVE, ¢) 


qq2 


=[ (2k, +1) (2k +1) /42 (2R+1) J? (Ark2kO|h:k200) Yi(4, ¢) . (43) 
successively, we have 


ag) pup = p47) 6(KO|0-+-0) YP (8,9) (44 
S) b(KOl-9) PO = 6" 58) (KOO 0) VP O9) (44) 


GQu'9 pr 


and 


* The effect of parity nonconservation was not considered in the original paper (see the 


footnote of the first page). Here we supplemented it. 
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(, Plmyy =) 9 (fp) (fF +975) U™ (0) (K 4 sy mr|K 4 QA) VEG, ¥), (45) 


again omitting a factor independent of the angles. 
The density matrix is defined according to the equation 


Exec (my, my! ; P)=SXE, ploy), plmy')* (46) 
which, upon inserting the above expression (45), yields 
Eveo (My, My’, P= > Yi* (0, 9) (K § sy my'|K 4 RE) X 
uw (0) (F*= 9°79) (itp +m) /2m\(f+97u” (0) 
(K 3 sy my|K 3 Q7) YEO, ¢) (47) 
where the use has been made of the relation 
S$ (p)F (p) = (—irp+m)/2m. 
By the help of the Bates 
u® (0) (f* 97) (—irp +m) /2m\(F +979) u (0) 
=A(5|1+4p™ op|7) 
NC Cag Pee: 4/1437) Yi, ¢)] (48) 
where 
= [FI (ho+m) /2m) + |9|*[ (po—m) /2m] 
A= (p/m) Re(fg*) A“, (|4| <1) (49) 
and the inverse relation of eq. (43) 


YEG, 9) YRC, ¢) =I (2k +1) (2k,+1) /42(2k+1) }? 


(hk, ky k O|z, k, 0 0) (ki ky k qlki ky 1 Gz) Y4(G, ¢), (50) 


we obtain 


© (m, m'; p) =(—1)'y(2K +41) (2sy-#1) /4n}? 
ee 00|\K K L0)(sy Lmy! M|sy Lsy my) W(KKsy sy; L 4)+ 


+4 (2K+2)/(2K +1) }"?(KK+ 100|KK+1L0)W(KK+1sy 5s); L 4) ]Y% (0,9). 
: (51) 
The density matrix is normalized in the sense, 
S|E22 (my, my; pysin 6 dd do=l, (52) 
My 


and the product of the factors we discarded would give, if retained, the reciprocal 


* Note that Y,#*=(—1)4Y,-R#, 
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lifetime of the hyperon: ' The expression (51) is entirely equivalent to what we 
obtained in the 3-dimensional calculation”*. 


If the hyperon is polarized along the z-axis and the z-component of its spin is 
my, then the ‘average value of cos @ is evaluated according to the equation, 


. {cos 0) = {cos 6 ESO (my, my; p)sin ¢ dé d¢. 


The result is 


<cos 4) =i(my/sy) sere (53) 
-or we have ) 


\<cos 0)|S1/(2sy+2). (54) 


This result was used by Lee and Yang as an indication of low spin value of - 
particle”. 


ii) eae (mx, mx, P) 
ES (mx, mx, Pp) can be calculated in a similar and simpler manner. The 
ei 2 : 
transition matrix is 


(pix) Pin Bu, Loven,” (0) 
=b(smxlqn=g) POP (65) 
This becomes, owing to the equation (44), 
(plmxy=Y7TK(9, ¢). (56) 
rhexefore we obtain 
ES2 (mx, mx; Pp) =YI"* (GO, g) FX, ¢). (57) 
Using eq. (50), we get the following expression for the density matrix, 
EX2 (mx, mx’, P) = Ca) ADS a Ds 00|ss LO) 
(sLmx! M|sLsmx) Yr (4, ¢)- (58) 


This is entirely equivalent to the result obtained in the 3-dimensional calculation”. 


§4. Discussion 


It is well known that the conservation of an orbital angular momentum holds 


* When we compare the two expressions with each other, we should note that here K is not 
an orbital angular momentum which is by no means a good quantum number in 4-dimensional 
calculation and always K is equal to sy—}, whereas K stands for the orbital angular momentum 
in the corresponding 3-dimensional result and K=sy-3 for parity-conserving and -anticonserving 
_ parts respectively. However, we can show that the two values of (2K +1) (KK00|KKL0) W(KKsysy ; 


L}) for K=sy+% are equal to each other. 
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only in nonrelativistic approximation and, moreover, the usual 3-dimensional calcula- 
tion is based upon the conservation of the space components | (7, 7)-components 
(7, 7=1,2,3)] of the total angular momentum. According to our method here 
described, angular correlation functions can be calculated without recourse to orbital 
angular momenta and also the conservation of the space-time components | (7, 4)- 
-components] of the total angular momentum is properly taken into consideration. 
Though in the two-body decay of a particle, however, only the conservation of the 
space components of the total angular momentum completely fixes the geometrical 
relations of the decay, so that the 3-dimensional calculation yields the result not 
different from the 4-dimensional one, the calculation according to our method will 
give a more restrictive result than the 3-dimensional one in the case of a reaction 
in which four or more particles participate in the initial and final states. 

In conclusion the author would like to express his cordial thanks to Prof. T. 
Tati for his encouragement and to Dr. S. Chiba, Dr. H. Segawa and Dr. A. Wakasa 
for their valuable discussions and reading of the manuscript. 
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Some features of the Low equation are studied for Dyson’s model. To select a unique 
-solution the relation between the phase shift and the number of bound states is important. 
(§1) This relation is investigated more generally. It is connected with the energy spectra 
of the free Hamiltonian. (§2) The relation between the phase shift and the number of 
resonant states is also shown. Resonances are classified into two types and some differences 
in their properties are stated. (§ 3) 


Introduction* 


The Hamilton formalism with which we have been most acquainted has some 
‘unsatisfactory points in its fundamental character. The basic equations and the 
commutation relations for the renormalized operators involve renormalization constants. 
This fact seems to be closely connected with the well-known difficulty of divergences 
in the theory of quantized fields. Moreover, it is not so suited to the systems the 
Hamiltonians of which we donot know a priori. It requires us from the beginning 
to have a complete knowledge about the system. Unfortunately, we have no sub- 
stitute for it at present. However, some recent attempts, namely Low equations,” 
dispersion relations” and Lehmann-Symanzik-Zimmermann equations,” have different 
features from those of the Hamilton formalism in these respects. They are already 
renormalized, and they do not determine the solutions uniquely because they require 
‘us, at first, only an incomplete knowledge about the system. Even if they could 
not replace the conventional theory, a further study of their new features may give 
us some insight to those of future complete theory. Among them the Low equa- 
tion is comparatively easier to investigate these questions, and will be studied in 
8 ler 

It was first shown by Castillejo, Dalitz and Dyson® in the charged and neutral 
theories that the Low equation, at least in the one-meson approximation, does not 
determine the scattering uniquely. Later investigations have gradually revealed the 
‘meaning of the so-called redundant solutions. Haag” attempted to choose one solu- 
‘tion by means of Levinson’s relation” between the phase shift and the number of 


* A preliminary report of the present oaistle has been published in Prog. Theor. Phys. 20 
(1958), 979. 
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bound states. He also showed that all but the simplest solution lead to eigenstates 
of the total Hamiltonian that are not orthogonal. On the other hand, Dyson” 
presented an example in which all the solutions of the Low equation can be ac- 
cepted as physical ones. Haag’s argument can be reconciled with that of Dyson 
if one admits the existence of discrete-spectrum eigenstates for the free Hamiltonian, 
as noticed by Haag himself* and explicitly shown by Fairlie and Polkinghorne.” 
In § 1 we take up the Low equation for the N—@ scattering in Dyson’s model 
and study how to select a unique solution. We shall see that the difference 
between the phase shifts for zero and infinite momenta of an incident 6-particle and 
the number of bound states** (or stable V-particle states) determine the form of 
the solution. Next, renormalized coupling constants for bound and resonant states 
are given and the condition to prohibit the appearance of ghost state is shown, 
without using renormalization constants. In §2 the relation between the phase 
shift and the number of bound states is studied more generally. Under some 
assumptions the relation is proved using Jauch’s operator method” that 


0 (00) —30(0) = (mo—m)z, 


where 0(p) is the scattering phase shift for a given angular momentum, m and 
m, are the numbers of discrete-spectrum eigenstates of H and H, for the same 
angular momentum in the center-of-mass system. For m=O the relation reduces 
to the theorem obtained by Levinson.” In § 3 resonances are classified into two 
types, positive and negative, then we have the relation 


(co) —8(0) =(7,—7,)2, 


where r, and 7, are the numbers of the resonances of respective types. Two types 
of resonances are shown to have contrasting properties in some respects 


. 


§ 1. Dyson’s model and the Low equation 


To study the characters of the Low equation mentioned above we take Dyson’s 
model” as an example, because this model has probably the simplest theoretical 
structure in quantum field theories: The Hamiltonian for this model is given by 


H=H,+H,, 


. mo * 
My= My ¢y' dwt = Mr, dri! ¢v,+ jae Ox AK! Ag > (1-1) 


1 3 _— 
ple (2n) 3? je Fog Ote +O an'), 


where Pw and ¢y, are annihilation operators of N- and V particles, a, is that of 


* See the note added in proof of reference 5). 
** The term “bound state” 


total Hamiltonian in the center-of-mass system, although not so appropriately. 


is often used in the sense of a discrete-spectrum eigenstate of the 
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the @-particle with momentum k. Other notations are 
‘ans (pO +R?) M2 
mo a 
Q= p> NYri' oy, 


and v(k) is the cut-off factor normalized to unity for k=0. The Low equation 
for the N—6 scattering is 


Ay en Am ly fda 2 
Pe Fete Aer | qq) Seat Sie 
where 
f(p) =e" sind (p), Cees) 
in, =| <BIQ|N> |*>0, (1-4) 
and 


AB; > = (My+o2;)|Bi> 


with wz,<y. Apart from the original Schrédinger equation, we take the Low 
equation (1-2) as a starting point. 
We first consider the function of a complex variable z defined by 


Ap 


“aoe! fj do, If@I (1-5) 


peta 23 J qui(g) a-2 


t=1 OB, 7 
It is a meromorphic function of z in the complex z plane with a cut along the 
real axis from 2 to +00. From (1-2), (1:3) and (1-5) it follows that 


lim h(z) =e**” sind (p) /pv’(p). (1-6) 


ZPwp_Li€ 
As is well known, h(z) and the function 
H(z) =—1/A(z) Clery 


are generalized R-functions. According to the Herglotz theorem,” the general - 
form of H(z) is 


o 


mt 1 
Hig) Art 8% $4 [doy go") js 2 p13) 
be 


1 py 2 O52 


where A, B, R,, w are all real and A 0, R,>0 (if 0). Although » may 
be mathematically infinite, we restrict ourselves to cases of finite 7 from the view- 
point of physical interest. The bound-state energy and the effective coupling to the 
N—O system of the i-th bound state B, are given by 


FE ec lew ot MTEC 
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Hi’ (wz,;) =1/42,. (1-10) 


When v?(q) is of the order of 1/q'*', s>0, as g approaches to infinity, the integral 
on the right-hand side of (1-8) converges for arbitrary z not on the cut. Compar- 
ing the behavior of the two functions, h(z) and H(z), for infinitely large z, we 
see that A must not vanish, hence it is positive. 

Next, we must determine the number » of (simple) poles of H(z) in the 
whole z plane from physical quantities. For this purpose we consider the function 


F(z) =H(z)/z, (1-11) 

which is meromorphic in the cut z plane, and 
| F(z) =A-+o(1), (1-12) 
F'(z) /F(z) =o(1/2z), (1-18) 


when z approaches infinity in any direction away from the real positive axis. We 
also see from (1-6), (1-7) and (1-11) that 


lim F(z) =—(pv*(p)/o,) (eF*/sind(p)). (1-14) 


ZPrwp tte 


Integrating F’(z)/F(z) over z along the curve 
indicated in Fig. 1, we get by the Cauchy theorem 


2-Plane 


Te (2) Gigs eee cen : 
\ Rp = etiem m,—1), (1-15) 


Cc 


where , is the number of the poles of H(z) in 
the interval —co<z<y. The contribution from 
the infinite circle vanishes because of (1- 13y. 
When H(f) does not vanish, we get from (1-14) 
In| #72) de= —2{8(00) —0(0)} +277,, 
) F(z) 


Fig. 1. The zeros (©) and the 
(1-16) poles (x) of H(z) and the inte- 


gration path C for F’(z)/F(z). 
where », denotes the number of the poles of (2)/F°(@) 


F(z) in the interval xX z<-+0o. Thus we have obtained a relation 


0(co) —0(0) = (n+1—m)z. 2 (1-17) 


Here n=7,+7, denotes the number of the poles of H 


| (z) in the whole z plane. 
When H() vanishes, we get in a similar manner 


3(co) —8(0) =(nt4—m)r. 


Resonance occurs at zero kinetic energy in this. case. 
consider this case throughout the present paper. 
Levinson’s theorem does not hold for any soluti 


(1-18) 


. For simplicity we do not 
The relation (1-17) means that 
on of the Low equation for this 
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model. We only mention here that 7+1 is equal to the number mm, of bare V- 
particles. 


The number of poles of H(z) determines the form of the solutions of the Low 
equation, but there yet remain 2(7+1) parameters A, B, R,, wo, (J=1, 2, -, 7) 
to be determined. We have 2m relations (1-9) and (1-10) for bound states. 
Similar relations for resonant states are necessary. Corresponding to the relations 
for bound states we define the resonant energy and the effective coupling to the 
N—@ system of the j-th resonant state as follows: 


Re H(wr;) =0, (1-19) 
d Re H() |a=o,.= A (1-20) 
o) 7. ARg 
2(m+1) constants are then determined by giving wz,, 42; (¢=1, ---, m) and wr;, 
An; (j=1, ---;n+1—m). In this definition for resonant energies the scattering 


phase shift takes the value of half-integral multiple of = at these energies. In 
Lee’s unstable case (mm—=n=0) these definitions coincide with those given by Araki 
et al.» in terms of the K-matrix. They have also been obtained by Duimio.” 
Near a resonant energy, H(w) takes an approximate form 


te (won) aipeti Ge), 


R 
and so the width of the resonance is given by 
P=2g ppv’ (pp)- (1-21) 


That the parameters A and R,’s thus determined must be positive gives restric- 
tions for 4,’s and /,’s. As an example, consider Lee’s stable case (=1, nwa) 
From (1-8) and (1-10) we can show that 


eae Ths) 50; (1-22) 
Ap 2 : 
where J(z) stands for the last term on the right-hand side of (1-8). Since both 


i, and J’(w,) must be positiye, we get, as the critical value for /,, 


foo] 


oa ee | = 1 (een (1-23) 


7 Hon), bh & J (wg zen)’ 


This coincides with the value obtained from the requirement that the renormaliza- 
tion constant Z, must be non-negative. In our method we can dispense with the 
renormalization constant. The appearance of the ghost state is excluded by the 
condition that given parameters should assure the properties which any solution of 


the Low equation for this model must have. 
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§2. Generalization of Levinson’s theorem 


Jauch® has considerably enlarged the range of applicability of Levinson’s theorem 
with the operator method. Now, following his method we attempt to generalize 


this theorem a little further.* 
We firstly assume that the total Hamiltonian H can be separated into two parts 


H=H,+ Fh, (2-1) 


so that no scattering occurs by the free Hamiltonian H, alone and that two sets 
of all the eigenstates of H and of H, form the complete orthogonal systems of the 
same Hilbert space. Among the states belonging to the discrete spectra of HJ in 
the center-of-mass system** those which have the corresponding discrete-spectrum 
states of H, will be called elementary particles and those which are not elementary 
will be called composite ones. We consider the scattering problem of two elementary 
particles in a given channel (angular momentum, iso-spin, etc.). We secondly 
assume that the two colliding particles need no renormalization and, moreover, do 
not induce any inelastic scattering. This is an unpleasant assumption, but it is 
satisfied for potential scattering or the N—@ scattering in Dyson’s model. We 
thirdly assume a restriction for the contribution from the intermediate states of 
extremely high energy, which assures the uniform convergence of the integral 
(A-8) appearing in Appendix A. 

We denote the continuous and discrete orthonormal eigenstates of H, by 9, 
and %,, which satisfy 


H,?,=£,®,, 
H,0,=E,,, se 
and those of H by ¥, and ¥,, which satisfy 
HY,=E,&,, 
H¥,=E,¥,. ae 
The wave operator” 2 is defined as follows: 
Go| 2191) = Py | EE), | 
(Oy|210,) =, 0, si 
where ¥‘*?’s are outgoing scattering states, and 
(Pu| 2 |.) = (P| 2|P, =0. (2-5) 


* After the completion of this work the author was informed by Dr. H. Kita that Polkinghorne 

independently obtained the relation (2-18) of this section using the same method: J. C. Polki 

horne, Proc. Cambr. Phil. Soc. 54 (1958), 560. ola Siaaages 
** In this section the center-of-mass system is used throu 


F ghout and we omi , 
this system hereafter. it the reference to 
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The above definition (2-5) is rather artificial, but is convenient for our present 
purpose. From (2-4) and (2-5) we see that 


Oljpes eae ) (2-6) 
and 


21 Q2=1—Py, (27) 


where P and P, are the projection operators on the subspaces spanned by the 
discrete-spectrum eigenstates of H and H), respectively. Then we get the operator 
equation 


(0. OF Pr (2-8) 
With the use of the scattering wave-operator 7 defined by 
T=2—-1, (2-9) 
the equation (2-8) can be rewritten as 
has Gy ay EN (2-10) 
Quantities such as the angular momentum and iso-spin commute with H and 
Hy, and so with 2. Then we can separate the total Hilbert space into the sub- 
spaces spanned by the simultaneous eigenstates of these quantities. For clarity we 
restrict ourselves to the case of particles without ordinary and isotopic spin, then 
the channel index a@ is specified by the two quantum numbers / and m(—/Sm SJ) 


of the orbital angular momentum. Taking the trace of both sides of eq. (2-10) 
in a given channel with a=(/, m), we get 


Tr((T, Tt]) =Tr(Po— P) =m—™, } (2-11) 


where m and m, are the numbers of discrete-spectrum states of H and H, in the 
given channel, respectively. For simplicity m and mp are assumed to be finite. 


On the other hand, © 


Tr((T,. Ti) = \\ a B(h—B)RARROAR (rrimal(T, T*]| Prim) 


+33 Owes CP 11m Me TT ||Pzm,) 


o 


= je dk| (kB) dE Purl T, TY Prim) 


0 0 
4 SORT, THO): (2-12) 
s=1 ; ‘ 


Hereafter we write simply |k) and |s) for Prim and ®.;,. Inserting the complete 
orthonormal set of states %,,, and %,,, between 7’ and Ti, we obtain after some 


calculations 


ao 


HILT, THA) = | wake CRIT RY) CRITE — HIT IR ITI) 
— $s" T|R)* (s"|TIR), (2-13) 
(WT, Tilsy= jerae” (sR) (s|TIRMY*. (2-14) 


0 
From (2-12), (2-13) and (2-14) follows 
Ter, Ti]) = | ede | Ob—R) dw {CRIT 
‘ 0 


0 


RID CRIT RD * — RT| RD* RINT RD} 


(2-15) 
We notice that in the above equation the contributions from the discrete-spectrum 


states of H) have disappeared completely. Now we need the relation between the 
wave operator and the phase shift, which is given below : 


1 1 , 9 
If 5\ — / / = —-— ¢ fl ————————EE kh Rik 5 2-16) 
(W218) = C4118) + ATA) = aR #) + HIRI, 


and the diagonal element of the R-matrix is connected with the phase shift by the 
relation 


: R? 
Ey eel an OF) ce. 
S (hk) =e sind (k) = — dE/dk 
The right-hand side of eq. (2-15) has the same form as in the case of potential 
scattering. For convenience of reference the method of its calculation used by 


Jauch® will be given with slight modifications in Appendix A. As is shown there, 
we finally obtain the relation 


Ck| RR). (2-17) 


0( 00) —0(0) = (m—m)z. | (2-18) 


For potential scattering mm) equals zero and we come back to Levinson’s 
theorem.” For the N—é scattering in Dyson’s model m, is equal to the number 
of bare V-particles. The relation obtained excludes a possibility of “composite Lee 
model”, which regards the V-particle not as an elementary but as a 


of N- and @-particles, and yet gives the same phase shift for the 
as those given by Lee’s model,* 


composite one 
N—6 scattering 


§ 3. Positive and negative resonances 


In § 2 we have obtained the relation between the phase shift and the number 
of bound states. Now we show the relation between the phase shift and the 


* The investigation into this possibility was one of the motives for the present work, 
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number of resonant states. We classify resonances into two types, positive and 
negative, according to the sign of dd(p)/dp at the resonant energies. If we 
denote the number of resonances of respective types in a given channel by 7, and 
Tn, then we get 


0 (00) —8(0) =(7,— 1p), (3-1) 


under the elastic approximation and the assumption that the scattering cross section 

becomes sufficiently small for high energy. (Otherwise 0(p) does not approach 

an integral multiple of 7 as p goes to infinity.) 
From (2-18) and (3-1) it follows that 


My=M + Ta—Tn- (3-2) 


This relation suggests us that a discrete spectrum of Hy goes over either to a 
discrete-spectrum state of H (elementary particle) or to a positive resonant state 
and that a negative resonance always appears either with a discrete-spectrum state 
of H (composite particle) or with a positive resonant state, when the strength of 
the interaction increases gradually from zero to the experimental value. For potential 
scattering the number of the negative resonances in a channel is not smaller than 
that of the bound states in the same channel. But this is no more the case for 
field theoretical scattering. Negative resonances appear more seldom than in the 
former case. As an example of a negative resonance in meson scattering, we take 
the static charged scalar meson theory.” 

When we denote the phase shifts for s*—p scatterings by 0,(p), then the 
Low equation for this theory is, in one-meson approximation, given by 


| dy dng 1f do, | If@l . IA@l 
eee 2 On, FER, Wp | qv*(q) aan) 5 Wg + Wp : 
(3-3) 
where 
fz (Pp) =e***™ sind, (p), (3-4) 


and €;,=+1, —1 for states B; with charge 2 or 0, respectively. The functions 
defined by 


“ha (2) =44yt+ SD 


t OB; a Ex; 4 7 


ine 2 (day (I @? IAD ¢. 
lpreies W_—2Z “i Og tz ey, 


are generalized R-functions. So are the functions defined by 
Hz(z) =—1/hs(2), (3-6) 


and they can be expressed in the following form: 


foo] 


Hy(2) =¥ | —-R(F2) [+22 ( OR, (3-7) 


a 7 J Wy (w7— 2”) 
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where R(z) is an R-function and vanishes for z=0. Owing to the crossing sym- 
metry 

H,(—z)=—FA_(2), (3-8) 
we can restrict our considerations to the right-half of the complex z plane. The 


bound-state energy wz, and the coupling-strength 4», are given by 


H(we;) == ()) 


(3-9) 
H,! (wa,;) =1/42, 02;; 
and the resonant energy wr, and the coupling-strength 4z, by 
Re Hs, (wr;) =9, 
d 1 (3-10) 


Re Hs) |o=opn,= = : 
() J AR; OR; 
Az; is always positive, but 4z; is positive or negative according to the type of the 


resonance. For R(z)=0 and v(g)=1 we obtain Serber-Lee’s sclution 
pel ie 
FE OS eT adh ate Ay (3-11) 
N z= 


When 4y is larger than unity, a negative resonance appears in company with a 
bound state and we see that wp=4yu and A4pg=—A/y(<0). The cross section for 
z*—p scattering 


_ 40 (Ay p)* is 12) 
o.(p) p (w,—Av ft)? + (Ay py’ 


takes the typical form of resonance scattering. 


Next we shall show that resonances of the two types have mutually contrast- 
ing properties in some respects. 

a) Analytic properties of the S-matrix 
We consider the S-matrix in a channel as a 
function of the complex energy w by analytic con- 
w-Plane tinuation indicated in Fig. 2. For a positive resonance 
there usually appears a zero of S(w) in the upper 
half and a pole in the lower half of the w plane. 
The width of the resonance is given by the distance 
between them. It may be difficult to prove in 
general cases that S(w) has neither a zero nor a 
pole near the resonant energy (|w—wa| <I'/2). of 
a negative resonance, but we shall give a plausible 


Fig. 2. The zero (QO) and the ens : 
pole CX). of the audi reason for it in Appendix B. Exactly soluble 


Putiied Smatix SQ be examples in the problem of potential scattering, 
A pesitivedeeohanen the exponential, Hulthén and Eckart potentials,’” 
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and also Serber-Lee’s solution mentioned above support this conjecture. 

b) Retardation and advance of a wave packet by resonances 

In non-relativistic cases we have a probability amplitude called wave function 
which depends on the position of a particle and develops with time according to 
the Schrédinger equation. In relativistic cases, however, it is not an easy task to 
have a physical picture in configuration space. There exist many questions to be 
solved. Nevertheless, we tentatively assume here the existence of the amplitude 
which is related to the position probability density, when a wave packet of the 
particle is far from the target. As is well known, a positive resonance retards the 
motion of a packet by 1//’, where /” is the width of the resonance. A negative 
resonance, on the contrary, advances the motion of a packet by 1//’, but the time 
of advance is usually too small to be observed. (See the next subsection.) 

c) Causality condition and negative resonance 

When a target has comparatively distinct edge, causality condition requires that 
the time of advance of the motion of a packet should not exceed 2a/v=2aw/p,”” 
where a denotes the radius of the target and v the mean velocity of the incident 
packet. In the case of nucleon target a is supposed to be about the Compton 
wave length of the z-meson, so we get the inequality 1/['$20/pp or 


PE pp/2o. (ota) 


That is, the width of a negative resonance has a lower bound in order to be con- 
sistent with the requirement of causality. In the charged scalar theory, substituting 
['/2=|Ael|pe. into (3-13), we have 

elo /4or. (3-14) 


The negative resonance appearing in Serber-Lee’s solution with 77 >1 satisfies the 
inequality (3-14) because of |Az|=4y>1. In the static P-wave theory we get in 


a similar manner 


Ane] 2 /APR On. (3-15) 


For a positive resonance there is no such restriction. 

d) Composite particle and negative resonance 

A negative resonance appears in company with a composite particle, which may 
be stable or unstable. 


§4. Discussion 


We have seen that the non-uniqueness of the solutions of the Low equation 
arises from the fact that the Low equation involves little knowledge about the 
free Hamiltonian of the system to be studied. We do not have any fundamental 


principle to choose a unique free Hamiltonian. But the structure of its energy 


spectra is restricted if we know the scattering phases and the numbers of the bound 


states. Such restriction may be related to the problem of the elementarity of, say, 


the 7-meson. 
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The second assumption we used for the proof of the relation (2-18) (that is, 
two colliding particles need no renormalization and, moreover, do not induce any 
inelastic scattering) is very restrictive. Although some examples suggest that the 
relation with appropriate modification has a wider range of applicability, further 
investigations must be done before anything definite could be said. Yet, it may be 
somewhat interesting to apply the relation to the nucleon-nucleon scattering problem. 
The experimental °S, phase shift for —p collision implies that 0(co) —é(0) =—ZT, 
provided no appreciable change occurs for this phase shift at higher energies. Then, 
from (2-18) the free Hamiltonian has no discrete spectrum in the 4S, state, so the 
deuteron must be a composite particle. A defect in this argument is that the 
quantity ¢(0co) cannot be determined experimentally without any theoretical assump- 
tions. However, that the deuteron state accompanies a negative resonance near the 
threshold favours its composite nature. 


In meson-nucleon scattering we get from (2-18) 
O1n( 00) —Oz7 (0) =0 


for all the states, provided that there are no discrete-spectrum states of Hi, other 
than the bare nucleon states and that inelastic scatterings do not appreciably change. 
the behaviors of phase shifts. In particular, the 3/2—3/2 P-wave phase shift, 
033(p), must approach 0,3(0), which is usually taken to be zero, as p approaches. 
to infinity. Experimentally it reaches m/2 at about 180 MeV of incident meson 
kinetic energy and continues to increase at least up to 400 MeV. Some possibilities 
to explain this apparent discrepancy are : 1) The relation (2-18) needs modifica- 
tion for the meson-nucleon scattering. For instance, inelastic scatterings will become 
appreciable in the BeV region. 2) The experimental phase shift turns to decrease 
at higher energies, and passing through a negative resonance approaches zero. The 
so-called third maximum in the z*— P cross section may correspond to this negative 


resonance. 3) Discrete-spectrum states of Hi, other than the bare nucleon states. 
must be introduced. 


I should like to express my sincere thanks to Professor T. Inoue for his con- 
tinual encouragement. I am also much indebted to the members of Yukawa 
Laboratory for their interesting discusstions, especially to Mr. N. Nakanishi for his. 
valuable comments. 


Appendix A. Derivation of equation (2-18) 


We follow Jauch’s argument with slight modifications. Using the definition. 
for the R-matrix, 


WTI) = EWR), (AD) 


we get 
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| eerake {RIT IE") CRIT W")*— Ta’ y* RTA) 
0 
a il y72 il 1 
= dk! or 
E!—E—i(e+e’) | comme E"—E—ie 


x { RILRIE") CEIRIRY)*— (R"IR|RY* CRRA) | (A-2) 
—_ 1 / i; / 
=p (PE E) +iA(E’, E)}, (A-3) 


D(&’', E) and A(E’, E) being defined by 


D(E’, E)=\ ede" | ae fe $2 . | FEY, E; E"), (A-4) 
0 


A(E’, £)=—2| ede’ |a(B"—E') +3(B"—E)} FE E; E"), (A-5) 
0 


and 
F(E’, E; E") = |R|R”) (h| RI RI Y* — CRI RIB * CRI RI RD. (A:6) 
From D(E, E) =0 follows 


DE’, 2 
EH! —E— 


qe jral a E(E’, BE) | ~ (A-7) 


| eae | ac #’) ai 


“ 
0 


Assuming the uniform convergence of the integral 


jerae'[-si On’ i( a je oe gre, B pee. eee 
0 


fo) 1 1 1 
ee he Lilacd 7h aoe F tks A; 

je dk" VUE tie * (BB) xp PB). aA 
where F(E; E”) stands for F(E, E; E’), we can equate it to | D(E’, E) Aad 
Then we get 


2 ps he es / 
(: ars, De a Pa 


0 
asib 2 : F(E; E” 
[eae Ae eee! (EB —E—ie)* r} ( )- 
} | 

| (A-9) 


Because of the assumed uniform convergency of the integral (A-8) We can = 
change the order of the two integrals in eq. (A-9), and the expaeen (A-9) 
vanishes on account of the antisymmetry of F(Z; E’). Next, from (A-5), (A-6) 
and (2-17) follows 


A(E’, E) =(R|RIRY* (F(R) —F (DE LF AD* FE) AIRIRD. = (A-10) 


Then we have 


cae oe | ae 
if Rak | Vk pe He | (F(R) * f(b) —f'(B)* F(R} dk 


0 


= pO), (A-11) 


where o(k) =0(k) —4 sin20(k). We have thus obtained the relation 
my—m=Tr([T, Tt] = (1/m) {9(co) —p(0)}, (A-12) 
which is equivalent to the relation (2-18). To show this we put 0(0)=a and 
0(co) =(my—m)z+a’, and obtain from (A-12) 
a! —a=3 (sin 2a’—sin2a) =sin(a’—a@) cos(a@’+a). 


From this we see that |a/—a|<|sin(a/—a)|, hence a! w= Dew Oek, 1: 


Appendix B. Resonances and singularities of the S-matrix 


Here we shall give a plausible reason for that the analytically continued S- 
matrix, S(w), has no pole near the resonant energy (Jo—wr| ST'/2) of a negative 
resonance. Consider the case in which a resonance occurs at w=wpr and S(w) has 
a zero at w=w,+iw, and a pole at w=w,—iw, in the cut w plane indicated in 
Fig. 2. We know that w, must be positive from the causality condition. We now 


assume that w~w,p and w,>,. When we separate the zero and the pole of 
S(w) out of it, it can be written as follows: 


S(w) = ets) O— (wi +m.) 
w— (w,— tw) 


(B-1) 


If S(w) has neither zeros nor poles other than w=w,+iw, 
may be considered as a slowly varying function of w. 
a(w) in the interval of lo—a,| Sa, 
unity. Differentiating the logarithm o 


near w=wp, then a(w) 
That is, the variation of 
may be regarded to be much smaller than 
f S(w) by «, we get 
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d0(w) _ da(a) OP 
dw dw (w—a)* +a? ; 


(B-2) 


The first term on the right-hand side of the above equation is negligible compared 
with the second term. Therefore, dé(w)/dw is positive near w=a,~w,z, and so 
the resonance must be of positive type. 


12) 
13) 
14) 
15) 
16) 


17) 
18) 
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In connection with two types of 3-dimensional rotation groups, which are termed in this 
paper as the helicity and the pseudo-helicity group respectively, a synthesis and generalization 
of the Foldy-Wouthuysen-Tani iransformation and the Cini-Toushek transformation for the 
Dirac Hamiltonian is discussed. One is thus enabled to comprehénd in one scope the extreme- 
non-relativistic and the extreme-relativisitic limits of the behavior of the free Dirac particles. 
Moreover, the parity-conserving and the parity-non-conserving interactions of the V-A form 
are derived on the basis of the principle of invariance of the interaction Hamiltonian for 
the continuous group of transformations corresponding to the extreme-relativistic case. 


$1. Introduction 


A spin 1/2 particle in interactions with various types of external fields is 
described by a four-component spinor. ¢ satisfying the Dirac type equation. For 
various purposes it is of interest to convert this equation into a two-component 
equation of the Pauli-type or the Weyl-type. It is shown by Foldy and Wouthuysen” 
and by Tani” that, by means of a canonical transformation** of the equation, a 
representation is found in which the Hamiltonian contains an even Dirac matrix 
alone. By means of a similar canonical transformation,*** another representation 
is found by Cini and Toushek,” where the Hamiltonian contains an odd Dirac 
matrix alone. The former representation is very convenient to interpret the physical 
quantities in conformity with the classical dynamics. The latter representation seems 
to be useful to contemplate the extreme-relativistic limit, where the value of the 
mass m can be taken to tend to zero. In both cases, the Dirac equations split into 
two uncoupled equations of the Pauli-type or the Weyl-type. It is worth-while to 
note that in the former limit the Hamiltonian is isotropic in the ordinary 3-dimen- 
sional space and in the latter limit the Hamiltonian has a kind of polarity.. Need- 
less to say, the usual Dirac Hamiltonian has no such properties. The usual Dirac 
Hamiltonian is thus contemplated to be in a kind of intermediary state between 
both limits. In these connections, it seems to be very important to throw a light 


upon the transformation properties of the Dirac equation. In the present paper 


* On leave of absence from Department of Physics, 
** This will! be referred to as F-W-T. 
*** This will be referred to as C-T. 


Kyoto University. 
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‘we introduce two kinds of 3-dimensional rotation groups and with the aid of them 
‘reformulate in a synthetical fashion the F-W-T and the C-T transformations, which 
shed respectively a light on the extreme-non-relativistic and extreme-relativistic limits 
of the Dirac equation. 

Especially, we are interested in the extreme-relativistic limit in connection with 
the V-A universality of weak interactions. The recent experimental evidences on 
the asymmetry in the angular distribution of electron emitted from polarized nuclei 
or muons, on the electron polarization, on the nuclear recoil, and the p value of 
p-decays tend to indicate that in both §- and y-decays the four-fermion interactions 
are of the same strength of couplings and of the same V-A form. A theoretical 
basis for this V-A form of interaction has recently been suggested by many 
authors.” The vectorical nature of the weak Fermi- and electromagnetic-interactions 
suggests that the nature might probably be favourable to the V-A form of coupl- 
ings. And then, the couplings of the strong interactions may also be expected to 


be of the V-A form.* 


§ 2. Helicity group and pseudo-helicity group 


First of all, let us introduce the following two kinds of 3-dimensional rotation 


_groups. 
i) The helicity rotation group. 
We define : 
Ky = 171754, 2 =1710,2, (la) 
K,=7.2, (1b) 
K3=—75%p=p, (1c) 


where K; is the usual helicity operator and K, the parity operator for the spin 
1/2 Dirac field,” and o, and a, are defined with p=|p| by 


op=(0-p)/P, %=(4-P)/P, (2) 
sso that . 
ose, sis (3) 
_and the operator 2( =Q2=%=) induces the transformation 
Qp2=—p. (4) 
‘Then, KeeK=K, =1, (5) 


and there hold the commutation relations : 


* The eather is indebted to Prof. S. Hayakawa for showing him, after completion of the 
present research, the preprint of the work due to S. K. Bose, A. Gamba and E. C. G. Sudarshan. 
‘The subject treated is similar but the intention and the method differ from the present one. 
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(RK ioe teats al eee ras (6) 
1 Oe 15s IOI aI Keky=7Ke (7) 


Thus, it is obvious that these operators generate a 3-dimensional rotation group. 
ii) . The pseudo-helicity rotation group. 
Similarly to the above case, we define: 


J, =—ieo,7,2; (8a) 
eet EK (8b) 
J3;=— €05, (8c) 
where 
c= UES (ap) Pe (9) 
@f=1, H=m'?+ p> (10) 
and lian 6) —=0, (11) 
then, these operators satisfy the following relations : 
Ji=JPeye—T, (12) 
and 
[Siw Spo Oghfor i Skee ene es (13) 
JiJ,=i)3, J,Js=tdi, JsJ,=ids. (14) 


Thus, it is clear that these operators also generate a 3-dimensional rotation group. 
It is to be noted that the K-rotation group is not independent of the J-rotation 
group, since 


[Ki, A]%0 for ih, (15) 

and also that the J; is a kind of chirality operator, since 

[Js, K=0. 
Now, we consider the usual Dirac Hamiltonian 

H=m§ + (a-p), (16) 
then, we find immediately 

reg Kila 8) (17) 
and 

[H, Ji} =0, (18) 


1.e., the Hamiltonian is invariant under the rotations and the inversions in the J- 
and/or K-rotation groups. It is well known that K; is used to characterize eigen- 
functions. And J, is very convenient to characterize eigenfunctions in connection. 
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with the extreme-relativistic limit. (See Table 1). In the following, it will be found 
that K,; is very useful in discussing the transformation properties of the Dirac 
equation, and that J; is very convenient in contemplating the extreme-relativistic 
limit of the Dirac equation. 


Now, as is usually done, we shall expand the field operator in the form: 


(r,t) =V"S) {ay (h) wah) exp(ik-r—iEt] +5, (k)u,(—k) exp[—ik-r+iEz¢]}, 
(a=1, Z and. f=3, 4) (19)* 
where k is an eigenvalue of p. We obtain the following expressions for K, and 
J;: 
[ , KdV = SLA) —A,(h) + BACB) — BCR], (20a) 
and 
|, Toa = S3[—As(de) + Aa() +Bx(B)— BAB], (20) 
where 
Au (k) =a (lt) a4(k), 
B,(k) =b,(k) bs (Kk). (21) 


Here, we investigate the behaviour of J; in the extreme-non-relativistic and 
-relativistic limits. First, in thelextreme-non-relativistic limit, when the momentum 
p tends to zero, the Hamiltonian tends to 

H-> mB. (22) 
And then the characteristic feature of these rotation groups is destroyed, excepting 
that K,=J, only survives as a good quantum number. This suggests that in this 
limit the Hamiltonian is perfectly isotropic in the ordinary 3-dimensional space. 

Secondly, in the extreme-relativistic limit, (when the mass m tends to zero), 
the Hamiltonian tends to ; 


H- (a-p), (23) 
and the J; tends to a new 3-dimensional rotation group isomorphic to the original 
one : 

JI,7 L,=—inrs®, (24a) 
Jae, (24b) 
Aa ls=rs- (24c) 


In contrast with the former case, the particle has a kind of polarity in its propagat- 
ing direction and a kind of chirality. This L,-rotation group 1s of interest in 


* The bar means the hermitian conjugate. 
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connection with the so-called V-A universality of interaction forms. This problem 
will be discussed in the later section. 
In this case, we obtain the following expressions, analogous to J;: 


\ (¢1, Ls¢r)dV = >) |—An(k) + Ann(k) + Brs(k) —By(k)], (25a) 
Fe 


where 
Arxze(k) =Ara(k) az.(k), 


Brg (k) =b75(k) by,(k). (25b) 


Table I. The adopted assignment for the w’s corresponding to the sign of €, Kj, J, and L,. 


as Re € | Kz Js I 
uy (k) a is aa | on 
Uy (k) ote ~ =F te 
u3(k) ~ ~ | + + 
14(k) = ~ - | - 


From eqs. (24c), (25a) and Table I, we see immediately that the third component 
of J; perfectly corresponds to the one of L,. 
§ 3. The deduction of new representations for the Dirac equation 


As we have seen in the previous section, K,, J, and L, have the same form 
in any case. By reference to the helicity rotation group, this property is found to 
be useful to investigate the transition feature from the usual Dirac equation to the 


both limits. 


Now, we consider the porntor which commute with K;: 
(Or, rls =0, (26) 
Let us take such operators that satisfy the above condition as follows : 
O,; 1, if, iay, ie, iBa,, Be, a,é€, and ifa,e. (27) 


Furthermore, we define a set of canonical transformations made of K, and CE 


1+K, , 1—K. 

IE 2 2b ; 2O,, (28) 
1—K,, 14K. 

7, = + = 20, (29) 


where 7’, and T,’ satisfy the relations: 


Tele ly Dien’ (30) 
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and 

VT thy hy i a. 
Then, we find immediately 

DLA TD,’ s Ops 
and 

T,+T,’=1+0,. 
Moreover, taking 

U,=(1 +0,)/VN,, 
then, we obtain 

CU UU, 
where N/s are normalization constants. 

For example, we take 


then, we obtain 
U, =(1+Be)/V Ny, 
where 
N;*=E/2(E+m). 
Eq. (37) can be rewritten as follows: 
U, =exp[4 Say tan p/m). 
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(31) 
(32) 
(33) 
(34) 


(35) 


(36) 
(37) 


(38) 


(39) 


Such U;, is the so-called F-W-T transformation for the spin 1 /2 Dirac field. 


Furthermore, we take 
O, = Op£k, 

then we obtain 

U,=(1+a,€)/V N., 
where 

Nz'=E/2(E+ p). 
Eg. (41) can also be rewritten as 

U,=exp|—4 fa, tan'm/p}). 


(40) 


(41) 


(42) 


(43) 


This is the very C-T canonical transformation which has recently been found by 
Cini-Touschek. It is well known that the former transformation converts the usual 


Dirac Hamiltonian to 
H, f — U f jaf U fi : 
=PE, 


(44) 
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and by the latter transformation to 
Shales pe 
=a,E. (45) 
Now, it is of interest to consider the following canonical transformation, if 


we choose O, as 


O= ia, €, (46) 
we obtain 
U=(1+ifa,e)/V N, (47) 
where N=2. 
Then, the usual Dirac Hamiltonian is transformed to: 
W=CAG~ 
=7pa, 5. (48) 


This transformed Hamiltonian is invariant under the K-rotation group, but not 
invariant under the J- and L-rotation groups. Starting from eq. (48), we obtain 
the generalized F-W-T and C-T transformations in the following way. First, we 
take 


O,=ia,, (49) 
and 
Uy= (1+ia,)// M,, (50) 
where N,=2. By this transformation eq. (48) is transformed to 
A,=U,H'Uy* 
=aeheh (51) 
Thus, we obtain the resulting transformation: 
Un =4[(1+8e) +ia,(1—fe)]. (52) 


Excepting the normalization constants, the first parenthesized term in eq. (52), is 
the usual F-W-T transformation, and the second one is another F-W-T transform- 
ation. Eq. (52) can also be rewritten as 


Up =exp[+i/2 8 tan” p/m] exp[1/2 Ba, tan p/m]. (53) 
Secondly, we take 
O,= — if, (54) 
and 
= (1-18) //N, (55) 


where N,=2. By this transformation, eq. (48) is converted to: 
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H,=U,H' U3? 
=a, FE. (56) 


lence, we obtain the resulting transformation : 
Us=4[(1+a,€) —18(1—ap€)]. (57) 


Similarly to the former case, the above first parenthesized term in eq. (57) cor- 
esponds to the usual C-T-transformation and the remaining term to another one. 
fq. (57) can be rewritten as | 

Ua=exp|—i/2-a, tan*m/p] exp[—1/2 Ba, tan“'m/p|. (58) 
Thus, it is to be noted that the usual F-W-T and C-T transformations are not sufh- 
siently general. _ 

From egs. (53) and (58), we see that the transformed dynamical variables 
are better convergent in higher orders than those by the old- transformations. This 
Fact is of importance for seeing the behaviour of the transitions from the usual 
Dirac case to the extreme-non-relativistic and extreme-relativistic limits. 

Now, by eq. (53) the position operator, for example, becomes in new re- 


-presentation : 
Fee emai et 
where 
a= a+it fa, (60) 
-and 
=x+—ZP_p. (61) 
X= xX 2E*p” 


Other operators in this new representation are immediately obtained by replacing 
a with a, in the corresponding operators in the old representation. (See Table I 


Table II. Table of operator-representatives of Dirac operators in usual 
and new representations. 


Usual repesentation New representation 


m m 
a a’ =F at, xp) — Rp PBs 
-p) 
e =F +7 OP 
yi Se _ imBs(@2XP) _ m (px (9, XP)) 
- ae Ep E(E+p)p? 
, —(a-p) thm | oP) 
T5 Uf omg E P 
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of F-W). We add 7;/ to the Table I of F-W:” 


_m(a:p) +p . (a-p) (62) 
Ep P 
Similarly, the dynamical variables transformed by the new C-T transformation ar¢ 


tabulated in Tables II and III. 
In Tables II and III, the following abbreviations are used: 


i) 
hig = 


»=L p+” gca-p), (63) 
p ane Ep 3(a-p) 
Bee m m’(a-p)p 
= a (6X p) +___ Ff _, (64) 
ianuaE a) bil Diakerrs eer 
eee me gi ee) A pp ae Elo ae) ; (65) 
2pE 2p h(E + p) 


The corresponding operators in the old C-T representation are obtained by replace: 


Table III. Table of operator-representatives of dynamical variables in usual 
and new representations. 


Usual representation New representation 
position 
= iMB,@, _im(E+p)8.(a-p)p 
x x/=x5+ 2Ep 2p3E2 
_ _7° (6, Xp) 
2E(E 

Angular momentum aie” 

(x Xp) (x’ Xp) 
Mean position 

_,._ 2mB,a,__ im(E+p)x(a-p)p 
X=x, 2Ep + 232 XZ 
__m(@. Xp) 
2E(E + p) p® 

Mean velocity 

»_ mop __m?(m?+ Ep) (a-p) -,_E 2(@: 

je ey P 7 _ m(a-p)p 

po? Ep EX(E+p) p3 a = 
=a 2, SEXP) enti (aap) 
p Pp E(E+ 

Mean orbital angular momentum See 

(Xxp) (« xp) 
Mean spin angular momentum 

iMB2(G,XP) _m2(p xX (a,Xp)) 
=e5+ — — = 
ae PEE +p) aad 
_ bm+(a-p) : 

Ane PD Va—L&P) 
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ing 6., @, and x, with 8, a, and x respectively in Tables II and III. 
In these representations, the J-rotation group is converted to K’ and/or L/, 
respectively : 


K/=U,,4AUG3=—&R; (66a) 

Ky! =U.) 5,005 =Ks; (66b) 

Ky =U, JsU(3= — PRs, (66c): 
and/or 

L! =U, AUG =—inrs®, (67a) 

L! =U, AUG Hn, (67b) 

L,) =U.) 4305 =7- (67c) 


Here U,,, for example, means the Uy; or Uy, and/or U, or Us. Though this 
L/-rotation group, in new representation, has the same form as the L-rotation group, 
in the extreme-relativistic limit, the former must be distinguished from the latter 
from the field theoretical points of view. The former approaches to the latter in 


powers of m/p. 
The corresponding dynamical variables in the K’-representation is obtained from 


the ones in the L/-representation by the following canonical transformation : 
Uo On U,*=On > (68) 


where | 
o=4$[14i1(8+4,) + Bap]. (69) 


§ 4. Discussions of J;, L, and the V-A form of interactions 


As pointed out in section 2, J, and L; have the similar properties when 
characterizing the eigenfunctions. (See Table I). Furthermore, it is to indicate 
that there exist the following similarities. We define : 


Prt = Less Pr; (70) 
and 
bye te He (71) 
then, we immediately see 
| Jo Pra =W yz, (72) 
L, J r+. =" rz : (73) 


Eq. (72) shows that J; plays a role of chiral conjugation as well as in the L- 


representation. In both representations, the Dirac Hamiltonians split into two 
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uncoupled parts, describing particles in chiral conjugate states respectively. bik 
worth-while to note that, even in the J-representation, the Dirac spinor 1s’ separable 


into two uncoupled parity-conjugate two component spinors. 
Moreover, we obtain 


Pre =O" Pre, (74) 


and 


fig =O Pre (75) 


under the rotations about the third axis in the space J; and L;. These transfor- 
mations correspond to the gauge transformations : 
t,, (76) 


pf = ett 


and 
7! =eF” fh, (77) 


expressed in terms of the original four component spinors. 
In addition, there exist the following Pauli transformations” in each represen- 
tation. In the J-representation : 


a) / =e'*d,: one parameter group, (78) 
b) ¢,/=a¢,;,+bJ,¢,°: three parameters group. (79) 
In the L-representation : 
al) $y =e" pz, (80) 
b’) gr! =ab,+bla$,', (81) 
lal OR =1, (82) 


here a and b are complex numbers and oe Cay Cx 75 Caan end (ee 
aah 

The transformations (a’) and (b’) are the so-called Pauli transformations. For 
example, the transformation (b) can be rewritten in a matrix form: 


( a ce a Qa, +1a, (b, +7b,) ss 
— b* J; a* = (b,—1tbh,) Js Q—1a, 


where E and 7; are the 2X2 unit and Pauli matrices respectively, and a,, ay, by, 
b, are real numbers. Hence, the arguments concerning the well-known isomerism 
hold in both representations. 

Here it must be alluded to that there exist the characteristic differences between 
the J-and L-rotation groups in connection’ with the V-A form of interactions 
established recently. They are: 

i) The J-rotation group is commutable with the usual free Hamiltonian, but 


the L-rotation group is not commutable with it, except when the mass m equals 
to zero. ; 


)= a E+ iby Jars tibyJotetiagts (83) 
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ii) By the transformation in the J-rotation group, interactions are necessarily 
cast into non-covariant and non-local forms, and on the other hand, by the transfor- 
mation in the L-rotation group, interactions are necessarily restricted to the V-A 
form. In view of these facts, it is to be noted that the usual free Hamiltonian is 
invariant for the J-rotation group but not for the L-rotation group, while the 
interaction Hamiltonian of the V-A form is invariant for the L-rotation group 
but not for the J-rotation group. As has been seen in the previous section, it is 
to. be pointed out that only when L’~TJ, i.e. m/p<1, the total Hamiltonian is 
approximately invariant for the L-rotation group. The requirement of the chiral 
invariance, by Sudarshan and Marshak, may be valid only in the above sense. 

At present, we hope that the interactions of elementary particles can be deduced 
from two forms of interactions : 

i) Strong and electromagnetic interactions : 

These are approximately invariant under the rotations and inversion in the 

L-rotation group. 

ii) Weak interactions : 

These are approximately invariant under the rotation and inversions with respect 

to the third component of the L-rotation group. 

These circumstances are analogous to that the charge independence symmetry 
about strong interactions is destroyed by the presence of electromagnetic interactions. 
Also, it may be alluded to that weak interactions contain the projection operator 
ony ey va eae @ +7;)/2, analogously to the case of electromagnetic interactions, 
where the current contains the projection operator (1+7;) /2. 


§ 5. Conclusion 


The transformation properties of the Dirac equation have been discussed from 
various points of view. Two kinds of 3-dimensional rotation groups, K; and J;, 
have been introduced. And it has been found that the former group is very 
useful to reformulate the new F-W-T and C-T transformations. From discussion 
‘of these canonical transformations, it has been pointed out that two kinds of the 
transformed Hamiltonians have the contrasting properties and the usual Dirac 
Hamiltonian is in the intermediary state between the extreme-non-relativistic and 
_relativistic limits. Especially, it is stressed that the transformations, which make 
the Hamiltonian an odd matrix, are of importance for contemplating the extreme- 
relativistic limit of the usual Dirac equation and at the same time the transformation 
properties with respect to the J-rotation group. 

Moreover, in the extreme-relativistic approximation ( p>m), it is of interest 
to investigate the behaviour of the Dirac field in interactions with various types of 
Finally, the similarities and the differences between the J-and L- 
of conjecture about the origin of the V-A form of 
d, though in a somewhat qualitative fashion. It is 


external fields. 
rotation groups, and a kind 
interactions have been discusse 


652 Pong Y. Pac 
to be noted that the J- and L-rotation groups have the complementary property 
for the total Hamiltonian of the system. 

The interpretation of operators and dynamical variables in new representations 


is left for a later communication. 


Acknowledgment 


The author wishes to express his sincere thanks to Professors S. Hayakawa 
and Y. Munakata for reading this manuscript, and to Professor H. Kita and Dr. 
I. Fujiwara for discussions. His acknowledgment is due to Prof. H. Yukawa for 
his continuous encouragement. Thanks are also due to the Yukawa Memorial 
Foundation for the award of a Fellowship. 


References 


1) L.L. Foldy and S. A. Wouthuysen, Phys. Rev. 78 (1950), 29. 

2) S. Tani, Prog. Theor. Phys. 6 (1951), 267. 

3) M. Cini and B.. Touschek, Nuovo Cimento 7 (1958), 422. 

4) E. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 109 (1958), 1860. 
R. P. Feynman and M. Gell-Mann, Phys. Rev. 109 (1958), 193. 
J. J. Sakurai, Nuovo Cimento 7 (1958), 1306. 

5) S. Watanabe, Phys. Rev. 106 (1957), 1306. 

6) W. Pauli, Nuovo Cimento 6 (1957), 204. 


693 


Letters to the Editor 


The opinions expressed in these columns do not necessarily reflect those of the Board of 
Editors. Communications should be submitted in duplicate and should be held to within 100 
lines (pica type) on standard size letter paper (approx. 21X30 cm.), so that each letter 
will be arranged into two pages when printed. Do not forget to count in enough space for 


formulas, figures or tables. 


A Note on the Fundamental 
Symmetry of Elementary Particles 
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Recent experiments” seem to support 
the hypothesis” that the type of weak 
interactions is universally a V—A com- 
bination, not only in the reactions where 
neutrino takes part but also in the 
others. On the other hand, the so- 
called T-invariance (or PC-invariance) 
of the law of nature may also be con- 
sidered to hold at least in the zeroth 
approximation.”» Experiments have al- 
ready shown us many characteristic 
features of the interactions of elementary 
particles, and we may try to unify such 
features and give a clear picture for 
deeper understanding of them. In this 
note, we shall try to form a conjecture 
upon a more symmetrical world from 
the two characteristic features mentioned 


The bilinear products of two spinor 
fields, ¢,O;%,, are transformed by the 
time-reversal into €;¢,O0;%. in the rule 
of Schwinger,” where the matrices O,;’s 
are such that ¢,O;¢, transforms either 
like a scalar, pseudo-scalar, vector, 
pseudo-vector, or like a tensor. The 
constants €,’s are sign factors and listed 
in Table I.» We can at once see from 
the table that the only possible Yukawa 
type interaction, which involves both 
parity conserving and parity non- 
conserving interactions and at the 
same time is invariant under the time 
reversal, is a combination of vector 
and axial-vector interactions if $a=%r- 
Further the transformation changes the 
Fermi interaction (¢20i4) (6-O:$a) 
into ($0; $a) (f,O;¢.), and the pseudo- 
scalar quantity (Ga Oi Hr) (hes Oz $a) 
into 7; (Oi %a) (hatsOrhe)- The sign 
factors 7,8 are also listed in Table I. 
We have the T-invariant and hermitian 


Fermi interactions, 
9:4 (Pa O; ¢») CE O; $a) 
+ ($rO; Pa) (PaOi eo) } (1) 


above. and 
Table I 
0; | 1 oats | ire its | irsre its 4 | irs | ir.t3 Totcék) | TetCA RI 
ATE 2 ay gl roceest war aus Roses 
: “ol jeratpnbendirts 
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gi { (Ga O; $s) (Pe 75O; a) 
+s (py O; 4a) (Ga TsO:%)}, (2) 


for parity conserving and parity non- 
conserving cases, respectively. (Here 
the coupling constants g; and g,’ are 
restricted to be real, as is well known.) 
Therefore, we get a similar rule as for 
the Yukawa type weak interactions : 
only V—A combination can have both 
properties, the T-invariance and the 
inde finiteness of parity, tf Ya=%, and 
¢.=Pa- 

Taking into account these situations 
and the universality of coupling constants 
of Fermi’s interactions, we might make 
a speculation about a more symmetrical 
world and the behaviour of its transition 
to our real physical world as follows. 
In a certain stage, we may consider such 
a symmetrical world in which there is 
no more detailed hierarchy of elementary 
particles except the discrimination be- 
tween baryons and leptons, and ‘that 
baryon and lepton numbers are conserved 
separately,” and we assume that the T- 
invariance holds exactly. In such sym- 
metrical. world, the concerned spinor 
biproducts have the characters ¢,=¢, 
and ¢,=¢, mentioned above. The weak 
interactions are first introduced in this 
world and there the V—A combination 
is picked up as a secondary effect. 
Then in the next less symmetrical stage 
strong interactions, which give rise to 
the real variety of elementary particles, 
are added in such a way that the T- 
invariance is not disturbed. It may be 
emphasized that this image is in strik- 
ing constrast to the theories?” in which 
new vector fields are introduced to treat 
the V—A combination separately from 


(or in preference to) the 7J~-invariance. 
If such an image is to reflect the 
truth, in a future theory the weak 
interactions will play a more fundamental 
role than the strong ones, and the T- 
invariance, the discrimination between 
baryons and leptons and the conservation 
of heaviness will have to be accounted 
much of. At this point, it is very 
interesting that the time-reversal is an 
anti-linear transformation, and that the 
anti-character is due to the special role 
of the fourth axis in Minkowski’s space 
or in our quantum field theory.” 
Further, judging from our recent ex- 
periments,” there is every indication that 
the relative sign between A and V and 
the ratio of their coupling constants are 
Such a 
tendency can be understood as the result 
of the spirality of neutrino, when it 
takes part in the concerned interactions. 
But, concerning the other kinds of weak 
interactions and the specialization of the 
spirality, some 
deviced. 


nearly V—A_ universally. 


mechanism must be 
In this connection, the recent 
work” of the present author would 
partly be helpful for this purpose. 
(There the type of the weak interac- 
tions is not taken into account, but it 
is easy to improve the theory to meet 
the present requirement.) Further, the 
spirality of neutrino and the anti-linear 
character of the time-reversal might be 
useful tor understanding the situation, 


which brings about the parity violation, 


in a similar way as the character of 
photon defined the structure of Min- 
kowski’s space. 

Before concluding this note, we wish 
to point out that the weak interactions 
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of K,° with baryons, i.e. AAK,’, Pe a 
NNK; and ==K,, have the charac- 
teristic features mentioned above, if we 
neglect the selection rules concerning 


the isotopic spin. We may consider that 


such interactions retain the character of 
the symmetrical world. 


1) W.B. Herrmannsfeldt et al. Phys. Rev. Lett. 
1 (1958), 61. 

E. Boldt et al. Phys. Rev. Lett. 1 (1958), 
256. 

2) R. P. Feynman and M. Gell-Mann, Phys. 
Rev. 109 (1958), 193. 

E. C. G. Sudarshan and R. E. Marshak, 
Phys. Rev. 109 (1958), 1860. 
J. J. Sakurai, Nuovo Cimento 7 (1958), 649. 

3) M.A. Clark et al. Phys. Rey. Lett. 1 (1958), 
100. 

4) J. Schwinger, Phys. Rev. 82 (1951), 914. 

5) In this table, 7, k=1, 2, 3, and 7(p,vJ= 
Vo (Ty Ty— Tv Ty) 

6) Such a discrimination can survive in this 
symmetrical world, as $, and ¢, couple with 
¢ and ¢$q respectively, in both terms of the 
exuations (1) and (2). 

7) J. Schwinger, Ann. Phys. 2 (1957), 407. 

8) W. Pauli, “ Niels Bohr and the development 
of physics”, Pergamon, 1958, p. 30. 

9) T. Okabayashi, Prog. Theor. Phvs. 20 
(1958), 583. 

In this occasion, the author want to add 
a comment to the work. In the page 589 
of the article, we assumed that “¢(- has 
the same intrinsic parity as $+)”. This 
assumption is automatically satisfied when 
the parameter f is not zero. Because ¢‘-? 
has the same character as 7572¢6+*, that 
is, the latter satisfies the same equation as 
the one for ¢?. 
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Isotope Shift and Fermi-Segré _ 
Formula 


N. J. Ionesco-Pallas 


Rumanian Institute for Atomic 
Researches, Rumania 


January 22, 1959 


The applicability of the Fermi-Sergé 
formula for the estimation of the I.S.* 
is considered a questionable matter,” 
because of the rough approximation used 
in its derivation. In this paper, we 
present a plausible justification for this 
applicability which results from the I. 
S. itself. For this purpose we derive 
formulae for the I. S. by Broch’s” as 
well as by Sommerfeld’s method,” and 
we identify the two final formulae. 

In Broch’s method we choose the 
variant in which the integration of 
Darwin-Gordon’s radial wave-functions 
is carried out over all space outside the 
nucleus, and we use the wave-functions 
from Breit’s paper.” Finally, we reach 
the following expression : 


SE waC | S| Zid 
“Le, J 7a+2p)Pa—2p) ° 
(1) 


where the constants C, and C_ are 
those involved in the linear combination 


of singular and nonsingular solutions of 
Darwin-Gordon’s system, for an electron 
in the Coulombian unscreened field of 
a point nucleus. The quantities and 
a which appear in (1) are linked with 
each other by the relation “°=1—a’, 


a= Lj lat 


-* We abbreviate “isotope shift” as I. S: 
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Now, we introduce explicitly the C, 
and C_ coefficients as determined by the 
condition of continuity on the nuclear 
surface of the interior and exterior wave- 
functions, and we make some approxi- 
mations allowed by the inequality y)= 
LT ol Gal. 


for an Sj). level the final formula 


In this way, we obtain 


OE Dig 20 
m me Reg Seine (0) date he ae 
lic La ¢ So (14+ 2) 
AE EOE ¥2p (2) 
Linden ee 


where £ was determined by us by solv- 


ing Darwin-Gordon’s system of differen- 
tial equations, within the nucleus for a 
homogeneous charge distribution and for 
heavy atoms, where the inequality 


[—U(1r)/mc*]>1 is fulfilled as 


¢(a)=—-*_} = 2 414.0.1062333! 

> aG r=70 5 i 
+0.016649a' +.0.002788a! 
+0.000479a°+-.-}, (3) 


In Sommerfeld’s method we consider 
only an undetermined constant for the 
electronic wave-functions outside the 
nucleus, but supposing a slow shift of 
Principal quantum number from an 
integer. After some intricate transfor- 
mations concerning the gamma and 
hypergeometric functions, Sommerfeld’s 
wave functions may be obtained in the 


form 
Gow — (— 1) alak (n— De eat at 
(1+ 29) 


x {rade P2029) 
ie 20 


eonk (4) 


Fy + (—1)"C,(m—2) la— 


7 Glew? oy 
x fr E2020) yor dal 
\ 2p ; 
The I.S. is expressed now by the 
formula 
a) OE » 
0 = 
An 
where E=— + me| 22 [ D) 
Li ahs We 


The amount 07 is determined by the 
condition of continuity on the nuclear 
surface of the interior and exterior wave- 
Hence, the second formula 
for the I. S. is derived as 


OE PN ARP 3 do 
jer oR ej ses a) 


functions. 


Cc Zt ae dn / 
20 1— (1+ p)¢ 2p 
* : 6 
“Pa +3 9) 1—(i-p)e peek) 


The formulae (2) and (6) coincide 
with each other only if the Fermi-Segré 
formula is supposed to be correct. 

An attempt to verify the above for- 
mula was made by computing the 
nuclear radius of Hg™ from the I.S. 
of the following transitions 4057 A 
(6s6p°P, > 6s7s°S,), 4358 A (6s6p°P,° 
> 6s7s° ) 5461 A (6s6p°P, > 6s75°S,), 
and 4078 A (6s6p°P, > 6s7s'S,). The 


mean value 
ro (Hg™) = (6.27 £0.12) x 10-8 em 


falls in good agreement with the value 
7=6,30.10-" cm as determined from 
Coulombian scattering data. 

We believe that the present paper 
scatters at least some of doubts about 
the Fermi-Segré formula and is a posi- 
tive contribution to the subject of I. S. 
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Effect of Covalency on the Spin- 
Orbit Coupling Constant of 
Transition Metal Ions 


Tsuyoshi Murao 


Department of Physics, Tohoku 
University, Sendat 


’ February 16, 1959 


It is generally observed that the spin 
orbit coupling constant, 4, of transition 
metal ions is reduced from the value of 
free ionic state when they are in com- 
plex salts or admixed in non-magnetic 
crystals as impurities. This phenomenon 
has been explained by the effect of 
covalency. Owen” and Tinkham” con- 
sidered that the reduction of 4 is pro- 
portional to the diminution of electron 
charge which is accomodated in d-orbital 
of antibonding orbit. | Tanabe and 
Sugano” investigated the overlapping 
effect in [Cr(H.O).)* complex by a 
molecular calculation. 

Confining our attention to the type of 
(M(H,0).6)"* complex, where M stands 


for transition metal ion, we can describe 


_ the general trends of experimental results 


i 


as follows: the relative reduction of 4 
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is greater for metal ion of smaller atomic 
number and larger valancy. The purpose 
of the present paper is to explain this 
observed trend 
Tinkham’s model. 

Let ¢,, be the wave function of n-th 
d-orbital, which may be any one of dj- 
or dé-orbitals, and ¢, be one of ligand 
orbitals, comprising the wave functions 


using the Owen- 


of neighbouring water molecules and 
having the same symmetry as ¢,. Then, 
antibonding orbital can be expressed by 


where N,=1/(1+C,?—2C,,S,)~™” and 
S, is the overlap integral between ¢, 
and ¢, which is considered to be small. 
Though the problem is not clear-cut on 
account of the overlapping effect, if we 
share the electron charge of ¢,-orbital 
to ¢,- and ¢,,-orbitals proportionally to 
the ratio of the square of their coefficients 
in ¢,, the charge contained in each 
orbital can be written as in Table I, 
where P,, means the number of electron 
in ¢,-orbital when complex is in pure 
ionic state. This alteration of electron 
charge in each orbital can be easily 
understood from Fig. 1, where the solid 
curve and arrow indicate the wave func- 
tion and the electron spin belonging to 
the antibonding orbital, respectively, and 
the dotted curve and arrow those belong- 
ing to the bonding orbital. As there is 
the increment of the d-electron number 
given by 


Ang= Da) (2—P,) C7 (12H O57) ’ (2) 


the effective nuclear charge for a d- 
electron is reduced by the d—d electron 
screening to the value, Z=Z,—ad4nz, 
where Z is the effective nuclear charge 
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Table I. The electron charge in each orbital. 


| antibonding orbital | 


bonding orbital | 


Total 


P| A+Cp2) | 
P;, C,,2/ (a a C,,?) 


Ligand-orbital 


2C,2/ (1+ C,?) 
2/(1+C,?) | 


a 
GI 
! 


d-orbital 


| @C,2+ Pp) / A+ €,2) 
(2+P,C,2)/(1+C,2) 


~ 


Ligand-orbital 


Fig. 1. Distribution of electron charge in each orbital. (P,,=1) 


Table II. The values of a/dy. (in %) C=0.4 and S=0.106 are assumed in our calculation. 


Ti2+ V2+ Cr2+ | Mn2+ Fe2+ | Co2+ | Ni2+ Cu2+ | YV3+ | Cr+ | Mn3+ 
dina 1.10 | 0.966 | 0.828 | 0.690 | 0.552 | 0.414 | 0.276 | 0.138 | 1.10 | 0.966 | 0.828 
(A/Ao) cate. 55 62 68 72 79 82 84 | 61 66 | 70 
Ciera ~80 (81) | 83 | 84 | 62 | 63 | 


in free ion and a the d—d screening 
constant. If we take a hydrogen model, 
this change of Z leads us to the follow- 
ing reduction of /; 


2/400 [1— (a@dny/Z) }, (3) 


where 4, is the spin-orbit coupling con- 
stant in free ion. When the effect given 
by eq. (3) is combined with that pro- 
posed by Owen, the whole expression 
for 4/4, can be obtained. 

Expression (3) has the form desirable 
for explaining the general trend of A/dy, 
because Jn, is larger and Zo is smaller 
for the ions of smaller atomic number 
and larger valency. (cf. Table II) In 
order to roughly estimate the effect from 
eq. (3), we regard C, and Sasa 
constant independent of 7 and put them 
as C and S. Then, 


y a il 

Ay (1+C’?—2CS)? 

x [12 oe Se-P,) |; (4) 
Ze 1+C? n 


where the first factor is that proposed 
by Owen, which should be proportional 
to N,* in our approximation® because 
we compare our result with 4/A, esti- 
mated from the observed g-values. For 
a and Z,, we apply Slater’s rule. (a 
=0.35). Furthermore, we determine 
the value of C and S so as to make 
the value of 4/4) of Cu®* fit to the ex- 
perimental value, 0.84. As a typical 
example, we show in Table II the case 
in which C=0.4 and S=0.106, which 
corresponds to the covalency of about 
16%. In Table II, experimental values 
are taken from reference 1) and, for 
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'Co**, (A/Ad) exp. 18 estimated from the 
value of E’/E” by noting that the value 
of E’/E is approximately proportional 
ito A/dy. 

The agreement between experiment 

and theory is qualitatively satisfactory 
except V**. Our calculation may, how- 
ever, include overestimation of the 
reduction of 4/4, for the ions of smaller 
atomic number, because C and S may 
change so as to suppress the increase 
of dn, in those ions. When we have 
enough data to determine the coefficients 
C, more precisely, we may be able to 
decide whether the electronic configura- 
tion in some compounds is (dé)"(d7j)” 
-or (d&)"*™, because, in ‘a ‘series of 
similar compounds containing different 
metal ions, the values of 4/4) in the 
two cases may change in a different 
way if there is a large difference between 
the values of C,-. and C,,. 

The author thanks his colleagues at 
Téhoku University for valuable discus- 
sions. 

1) J. Owen, Proc. Roy. Soc. 227 (1955), 183. 
2) Mz. Tinkham, ibid. 236 (1956), 535, DAg 


3) Y. Tanabe & S. Sugano, J. Phys. Soc. Japan 
11 (1956), 864. 


On Quantum Theory of Transport 
Phenomena 


Sadao Nakajima 


Physical Institute, Nagoya University, 
Nagoya 7 


February 17, 1959 


Concerning my paper” that has ap- 
peared in this journal under the above 
title, I-should like first to add the follow- 
ing note to the part where the Einstein 
relation is discussed. It was Kasuya” 
who first not only pointed out, but also 


s 
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explicitly showed how the Einstein rela- 
tion breaks down in the case of one- 
electron problems. I regret that my 
description and references were not 
enough to make his priority quite clear. 

Secondly I should like to make a 
remark as regards the general formula- 
tion of the theory. Kubo et al.*) and 
also Kasuya have started from a certain 
initial fluctuation from equilibrium and 
then calculated its decay by integrating 
the Liouville equation. In doing so, it 
is essential to discard the time variation 
of a macroscopic parameter such as the 
chemical potential, which is certainly 
much slower compared with microscopic 
relaxation times if the wave length of 
its space variation is very long Mathema- 
tically, as mentioned first by Kubo et 
al., the limit of infinite system and 
infinite wave length should be taken 
before integrating with respect to time. 
Now, in my paper in which a steady 
solution is directly sought for, one 
particular solution among others should 
be chosen either by taking account of 
the boundary condition explicitly or by 
considering how the steady state has 
been established. Actually I took the 
latter point of view ; then the same sort 
of argument as mentioned above becomes 
necessary.» In view of this, two ways 
of approach, namely the fluctuation 
theory of Kubo et al. on the one hand 
and the kinetic theory of mine on the 
other are not essentially different from 
each other and, indeed, lead to the same 
result. 


' 1) S. Nakajima, Prog. Theor. Phys. 20 (1958), 


948. 

2) T. Kasuya, J. Phys. Soc. Japan 13 (1958), 
1096; In particular see the second paper to 
appear in the same journal. 

3) R. Kubo, M. Yokota and S. Nakajima, J. 
Phys. Soc. Japan 12 (1957), 1203. 

4) This has been pointed out to me by Prof. 
R. Kubo. 
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An Analysis of the Charged Particles emitted following 


Negative Muon Absorptions in Photographic Emulsions 
Chikai ISHII 


Department of Physics, Tohoku University, Sendai 


(Received December 4, 1958) 


Calculations have been performed for the energy distribution of alpha particles and protons* 
following the negative muon absorption in photographic emulsions. Three shapes, (I) Chew- 
Goldberger distribution, (II) Fermi gas at &7=0 and (III) Fermi gas at kT =9 MeV, are- 
assumed for the proton momentum distributions in the nucleus and the muon absorption 
probability is calculated for the single particle process. Assuming that the total kinetic energy 
of produced neutron is imparted into the compound nucleus, we apply the statistical theory~ 
to emission processes. 

With the assumption of (III) for Ag and Br, the energy distributions of emitted alpha~ 
particles have been well explained by the calculations using the statistical theory, but the~ 
rate of proton emission has come out to be too small. If it is assumed that most of produced - 
neutrons were directly emitted, (I) may explain the energy spectrum of emitted particles. In 
(II), the emission rate is too small. As for the absorption probability, all three shapes show 
reasonable agreement with experiment. 


§ 1. Intreduction 


The elementary process of negative muon absorption by nucleus is given by 
po+ponty. (1) 


When a stopped muon is absorbed by a free proton, the produced neutron has the: 
energy of only about 5 MeV due to the energy and the momentum conservation 
laws. However, when the muon is absorbed in the nucleus, the produced neutron 
receives much higher energy, since the proton in the nucleus has a finite momentum. 
Therefore, the information about the proton momentum distribution in the nucleus 
can be obtained from the investigation of transferred energies to the nucleus or of 
nuclear excitations following the nuclear absorption of the muon. 

There are many data concerning the nuclear absorptions of the muons”, involy- 
ing the data of the mean energies transferred to the nucleus and the emitted neu- 
tron multiplicities from the excited nucleus. But these are not very suitable for 
testing the proton momentum distribution, especially the feature of higher tails in. 
the momentum distribution. 

Morinaga and Fry” measured the energy spectra of emitted charged particles- 
following the muon absorption in photographic emulsions. This is one of the most. 
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sensitive experiments about the momentum distribution, since the energy spectra 
of the charged particles may be considerably affected by the features of the higher 
tails of the momentum distribution. The attempt of this paper is to obtain the 
knowledge about the momentum distribution of the proton in the medium | weight 
nuclei (Ag and Br) by means of the analysis of emitted charged particles followed 
by the muon absorption. 

For protons inside nuclei, three types of momentum distributions have been 
assumed ; 5 

()* As a typical example of momentum distribution with strong correlation, 
we used the Chew-Goldberger distribution”, which was postulated by Chew and 
Goldberger from the analysis of high energy pick-up processes on carbon‘ in the 
Born approximation. 

(II) We used the momentum distribution of free particles restricted only by 
the Pauli principle, that is the Fermi gas distribution at absolute zero temperature. 

(I) The Fermi gas distribution at the finite temperature of k7T=9 MeV 
was assumed in order to take into account moderate correlation effects. 

If we calculate the momentum distribution on the basis of the single particle 
wave functions taking into account the two-body correlations by perturbation, a 
distribution similar to the last one is obtained®**, These momentum distributions 
are shown in Fig. 1 for Ag’, 

In the course of calculations it is necessary to know the mechanism of the 
charged particle emission. Recently, it has been established that the reactions. in- 
volving alpha particles are well described by statistical theory”. Therefore, the 
energy spectra of the emitted alpha particles following the muon absorption may 
be well explained by the use of the statistical theory. However, it is doubtful if 
proton emissions may be explained by the statistical theory. 

In § 2, the muon absorption probability is calculated, the single particle process 
(1) being assumed. In case (I), it is assumed that the produced neutron can 
receive the sufficiently high energy and the restriction due to the Pauli principle 
is omitted. In cases (II) and (II), the effect of neutron excess in the nucleus 
and the Pauli correlation are taken into account. The emitted charged particle 
spectra are calculated in § 3, assuming that the total kinetic energy of produced 


neutron is imparted together with the other nucleons in the nucleus by multiple 
collisions before it is ejected from the nucleus. 


§ 2. Nuclear absorption cross sections 


The interaction Hamiltonian describing the elementary process (1) is assumed 


* Hereafter, (I), (II) and (III), are used for the distributions of Chew-Goldberger, Fermi 
gas at RT=0 and kT=9 MeV, respectively. 


** Assuming the oscillator 


potential, we can obtain a similar distribution to (III) for the 
medium weight nuclei!0). 
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as 
H=Jtnp Ty O(Pnp—Tryp) +comp. conj., (2) 


where t,, and t,, are operators which change a proton to a neutron and a muon 
to a neutrino, respectively, g is coupling constant, r,, and r,, are nucleon and 
lepton coordinates, and the delta function indicates that a neutrino is produced at 
the point where a proton changes to a neutron by absorbing a muon. 

Since the muon is absorbed by the proton not in flight but after the capture 
on to the K-orbit”, the momentum of the absorbed muon is assumed to be small. 
Then the conservation law of momentum for the elementary process (1) is given by 


Pr=Pat Pv (3) 


where p,, Pn and p, are the momentum of proton, neutron and neutrino, respec- 
tively. 

For the calculation of the nuclear absorption probability A of the muon, the 
following approximations are used. The nuclear wave functions are given from 
the Hartree model, while the produced neutron is assumed to be expressed by a 
plane wave. The absorbed muon is expressed by the K-orbit wave function and 
the neutrino is assumed to be a plane wave. 


me mee we we we ee ae ae i ww ew ew ww wm wm eK 


100 200 
pe in MeV 


Fig. 1. Proton momentum distribution in Agi0?, It is normalized 


that \ Op (P) dp=1. 


300 


Then JA is given by 


a= 2eg 4 (Mey Zag b dp, Apa AP» Pr Pr) 9 (Pp— Pa— P») 9 (Ey Ex) 
fated PEI) tcl (4) 


where 0-functions indicate the momentum and energy conservations. M, is the 
muon rest mass and Z,,, is the quantity used instead of Z (atomic number of initial 
nucleus), if we take into account the effect of the finite extension of nuclear 
charges”. (pp) is the momentum distribution of the proton in the initial nucleus 


and is defined by 
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r 


Zep =o) ZAI) +h exp(—ipr/h) ¢, (r) dr, (5) 


protons 


where ¢,(r) is the proton wave function. 


A. Chew-Goldberger distribution 
The energy conservation law in this case is given by 
(2M) ~"{ pn’ — pp } = Eo— pre (6) 
with E,=M,c*— B,+ B,—B,, 


where B,, B, and 8, are the binding energies of the muon in the K-orbit, the last 
neutron in the final nucleus, and the last proton in the initial nucleus. 

Furthermore, the restriction due to the Pauli principle is omitted. In this 
approximation, one may overestimate the number of the produced neutrons with 
small momenta, i.e. the low energy part in the nuclear excitation functions. Hence 
the muon absorption probability may be overestimated. However, since the energy 
spectra of the emitted particles are determined esssentially by the higher tail of 
the momentum distribution, it is believed that the above approximation is not so 
bad for calculating the energy spectra of the emitted charged particles.* Thus the 
absorption probability is calculated by (4) with . 


Pp (Pp) = (a/n*) (fa? + p*)~. (7) 


For the parameter @, a value obtained from the analysis of C8(n, d) B" reaction 
at high energies” is adopted as follows: 


ha’ / (2M) =18 MeV. (8) 


This assumption is probably not drastic since the momentum distributions showing 
the strong correlation between a pair of nucleons are essentially determined by the 
local density of nucleons but not by the nuclear size. 

The result is 


Gel ( e ) ( M, ) (ee ? g eff 
m\ fic/ \ m, hi? imc Gagey 


” hac-Mc? [ 
va 


pred(pu)| Chac)*+ | ME (pyc PN 


v pre 2M 
. (9) 
where m, is the electron rest mass. 
B. Fermi gas distribution at :T—0 
The conservation of energy is given by 
(2M) ~"{ (pn'—Q*) — (p,?— P*)} = Ey— pyc. (10) 


‘ 


* The Pauli correlation effect is estimated for the case (III). See also ref. 9). 
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‘When the effect of neutron excess is considered,* the maximum momenta of the 
proton and neutron are respectively given by 


P(E REY oye ay 


with 
foo eo 10" em 


for the nucleus initially composed of Z protons and N neutrons. Furthermore, the 
Pauli correlation is taken into account. Then 


3/(4aP*), for |p| SP, 


0) = (12) 
0 , for |p| >P, 


and the integration over neutron momentum p, is restricted to |p,|>Q. In order 
to calculate (4), it is convenient to introduce the cylindrical coordinates, taking p, 
as z direction. The result is 


nat (2) (ey (me) fe, 


fpr Ped (Po) Ss 
(Pc) 2 ee a 20 = (Pc) a auc’ (Eo— prc) L for Eh =p cee, 
OK pre pre 
2Mc?(E,— pyc), for 0 < Ey— pyc Ei, 
where 


Bay By+ Pe-+Met—v/ (Me®)*+ (Qe)?+ 2Me (Pe+ Eo), 


E!,=E,—Oc—Me?+V (Mc?) ?+ (Pc)? +2Mc? (Qc — Ey). 
C. Fermi gas distribution at kT=9 MeV 


In this case, the energy conservation law is given by (10), and the neutron 
excess are also considered. Taking the Pauli correlation into consideration, the 
function f;(p,) is introduced for the neutrons in (4). Strictly speaking, the tem- 
perature of the final nucleus differs from the initial one, but for the sake of sim- 
plicity the difference were omitted. It is assumed that 


Tn(P) =1-| exp {Z(- rn) +1], (14) 


and 


Ie * In ref. 11) this effect has also been considered. 
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and 


(15) 


—1 
? 


Pp (p) = (3/42.N*) | exp tas oan —p,)} +1| 


where 


N= (2Mp, yf 14 ( PY ie 


4, and p, are the values of p’/2M at the point where the values of momentum 
distribution reduce to one half of values at p=0. They are approximately given 


by 


Ce | sa kT 2) P? " 
(amet La > A= 1 
fa=oM\ 12 Q?/2M. ae ita anes 


The integration with p,” in (4) has a finite lower limit ae (pve) 7" {Eo 
— pyct+ (2M) (Q’— P’— p,”)} because of the energy conservation. Then 


CNP is & 
w\ fic Me h imc? (m,c?) 


= 


3Mc? 
—-2Mc? kT\ p, : i— 13}, i 

dag? 2MO RT| be dpe) {h—HI, (16) 

where 
I,=log|1+exp (y+) |— (y+u), (16a) 
I,= (e’—e) ~*{ye"— ve’ —e" log|1 + exp(7+u) | +e" log|1+exp(v+u) |} —u, 
(16b) 

with 


= a |Ev— pc Py i ene 


RT (bye) 2M 2M 
% 
Lo/T, 
100 
50 


0 10 20 


Nuclear excitation energy in MeV 


Fig. 2. The Pauli correlation effects for the nuclear 
excitation function in Pd! for the case (III). The or- 
dinate is J,/Z, of eqs. (16a) and (16b). 
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2 2 

v= |B pe+S—F = wh, 1=—Pp/RT. 

I, is the term due to the Pauli correlation. The effect of the Pauli correla- 

tion for the nuclear excitation function is shown by Fig. 2 for Pd”. Fig. 2 indica- 

tes that the Pauli correlation reduces the low excitation parts strongly as is ex- 

pected. The estimates show, however, that the effects of the Pauli correlation is 
not important for the charged particle emission probabilities. 


D. Numerical results 


Since the reactions due to muon absorptions in Ag and Br are separated from 
other cases” and treatment using statistical theory is more valid for heavier nuclei, 
considerations are made only for the reactions 


p- +Ag—>Pd* +», 
p+ Br-Se* +», 


and the absorption probabilities for the above reactions are calculated using the values 
given in Table 1.” 


Table 1 
nucleus B, (MeV) B,, (MeV) By aie) 
Agi | 6.0 | 6.2 4.6 
Agi | 6.3 5.8 | 4.6 
Br®1 | 6.9 7.3 | 2.9 
Br?9 | ny 6.4 | 2.9 


SS — — ———e 


* B, are determined according to ref. 13). 


Table 2 
| A* <Ee> A* | <I 
(107 sec™)| (MeV) (107 sec) (MeV) 
_ side =: ot ‘ sail —— iran hactinao — = 
(1) Chew-Goldberger 0.91 20.6 0.53 | Zale 
(II) Fermi gas (kT =0) 0.30 a7 0.21 11.6 
(II]) Fermi gas (AT =9 MeV) 0.42 | 12.0 | 0.30 sie ue 
Experimental Results! 1.04 | 


* The values of A are estimated for g=1X10~ erg cm’. 


The universal Fermi interactions being presupposed, the coupling constant 7 
is the strength of about 10-* ergcm’, then ¢ is taken to be 1X 10-* erg cm’, and 
Zep are the same as those adopted by Wheeler”. The calculated result of the 
nuclear excitation function following muon absorption by Ag’” is shown in Fig. 3. 
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The calculated muon absorption probabilities are given in Table 2 with the experi- 
mental results.” In Table 2 the calculated nuclear mean excitation energies (fas) 
are also given. The experimentally predicted values of (E,,) are about 20 MeV 


-for Pb, Bi and Sn.” 


Muon absorption probability 
in arbitrary units 


10 20 30 


Nuclear excitation energy in MeV 


Fig. 3. Nuclear excitation function following muon absorption by Ag, 


§ 3. Decay of the compound nuclei 


We calculate energy spectra of emitted alpha particles and protons, assuming 
the statistical theory. Then, the emission probability o of particle } is given by 


o=| Oo (Een) Fy(Ee-— Br) a7 (17) 
Dk (i 1) ai } 


where 
F,= (2M,/#) 2,¢e) ce (Heh ayer (18) 


o, is the compound nucleus formation cross section by muon absorption, ¢,(€) the 
cross section of the inverse reaction which is estimated following ref. 16), w(F) 
the level density at excitation E of the final nucleus, E,, the excitation energy of 
the compound nucleus, and B, the separation energy of the particle & from the 
compound nucleus. The value of B, are shown in Table) 32 


Table 3 
Compound Nucleus | By (MeV) B, (MeV) B,, (MeV) : 
Pd109 3.9 ; 6.0 
Pd107 3.3 8.7 6.3 
Se81 ffl 6.9 
Sev | 6.4 ypeeh 1933 7.2 


$$$ EE ee ania) ieee nea 
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The level density is assumed to be 


w(E)=C exp (aE ) (19) * 
with 
AC even even = 2C wen oda = Coad odd: (20) 


The parameters a are determined by interpolation of the values from the an- 
alysis of (a, p) reactions of Cu, Ag and Au with 40 MeV alpha particles.” The 
values obtained are 


a=4.7 MeV, for Ru, 


Zi 
a=5.4 MeV-", for Ge. GC) 


Assuming E,,=20 MeV, we perform the preliminary evaluation of the energy 
spectra of emitted alpha particles for four isotopes pd”, Pd, Se” ‘and.Se™. The 
mean weighted spectra obtained from the above calculations were almost the same 
in shape with those obtained from the calculations in which only Pd™ and Se” 
were considered. As to the emission rate, the latter spectra is only about 20% 
larger than the former. Furthermore, the separation energies from these two 
isotopes of the same element are nearly equal to each other. Due to these two 
reasons, we calculate the energy spectra considering only Pd” and Se”. 

The comparison between the calculated and experimental energy spectra is given 
in: Figs. 4 and 5,** where the calculated results are normalized so that the areas 
under the curves are proportional to the emission rate. The calculated emission 
rates of alpha particles and protons are given in Table 4 in comparison with the 
experimental results.” 


Table 4. Charged particle emission rate normalized to the total reaction rate as 
100% 
| Emitted Particles 


alpha(%) proton (%) 
| — 
(I) | Chew-Goldberger 7.9 D8) 
(II) Fermi gas (kT =0) ~0.1 ~0.02 
(III) Fermi gas (kT=9MeV)| 0.45 0.23 
Experimental results”) 0.5 BY) 


Pe ios tee i 


(19), E is the total nuclear excitation energy measured from 
for the Fermi gas with finite temperature, (19) is not quite 
consistent. Moreover, the excitation energy is about 650 MeV at &7'=9 MeV for Ag, i.e. under these 
rmi gas model loses its physical meaning. In this paper it is assumed that level 
for all assumed momentum distributions, and consi- 
that the term, “Fermi gas at kT=9 MeV”, means 
that has the momentum distribution given by (15). 


* In the above density formula 
the ground state at kT =0, therefore, 


temperatures the Fe 
density is determined by (19), (20) and (21) 
dering the emission processes it is assumed 
only the condition corresponding to the state 

** In ref. 2, Fig. 4 and Fig. 5 must be interchanged. 
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Emission probability in arbitrary units 


20 


Emitted alpha particle energy in MeV 


Fig. 4. Energy distribution of emitted alpha particles following muon absorption 
in AgBr. Experimental histogram is taken from ref. 2). 


Emission probability in arbitrary units 
SA 
ee 
(1 Rashes nD EEE ee a | AEE ey 


\ 
ys 5 
ESIC B 5 
0 10 20 30 


Emitted proton energy in MeV 


Fig. 5. Energy distribution of emitted protons following muon absorption in AgBr. 
Experimental histogram is taken from ref. Dye 
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§ 4. Discussion 


It seems that the calculated values of absorption probability 4 are too small 
for the assumed value of y=1X10-* ergcm*. In order to obtain the agreement 
with experimental results of Ag'”, it is sufficient to assume that g=1.07, 1.86 and 
1.57X10-* erg cm® for (1), (IJ) and (III), respectively. And all these g values: 
are not unreasonable. Thus from the calculation of absorption probability, the con- 
clusion regarding momentum distribution of the proton in the nucleus cannot be: 
obtained. 

Experimentally predicted values of (E,,) are about 20 MeV for heavy elements” 
and a few of the cases of light elements indicate excitation energies of some 40: 
MeV", These predictions are well reproduced by (I). However, in (I) the high 
energy tail in muon absorption probability seems to be too large, because the alpha 
particle emission probability is too large. . In (II), both of {E,.» and the high 
energy tail in muon absorption probability are too small. 

It has been assumed that the level density of the residual nucleus is given by 
(19). The values of parameter a were determined from (a, p) reactions, investigat- 
ed by Eisberg et al.”. They studied only the protons emitted with large angles. 
in order to exclude the effects of the direct process, and yet it shows that (21) 
may contain the effect due to direct nuclear reactions”. Therefore, although the 
statistical theory gives good agreement with experiments for alpha emissions when 
(21) is used, it may not be concluded that all the alpha particles are emitted by 
evaporation. 

In fact the statistical theory may not give good agreement with proton experi- 
ments when (19), (20) and (21) are used. In order to investigate this disagree- 
ment, the data from low energy Ag (7, p) Pd experiments have been compared 
with the theoretical values. This experiment was performed by Diven and Almy™ 
using 20.8 MeV bremsstrahlung, and it was shown that emitted protons were ex- 
plained by statistical theory. The agreement between the experimental and the 
theoretical values used (19), (20) and (21) is good for emitted proton spectrum 
and (7, p)/(7, n) yield ratio. Therefore, (21) may not be so bad for the reac- 
tions with proton emission, too. 

Because (21) was obtained by the (@, p) experiment and the spectra of emit- 
ted alpha particles are generally explained by the statistical theory,* it may be 
concluded that the momentum distribution which gives the measured alpha energy 
spectra is the most correct one for explaining muon absorption phenomena. Thus. 
(III) is the most reasonable among three. However, for this distribution the pro- 
ton emission rate is too small compared with experiment. This fact suggests that 
appreciable part of protons are emitted due to the direct process. Actually, in the 


* There is an evidence for direct emission, inferred from the fact that the angular distribu- 
tion of emitted alpha particles with energies larger than 6 MeV shows strongly forward peaking in 


Zr (n,a) Sr reactions by 14 MeV neutrons. 


674 C. Ishii 


reaction (7, p) by 14MeV neutrons with moderately heavy nuclei, there are many 
evidences that most of protons are directly emitted.” boxy 

The lower part of the calculated proton spectrum is too small. Most of this 
discrepancy may be due to the contributions from light nuclei in geratin”. 

For (II), the energy spectrum has two peaks, the first one being due to Br 
and the second due to Ag. And the emission rate is tco low to explain the ex- 
periments. 

The reason why the emission rate is too large in (I) may be as follows: It 
is incorrect to calculate the muon absorption probabilities with single particle ap- 
proximation, i.e. it is necessary to take into account the two-body correlations” 
and to consider that a partner of the pair is also ejected. Furthermore, there are 
evidences that the tail in (I) is too long even for light nuclei**™ and that at high 
energies appreciable amount of emitted particles may be due to the direct process. 
Actually, at energies higher than about 30 MeV of an excited nucleus, about 20% 
-of produced neutrons are emitted without colliding with other nucleons in the 
nucleus. Then if most of the neutrons are assumed to be emitted by direct reac- 
‘tions, (I) may fit to experiments for the emission rate. 

The author wishes to express his sincere thanks to Prof. H. Morinaga for all 
help and suggestions during the course of the work. He also wishes to express 
thanks to Prof. K. Nakabayashi for his valuable advices and to Dr. Y. Ichikawa 
for important discussions. Further, he would like to thank Prof. T. Eguchi and 
Dr. K. Kikuchi for their valuable comments on this work. 
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Kin-ichi ISHIDA 


Faculty of Liberal Arts and Science, Yamagata University, Yamagata 
(Received December 27, 1958) 


The absorptive range in the pion-nucleon collision at high energies with an additional 
pion production is investigated on the standpoint of the z—z interaction model. For this 
purpose, the “root mean square of the impact parameter ” (62)1/2 is introduced and is calcu- 
lated under the local z—z interaction and some assumptions. (62)1/2 thus obtained is some- 
what smaller compared with the experimentally inferred one. 


$1. Introduction 


According to the recent experiments on the pion-nucleon collision at high 
energies with an additional pion production” ; (1) the angular distribution of the 
recoil nucleon has a peak in the backward direction in the center of mass system, 
(2) the angular distribution relative to the recoil nucleon of the faster pion has a 
strong peak in the forward direction and that of the slower is nearly isotropic. 

It has been shown by Kovacs” and more extensively by Ito et al.” that these 
evidences seem to suggest the knock-out process in which the incident pion interacts 
directly with the pion field surrounding the nucleon core, and knocks out the pion, 
rather than to suggest the thermal process in which the incident pion is absorbed 
directly by the core and the System goes to the thermal equilibrium. This may 
also be suggested by the fact that the elastic scattering in this energy range is 
‘consistent with the diffraction scattering by the absorptive disk with its radius 
‘about (1.0~1.2) X10-™ cm,” because this large radius (which is comparable with 
the pion Compton wave length) does not seem to be due to the direct absorption 
by the core. Here, we shall then investigate the absorptive range from the stand- 
point of the z—z interaction model. In Sec. 2, we introduce the “root mean 
square of the impact parameter” to characterize the absorptive range, and give a 
simple formula to calculate this quantity. In Sec. 3, we then estimate the absorp- 


tive range applying this formula to the =—z interaction model. In Sec. 4, the 
results are discussed. 


§2. The root mean square of the impact parameter 


In the low energy nuclear reaction, the absorptive phenomena may be described 


* A brief report on this work has been published in Prog. Theor. Phys. 20 (1958), 774. 
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-by the imaginary potential 7W(7) as the function of the relative coordinate of the 
interacting nuclei. In the interaction between the elementary particles, especially 
in the relativistic energy region, however, such a simple static picture may not 
hold, so it may be necessary to introduce the new physical measure to characterize 
the absorptive range. 

Now, suppose that the elastic scattering is only the shadow scattering due to 
the absorption of the incident pion from the nucleon. The diffraction pattern then 
can be predicted if one knows the opacity a@(b) as a function of the impact para- 
meter b. As b=//pt (where p is the momentum of the incident pion, / is the 
angular momentum,) and 


a(b) =a(l/p) =o,./7 (214 1)i?, (1) 


a(b) is obtained if one can calculate the reaction cross section ¢,., for each partial 
wave. However, it may be difficult to calculate the o,,, generally, so we give up 
to calculate a(b), and intend to estimate only the absorptive range. For this 
purpose, we introduce a simple quantity to characterize the transversal absorptive 
range, e.g. the root mean square of the impact parameter (b")? defined as 


(B)'29=1/p{S114+1)¢,.2/2 6,37”. (2) 
This quantity is simplified as follows : 
po={L? (p'|\T,16(E— Ay) T,\p)/<p\T 1 0 (E— Fb) T;|P)} prop (3) 


where J’. is reaction matrix, |p’) and |p) are both the initial states with the 
relative momenta p’ and p, respectively, (p’/=p), E is the total energy of the 
system, H, is the free Hamiltonian, and L” is the square of the angular momentum 


operator acting on p’ expressed as 


2 Qa fe) 2 
vo-(2xe)-[e Ze Sel & 


Eq. (3) may be easily verified taking into account that the operator T,i0(E—FA,) T, 
is diagonal with respect to the angular momentum, averaging over the nucleon spin 
directions. (6°)! thus introduced is the simplest quantity, because it is unnecessary 


to calculate each o,.;. 


§ 3. The calculation of (b?)¥? 


We then calculate the (4”)"? under the following assumptions. The pion number 
surrounding the core is only one, which may be supported by the fixed source 
theory, at least, in the outer region in which the knock-out process may be domi- 
nant; the pion-core interaction Hamiltonian in the momentum representation 1s 


+ Hereafter we take the units as A=c=1. 
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PFE aR SOT) Oe Te (5) 


L Ie V 20% 


. ~ e 1 
where the nucleon is assumed to be fixed in the laboratory system, which may be 
natural, since the nucleon recoil is small for the knock-out process; the 7—z 


interaction ‘‘ Hamiltonian” is simply 
Ayz= \ O*(%) a? x ; (6) 


finally the final state interaction between the outgoing particles can be neglected. 
Then, the transition matrix element for an additional pion production from the 
pion-nucleon collision is written as follows ; 


Prep] 1 0(k,+k,—p) 7 
k,, k,|T,|p) = —i64— ae ; ; (7) 
€ 15 al |p» Z p V 20 Ol Ones (k,+k,—p)?+ 


where k, and k, are the momenta of the outgoing pion. T,1d(EH—H,) T. thus can 
be written as follows: 


(p'|T,1 0 (— Fh) T,|p) 
i { { dk, dk, 


(27)* (27)* 


; a <P’ | fee k, > k,) O(a, + Ox2— Wp) Ck, > k,| T,|p> 


] dk, dk, o(k, +k,— p’)o(k,+k,— p) 
=CG Wee ay aT Og — Op 9 5 4? 
?) On, Oka eae ae [y+ hy— p’)?+7][ (ky +key p)?+ 2] 


(8) 
where we write the factor independent of the direction of p’ and p as C(p), 
which we omit hereafter, because it is cancelled out for the calculation of the right- 
hand side of eq. (3). Transforming the integral variables k, and k, to k, and 
q=hk,+k,, and performing the integration with k,, we obtain 


. 3 
| up Tivol steph ances Ss) as fe for Dp (9) 
Ok, Vg-ka 0 for p<q 


in high energy limit, p>p. Averaging with the spin variable, we can simplify 
T’ t0(E—#F,) T. as 


nee is 3 (q—P’, q—p) 
T,16(E—H,)T,|p)= | d : 
CA Hee. ij "[@—p)'+ 41 (q—p) +14) ae 


Next, carrying out the operation L”, (see eq. (4)), we obtain the following ex- 
pression for the numerator of eq. (Sy 


* For simplicity, the neutral meson interaction is considered here, but the result is as same 
as in the case of the actual symmetrical meson interaction. 
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LLG <p’ | T+ 7) (E— A) T;,|p) Lari 


1 pyran woN2 
=aw 2 Uae Pod | 
| IT qap) te} \P piped) 3 2 LE , (11) 


<P 


‘where we neglect the terms of the order #/p and of higher orders. The denomi- 
‘nator is 


(12) 


ee r ul 
(p| T,16(E—H)) T,|\p)>= \ 4°q 
J [(q—p)*+#'] 
in this approximation. These integrals may be easily carried out expressing the 
variable q by the cyrindrical co-ordinate, in which the z-axis is taken in the direc- 


tion of p. Results are as follows: 


the R.H.S. of eq. (11) 


se 2p st 7 “s 1 o F ie cae mi i lou(1 +2) 


(11') 


and 


the R.H.S. of eq. (12) 


= onp {1-4 tans 2P 4 4 2 tog 1+ * ie (12') 


(2°)? thus obtained is simplified in the high energy limit as follows : 
B=x/2pp, for p>. (13). 


The numerical values are listed in Table 1. 


Table 1. The root mean square of the impact parameter (62) 1/2 and the corresponding 
radius of the uniform absorptive disk R (62= R?/2). 


Energy of the incident pion | 1.0 Bev | 1.4 Bev | 2.0 Bey 


§4. Discussion 


In Sec. 2, we introduced the quantity (b°)"? to generally estimate the trans- 
versal absorptive range in the diffraction scattering. Next, in Sec. 3, using the 
formula derived in Sec. 2, we tried to calculate the (6°) in the pion-nucleon col- 


Jision at high energies from the standpoint of the —7 interaction model (in which 


the incident pion knocks out the pion cloud surrounding the core to produce an 


additional pion), with some assumptions. In actual collisions, an additional pion. 


680 K. Ishida 


production may also occur by different mechanisms from the knock-out process, 
even if this might be the most important one. Also, many other processes such 
as T+N>5N+37, N+4z7, ------ , and potential scattering can occur. However, it 
can be inferred that the (6°)”? calculated with the assumption of the knock-out 
process gives the maximum one, since the most spread-out interaction may be caused 
by the interaction between the incident pion and one pion surrounding the core. 
Thus, the collision processes is considered to occur within the transversal range of 
radius R=)/2 (b°)"? on the average, if one assumes the uniformly distributed ab- 
sorptive matter, as has been done in the analysis of the experiments. Thus calcu- 
lated R (which is also listed in Table 1) is somewhat smaller compared with the 
experimentally inferred one (which is about (1.0~1.2) X10~-"% cm over the Bev 
energy range). This discrepancy, however, may be overcome within the frame of 
the 7—z interaction model, if one takes. into account the correction for the pion- 
nucleon vertex function and the spread-out *—7 interaction. The former may be 
necessary at the high energies, because the correct vertex function 1’5;( PS Pe 
Ts7sf((p’—p)”) (where p and p’ are 4-momenta of the incident and recoil nucleon 
respectively), may not be simple 7,7; for the large momentum transfer (p'— p)’. 
The latter seems to be natural, since the local 4(¢")? interaction which acts only 
between the isotopic spin even states may not be consistent with the experimental 
charge ratios of the outgoing pions, (and the most important interacting state may 
be in the isotopic spin 1),” the Jocal 4(9*)” may thus play little role except to 
cancell the divergences in the renormalization theory, and the correct “Hamiltonian” 
may be expressed as the spread-out interactions including the space-time derivatives.” 
The author would like to thank Prof. Nakabayasi for his encouragement and many 
valuable discussions. He also thanks the members of Tohoku University for helpful 
discussions. He finally thanks Dr. Ito for a number of critical comments. 
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We derive the form of the imaginary part of the optical potential as an operator for the finite 
nucleus. This is done by reducing the Schroedinger equation approximately. It is essentially 
a second order calculation but this is supported by the intermediate coupling model and the 
assumption that the non-diagonal elements of the interaction matrix have random signs. 
‘The imaginary part thus obtained is a non-local but almost separable potential. The form 
allows the physical interpretation that the imaginary part corresponds to the process in which 
the incident nucleon jumps down to an unoccupied single particle state below the incident 
energy and excites the target nucleus making the total energy nearly conserved. It is 
suggested that the imaginary part may become abruptly stronger as the shape resonance is 
passed since in this case there is a single particle state just below the incident energy and 
the corresponding excited states of the target are near the ground state. The relation to 
Bloch’s theory is also discussed. 


§ 1. Introduction 


It is now a well established fact that the nucleon-nucleus interaction cross sec- 
tion averaged over many resonances can be reproduced by an optical potential with 
a small imaginary part. The derivation of the imaginary part of the optical poten- 
tial from the theory of the Fermion many body problem with strong interaction is 
however, a little diverse. First, there was a semi-classical approach from the mean 
free path of a nucleon in the nuclear matter”. It was pointed out that the small- 
ness of the absorption probability was due to the fact that many possible interac- 
tion processes are prohibited by the Pauli principle. Then, there were more fun- 
damental quantum mechanical theories using the dispersion formula and the sum- 
rules for the reduced widths, the so-called intermediate coupling model”. In these 
works the Pauli principle was partly neglected since the incident nucleon was dis- 
tinguished from those in the target nucleus. Finally, there are the ¢-matrix theory” 
and a perturbation theory including higher order terms”. These are essentially 
rigorous quantum mechanical fotmulations of the above mentioned semi-classical 
picture. 

In this paper we first incorporate the Pauli principle in the dispersion formula. 
Before doing so we show in section 2 that the antisymmetrization with respect to 


the incident particle is actually important in reducing the imaginary part of the 


optical potential by the semi-classical method. In section 3 the totally antisymmet- 
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rized dispersion formula will be derived. It is seen that the result is formally the 
same as that for which the incident nucleon is distinguished. In section 4 we 
develop the intermediate coupling model taking into account the proper antisym- 
metrization. These sections are the preparation for the justification of the second 
order calculation which is done in the next section. Those who take the second 
order calculation for granted can skip sections 3 and 4.~ In section 5 the imaginary 
part of the optical potential is derived by reducing the Schroedinger equation 
approximately with the help of the intermediate model and the assumption of the 
randomness of the signs of the non-diagonal interaction matrix elements. The 
imaginary part thus obtained is similar to that of Bloch™ but the present one is 
a non-local but almost separable potential. In section 6 the correspondence to the 
semi-classical picture will be discussed. It will be shown that our result seems to 
indicate a systematic change of the imaginary part before and after the shape reso- 
nance for medium weight nuclei at low energy. The relation to Bloch’s theory is 
also discussed. 


§2. The importance of the Pauli principle 


Before formulating the dispersion for- 
mula of the nuclear reaction with com- 
pletely antisymmetrized wave functions we 
shall see if the antisymmetrization with 
respect to the incident nucleon is really 
important. For this purpose we calculate 
the effective cross section in the nuclear 
matter for a nucleon, assuming the incident 
nucleon to be indistinguishable and distin- 
guishable from those in the target. The 
region of the momentum space which is 
permissible for the final state for each case 
is illustrated in figure 1. The effective cross. 
sections o become, for a constant free 
two-body cross section o, 


¢/o=1—(7/5) (E,/E,) + (2/5) (E,/E,) 
X 2—E,/E,)§" (indistinguishable) (1) 
o/o=1— (3/5) (E,/E,) (distinguishable) 


Fig. 1 Permissible region of the momentum 


space for the final state for E,<2E, where E, and E, are the 

pi adie of the incident nucleon in kinetic energy of the incident nucleon in 
e nucleus f 

Or Tie had eh ee the nuclear matter and the Fermi energy 

OBI 4 hee oleae respectively. o/o is shown in figure 2. 


-- —: distinguishable It is apparent that the antisymmetrization. 
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1.0 is) 2.0 
E;/ Ep 
Fig. 2 The ratio of the effective cross section o to the 


free particle cross section « versus the kinetic energy 
of a nucleon in the nuclear matter in the unit of the 


Fermi energy F;/Er. 
a: indistinguishable 
b: distinguishable 
with respect to the incident nucleon plays an important role in reducing the effec- 
tive cross section, and hence the imaginary part of the optical potential. 


§ 3. Antisymmetrized dispersion formula 
We start from the A+1 body Schroedinger equation 
iT. + 2iVe) P (ro+*, Ta) HEFL. (2) 


The 3(A+1) dimensional configuration space is divided into two parts, the internal 
region where all nucleons are interacting and the external region where one nucleon 
is removed far from the others and is free. We do not consider the case where 
more than one nucleon are removed far from the rest, such as (d, p) or (n, 2n) 


yeaction. The surface. of the internal region is 3A+2 dimensional. 
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In the internal region, where all 7;’s are smaller than a certain value R, eigen- 


functions and eigenvalues of the compound nucleus are obtained as 
aly + >1Vi5) F,(To,°**7 a) Sn a (3) 


with the outgoing wave boundary condition?®. R is to be taken sufficiently large 
so that at R the wave functions of the target nucleus are almost zero. Both & 
and ¥, are antisymmetric, otherwise they do not give the correct answer. Because 
of the antisymmetrization there is a little difficulty regarding the boundary condition 
for ¥,. To make it unambiguous we develop ¥; in terms of the target nucleus 
wave functions ¢,, where s denotes the state of the target nucleus, 


a 


IPA 
apg BES, 5, h. Teyeo?. Ue rs ry). (A 
nS ot Ys (Fr ia. KEE (A) 


In equation (4) P,; is the exchange operator between 0 and iz and (—)7% is +1 
for i=0 and —1 otherwise. Writing w,‘(r)/r for f,/(r), and considering only the 
s-state for the sake of simplicity, the outgoing wave boundary condition is 


ie 


dr \r=k 2m 


ke =E—E,=E—€E" (5) 


where €,, is the energy of the state s, € the kinetic energy of the incident nucleon 
Gee 


andé§* the excitation energy €,—E€). 


The wave function ¥ is developed in terms of the wave function of the com- 
pound state Y¥,, 


mee CAC (6) 


The coefficient c,(E) is evaluated as follows. We operate the total Hamiltonian. 
on equation (6) and note that the convergence of the series is not uniform at the 
surface of the internal region. This means that the kinetic energy operators can- 
not be operated term by term. So we have, by multiplying ¥,,* and integrating 


Gave +|7.C8T.— ST) Pde 


Ge Be ye es ail ga d! - 4 
(En— Een) (A+1)R| 9, ang Gr” enh 00 (7) 


a 


where the prime means that the operation is done term by term. We further 


* This is the cojugate complex of the original 


; Y,, regarding the spin-angle part i 
part is the same as the original ¥,,. i : Saar th Sith 
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‘develop the wave function ¥ in terms of the target nucleus wave function 


sy (=) Pe 
PSII Pa iron of) @) 


~The non-uniform convergence occurs only for the incident channel wave function 
PP) = Sen) f(r), 


for other channels the boundary conditions ensure smooth connections. For /°(7) 
we have, from 


Rf*(R) = ee (k=k,) 


sin RR 
k 
and 
iy) |,-r=cos RR+ik Sy e** 
dr fa op e 


the relation 


d 
dr 


tet) eee Ry AIR). 
On the other hand, the term by term operation gives 


d' 
ELE 


pen tRR>D ven (E) fn? (R) =ikRf? (1). 


rf) lean = Dien (BE) rf (7) 
dr 
Therefore we have 


2 SS 
(E,—E)e,(E) =f ey Ati R | vo(R, Fs otea) Go(Riassnal Eas 


fF eR] f1(R) —AD|¢, (R, ro, °°, Palfn (Tr) Po (Piha) do 9 
m 
(9) 


The second term in the last line of equation (9) is nearly equal to zero since 
UR, W,--,%4) —90. There is another reason to assume that the second term is 
negligible but this point will be discussed later in section 4. The factor A is only 
apparent since even when /,,’ is identical with one of the functions forming ys, the 
last term just cancels the former one. In any case the neglect of the second term 
is reasonable in view of the reciprocity theorem which will be seen just below. 


So we have 


2m 1 ii -ikR 0 Un? eat fixe / 
éu(B) apg Fae te a(R), (N= 1H). (') 


In the external region ¥ is written as 
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ethsro \ 


bs (10) 


— ) Poi 5 sin k7, 

q = yan pit aa os hy ri,°°°,r {bi DFS 
y Ese J (r1 A B 

The S-matrix can be obtained by connecting the internal wave function (6) and 

(4) with the external one (10) term by term, 


To To 


S 8 = >\Cn (E) ere Un (R) = dyer SES F 
By using equation (9’) for c,(E&) we have 
ne h* —tkok ,-ik,R SS Te (R) DES (R) —¢ o-iee Sin kR (11) 
oe 2m hE ay ay 7 4 k 


It is apparent that the form (9/) is reasonable since otherwise each resonance term 
is not symmetric with respect to 0 and s. 


§4. The intermediate coupling model with antisymmetrization 


In this section we prepare to derive the imaginary part of the optical potential 
by reducing the Schroedinger equation approximately. This is done with the help 
of the intermediate coupling model. For this purpose we need the development 
coefficient c,() given by equation (9’), but not the S-matrix. 

The success of the optical potential means that the incident nucleon moves 
inside the nucleus nearly according to the single particle model. So we take single 
particle wave function as the basic stone. We keep of the wave function of the 
target nucleus exact so that the inelastic processes leading to discrete final states 
can be treated. From the single particle wave function 


Pi (ry---, ra)¢?(r,) (12) 
we form the antisymmetrized function 
8 1 we | ot Ss: 
Dp? (To,°**, (As PR $@y+>Fa) GO? (Tr). (13) 


vy? is determined from a suitable average potential, which will be defined later, with 
the outgoing wave boundary condition (5). 

There is a little complication regarding @*?’s since, strictly speaking, they are 
not orthonormal*. We can see, however, that the orthonormality holds approxi- 


mately in general. In fact the non-orthogonality occurs through the exchange 
overlap integral 


* This is related to the fact that the Hamiltonian which on operating on OP gives the energy 
eigenvalue EP=e,+¢sp 


A=TT:+DViG+D(Us—-DV ies) Ox 
7 i>9 k i 


is not exactly Hermitic, where Q,=1 


if it operates on Os (105° Te, TR-1°**, TA) 95" (rx) and zero 
otherwise, 
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[Yur(ro Ps,°*:, 74) g(r) $,(T1, Lapeer r4)9?(r,) dt. 


The ¢/,’s can be developed in terms of the Slater determinants, 
Po= >) a; det(A) nm; 


where m indicates the configuration. The single particle wave functions in the 
Slater determinants are obtained from an average potential (which is assumed to 
be independent of the states) by the boundary condition that they decay exponen- 
tially for large ry. On the other hand ¢ is derived from approximately the same 
potential with the outgoing boundary condition (5) (note in equation (5) that 2,= 


iV (2m/ h*) (e—€) if €—€%*<0 and the boundary condition is real in this case). 
Therefore the two eigenvalues do not coincide generally. (They coincide if €— 
Es’ —é&” where &” is the eigenvalue of ¢”.) If they do not coincide, these two 
wave functions are shown to be orthogonal since we assumed that at r=R the 
wave functions in #, are negligibly small. Even if both combinations (s, p) and 
(s’, p’) satisfy the above mentioned equality for the boundary condition and so 
the two kinds of single particle wave functions coincide, the integral is generally 
small unless E*? ~ E’”” (where E*?=€,+€”)since for the integral to be non-zero 
the det(A),, in the states s and s’ must be identical except for one function in each 
determinant and they must be y”” and ¢” respectively. So we assume that @*’s 
are approximately orthonormal in general. In the above argument the motion of 


the center of mass was ignored and so it does not hold for light nuclei. A similar 
argument applies to the second term of equation (9) since 


te ei in eo 


where c*” is defined now. 
When the compound nucleus wave function is developed in terms of the single 


particle wave function 


=> cn PP (14) 
§,p 


the coefficient |c%?| is large if the eigenvalue E, is nearly equal to the single par- 
ticle energy E‘. Otherwise it is assumed to be small. This is the intermediate 
model. In the single particle model ¥, and #” become identical and in the strong 
coupling model the development coefficients |c;”| are distributed uniformly. 

The actual wave function can be written in terms of the single particle wave 
function by using equations (6), (9’) and (14), apart from a constant factor, 


1 ait cit (=)? Push E49 (R) 9" (P5), 
a = agree AE SN ee FR Or RA Hs 


where we write *_, for r,-°,r4 for brevity. Since we are interested in the 
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behaviour of the wave function when it is averaged over the small energy interval 
containing many resonances, we divide the sum over m into two parts: 


2s Te? cf <3) elt ee 
i Op pspr (16) 
om Cn > 
+25 BE 


where I is a small interval for which E,~#. For the first term averaging gives 


< ik ee Tt op sp! (16a) 

: eee eer 2 cP) —=— x ee Cn pee \ a 
(gare ib fe nn, 6- 

where D(E) is the average level spacing of the compound nucleus, ana for the 

second term the averaged result is almost the same as the wunaveraged. In 

accordance with the intermediate model the latter can be developed as 


it toe 
SL  — = BF ot oth (16b) 
nai, — n Spry he == ft 
On ye 
pee ee 


51 (E”—E) (E?'—E) 


sis San} (E" ~~ Hi | (A — i): oP spr 
She) (ee ae ee 


3 


In the third term of the above development we have factors in the numerator which 
are small when |c??| or |ci?’| is large.. Therefore the third term will be smaller 
than the former two and it is neglected below. 

For the first and the second term we make use of the sum rules which are 
derived from the completely antisymmetrized wave functions. They are, under the 
approximation that #”’s are orthonormal, 


\ 


So Ge. = Onis as, (17a) 
Di Ey E,) i? cn’ =<sp(0)|U— Vi|s'p’ (0) ) — Afsp(1) |U—Vols'p’(0)) (1 7b) 


where U is the average interaction to be determined later and 


|sp(0)) is the wave function of the form (12), the number in the parenthesis in. 
dicating the particle occupying the single particle state. Equation (17a) follows 
from the orthonormality of the wave functions ®.. In (17b) the factor A in the 
second term is only apparent since, in the Slater determinant approximation, the 
contributing nuclear force is only Vq, for the nuclear forces for the other pairs the 
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integrals go to zero because of the exchange overlap integrals. So the second term 
is at most of the same order of magnitude as the first. When the Pauli principle is 
violated the second term just cancells the first term. Strictly speaking the second 
term of (17b) must be symmetrized with respect to 0 and 1 but we omit it for 
brevity. 

Inserting (16a,b) and (17a,b) in (15) the wave function “ becomes approxi- 
mately 


_ 1 Na (cl? CP’) 
f= a ex. Po P. pe via pp eee I ,,0p sp! & 
/A+t a ( ) s ig pl D(£) g (R)¢ (Tr) +G,(R, ro) O05 


+\Gu(R, r’)G, (ro, 7’) 0(0) |U — Vols (0) ),.dr’ (18) 
= A\ G(R, r’!)G, (ry vr’) C0(1) |U— Vols(0) >. dr’ dr!t by (€-0) 


where G,(r, r’) is the Green function of the single particle Schroedinger equation 
with the average interaction, 


Geae r)) Lae a) er, 
s > ra E®—E 


In deriving equation (18) it is assumed that the number of levels in }} is rather 
Cur 


small and S? is replaced by $}. This is valid if E is far away euain AUNpeliaes 
nDdI 


alin 


Even if E is near one of E’’s this will still be permissible unless |c;?|’s have a very 
narrow distribution. : 
As the average interaction we now take, for the target nucleus in the state s, 


U,=(s(0) | Vols(0) >, — A] (s(1) | Vols (0) Pon dria Ne Operated 


=Us(r) +] KC, r')dr’ (to be operated). (19) 


c in U® will be omitted below. Then it can be shown that in equation (18) the 
integral terms cancel each other for the incident channel provided the exchange 
integral for U is zero. The last assumption is reasonable for large nuclei for which 
U will be nearly constant in the nucleus. 


§5 The derivation of the imaginary part 


The first imaginary term in equation (18) must be determined by solving the 
Schroedinger equation (2) approximately. Writing the wave function in the form 
(8) we notice a similarity with Wheeler’s resonating group method”. The only 
difference is that here we take only one group and consider all the excited states 
of the group. The equation for the incident channel becomes, by multiplying 
iy(o, “-P4) On equation (2) from the left and intergrating over all r’s except To, 
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a 


[T—€+| iO, ye@—r) ERG, r)yar ie) 
==S1[ {Ul —=1) +Kiele, PDK! (20) 
s+=0 


where U,,(r) +K;i,(r, r’) is defined by 


Un(r) + | Ku(r, rar" (tobe aparece) 


=(0(0)|Vols(0) oA] (OD) | Val s(0) on dr! (to be opeated). (19) 


In deriving (20) we neglected the exchange overlap integral and the exchange 
kinetic energy integral. These are small for large nuclei. The equations for other 
channels become 


[TEFEN + | {UP Arr) £K(rr') | de f(r!) 
=—| {Un} —r) + Karr!) dr'f(r) (21) 


=Si (Uy, @O(r—r) LRG ar he, 

8/+0,8u 
Equations (20) and (21) are exact apart from small exchange overlap integrals. 

In the weak coupling limit all coupling terms are small. In the strong cou- 

pling limit, on the other hand, all coupling terms will be equally important. In 
the intermediate case we substitute for f*"(r) in equation (21) the expression in 
brackets of equation (18). Then the right-hand side becomes (U in equation 
(18) is assumed to be diagonal) 


_ [ (Or O+ Kos) dr! (xi g(r’) +G CR, r)) 


s/+0,sV 


PS (Udall dr! * {zig°" (r’) +|| Ow 0+ Kos) GR, i G,, tr’. prey arg 


where we put 


on Gn ot Op spl =— gs 
~ TDW) * (R)o@ (r)=9 (r). 


M 


8 


In the last term of the expression (22) we have, apart from the small imaginary 
term 779°"* the product of the matrix elements of the nuclear force between. states 


()-¢/ fe 1 
0-s’ and s-s’ and the Green function G,,(r’, r’). Here we make a random sign 


* This is also related TORU Gas. 
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approximation to the effect that the last term in equation (22) is summed to zero when 
suitable energy average is taken. If the signs of U,,, and Up, are strongly correlat- 
ed the correction from the second term of equation (22) will not be negligible, 
but we assume this is not the case. 

With the aid of the intermediate model and the assumption that the non- 
diagonal elements U,,,s have random signs the wave function of the channel s 
couples only to the incident channel on the average.* Then we can write f*(r) 
in terms of f°(r) by equation (21), 


P 


fi@)=—|\G.c, r')dr"| {Us 04Rh f(r!) dr”. (23) 


We substitute this in equation (20) and the equation for the incident channel 
becomes 


(T-e+\ (Us b4K) f° 


=3i)[|(Wu 9+ Ko) G Un P+ Ko) f”. (24) 
We expect to have the imaginary part from the right-hand side of the above equa- 
tion, but if we regard G,(r, r’) as the pure single particle Green function we do 
not get the physically meaningful imaginary part. It is true G,(r, r’) is comlpex 
if the channel s is open but the imaginary part from this goes to zero as the 
incident’ energy decreases. Since the imaginary part is expected to be finite at zero 
energy, this is too crude an approximation. As the better approximation we regard. 
G,(r, r’) as the Green function when the channel s has infinitely weak coupling 
with the incident channel. Then the energy denominators in the expression 


E _s g(r) g(r’) as g(r) ge? (r’) 25 
G,(r, 7’) a as 5 > EP Ge E (25) 


have infinitely small imaginary parts the exact torm of which are irrelevant apart: 
from the sign which is determined from the outgoing wave boundary condition. 
Because of this infinitely small imaginary part we get a finite imaginary part on 


* If we retain the last term of equation (21) for the channel s’ and express the wave function 
fs’ as equation (23) below in terms of f*’, there is a contribution from /* in this expression. If 
we substitute this /:’ in the equation for the channel s we can pick up the correction term for the 
average interaction in the channel s. This correction makes the average interaction complex. This 
procedure, however, looks a little artificial once the random sign approximation is made. The form 
(23) is reasonable in view of the general theory Ss= (0, Hy Y +9) 8) (the bar means the average: 
over energy) with the intermediate model for ¥,‘*) and the randomness of the signs of the non- 
diagonal interaction matrix elements. According to Bloch’s theory for the direct interaction! G, in 
equation (23) must be the single particle Green function for the complex optical potential. It is: 
not clear to the author which is the more reasonable form. 
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averaging over energy €&*, 


<3a\ || Ou De ee yerede = eae eo) 
S+0, 


op der \\\ I2%, See a 


+A tae || Un 0+ Ko) 970(U ns 94+ Kw) (26) 
esPteez=e D!(E5") 

where D’(€s*) is the level spacing of the target nucleus at the excitation energy £2. 
This procedure will be the same as the inclusion of i€ in the energy denominator 
in the Lippmann-Schwinger’s operator formalism® but less formal. The first term 
‘of the above expression is the second order correction to the average potential and 
the second term is the imaginary potential we have been seeking. 

A similar procedure was taken by Cini and Fubini” for an infinitely large 


Fermi gas. 


§ 6. Discussion of the result 


The average interaction obtained above (equation (19)) is non-local as it should 
be” and makes it appear as energy dependent when it is regarded as local®. The 
second order correction given by the first term of equation (26) will not be very 
large unless the nuclear force has very odd radial dependence®. The energy inde- 
pendent non-local interaction has the advantage that the eigenfunctions correspond- 
ing to different eigenvalues become orthogonal to each other. If the average in- 
teraction is assumed to be energy dependent, eigenfunctions are not orthogonal to 
esch other for the finite nucleus. 

The imaginary interaction is, apart from being non-local, essentially energy 
dependent since the contribution to it comes from the single particle states below 
the incident energy. This is so because the imaginary part appears if 


EP 4 Gee e~Q) 


and | 


So 
Further, the exchange term ensures the Pauli principle and it cancels the local term 


when the Pauli principle is violated. This can be most easily seen from the second 
sum rule (17b) by taking Slater determinants for the target wave functions. Since 


* Here it is assumed that 


(Gs eas = (Gia 4 CO ee 


This will be permissible since the poles of f°, which are the actual resonances, 


are approximately 
independent of the poles of Gs. 
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the nuclear temperature corresponding to the low incident energy is very low com- 
‘pared to the average kinetic energy of nucleons in the nucleus, in the excited states 
contributing to the imaginary potential, only few nucleons are excited from the 
ground state. Therefore, the contribution to the imaginary potential will come 
essentially from the unoccupied states below the incident energy. 

Thus the correspondence to the semi-classical argument is apparent. The only 
difference is that in the semi-classical case only one particle in the target’ nucleus 
is excited whereas in the present case the target nucleus is excited as a whole. 
However, since the relevant quantity is the matrix element of the two-body nuclear 
force, the excited states which are very different from the ground state will con- 
tribute very little. If the corresponding excited state is nearly a single particle 
state the contribution from it will be fairly large. From this we can expect that 
the imaginary potential will increase abruptly when the shape resonance is passed, 
since in this case we have a single particle state just below the incident energy and 
the corresponding excited state of the target nucleus is near the ground state. For 
heavy nuclei this increase will not be appreciable since there are many unoccupied 
single particle states, but for medium weight nuclei near A=60 this effect may be 
important. The single particle state which is occupied by the incident particle and 
the corresponding nearly single particle state of the target nucleus must satisfy some 
selection rules regarding the spin and parity and this may cause some fluctuation 
of the imaginary potential. 

It is interesting to note that the imaginary potential obtained above 


tro >) : 


es? +e,ez—~e D’ (E5") 


| {Uor)a@e—r) 4Ky(r, r!) 9? (r/)} dr’ 


S< lore”) AUgir or’ —r’) Shalt’, re War'ar Fr") 


has a peculiar non-locality. When the exchange interaction is neglected it is still 
non-local but separable 


: 1 : 0 F 

ni S 1 (ryr(r) ((e") Une!) f(r!) de’. (27) 
cop fejezre D'(EY) 

This becomes local if and only if the average potential determining the wave func- 

tion g” is independent of s, and 


gr (r) g(r’) 


is summed over all single particle states with equal weight. As the sum is taken 
only over the unoccupied states below the incident energy, the non-locality of the 
order of the wave length of the inter-nuclear particles always remains. At first 
sight the sum looks a little complicated. However, if we assume that the average 
interaction U, defined by equation (19) is nearly independent of s, we can first 
take the unoccupied single particle state and seek for the excited state of the target 
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nucleus for which the total energy becomes almost conserved. 

If we calculate the single particle strength function from equation (24) by 
using equation (27), with the proper restriction for the sum, for the right-hand 
side we will get a result similar to that of Bloch” including the effect of the 
Pauli principle approximately. Bloch’s method of collecting the “leading parts” of 
the expansion of the S-matrix similar to the perturbation theory is equivalent to 
keeping the lowest term in the Schroedinger equation and solving the equation exactly. 

To derive the imaginary part explicitly the single particle wave functions ¢” 
do not cause any difficulty but the nuclear matrix elements and the level density 
are very difficult to estimate. This is so even in the approximation (27) since for 
the target wave function we must take the exact one. It may become manageable 
if we make a suitable independent particle approximation for the target nucleus 
but even in this case the problem looks extremely complicated for the finite nucleus. 

Frantz et al.” proposed an optical potential which is essentially of the form 


(T+U) f(z) ea up) | W(x") Up( x") f(a!) dx! =f (x) 


where the sum over p is to be done for al/ unoccupied states. The result obtained 
in the present paper can also be written in the above form with suitable approxi- 
mations (particularly for the one dimensional problem) but the sum over p is to 
9¢ done for the unoccupied states below the incident energy. Frantz et al. pro- 
posed the above form so that the solution for the scattering state becomes ortho- 
gonal to the bound occupied states, but the physical nature of the imaginary poten- 
tial was not considered. In our case we can clearly see the physical picture that 
the imaginary potential is due to the process in which the incident particle 
yamps down to an unoccupied single particle state and excites the target nucleus 
so that the total energy is approximalely conserved. 

The author expresses his sincere gratitude to Prof. S. Yoshida, Drs. M. Kawai, 
K. Harada and K. Moriguchi for their valuable comments and discussions. 
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When a system in thermal equilibrium is exposed to arbitrary but weak electromagnetic 
fields, currents are induced by the fields, proportional to the field strengths. The Kubo for- 
malism allows a general discussion of this “linear response”, and the calculation has been 
carried out by Nakajima. However, the separation of the induced current into an 
"current requires additional physical assumptions. This 
separation is carried out here. The “electric” current is then further separated into in phase 
and out of phase contributions. This yields an explicit formula for the complex dielectric 
constant as a function of the wave number and frequency of the impressed electric field. 
These formulas have the same generality as the formulas of equilibrium statistical mechanics. 


“electric” and a ‘“ magnetization’ 


$1. Introduction 


We shall consider a thermodynamic system which, in the absence of electro- 
‘magnetic fields, is governed by the Hamiltonian fig Be 


N 
£o= 31 (pi)’/2m.+ V (my, X,°+*, Ky). (L<1) 
This system is assumed to be in equilibrium at time t=— 0, Its statistical matrix 
at that time is 
U)=exp[f (Fy— A) |] > (1-2) 


where 8=1/kT, and F, 
fields. 


The system is then exposed to the influence of arbitrary space and time depen- 


dent electric and magnetic fields ; these fields can be derived from vector and scalar 
potentials through the usual equations ; 


is the free energy in the absence of electromagnetic 


E(x, t) =—grad g— (1/c)0A/0dt, (ise 
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B(x, t)=curl A. (1-4) 


‘When these potentials are introduced into the Hamiltonian in the usual fashion, the 
Hamiltonian becomes time-dependent, and so does the statistical matrix U. The 
latter satisfies the differential equation 


Bi roL 1a oad (tae Cd) (145) 
with the initial condition 
UCcc)=U,. (1-6) 
Kubo” has pointed out that (1-5) and (1-6) can be solved explicitly to terms 
linear in the potentials, and that this solution suffices to get expressions for the 
linear part of the induced current, of the same generality as the expressions of 
equilibrium statistical mechanics. If we let J(x, ¢) be the expectation value of the 
current density, at point x and time ¢, over the statistical distribution U(¢), then 
to terms linear in the fields we expect to find the following form: 


) J(x, t)=Ja(x, t) +c curl M(x, ¢), (1-7) 


where the “electric” current is* 
t 
Fes = dt! [ata Y(x—x!, tt) E(x, 1!) (1-8) 
and the magnetization density is 


M(x, t) =\de' [ate! Hic ane BGI (1-9) 


The functions Y(x,t) and K(x,7) defined by (1-8) and (1-9), respectively, will 
be called electric and magnetic response functions of the medium. The electric part 
of the current, (1-8), is usually written as a sum of two terms, the ‘‘ conduction ” 
contributions :” 


> 


and “dielectric polarization ’ 
Je: (%, €) =Jem(%, 1) +9P(x, t)/Ot. (1-10) 


: We therefore have one physical quantity, the induced current J (x, t), which 
js to be written as a sum of three parts: 


I(x, t) =Jcon(*, t) +9P (x, t) /t+c curl M(x, ¢). (ie TI) 


The usual way of making this separation is by considering a special model of 
the substance. In this model there are free charges which can move about, electric 
dipoles which can have their permanent moments aligned with an electric field, or 
can obtain an induced electric moment, and there are magnetic dipoles with similar 
properties with respect to a magnetic field. In (1-11), the part Jyn is said to be 
due to the moving free charges, the second term is due the electric dipoles, and 


the last term due to the magnetic dipoles. 


* We shall assume throughout that the system has cubic symmetry, so that the response 


_ function Y and K are scalars. 
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This physical picture works well for a dilute gas, but it suffers from the same 
defect as the (very closely related) kinetic theory of gases: Serious troubles, not 
merely of calculation but of principle, are encountered as soon as the interaction 
between the molecules becomes important. As long as the separation of terms 
in (1-11) is based upon a specific model of the substance, it is in principle im- 
possible to decide how to perform the separation in cases where the model breaks 
down. 

In this paper, we shall perform the separation (1-11) ina very general fashion 
based on postulates independent of specific models of the substance. The result is 
then a set of equations for the coefficients which enter into the linear response of 
the medium (the dielectric constant, the conductivity, and the magnetic susceptibility) 
of the same generality as the equations of equilibrium statistical mechanics. 

The separation (1-11) will be carried out in two stages: first we separate the 
magnetic and electric contributions, i.e., obtain equations (1-7)—(1-9) in explicit 
form; second, we separate the electric current into the two parts (1.10). This 
latter separation, carried through in section 3 of this paper, is quite simple. The 
former separation, however, is not altogether trivial. Since the fields E and B are 
introduced into the formalism not as such, but rather through the potentials A and 
g, it follows that two of the four Maxwell equations are satisfied automatically by 
any fields E and B which can be introduced. These Maxwell equations are 


div B=0, (125 
c curl E=—dB/dt. (i= 13) 


Equation (1-13) relates B to the “ transverse” part of EF; in fact, since by assump- 
tion both fields go to zero for t+— oo, (1-13) allows us to express the field B 
entirely in terms of a time integral over the electric field E ; thus, purely formally, 
we could express the entire response of the medium as an integral of type (1-8). 
Or, conversely, we could use (1-13) to rewrite the contribution to (1-8) coming 
from the “transverse” part of E as a “ magnetic ”’ response. 

It follows that the separation (1-7) requires additional physical assumptions. 
Two reasonable assumptions are : 
1) Localizability assum ption : 


We split the electric field into a “parallel” and a “ transverse ” part. 
E=E,+E, curl E,=0 div £0); (1-14) 
The electric part of the current would then be, in general, 


Ja Xe) =\ae( rey, aw, i—t’) E(x’, t’) + Y,(%—2',t—2') E,(x’, )]. 


(1-15) 
“non-local”, i.e., it requires knowledge of 
Heneesiif CLS idelsugess localizable, we 


However, the splitting (1-14) is 
the field E over the entire specimen, 
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must have 


Y,=Y,. CSG) 


Furthermore, if as a result of some calculation Y, and Y, are apparently different, 
then the electric response must be taken to be Y,, and the difference Y,— Y, must 
be interpreted as a magnetic term. The reason for this is that one possible 


electric field is a purely parallel one, obtained from the choice of potentials 640 
A=0. hie. 


2) Causality assumption : 

The response of the system to the impressed fields E and B cannot be instan- 
taneous. An instantaneous and memory-less response would be indicated in (1-8) 
or (1-9) by terms which involve no integration over 7’, ie, by terms in either 
Y(*, ¢) or K(x, t) proportional to d(t—t’). The causality assumption leads to 
the requirement that there should not be any such terms. 


The calculation of J(x, t) on the basis of the Kubo formalism has been carried 
out by Nakajima,” who arrives at the following expression : 


Jy(x, t) = [ dx! Jury (x—2!) A, (x, t) +? fae’ | aa Syy(%—x/, t—1/) E,(x', 1’) 
en) 


where J,, and S,, are definite averages over the field free ensemble U). Nakajima 
interprets the first integal as the magnetic response, the second as the electric res- 
ponse of the system, However, the first term of (1-17) contains no integration 
over previous times, and thus indicates an instantaneous and memory-less magnetic 
response. As Nakajima remarks: “Since the kernel J,, is independent of time, 
there is no magnetic time-relaxation.”’ 

In the present paper we shall start with Nakajima’s expression, and carry out 
further transformations on it so as to satisfy our assumptions (1) and (2). We 
shall see that localizability is enough to make the separation into electric and 
magnetic response unique ; this unique expression turns out to satisfy the causality 
condition automatically. This is done in section 2.* 

In Section 3 we then separate the electric part of the current into conduction 
and dielectric polarization currents, and thereby obtain explicit, general expressions 
for the frequency and wave-number-dependent conductivity and dielectric constant. 
As an example of the use of these expressions, we compute, in section 4, the dielect- 


* It is possible to construct systems in which this method of separation gives unreasonable 
results. For example, if we imagine an ideal gas of objects which are both electric dipoles and 
magnetic. dipoles, then an applied electric feld, by aligning these objects, produces not only electric 
polarization but also a magnetic polarization, and the converse situation occurs for an applied 
magnetic field. However, with physical molecules, this cannot occur, because of parity symmetry. 
If the electric dipole moment operator has a non-vanishing matrix element between two quantum 

states m and 7’, then the magnetic dipole moment matrix element vanishes, and vice versa. 
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ric constant of an ideal gas of molecules, thereby showing how our more general 
formulae reduce to the ones of the conventional theory of electric susceptibilities.” 

Although our formulae apply to arbitrary media, some care must be used in 
their interpretation when the medium in question is a superconductor. The assump- 
tion of localizability used in the separation of the electric and magnetic contributions 
may not be a reasonable assumption in superconducting materials. It is certainly 
not reasonable if the material satisfies the London” phenomenological equations. If 
the splitting in question is nevertheless used for such a material, the results, though 
still correct, appear in a rather awkward form. Even in a normal material, care 
must be exercised if the applied fields are space- and time-independent. These points 
will be discussed in more detail in a forthcoming publication.” For normal materials, 
however, it is sufficient to start with space- and time-dependent fields and go to the 
limit of zero frequency and zero wave number. 

Some additional discussion of the expressions found here is given in section 5. 


§ 2. Reduction to local and causal form 


Since we are interested in the linear part of the response, it is convenient to 
make a Fourier decomposition of the fields and consider one Fourier component 
at a time. For the moment, we shall make a Fourier decomposition in space only, 
not in time. We therefore write our fields and potentials in the form* 


B(x, t)=B(q, t)(2/V)'” cos (q:x), (2-1a) 

E(x, t)=E(q, t)(2/V)*” sin (q-x), (2-1b) 

A(x, t)=A(q, t) (2/V)"” sin (q-x), (2-1c) 

d(x, t)=4 (q, t) (2/V)*? cos (q-x). (2-1d) 

The Maxwell equations (1-12) and (1-13) become: 
q Bq, t) =0, (2-2a) 
cqXE(q, t)=—9B(q, t) /dt, (2-2b) 
and the Fourier decomposition of the induced current J(x, t) is 

J(x, 1) =J(q, t)(2/V)” sin (q-x). (2-3) 


With this notation, Nakajima’s result® (1e., our equation (1-17)) assumes the 
form : 


Ju(q, )=d Sala, 0) Lop |Avg, tel a Swv(q, t—2/) E,(q, t’) (2-4) 


where the quantities Suv(q, t) and L- are defined as follows: We introduce the 


The alternation of sines and cosines in these ex 


' pressions is required by th - 
tions and by the relations (1-3), (1-4). ° Sicoaliiahdasts 
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operator for the g’th Fourier component of the electric charge density : 


N 

0(q) =de(2/V)'" cos (q-%.), (2-5) 

and the operator for the qg’th Fourier component of the current density :* 

N 
j(q) =D (e:/2mi) (2/V)""[p,; sin (q-x;) +sin(q-x;) pi]. (2-6) 
With this notation, the operator L is given by 
Lalo (ad); nC 2e;" Ea} A ; D) 

(hic)*? Vm 0 (q° Xi) (2-7) 


and L in equation (2-4) is the statistical average of L over field-free distribution Up: 


a N / 
L=Tr(LU;) =V7S) e2/mic*. (2-8) 
éi=1 


The last form follows form the translation invariance of the field-free system, which 
allows us to replace sin?(q-x;) by its average value, 1/2. Finally, the quantity 
Syv(q,t) in (2-4) is defined by 


ae 2 Z ; : it 
Sw q,t) = Qile Tr as Univ D.in 2), (2-9) 
where 
j.(q, 8)=<exp(—sHh) j.(qexp (+ sEh). (2:10) 


Although equation (2-4) involves the vector potential explicitly, it is actually 


gauge invariant, due to the Buckingham identity” 


Lqu—Suv(q, 9) = GL — GS (Gs 0) =0. (2-11) 
For systems of cubic symmetry, this identity assumes the form 
> (4 go/) Swvq, 0) —L=0. (2-12) 


Let us now transform (2-4) so as to satisfy the localizability condition discus- 
sed in section 1. The decomposition of the electric field E into two parts becomes 


E=E,+E,= (1/7)((q-E)q—4X (4X )]. (2-13) 


It we let the direction of the vector q be direction number 3, for the moment, then 
E, is just the component £;. Furthermore, with cubic symmetry, the tensor S,(q ,¢) 
is diagonal in this system, with S,,=S», but not equal to Sys, since the g-direction 
is clearly a preferred direction. Thus the integral in (2-4) becomes 


1=|a¢ | *Sn(4 1-1) E,(q, 1) +2Sa(q, t—-2E(4 i) | li QURRA) 


* This is the point at which we ignore electron spin and the currents due to it 
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This is precisely the Fourier image of the form (1-15), and we see that we must 
identify c’S33(q, t) as the true electric response function Y : 


vq. 0= Tr | dt Ug i@(aia—4)). (2-18) 
By using the time-dependent charge density operator 
0(q, t) =exp(itHh/h) 0 (q)exp(—itH,/h) (2-16) 
and the continuity equation 
qj (Q) =(h) “| Ab, e(q) |, (2-17) 
it can be shown that (2-15) is equal to 
¥(q,0=—(#'2) “Tr {Ue (H, ota, Dla) |. (2-18) 


The quantity L, (2,7) and (2-8), is related to the electrical response function 
Y(q; 4) for <=0: 


ey cere Oe. (2-19) 


We have now identified the “electric” part of the current, and found an ex- 
pression for the function Y(x, ¢) in (1-8), namely the Fourier inverse of (2-18). 
It remains to reduce the magnetic part of J to the form ccurlM, or, in Fourier 
notation : 


Imag (4, t) = —cq X M(q, t) (2-20a) 
with 
M(x, t) =M(q, t) (2/V)*" cos (q-x). (2-20b) 
The “ magnetic” part of (2:14) equals 


Ineg=e"| de] Sug, t—) Sala, tr) |Eq, ¢’. (2-21) 


It is convenient to define a quantity 7'(q, t) by 


Su(q, t) —Sy3(q, ¢ iC ee > 
T(q, 2) = Pega ssl gam) he PES (4m — Se \s,.(q, 2). (2-22) 
ro] Op TD qd 


Using (2-2b), (2-13),. and (2-22), the magnetic part (2-21) becomes 


Inay =| de! T(q, tt) qx BO) : 
65 t 


An integration by parts is required to obtain an expression of the form (1-9); 
we therefore define the F ourier transform of K (x, 7) in (1-9) by: 


K(q, )=—dT(q, t)/dt (2-23) 
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and we get for the magnetic part of J(q, t), combining all terms: 


[Jmao(4> t) w=cl Sy. (q, 0) —L4,,]A,(q, t) +eT (q, 0)[qX B(q, 2) Ju 


t 
—|eqx ae K(q, t—t') B(q, ’) | : (2-24) 
ue 

It,is now an easy matter to check that the “instantaneous terms” which appear 
Jie ’ : ; 
ingthe first line of (2-24) cancel identically ; that is, the requirement of localiza- 
bility has led automatically to an expression for Imay which is also causal ; Imag 
(q, t) is given by (2-20) with 


M(q, 1) =|de’ K(q, 2) B(q, 2+), (2-25) 


where K(q, ¢) is defined by (2-22) and (2-23). 

The transformations carried out in this section have now led to expressions 
in which the “electric”? and “magnetic” parts of the current density are clearly 
separated, and the existence of magnetic time-relaxation is manifest. 

Kubo’s” expression for the electric response of the system is simply the in- 
tegral in (2-4). This is perfectly correct under the assumptions Kubo used, Le., 
a purely longitudinal electric field, E=—grad ¢, but should not be used for arbitrary 
electromagnetic fields. 

We can recover the equilibrium response of the system to a time-independent 
but space-dependent magnetic field B(x) by imagining that this field is switched on 
very slowly, i.e., we set 


B(x, t) =B(q)exp(at) (2/V)"” cos (q:*) (2-26) 
and then let a go to zero. In this limit, (2-2b) shows that the electric field goes 
to zero proportional to a, and we get the equilibrium magnetization 

M(q) =K(q)B(q) (2-27) 


where* 


K(q) =lim|aeK(q, t)exp(—at) =T(q, 0) : (2-28) 


or, remembering (2-22), 
K(q) = 1/433 0/2) Ou 344. 9/7) Sw(qs 0). (2°29) 
Since S,,(q, 0) is just the Siv(q) of Buckingham”, equation (2-29) is identical 


with one of the forms derived by Buckingham. We shall call it the ‘ Buckin- 


gham canonical form” 
The identity of @ 15) and (2-18) is the time-dependent generalization of the 


* In (2-28) it is necessary to assume that the magnetic “memory” is limited, ie., aCe t) 
=0. As Professor Nakajima has kindly pointed out to us, this assumption may fail for secon towel 


systems, e.g., the condensed ideal Bose gas. 
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Buckingham identity (2-12); since such an identity exists, the S3;(q, ¢) in (2-22) 
can also be expressed in terms of the charge density operator e(q, t). Thus the 
possibility of many apparently different forms for the magnetic Tesponse, all of 
which are equal to each other as a consequence of an identity, exists for the 
time dependent response function K(q, ¢) as well as for the equilibrium response 
function K(q). 

Since electric response, unlike magnetic response, is basically a classical pheno- 
menon, one may expect that there exists a purely classical derivation of the simple 
formula (2-7) for L, based on the interpretation (2-19) of L as an electrical res- 
ponse. This is indeed the case. Let us consider a classical system of particles i 
with positions x,(¢), velocities v;(¢), masses m;, and charges e;, At t=O we in- 
troduce a delta-function (in time) electric field of form: 


E(x, t) =E(q) (2/V)” sin (q-x)0(Z). (2-30) 


The effect of this field is to impart an impulse to each particle. The velocities just 
before and just after the impulse are related by 


(0+) =0;,(0—) + (e:,/m;) E(q) (2/V)"? sin (q-%;). (2-31) 
The current density Fourier transform j(q) is given classically by 
N 
J(Q) = Se v,(2/V)'” sin (q-x;). (2-32) 
t=1 


Inserting (2-31) into (2-32) and taking the statistical average gives 


¥ 2 87 eae 

j(q.0+) =j(q, 0-) +(S 9) Veg, (2-33) 
i=l Vm; 

By definition, the average which appears here is Y(q, 0), and it is indeed related 

to L, (2-8), by equation (2-19). 


§ 3. Conduction and polarization currents 


It is conventional” to write the “electric” part of the current as a sum of two 
parts, the “conduction ” and “ dielectric polarization ”’ currents : 

Ful, )=Jonla, 2) + POD (3-1) 
The distinction between these two contributions is usually based upon a specific 
model of the substance: the conduction current is thought to be the contribution 
of moving free charges, the polarization current is due to bound charges moving 
about their equilibrium positions. 

Although we cannot use such specific models in a general approach, the separa- 
tion (3-1) is useful and we therefore wish to find a model-independent way of 
performing it. For this purpose we shall do, theoretically, just what the experi- 
mentalists do to make the separation : we shall suppose that the impressed electric 
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field E(x, t) has a sine-wave variation in time, and we shall identify Jon(x, t) as 


that component of J,,(x, t) which is in phase with the electric field, and we shall 
identify the polarization current with the: out-of-phase component. 

Since the Kubo formalism demands that E(x, ¢) approaches zero as t——©o 
we introduce a time factor exp (at) into the field, where a is a small sil Mae 
constant which will eventually be made to approach zero. Furthermore, we shall 


rmaake a Fourier analysis in space as well as in time. Thus we write the impressed 
electric field in the form: 


E(x, t) =E(q, w) (2/V)*” sin (q-x)Re{exp[ (@+iw)t}}. (3-2) 
Substitution into (1-8) gives, in the limit a—0, 

J(x, t) =E(q, o) (2/V)*” sin (q-*)Re[3)(q, w) exp (iwt)| (3-3) 
where 


Sq, ©) =lim |e Vg) expt—e Fie). (3-4) 


The quantity >}(q, w) is complex: 
(q, #) =>hn(q, ©) +222(@, ©): (3-5) 


The real part, >}, is the electrical conductivity « at frequency w and wave number: 
q. The dielectric constant €(q, w) is related to the imaginary part >, through 


E(q, wv) —1=47>2(q, o)/o. (3-6) 


We shall use equation (2-18) for Y(q, ¢); the only time-dependent part of this. 
is the operator e(q, t) given by (2-16). We use the operator identity 


dp(q,t) _ 4 : 
a jit (4,2) |- (3-7) 


to obtain 


|ae exp hee (a+io) f| Ho p(q, D| 


= (ih) |p(q)— (a+io) Pq a+io), (3-8) 


* As Professor Nagamiya has kindly pointed out to us, this identification agrees with the usual. 
one only in the limit of low frequencies. For example, consider a medium of electric dipoles imbed- 
ded in a viscous fluid. The electric current induced in such a medium would normally by classified. 
as a dielectric polarization current; yet it has a non-vanishing in-phase component at non-zero fre- 
quencies. This in-phase component vanishes in the zero-frequency limit. At non-zero frequencies,. 
therefore, we get a “complex conductivity ” S\(g, ), equation (3-5), rather than the separation 
(3-1) in its usual form. However, it is just this complex conductivity coefficient which is measured. 


by the usual experimental methods. 
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where 


Ca, a+io) =a exp [— (a+iw)tlo(q, ae (3-9) 


‘Substitution into (3-4) then gives 
Sq, 0) slim | “322 Tx( UC), P(q, @+io)]_)}. (3-10) 
a>0 1 qd 


Let us denote the quantum states of H, by |&), with energies HE; Then it is 
_ easily seen that 


; bi N-oX (kl e(q) [RD 3-10) 
HIE anges) 8 ee re i 


-and hence 


S(q, ©) slim] “2? St exp [9(F,—Ex)] |¢éle(q) KY 
a>0 


g kk 


| a ea eee Se |. 
; Ey, —E,t+ho—ifia Ey, —E,—hw +ifia 


(3-12) 


‘Separation of this into real and imaginary parts gives, for the conductivity : 


a 


7 (4 0) lim |S) expl 2 Fy— Bs) Eu — Bx) Xk|0(q)|R)F 


: : | (3-13) 


xe —E,+ho)?+ (ha)? - (feito 


zand for the dielectric constant : 


£(4, «) —1= lim} =") exp 9(Fy—Ey) (Eu. —Ey) |Cb10(q) [k?) ik 


qd kykt 


(Eu —Ex)*— (ho)? }. (3-14) 


: (Ba —Ey + ho) "+ (hia) "T(E, — fi. — hw)’ + (ha)?] 


In general, the process of taking the limit a—>0 in these expressions cannot be 
‘interchanged with the sum over states k, k’, since some of the energy denominators 
-‘may then vanish. We note also that there is no contribution to either (3-13) and 
(3-14) from pairs of states (k, k’) with equal energies. The expressions (3-13) 
and (3-14) have the same generality as the equations of equilibrium statistical me- 
chanics. They suffer of course from the same defect, i.e., that they are hard to 
evaluate for complex systems. 

Although the evaluation (3-12) of the general fourmula (3-10) is in principle 
adequate for all cases, it is possible to write very much simpler expressions if the 
‘system in question is an “ independent particle system”, for example, an ideal gas 
of molecules. Formally, an independent particle system has single-particle energy 
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levels €, and a Hamiltonian : 
Ay=>) é; ds) as (3-15) 


where a, and a, are the usual creation and destruction operators for single particle 
state s. The index “s” is meant to describe the single-particle state completely, 
Le., in the case of a molecular ideal gas, s contains both the centre-of-gravity mo- 
mentum of the molecule and the internal state of excitation of the molecule. The 
operator e(q), (2-5), assumes the form: 


0(q) 32s Pssr a; as)5 (3-16) 


where 9,,, is the matrix element of e(q) for a single particle between single-particle 
states s and s’. A straightforward calculation also gives the operator identity: 


P(q, ¢+iw) = Dee ee ili) 
1 i) ation G/E aE) eG 


The evaluation of (3-10) is simplified by transforming to the grand canonical 
ensemble, i.e., we replace the statistical matrix Uy by 


U,exp [8 (2+ uN— Hp) |=exp (22) exp 3/7 (= .)'a; a, | (3-18) 


where yz is the chemical potential and 2 is the grand canonical potential, 2=— pV. 

Using (3-16), (3-17), and (3-18), the evaluation of the trace in (3-10). is: 
straightforward, using the commutation (or anti-commutation) relations for the 
operators a, a*. We get: 


Trace (Uy Lp, P'\e) =>) hs (Pssr P gpg Bass Psrs) 


ee el 0 2) 1 Ss, ii 
eae Ee (Gi/f) (E,—€4)  &+iw— (i/N) (E,— Es) 


where we have made use of the fact that Trace U,=1, and where 4, is the average 


|@19 


occupation number of state s: 


j= 1 (3-20) 


exp [8 (&,—#) | 1 
The upper sign refers to Bose-Einstein statistics, the lower to Fermi-Dirac statistics. 
Formula (3-19) is correct with either statistics. In practice, in the case of Fermi- 
Dirac statistics it is sometimes preferable to replace the factor 7, in (3-19) by 
7,(1—n,). This is permissible since the product 7,75, is symmetric under ex- 
change of s and s’, whereas the other factor is antisymmetric. 
(3-19) simplifies further in the high-temperature limit of a non-degenerate gas- 


We use the approximation : 
ni, —<exp[P(u—&)] (high temperature) (3-21) 


and introduce the total number of particles N and the free energy F through: 
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Niza) ni, ~ exp[f(u—F) ]. (3-22 
We use (3-22) to eliminate the chemical potential 4, and finally obtain the follow- 


ing result for $}, equation (3-10): 


BG, 0) slim} SIONS explPF-&) Joon! 
a+0 ing s,sf 


eae _ oe ee ee 
sie G/A)(E,= 8) dibs = AVEZED) | 


This formula is less general than (3-19) since it restricted to a nondegenerate ideal 
gas; both (3-19) and (3-23) are less general than (3-12), which latter is not 
restricted to ideal gases. However, when (3-23) is applicable, it is very much 
simpler to evaluate than (3-12). 


§4. The dielectric constant of an ideal gas 


It is instructive to see just how the very general expression (3-10) for the 
complex admittance of an arbitrary medium reduces to the well-known expression 
which forms the starting point of the theory of electric susceptibilities :” 


_ éE—]1 
47 


ve 


N {_[¢7|p.|2) |? |Kn|p.\n’) |? ) 
ae exp eC fe.) See 1g Sy Wer | 4-1 

7 exp lB FE) ] | SEE Sige Hh 4 
In this formula, N is the number of molecules, V the volume, &, is the energy of 
molecular state 2 in the absence of centre-of-gravity motion, f is the “ internal free 
energy” of the molecule: 


exp(— Af) =D) exp(—#6,) (4-2) 


and the operator /, is the z-component of the electric dipole moment of the molecule, 
referred to its centre-of-gravity : 


ys =>) ez, 2) (4-3) 


where the sum goes over all charged particles in the molecule. The derivation of 
the Langevin-Debye formula starting from (4-1) is given in reference 4. Hence, 
sonce we have arrived at equation (4-1), our task is finished. 

It should be noted that the operator (4-3) has no matrix elements connecting 
molecular states of the same parity. Thus, in particular, all diagonal matrix elements 
(n\p.|2) vanish identically. (4-1) can therefore be written in the equivalent form : 


=F Bewley Loe (4-4) 


nt n 


No prime is needed on the sum to exclude n=n’, since these terms are zero as a 


result of the matrix element vanishing (barring accidental degeneracies between 
‘states of opposite parity). 


The Electric and Magnetic Response of a Thermodynamic System 709 


Since we are dealing with an ideal gas, by assumption, we can use equation 
(3-23). We replace the index s by the two indices K, m, where K is the wave 
number of the centre-of-gravity motion of the molecule, and 7 is the quantum 
number defining its internal state. The wave function of state K, 7 is given by 


Ticn =V” exp(iK-R)¢,(ri—R, r2—R,-::, r,—R) (4-5) 
with the energy eigenvalue 
Ey = PRY 2M +e,,. (4-6) 
The operator o(q) is given by: 


e(q) =(2/V)™” ma e;cos (q'Tr,) 
= 


= 2V) "| exp Gg: RYDq) +exp(—ig-R) D(—) | (4-7) 
where 


a 
D(q) a e, expliq: (r;—R)]. (4-8) 
= 
Thus the matrix element p,, in (3-23) becomes: 
Ps = CK, n|0(q) |B’, 2’) 
a2 Vp “0 @(K—K'—q) Dow (@) $9(K—K!+q)Dow(—4) | 
(4-9) 


where Dyn(q) is the matrix element of the operator (4-8) between the internal 
states ¢, and Oy. Straightforward substitution of (4-6)—-(4-9) into (3-23) gives 


(4, ©) inf CEN Da eel Ex) \|Daw CQ) |? 


s 


: 1 1 
is econ (i/f) (Exn—Ex—qn) at+io— (i/f) (Ex—Ex_aw) | 
+(q>-o}- (4-10) 


Although the sum over K can be evaluated as it stands, a great simplification 
is achieved when we replace the energy differences Exn—Ex-—onr by &n—En- This 
replacement is certainly permissible in the limit g>0, for example, for a parallel 
plate condenser. More physically, the characteristic length which must be compared 
to gq” is the de Broglie wave length of a molecule moving with kinetic energy Ris 


ie., the quantity 4: 
A= (20h?/MkT)*”. (4-11) 
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This length is considerably less than 10~*cem for all molecular gases, so that the 
: A7 
non-dimensional quantity 7, is always much less than unity. We then perform the 


sum over K trivially: 

>Jexp[f (F—Exn) ]=exp[f(f—€,) ]. (4-12) 

nee 
Furthermore, in the limit of small q(i.e., g7' much larger than internal dimensions 
of the molecule), we may expand the operator D(q), (4:8), in a power series in 


g. The leading term vanishes if the molecule is electrically neutral. Letting the 
direction of the vector q be the z-direction, we get : 


lim (|Drn(q) |?/¢*) =|<n|p.|n’) |?. (4-13) 
q>0 


Substitution of (4-12) and (4-13) into (4-10) and going to the limit a0 gives* 


lim $3(q, 0) =“2™'S} exp 3(f—€,)] [Cnlpeln’)* 
q>0 n,n 
| (ho E+E) hob, Eu) ] (4-14) 
If we now go to zero frequency as well, we obtain: 
lim lim $3(q, wv) /iw=7 (4-15) 


w>0 9g>0 


where ¥ is given by equation (4-4). This concludes the demonstration that the 
present formalism reduces to the conventional one in the case of an ideal gas of 
molecules. However, some difficult points in this derivation need further discussion, 
which will be given in the following section. 


§ 5. Discussion 


Although we were able to obtain the conventional expression for the dielectric 
susceptibility in section 4, it should be noted that this was in a sense accidental. 
We obtained equation (4-4), not equation (4-1), and the two are equal only be- 
cause the diagonal matrix elements of the electric dipole moment vanish. If we 


must be interpreted with some care. The reason for the discrepancy is simply that 


of the system 
to thermal equilibrium, once this equilibrium has been disturbed by some external 
influence. The “ dust particle ”’ is missing. 


In the usual equilibrium computation of the average dipole moment, as given 


* The only effect of the limit a0 


is to exclude terms with En=Ew . These terms vanish 
anyway, however, since the matrix element 


vanishes between states of equal parity, 
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in reference 4, chapter VII, the electric field strength appears in two places: (1) 
In the operator p,, through the possibility of induced moments, and (2) in the 
Boltzmann factors exp(—$W), through the change of the energy as a result of 
switching on the field. The Kubo formalism applied to our simple model gives: 
(1) but not (2). That is, the system fails to rearrange its probabilities of being 
in certain quantum states in accordance with the altered energies. 

Thus, the result obtained with this simple model is the “ adiabatic’”’ result, in. 
which occupation numbers are frozen to their initial, field-free equilibrium values.. 


“ce 


This is the reason for the vanishing spin paramagnetism. The equilibrium orbital. 
diamagnetism was obtained correctly (see equation (2-29)) because the equilibrium 
Boltzmann distribution of velocities is restored automatically when the magnetic: 
field is switched off, even in the absence of collision mechanisms. 

The Kubo formalism is more general than ordinary equilibrium statistical me- 
chanics, in that it allows the computation of relaxation times as well as the com- 
putation of equilibrium properties. However, one must pay for this added generality 
by having to use more complicated models of a physical substance. The “ dust: 
particle” which can be omitted in equilibrium computations must be inserted ex- 
plicitly in the Kubo formalism. Applied to spin paramagnetism, for instance, one: 
must include in the model a mechanism for “ spin-lattice” relaxation, otherwise the 
spin-lattice relaxation time becomes infinite, and no spin paramagnetism is obtained.. 

Furthermore, even if internal relaxation mechanisms are included in the model, 
the Kubo formalism does not yield results equivalent to thermal equilibrium at: 
constant temperature, but rather results corresponding to a thermally insulated 
system. This should not make any difference for the usual linear response, since: 
Joule heating is an effect quadratic in the fields. But it would be preferable to: 
have some way of allowing the influence of the “constant temperature Deities 
within the Kubo formalism, so as to be able to treat more complicated effects (Hall. 
effect, Faraday effect, etc.) under isothermal rather than adiabatic conditions. 

Since it is necessary to include relaxation mechanisms within the model, it 
becomes highly tempting to employ a perturbation expansion of >}(q,) around. 
the Hamiltonian of the over-simplified model. That is, we write 


H,=Hwt+ gH" (5-1) 


where Hy is the Hamiltonian for a system incapable of thermal relaxation (e.g... 
(3-5)), and gH,’ contains the “ dust particles ”’. 

Unfortunately, such an expansion is usually badly behaved. The perturbation 
expansion of the operator p(q, t), (2-16), in powers of g has an n’th term pro- 
portional to ¢”, and thus becomes useless for very large ¢. In the limit a—0, large 
values of t make significant contributions to the operator P(q, «+iw), equation 
(3-9). However, a radiation damping kind of expansion” is possible and meaningful 


in this problem. ; 
The general relations of section 3 have by no means been exploited fully as 
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yet. Of course, the Kramers-Kronig dispersion relations follow immediately from 
(3-12), but (3-12) contains much more detailed information about the system. 
For example, it should now be possible to make a “ virial” type expansion of the 
dielectric constant of a real gas, in full analogy to the virial expansion of the speci- 
fic heat. 

We are grateful to Drs. Butler, Nagamiya, Nakajima, and Schafroth and to 
Mr. R. M. May for valuable discussions. One of us (T.M.) also wishes to thank 
Professor H. Messel and the Nuclear Research Foundation within the University 


of Sydney for making possible his stay in Sydney. 
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The electron-pair model, proposed for superconductivity by Bardeen, Cooper and Schrieffer, 
is discussed in the configuration space. The wave function for the system of electron-pairs 
is taken as follows, 


Yo= D (—1)? Pix, 2)%(3, 4) + *(2N—1, 2N)}, 
P 
where %(1, 2) is the wave function for the singlet state of a two electron system. By a method 
having a remarkable similarity to Mayer’s theory of an imperfect gas, the expectation value 
of the system can be obtained rigorously. The expression for energy coincides with that 


which is given by Bogoliubov in his theory of superconductivity. By a variational method, 
Bogoliubov’s integral equation is obtained. 


§ 1. Introduction 


In the works of Bardeen, Cooper and Schrieffer” and of Bogoliubov” a sys- 
tematic theory of superconductivity has been erected. The BCS theory is based 
on the electron-pair model for a non-ideal Fermi gas and is formulated in terms 
of second quantization. Here we shall discuss the electron-pair model in the con- 
figuration space.* 

If all of 2N electrons correlate in pairs, the ground state wave function for the 


system will be taken as 


Pe ak (1) Pah, ae, Ayer reN=3)2N)), (1) aye 


where P is a permutation operator working on the indices of 2N coordinates (space 
coordinates ry-"-r;-*Tax and spin coordinates s,---S;-""Sox), p its parity and (1, 2), 
the wave function for the singlet state of a two electron system, is given by 

a (1) 22) —BA)a(2) 3 


1, 2) =¢ (rx) Av 


in which (72) is a spatial wave function giving correlation between two electrons, 
ry=|ri:—r.|, and a and # the two spin functions. 
We assume that the system has the Hamiltonian of the following form, 


* A part of this work was reported at the annual meeting of the Physical Society of Japan, 
Oct., 1957. Also this discussion was attempted by Professor S. Nakajima in the symposium on 
superconductivity at the annual meeting of the Physical Society of Japan, Oct., 1958. 
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t+ 24 2 449 
bis = Sar ieee -( = Ee = eee )+e (741) > 
> BN, *<to sk—k-p;/v—hk’?/2p  sk—k-p,/p+hk?/2p 


(4) 


where /# is the electronic mass, N, the number of atoms in volume 2, F the 
Frohlich coupling constant for the electron-electron interaction via phonon exchange, 
€) the Fermi energy, s the sound velocity, , the Debye maximum wave number, and 
the prime of >} denotes the omission of the term k=O from the summation over 
k. The first term in eq. (4) is the effective potential* proposed hy Frohlich and 
by Bardeen” in their earlier theories of superconductivity. In the formalism of 
second quantization, the FB-potential contains the diagonal term investigated by 
Frohlich and the nondiagonal term playing an important role in the BCS theory. 
The second term in eq. (4) is the screened Coulomb potential. 

We shall calculate the expectation value of Hamiltonian (3), making use of 
the wave function (1), and show that the expression for energy is equivalent to 
that of Bogoliubov. In this calculation, we adopt a method having a remarkable 
similarity to the methods used by Mayer” in the theory of an imperfect gas and 
those by Kahn and Uhlenbeck® in the quantum statistical mechanics. In § 3, it is 
shown that the Bogoliubov integral equation is derived by a variational method, 
and that the wave function (1) is equivalent to BCS’ or Bogoliubov’s wave function. 


§2. Calculation of expectation value of energy 
The expectation value of the Hamiltonian (3) is given by 


Eo= (Za; HY) /(%, Po). (5) 


Using the wave functions given in eqs. (1) and (2), we can write for (ee 
Yo) /(2N) ! 


al = (2b,)™ 
“ia fy, iyo" N!)? Scat et 520% 
(2N) | (Po, Po) (N!) oo i ae (6) 
and for (%, H ¥%)/(2N)! 
A Lb) 
P,, Hy) =28(N1)? Moi tS Freee | 
(2N) ! ee y a o> PE Bie A m,) (7) 
where 
es (—1)*"1 pest J i 
etd Op Tee P (712) $ (195) Oe (7x1) dr ; (8) 


and &(---7,---) has the following form, 


* Hereafter this potential will be called the FB-potential, b:5* 8B. 
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E(-+-97;°++) = > m,(t,+v,) + ST M,My Vy + BS Ik N) (9) 
il) Z 4 % 


a 


in which 


| P (723) 2 (r's5) + (rev 1) > (pi /2H) P (ra) $ (734)  (re-1,0) dr 
t,= ~— ——_— eS 


\ YP (712) 9 (193) oo rw (1-4) dr™ 


(10) 


P (123) 9 (1745) (res) 3 > Dish (rir) (154) P (rer-1.1) de 
Uv, = —— bd: ? (11) 


a 


\ YP (712) f (7793) +200 pp (12,1) are 


and 
vias || Pra) Hr) of Crna) vad) Grea) $a) ED buy 
XP (ria) P (134) SP (ra2—1,21) £ (rar) P Crean) (Fs soy ar ar” / 
[) Ped bra) Pua Cad (roa) WH rnadartde" 12) 
The derivation of eqs. (6) and (7) is given in Appendix A. 


From eqs. (5), (6) and (7), we get 


SP (my) I (2b) /m! 
(Z lmjz=N) 1 
> (26) m:! 


(Bimj,=N) 1 


Eq. (13) shows a remarkable analogy to the expression for energy given by Mayer 
in the theory of an imperfect gas and by Kahn and Uhlenbeck in the quantum 
statistical mechanics. This analogy to the statistical mechanics will be useful in 
the following calculation. 6, corresponds to the cluster integral. ¢, and v, are the 
kinetic and potential energies of a cluster 7 (hereafter called chain-cluster), and v,,, 
is the interaction energy between the two chain-cluster, / and J’. 

The screened Coulomb potential v,;; can be expressed in the form of the Fourier 


series : 
v (ray) ae v(k) expi(k-r¢;) (14) 

where 
v(k) =47e?/ QR’. (15) 


‘Then it is easy to prove that the interaction term v,, vanishes. This proof is given 
in Appendix B. Thus eq. (9) is written as 
E(--mr +) = Sm (+). (16) 
\ t 


Substituting eq. (16) in eq. (13), we obtain 
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By = > (1; ) tr +0), (17) 
Z 
where (m,) is given by 
(mi) = by 2 (log Qy), (18) 
Ob, 
in which 
On Se I) (19) 


(Stmjz=N) 1 
The above expression for Qy corresponds to the partition function in the statistical 
mechanics. As shown by Born and Fuchs,” for large N 


my =o 2. (20) 


where z is a parameter corresponding to the fugacity in the thermodynamics. The 
parameter z is determined by 


2 >) 1b,2=N. (21) 
t 
In the following calculation, it is convenient to use Fourier transform for the 


spatial wave function #(7r). The Fourier transforms are defined by a series or 
integral as follows, 


aN ame i t(K-9*) _ uf i(K-p 
fe SIN) eee seca ed (22) 
Substituting eq. (22) in eq. (8), we obtain 
= 5) d-1 - 2 
b= IS) (23) 


Making use of eq. (23), we can then rewrite eq. (21) as follows, 
it 
> 
Bone (Kg aac 


The calculation of the kinetic energy is carried out in the following manner. 


Substituting eq. (23) in eq. (10), we obtain as the kinetic energy of a chain- 
cluster 


=N. (24) 


fee (—1)*" Ss (AK)? 


0} ee eee (25) 


The total kinetic energy is given by 


i > <m,) bye (26) 
From eqs. (20) and (25), eq. (26) can be rewritten as 
Be he K? 
ta (27) 
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The potential energy is calculated in the same manner. As shown in Appen- 
dix C, the potential energy of a chain-cluster can be expressed as 


ar et) ame f(K) 
Qb, ER f(K) —f(K’) 


{f(K)}" Vx, (28) 
where 


Sp aeenc LOC, (¢|K—K’|)? 
K,K’/ ‘% = 
3N, (K°— K”)*— (c|K—K’})? 


+v(K—K’), (29) 


in which o=2ys/h. The total potential energy is given by 


—= 2 (m1) 0. (30) 
Substituting eqs. (20) and (28) in eg. (30), we get 
/ 

ve i ss, K,K’- (31) 


2 pa = — : 4 
KE zt f(K)}-°+1 f(K) —f(K’) 
Thus, from eqs. (17), (27) and (31), we can write for the total energy Ey 


Bee +2 : ATS Dw Wi us 
Se ate aS Aarts ck zie (IS) i gol. ACK) (KR) . 

(32) 
where 


Ex= (AK)?/2p. 


Eq. (32) is the expectation value of energy of the electron-pair system given by the 
wave function (1). From eqs. (24) and (32), it is easy to see that WieTigt OS) tee 
+1] corresponds to the Fermi distribution function in the quantum-statistical 
mechanics. 


§ 3. Bogoliubov’s integral equation 


We want to show that eq. (32) is equivalent to Bogoliubov’s expression for 
energy. If we put 


fee , : (33) 
z{f(K)}?+1 


we can rewrite eq. (32) as follows, 


Fy=2 3) éxhx t+ 33 Vc.x/ [hx (1 — hx) hx: (1— her) PP 3) Vw hcler. (34) 
K K,K/ K,K/ 


Similarly, from eq. (24), we get 
ps hx=N. (35) 


Eq. (35) is the subsidiary condition of eq. (34). The second term in eq. (34) is 
the BCS interaction term originating from the nondiagonal part of the F B-potential- 
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In order to derive Bogoliubov’s expression from eq. (34), we introduce wx and vx 


by the following relation, 
UK =1— hk > 


and 
Ug =e . (36) 


From eqs. (34), (35) and (36), we obtain 
E,—2AN=2 = (€k—4—4 >I Vx.x/) Ax+ pa Vx.xK, {hx (1—hx,) 
K Ky K,Kr 


+[Ax (1—hx) hx, 1—hx,) }¥}, (37) 
=2 2 (Ex—Z) UK ee VK.xK, [ex Unite UK UK, UK) ; (38) 

where 
Ex =€—4 ps VK (39) 


Eq. (38) is equivalent to Bogoliubov’s expression. 

It is easy to derive the Bogoliuboy integral equation from eq. (37). The best 
form of the distribution function Ax is determined by solving the integral equation, 
which is derived from 0(E,—2/N) /9hx=0. From eq. (37), this integral equation 
can be expressed as follows, 


1—2hx 
2[ Ax (1—hx) }¥? 


Let us define ¢x by the following form, 
ox =Eq —A— a Vx.x/ Arr. (41) 


2 (€x—A = > Vx,K, hx) te De VxK l[hx, (1 =| hx) fe=0. (40) 


If we put 
UK =4 [1 —€x/V Cx? +§x"] > 
eq. (40) can be rewritten from eq. (36) “as 


Cx= =} 2 VxK,K (Co At Ge +6) : (42) 


Eq. (42) is Bogoliubov’s integral equation. 


$4. Discussion 


In the previous sections we have discussed the electron-pair model in the con- 
figuration space, and found that the wave function (1) is equivalent to the BCS 
wave function and that the Bogoliubov integral equation is equivalent to the condi- 
tion of minimizing the expectation value of the Hamiltonian. K. Yosida” discussed 
the relation between the BCS theory and the Bogoliubov theory, and showed the 
latter result, using the method of the canonical transforms. Our calculation in the 


Two-Body Correlation of Interacting Fermions 419 


configuration space is more complicated than that in the scheme of second quanti- 
zation. It is, however, interesting that our method of calculation has a remarkable 
similarity to Mayer’s theory of an imperfect gas. Recently, in connection with the 
many-body problems, the cluster expansion methods are prevailing in the nuclear 
physics. Our method used here is an example of the cluster expansion methods 
in the quantum-mechanics. Furthermore, it will be interesting to discuss the pair 
model in the system with potential of hard core.® The extension of our method 
of calculation to these system will be given in the subsequent papers. 
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Appendix A. Derivation of eqs. (6) and (7) 


In the first place, let us begin with the proof of eq. (6). From wave func- 
tion (1), we have 
+ (%, Hi) = 3 (-)"| PWG, 7G, 4)-¥@N-1, 2N)} 
(2N) ! P 
-“(1, 2)% (8, 4) ---X(2N—1, 2N) dr, (A-1) 
where dc?%=dr,ds,---dr;ds;:--drzxds:x. As seen easily, eq. (A-1) can be divided 


into the sum of the products of the so-called chain cluster integrals containing the 
even number of electrons. One of the products which represents m, clusters of 


two electrons, m, clusters of four electrons, -:-7, clusters of 2/ electrons, ---, has 
the form 

Lys my- +) = (Ly) (Ig) 2 (ee, (A-2) 
where 


ies \xa, 2) (2, 3)1(3, 4)-1(2L-1, 2D1(2L, de". (A+3) 


Here we need to know how many times this products I (#m---7,-+-) occur in the 
summation. Of course, this is equal to the numbers of ways in which 2N electrons 
are divided into groups or clusters so that there are m, chain clusters of two 
electrons, My chain clusters of four electrons, ---7, chain clusters of 2/ electrons,---. 
The coefficient of I (7-::7,-:-) in the summation can be obtained as follows. 

i) Among (2N)! permutations in eq. (A-1), exchanges inside pairs and be- 
tween pairs lead to the same products. Then we have a factor 


OR ON (A-4) 
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ii) The number of ways in which N objects are distributed into m, unnumber- 


ed piles of objects each is 


NII) ™m,!. (A-5) 
Z 


iii) In eq. (A-1), the chain-cluster integral I, comes from the following ex- 


pression, 


(A-6) 
where P, is the permutation operator leading eq. (A-6) to the chain cluster integral 
I,, and p, its parity. As seen easily, the number of those permutation is given 
by 

21) ee 


excluding the permutations considered in i). Thus, the total number of those 
permutations in the set {7,} is 


IT{§2!-2(J—1) hm, (A-7) 


Also the sign, originating from the rearrangement of eq. (A-6) into the chain 
cluster integral I,, is negative. Then we have a factor 


fT). (A-8) 


Thus the number of ways in which 2N electrons are divided into a set of numbers 
{m} is 


28(N1)? 
a Set oie ee YALE gi-1 lh ! my F 
IT(L!)"*m,! ba ( 4s (A-9) 
Z 
Let us prove that the sum of eq. (A-9) under consideration of the condition 


>i lm,=N is consistent with the number of the permutation of 2N electrons. It 
is adequate to prove that 


20 (Nae eer a (A-10) 


(Eimp=N) ¢ (2/1) m,! 


For the convenience, let us introduce the following generating function : 


G( ) Ss I gem 
a ees, 

‘m1 (22D) ™m,! 
Let us calculate the coefficient of 12% of eq. GA'1 1)", 
be rewritten as follows: 


(A-11) 


As seen easily, G(z) can 


G@) =I exp G42) = 42/91) = 1 ater & ; 
/exp(a"/2) =exp(3) 24/21) = exp log( Feng =. (4.12) 
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The coefficient of 2% of eq. (A-12) is equal to 1-3-5------(2N—1)/2°N!. Thus: 
‘we obtain 


iL 


ZN) Fea Oe ff 
(wim=n) t (22)™m,! (2N) !. 
From eqs. (A-2), (A-8) and (A-9), eq. (A-1) can be written as follows: 
: 1 
ee) =a (N})? pes ee ae Lio ae oe 
(2N)! ( 0 0) ( ) re Pe IT (1!) m,! Hy 2: Ete 1) ! ie, q, (A-13) 
Z 


Let us carry out the integration over spin variables s, in (A-3). It follows easily 
that 


\ a(1)P(2)—a(2)8Q)_ , &(2)8 3) —a(3) 82) 


2 V2 
a (21) 8A) —a@ (1) 8 (2d) ey 
are - dst eee (A-14) 
Substituting eq. (A-14) in eq. (A-3), we get 
_ (—1)* f 21 
=| ord rm) na) de (A-15) 
By making use of eq. (A-15), eq. (A-13) can be written as follows: 
L(y, 9.) =25(N)?_ 
(2N) ! (fim=N) I] (1) m,! 
Z 
M1) f bra) $m) Crna) de) (A-16) 


Using b, given by eq. (8), we obtain 


cf a (2b,)™ 
———- Yi, =2" (N!)? fff Song 
(2N)! aD) ss (z ya L mn,3 


Thus eq. (6) has been proved. 
Eq. (7) is proved in the same manner. From wave function (1), we have 


1 ) = 33 (—1)? | P(x, 2)2(3, 4)--7@N—1, 2N)}H 
apr fo HPD = 3 ye | PAZ, 22, 4) 40 )} 


x7 (1, 2), 4) ---%(2N—1, 2N) dz". (A-17) 


Of course, as in the preceding investigation, eq. (A-17) can be divided into the 
sum of the products of the integrals. In the first place, let us consider the part 
The kinetic energy operator T can be divided in such a 


of the kinetic energy. 
Then the integral I,(---7"-:) corresponding. 


way as to operate on each clusters. 
to eq. (A-2) is taken as 
| I, (-++ 27+) = K, (i) ""a) 8° Garr) (Lp alec, (A-18) 
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where 


r 


2 ; 
Ki=|x@, 8)7(4, 5) 2b 1 pa eee 2)%(3, 4)---%(21—1, 2D d=™. (A-19) 
a op 


Eq. (A-18) can be rewritten as follows: 


LC ie) =m," (1)™ (1) + (St (A -20) 
Z 
As seen easily from eq. (11), we have 
K,/1,=f,. (A-21) 
Thus we have 
I, (-+-9y-++) =m, t, 1(---m;,-*). (A-22) 


Applying the same method as in the proof of eq. (6) to eq. (A-22), we get 


1 (%,, TB) =29(N)? Shame, 7 P2D™ 
(ZN) ! ea) ey ee Powe oe : ml 


(A-23) 


Secondly, let us consider the part of the potential energy. The potential operator 
@ can be divided into the two groups: (1) the group operating on each clusters 
and (2) the group operating between two clusters. Since the first case is the same 
as the case of the kinetic operator, we have a term 


2(NDi* Shots mere (A-24) 


(Silmjz=N) 1 U Mm, ! 


Let us consider the second case. In this case, the integral I,,(---72,---) correspond- 
ing to eq. (A-2) or eq. (A-18) is taken as 


Tn (mtg) = my my Ji (Ts) (Ta) 2+++ (ya) 2? (I, 
X Cast 38 Cag) “Pe earn ghee (A +25) 
where 
Ju= \\ze, 3)2%(4, 5) ---% (21, 1) X(2’, 31 (4, 5/) +X (27, 1/) 2 dey 
GR Pay A Gaara PEPE CE I A LOGUE Gate) 4’) 4 QU—1, 20 ddr, 
(A - 26) 


When /=J', the coefficient m,Mm, in eq. (A-25) should be replaced by m, (m,—1) /2. 
As seen easily, eq. (A-25) can be rewritten as 


I, (my) =m, my i Ge ee (A -27) 


c*dr 


Since the factor Jw/\-ly, is identical with Vur given by eq. (12), we have 


I, C-mty-) = my my Oe Cea Ye (A - 28) 
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‘From the above equation, therefore, we have a term 


(ND 3} Sm my vu, ED” (A-29) 
(ZB Umpz=N) TU i m,! 
Making use of (A-24) and (A-29), we get 
1 
te, OH.) =2(N))7 > 40 
(2N) (Po 0) CN) ihe Pe ps mM, Vi, + By, yew 
m,(m,—1) (2b,)™ 
+o MG) »,,) tee (A-30) 


Substituting eqs. (A-23) and (A-30) in eq. (A-17), we can then write 


peel 2 
(2N)! 


3B Imj,=N 


(Po, H%) =2°(N1)* ») ‘ Mbt my 


m,(m,—1) Me ) Il (2b,)™ 
2 ae yd n 


2,1 


+ Sm my Vurt + 


i= Z 


Thus eq. (7) has been proved. 


Appendix B 


It will be sufficient to prove that 


\\¢ (723) yp (715) he “f (722.1) p (rar) p (rus) * “f (Tew ar) diy 
x g (m2) dp (724) ve Pp (Te2-1,22) p (ryan) y (Tara) Ra dp (1oi1-~11,211) dr” dr™’ =0, (B 1) 


Substituting eqs. (4) and (22) in eq. (B-1), we find that it is sufficient to prove 


the following relation: 
\ \ AK, (1-12) ¢iKa(ta—1) ...@§Ka Py) gk) 
xX et Ku (ris —2/) ef Ka (ror—T3/) ,. et Kaur (rov—ri) dr™ dr™’ =0. (B =) 


We can find easily that the left-hand side of eq. (B-2) vanishes, because of the 
omission of the term k=0 from the summation over k in eqs. (4) and (14). Thus: 


it follows that v,.,=0. 


Appendix C 


First of all, we shall calculate the numerator of eq. (11), in order to derive: 
eq. (28). Let us denote this numerator by U and divide U into the part coming: 
from the FB-potential, U; and the one from the screened Coulomb potential, U;: 


U=U,4+0U3. (C-1) 


U, can be written as follows 
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U,=l(i4+- Jz); (C-2) 


where 
v 


h=>5 \ DP (13) P (1745) °° Crea) bras P (712) f (ra) (7 21-1,22) ed eee (C-3) 
i=1 
and 
Jj2= 3 \y (123) f (74,5) PD (ra1,1) Or ai1 (112) 2 (a4) °° P (ra-1,2) Ar™. (C-4) 
4=2 
Substituting the first term of eqs. (4) and (22) in eqs. (C-3) and (C-4), 
we can then write for eq. (C-3) 
J i 1—2i+ 
j= — Ste 5153 Sy (OK) FKL 
3N, t=1 K k& . 
ok ok = 
: (Ce 
arta ee) i. ) 


and for eq. (C-4) 


__ 8FH 4 y 2-2, 2-242, / 2ok > ; 
We an ea ee BP KE} Greece ery (C-6) 


Let us carry out the summation over 7 in eqs. (C-5) and (C-6). Then we obtain 
for eq. (C-5) 


_ 8 ssv_ {f/f (K+5)} i 
Se {f(K+I 
MOT SN, FE IFO /sKem yp ETO) 


ok ok 
(sect ere, 
8Fe, ~ {f CK) /f(K-+k) } a ag 22 
+ : (f(K 
aN, © F 1- (700) /f(K em? OO} 


ok ok 
(Soe ce ee iis. 


and for eq. (C-6) 


miu seg 1 ifC8)/f(K+k)}? A 2Qok 
J eet € : Y Ae = 
3N, * = 1— t{f(K) /f(K+k)}? eR) okh+2kK +7? 
8FZ, , i 2ok 
+——= : 2. : 
3N4 EF ® 1—{f(K)/f(K+k)}? FK)} oh—2kK—f? oe! 


Introducing new coordinates K’ and k! by K’=K-+k and k’= —k in the first terms 
of eqs. (C-7) and (C-8), we can then write for (C-7) : 


_16FO xy {Ff K-+B) /f(K)} 
a= — LFS Ss x 
3N, © 1—-(K+k/ pK)? OO} 


ye ok ok 
ee ritee a ea (C-9) 
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cand for eq. (C-8) 


syle tORCs + (f(K+k)/f(K)} 
Je SED : ; K)} 
3N, © ® 1—{K+k)/f(K)}? LF} 


k 
( o ave ok ty (C-10) 
ok—2kK—R of +2kR4+7 


‘Substituting eqs. (C-9) and (C-10) in eq. (C-2), we get 


Fo ! 27 ok)? 
seaE Cs is ye RIO 7) (gh) (C-11) 


U=— 
3N, © ® f(K)—f(K+k) (oh)?— (A? +2kK)? © 


The calculation of U, can be carried out in the same manner. U, can be written as 
U.=JJ., (C-12) 


‘where 
21 
L=|¢ (723) b (75) °° -f (22,1) Duval (ri) (734) °° p (7e2-1,22) dr™ . (C- 13) 


Substituting eqs. (14) and (22) in eq. (C-13), we get 


= SSIS ( f0K) 1 FOK+K) (8), (C14) 
=2 5 yy tf) 0). (C-15) 


) # f(6) —f(K+B) 
From eqs. (C-15) and (C-12), we have 


/ fQ&+k) 21 
G2! K) }*”-v(k). C-16 
EE fap pact LOM © (C-16) 


Substituting eqs. (C-16) and (C-11) in eq. (C-1), we obtain 


/ f(QK+K) ale 16F Co $ (ck)? 
U=213 a pact YOO) CaN, E+ 2kK) = +0), 
(C-17) 
Bapspy ee Pd aK VR (C-18) 


K K/ TCS) —f is’) 
Substituting eqs. (8), (C-18) in eq. (10), we get 


aes ee rR NV ge C-19 
wnt DS Ey OO Ve (C-19) 


_ Thus eg. (28) has been derived. 
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In the previous paper we could remove the difficulty of the Lorentz non-invariance of 
Gupta’s old theory in quantum electrodynamics in the case of the free field. The same 
problem is investigated in the case where the interaction is present. 


In the works on quantum electrodynamics by Kallén and others” it is assumed. 
that the norm of the Heisenberg state ¥ is given by 


w* 7 V=(—1)™ (1) 
and the Green function of a photon with interaction is defined in the form of 
W,* 7 Ay (x) Av (y) Po, (2) 


where 7, is the number of “physical” scalar photons, 7 is the metric operator 
defined by Gupta only in the case of the free field, W and A,(z) are the true 
vacuum state and the Heisenberg operator, respectively. In Gupta’s theory 7 has: 
a simple expression (—1)*%*, where Np is the number operator of the bare scalar 
photons, but not of the physical ones, Therefore, there may arise the question if 
the above definition of the norm and the Green function are adequate. 

Recently S. Sunakawa answered to this question in favour of the above method”. 
However, his investigation proved to be invalid, for Gupta’s old method” depends 
on a special Lorentz frame as shown by Sunakawa himself”. Now we want to 
reformulate his investigation in the light of the method developed in our preceding 
paper. 
We start with the interaction picture, in which the electromagnetic four-potential 
)*, satisfies the homogenious free 


Artz);..as well as its Hermitian conjugate A, (x 
Then we can follow the quite 


field equation and the free commutation relation. 
same procedure as that for the free field, namely, we adopt as the metric operator 
the one which connects A, (2) and “Ay, (2)** Ay(2) =771 A, (x) *4.© Accordingly, 
A,(z)’s are self-adjoint mixed operators of the first kind, A“-=A'=y.. A®. 4° 
or briefly A=At=77A* 7. (In the following we omit the dot symbols. All 


+ As the electromagnetic field is the neutral one, A and A* are not mutually independent- 


This note should be added to the preceding paper in showing the Hermitian character of 0. The 
authors are indebted to the members of Research Institute for Fundamental Physics on this point. 
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operators except for 7 and 7~' are mixed operators of the first kind.) And any 
transformation in the present theory should be “ pseudo-unitary” in the sense 


U-iay U* 7, (3) 
where 7 is the one introduced in the interaction picture. The same is true for the 
transformations between the various pictures in the field theory. This can be seen 
in the following way. The state vactors in the interaction, Schrodinger and Heisen- 
berg pictures are mutually related as 

L(t) =exp(—iM2) VY, (0), ¥=exp (iH) F(t) and ¥=exp (iH?) -exp(—iHt) ¥,@), 
(4) 
where H, is the free Hamiltonian in the interaction picture as well as in the Schréd- 
inger one, and H is the total Hamiltonian in the Schrédinger and Heisenberg 
pictures defined by 


H=exp(—iHit) H(t) exp (iH) 


with H(z) the total Hamiltonian in the interaction picture. Then we easily see 
that H, and H(z) are self-adjoint and the transformation functions introduced 
above are all pseudo-unitary. The self-adjointness of the four-potential is also guar- 
anteed in the Schrodinger and Heisenberg pictures : 


Aj, (*) =exp (—iA,t) A, (x) exp ¢Hyt) =77 Al (aye 
(5) 
A, (x) =exp (Ht) exp (—iH,t) A, (2) exp («iiz) exp (—iHt) = yA, (2) *7 


Thus we can use the same metric operator 47 without regard to the picture we 
adopt. 


If ¥ and @ are the eigenstates of H and H, with a same eigenvalue FE, then 
the adiabatic theorem gives 


¥=U(0, —2)¢, (6) 
with 
£0, 03) =lim U0, t), U(0, t) =exp (Hz) exp (—iH,t), (7) 


where U(0, —~) is pseudo-unitary. By means of this U(0, —co) we define the 
“in” field Aj’(a) as follows: 


Ay’ (x) =U (0, — 00) Ay (x) U(0, — 0) 1, (8) 


A;!(x) is, of course, self-adjoint. The Fourier expansion of Aj” is then written as 


Ay (x) = : 75 TE a pau (hk) exp (ik x) +a%" (k)exp(—ik-x)], (9) 


where the coefficients have the following properties, 
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ay’ =U (0, — 00) a,U(0, — 00), 
ay'=U(0, — co) a,U (0, —0),~ 
(10) 
and 


[ay’, a" ]=U(, —oo)[a, JU, —0)*= Gyr. 


in int 


a and ai” (including the case of #=0) can be interpreted as the annihilation and 
the creation operators of the physical photons in contrast to the case of the in- 
teraction picture where the bare photons are concerned, if we adopt the number 
operators of the “in” field as 


Ni?=9yy»a," ay’, (no summation over /), (11) 


where Ni”’s are apparently self-adjoint. Assuming the existence of the “ covariant 


> 


W, with the properties 
ai? ¥=0 and ¥* 7 M=1, Ci) 


true vacuum state’ 


we can construct, in quite a similar way to the case of the free field, a set of 
states ¥(n,)’s with physical photons from W,. These states are orthonormal in 
the sense, 


W* (4) 7B (m,) = un)" On,m, (13) 
(no summation over /4). 


This is just the generalized form of (1) as we expected. Therefore one can see 
that the definitions of the norm (1) and of the propagator (2) for the interacting 
fields are quite satisfactory from the view-point of the Lorentz invariance in spite 
of the fact that 7? (—1)”8. 

In Gupta’s old formalism the set of the eigenvectors P(m) is orthonormal in 
the ordinary sense as well as in the sense of the indefinite metric. Therefore the 
expression P(1)* 7A (1%) = (—1)” compels us to adopt the representation of 7, i.e. 


(19) = (—1)" @ (0). (14) 


In the present formalism the set {W(n,)} is orthonormal only in the latter sense, 
and we need only (13) in the practical calculations, while (14) neither holds in 
general nor is necessary. In order to get the expression similar to (14) in the 
Heisenberg picture, Sunakawa introduced 7/”=U(0, — ©) 7U (0, co) -” together 
with the “‘ modified ” Hermitian conjugation and “ modified ” adjoint. The necessity 
of introducing the modified Hermitian conjugation is apparent, because the Hermi- 
tian conjugation has no invariant meaning in the theory with the indefinite metric 
operator. On the other hand, the adjoint conjugation in our theory has certainly 
an invariant meaning. The modified adjoint of Sunakawa is essentially the same 
thing as the “ unmodified” one, as can be easily proved. 

In conclusion the authors wish to express their sincere thanks to Prof. R. 
Utiyama for his kind guidance and encouragement. 
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The collective excitations in superconductors are investigated on the basis of the Bogoliubov 
method. The result obtained by Anderson is confirmed that the plasma frequency in super- 
conductors is completely the same as that in the normal state. It is also shown that the 
B. C. S. Meissner effect is really gauge invariant. 


$1. Introduction 


In the Bardeen-Cooper-Schrieffer theory of superconductivity,” they started with 
the following reduced Hamiltonian : 


pea =—1/V DTG Mea Oey Ary Cus ees) 
(kk) 
which is only a part of the complete Frohlich Hamiltonian, 
FH. > 1/2V bs a J (k, k’) hres DincAitn, Agisi > (1 -2) 
2 Pe eee 
kitky 


where J(k, k’) is the coupling constant of the Frohlich interaction, and s, and s, 
represent two spin states of electrons. The fact that the part of the Hamiltonian, 
H,y—Hea,, which has been neglected in the B.C.S. calculation has no essential 
effects on the superconducting ground state and individual excitations, has already 
‘been shown by B. C. S. themselves and also in the Bogoliubov calculation.” However, 
this part of Hamiltonian plays the important role for the collective excitation and 
also for the gauge invariance. Anderson” and Bogoliuboy, Tolmahcev and Shirkov® 
have shown that this part gives rise to a longitudinal collective excitation whose 
energy lies in the energy gap in the neutral case. 
Anderson” has also shown that the Coulomb interaction changes this collective 
excitation to the plasma excitation and that its energy is high and just equal to 
the plasma excitation energy in the normal state. On the other hand, B. T. 2: have 
obtained a preliminary conclusion that, in the presence of Coulomb repulsion, the 
longitudinal collective mode still survives in the energy gap and that the plasma 
frequency is highly modified at the long wave length side and it is quite different 
from that in the normal state. vig 
One of the purposes of this paper is to reinvestigate the collective excitations 
in superconductors with the use of the B. T.S. formalism and to check the B. T. 
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a 


S. calculation. The result we have obtained is that Anderson’s result” is completely 
correct ; thus, in the presence of Coulomb interaction, the plasma frequency becomes 
exactly equal to that of the normal state and there is no collective excitation in 
the energy gap. Furthermore, we calculate the wave function of the plasma ex- 
citation and the paramagnetic current due to the longitudinal component of the 
vector potential and show that this paramagnetic current completely cancels the 
diamagnetic current for this component. Finally, remarks on the spin-wave like ex- 


citation are also given. 


§2. Secular equation for collective excitations 


We shall start with the complete Hamiltonian consisting of the Frohlich 
Hamiltonian and the Coulomb interaction, 
See a k De , {—J (ky, k’) +0 (|ky— ky! |) } Qitarsa Beasa Garter Teise> (2-1) 


ki tko=kil +kol 
Ay=ki 


where v(|k—k’|) represents the Fourier component of the Coulomb interaction, 


namely 
v( 


and V is the total volume of this system. The ground state of the superconduct- 


k—k’|) =47e*/|k—k'|’, 


ing state is represented by the vacuum state with respect to the Bogoliuboy Fer- 
mions @, and Qj. @,, and ay, are derived by the Bogoliubov transformation, 


Ang = Up, Aen — VE Ky 5 
Ay =URA_py +UEARS , 


where w, and v, are the following real function of the kinetic energy &, of an 


electron with wave number k, taking the Fermi energy as the origin: 
Up =3{14+6,/Y ee +P}, 
(2-3) 
Oy = 3 1 E,/f ey PP}. 


I is the quantity corresponding to half the energy gap and is determined by the 
following B.C. S. condition: : 
1/2V Sw J (k, bk’) 1//é2+P=1. (2-4) 


Here, J(k, k’) is regarded as the difference of the coupling constant J(k, k') of 


@ 5 jl . . 
i a ae = Coulomb interaction v(k—k’). uw, and v2 correspond to 1—hA, and 


. Now we shall introduce the following Bose operators Bz (k) and ,(k) for a 
pair excitation from the ground state : : 


eo (k) =m; 8, (k) = Ay Ay in - % (2-5) 
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e the random phase approximation, these operators satisfy the Bose commutation 
relation 


[Por (k’) > Bs (k) | = Oe Opps . (2 ¢ 6) 


We shall proceed in the same way as that developed in section 7 of the B. 
LS. paper.” After Gell-Mann, Brueckner, Sawada and Brout®) we approximate 
the Hamiltonian (2-1) with those parts of (2-1) which have the following quadratic 
form in §,(k) and £; (k’): 


H'= pa Ep PZ (hk) Bp (Ke) cea [A,(k, k’) 85 (K) Bp (k) 
; kl, p 
kik 


+3 B,(k, k’) {85 (k) B=, (k’) + 38_p(k’) Bp (k) } I, (2-7) 


where E,, is the individual excitation energy for 8; (k), and it is given by 


Exyp=V 62 +P AV Sip tl. (2.8) 
A,(k, k’) and B,(k, k’) are obtained by picking up the terms in (2-7) from the 
total Hamiltonian (2-1) as follows: 
A, (k, k’) =1/V {—-4 J (k,, k) —3 J (+p, k+p) 
+v(|k’—k|)}L(k, k’) L(k+p, k’+p) 
+1/V{—4J(k, k+p) —3J(k’ k’+p) 
+u(p)}M(k, k’+p) Mk, k+p), (2-9a) 
B,(k, k’) =1/V{—3 J (k’, k’—p) —3 J (k, k+p) 
+vu(p)}M(k, k+p)M(k’, k’—p) 
—1/V{—4J(k', k+p) —3J(k, k’—p) 
+0(|k—k! +p|)} MC, k+p) M(k, k’—p), (2-9b) 
where 
L (ky, ke!) =uys tp. — Vin Or, 


Mk, k’) =ter Vn t+ Vier Un - 


(2-10) 


Here, we make the same approximation as B. T.S., that is, we neglect J in the 
second term of (2-9a) and in the first term of (2-9b) compared with the Coulomb 
part v(p) which is infinitely large for small values of /p, and we use the same 
notation J for the difference of J and v in the first term of (2-9a) and in the 
second term of (2-9b). Then, (2-9a) and (2-9b) are simplified as 


A, (k, k’) =—1/2V {J (k, k’) + (+p, bk’ +p)} Lk, kL Ce +p, k +p) 
+(1/V)v(p)M(k, kh’ +p) M(k, k+p), (2-11a) 

B,(k, k’) =1/2V (Jk, k’—p) + J (k+p, F’)}M(h! k+p) ME, k/—p) 
+(1/V)v(p) M(k, k+p) Mk, k’—p). (2-11b) 
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Besides the collective excitations given in terms of the operators of (2-5), there 
might be spin wave like excitations described in terms of the linear combination of 
Oty -m@h and af, Am. The discussion on this type of excitation will be given 


in the last section. 
In order to diagonalize the Hamiltonian (2-7), we introduce the eigenoperator 


Ut = Se {Pp (k) Bp (k) —%p(k) Bp (®)}- (2-12) 
y,(k) and 7,(k) are determined by the following simultaneous equations : 
— (Ey— E) p(k) 
= Sn {A, (k, ke’) @p (kh) +4 (Bp (k, W’) + Bp (kh, k))t,R)}, (2-18) 
— ee, -p + E) Xp (ke) 
= Dw {A_p(k’, k)%p (kh) +3 (Bp (kh, k) + B_p(k, k’)) Pp (BF) 5, 
and the normalization condition, 
[Up, Up ]=1= dat ler) |’—|%, Ce) |}. (2-14) 


If we approximate 3{J(k, k’)+J(k+p, k’+p)} by J(k+ip, k’+p), insert 
(2-11) into (2-13) and make the usual B.C.S. approximation that J(k, k’) is 
constant in the limited region near the Fermi surface, where |&,| and |&,,| are less 
than fiw,, and zero outside of it, we obtain 


(E— Exp) $p= —JI/V Di L(k, k’) L(k+p, k’ +p) 9,’ 

+u(p)/V Ste M(k, k’' +p) M(k, k+p) ¢,! 

+J/V Sie M(k' + p, k+p) Mk, k’)7,! 

+u(p)/V Sw M(k, k+p)M(k’ +p, k’)%,’, (2-15a) 
— (E+ Eig) %p= —J/V Su Lk +p, k+p)L(k, k) i, 

+v(p)/V Sie M(k’, k'+ p)M(k+p, k)%,! 

+J/V >t M(k', k) M(k+ p, k' +p) ¢,' 

+u(p)/V Sw M(k+p, k) M(k’, k’+p)¢,’, (2-15b) 


where a prime attached to $} means the sum over the limited region mentioned 
above, where |€;,,.1/.)»| is less than Aw,, and the following abbreviation has been used : 


Xp (k+p) =1p> ¢, (k) =p. 


Adding and subtracting these two equations, we obtain the following two expres- 
sions : 


EC Or he) =H (O54-X5) 
SU Unip— Vz Vkap) L+S (uz Vnapt Ve Pa sy 


+20 (Pp) (te Verp+VeUnrp) 6, (2-16a) 
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E(Gp+X%p) == Fay (3X5) 
= — SI (Up UesptVeVerp) Ftd (Up Ves p—VeUnsp) > (2-16b) 


where L and M have been explicitly written down in terms of uw and v,, and 
the newly introduced quantities x, y, ¢, 7, and ¢ are defined by the following ex- 
pressions : 


L=1/V Die letter p— Ve Vern) (Pp t%p), 
PL LV Sie ee Vexp 1 Vitteny) Pp +%o)> 
E=1/V Die (eeterptVeVerp) (Pp—Xp); (2a) 
7=1/V Se Uri. p— Vr tase) (Gp—Xp), 
CH=1/V Se (ee Verpt Vetlerp) Pp+Xy)- 


If we solve y,—7%, and ¢,+%, from (2-16a, b) and insert them into the right- 
hand side of (2-17), we obtain the following five linear homogeneous equations 
for the five unknown quantities x, y, ¢, 7, and ¢: 


x2=—Jd (E)x+Jb' (E) 7, 
y7=—Jb' (E)x+Jc' (E)4, 


(2-18) 
and 
y=Jf' (E)y+2v(p) f' EC—Ig (ES, 
§ = Jy! (E)y+2v(p) 9 (E)E—Ih (EDS, (2-19) 
C=ZJf' (E)y+20(p) f (E)C—Jg' (EDs, 
where a’(E), b/(E), c’(E), f’(E), 9/(E) and h’(E) are defined by 


al (B) = BY gig (eattnay Peon) 
b! (E) =4 wal aie (tern Verp—UeVe) > 
c! (FE) = = pay aa (tt Vnrp— Veep)» ‘paws 
fh) == ae ORL elke) 
ges 7 py ee (lp Vet UnrpVb+p)> 
h(E) =< SY ee (igtlerp + VePes)’s 


and in f without prime the summation with respect to k is taken over the whole 
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region. In obtaining (2-18) and (2-19), we have assumed that Exp, ie 
Vesp And UpVerpt+VeUe+p are even functions of €;, while wp Vze+p— Veer a a 
—V,Vz+p are odd. This assumption rigorously holds at Pad, From (2-18) we 
obtain a two-dimensional secular equation for the excitation energy and a three- 


dimensional secular equation from (2-19) as follows: 


(Ja (EB) SJ @ vi oan 
Jb! (E) Le IeME 4 
Mh ete) 20 p) fF) (E) Jg' (£) | 
—Jg' (E) —2u(p)9' (£) 1+ Jh’(£) frags (2-22) 


| —Jf’(E) 1—2v(p)f(E) Jy’ (E) 


§ 3. Solution of secular equations 


(2-18) does not include v(p), namely the Coulomb interaction does not affect 
this mode. For simplicity, let us consider the limiting case of p=C. In this limit 
b'(£) and c’(E) tend to zero so that 7=0 and the eigenvalue of the energy is 
determined by 


4J ee 
ol Ja! i = =1+ Sa = a 
sea) aa, yoo (B_ED En 

This equation has a solution of H=2J and there is no other solution in the energy 
Bap. - . 

The physically interesting mode arises from (2-19). This mode is highly 
influenced by the Coulomb interaction. Without Coulomb interaction (22 ypO ws 
reduced to the following two-dimensional determinant : 


ETP). Tote) 
Je (B\« al Ih Gee 


0. (3-1) 


(3-2) 


It is easily shown that this equation has a solution of E=0. This mode keeps 
the total number of electrons constant as was pointed out by Anderson. For small 
p the dispersion relation is obtained by a straightforward calculation. Here, omit- 
ting the detailed process of calculation, we write down only the result : 


1 
yD at Ae pd)? . 
wae pha+n(E;) J) (3-3) 


where vy is the velocity of electrons at the Fermi surface and n(Ey) is the state 
density per unit volume at the Fermi surface. A similar result has been obtained 
by Anderson and B. T.S. 


For the charged case, we have to solve the secular equation (2-22). This is 
written as 
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(1+Jh’) — (20(p) +J) {f’ (14+ Sh’) —J9"} 
2p) (F—f) {A +Jh’) —[ fA +Jh’) — Jg"]} =0 (3-4) 


Taking the limit of —>0, we obtain the following relations : 


oo 
\ (E*— Exo) En 
DLA we 1 
9! (E) p=0= eS : ; 
PY OER BBY E na 
i E 
Rit) p6=: 4 a 
ee ie ae 
If we use the relation (2-4), we obtain the relation 
4 a A we E I d 
[1 + JSh! (E) | Ce bls +. k0 == fy / ! 3. 
Ei lwtals | ae ae Vio (Gob n., SAR 
Using (3-5) and (3-6), we obtain 
[f’a+Jh’) —J9”),-.=0. (3:7) 


Thus, in the limit of p=0, (3-4) becomes 
(14 Sho’) —2v(p)[f’ d+ Jh’) —J9”|—20 (p) (f—f) 1 +dho') =90, 3-4’) 


where the suffix 0 means the value at p=0. From (3-5) we see that for p=0 
f becomes equal to f’ because J vanishes outside of the limited region of |&|<hop 
around the Fermi surface. Theretore, f—/’ can be expanded as 
fof =cp rs, 

because both f and f’ are even functions of p. For E=0, 1+Jh)’ vanishes, so 
that it is confirmed that E=0 is not a solution of (3-4’) for p=0 in contrast 
with the neutral case.. The last term in (3-4) would be expected to become finite 
in the limit of p=0. However, this finite value will be vanishingly small compared 
with the first and second terms because of rapid convergence of the summation in 
c. Therefore, we ignore its contribution. 

If we neglect the difference between primed and unprimed quantities, . becomes 
equal to ¢, and (2-22) is reduced to a two-dimensional determinant. It will be 
seen later that this determinant gives the energy eigenvalue which is identical to 
that obtained by Anderson. Now we expand f’, g/ and h’ with respect to p and 
denote the parts proportional to p’ by Of’, og’ and dh’. Retaining non-vanishing 
terms in (3-4) we obtain the equation determining the energy eigenvalue for p=0 


as 
(1+ She!) —20(p) {A+ She!) Ff’ —2Ig0! 09' + Tf! dh"} =0, (3-8) 


Rihera ithe suffix 0 means the value for p=0. It is seen from (3-5) and (3-6) 
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that 1+Jh;', Jf’ and J! are proportional to each other. Therefore, removing a 


common factor of 


oD ih 
oy #~0 
Vs eg es 


(3-8) becomes 
F?—2v(p) {FE 0f!—4IEog' +41’ dh'} =0. (3-9) 


For calculating 0f’, 09’ and ch’, we use the following expansions : 


Ey = Ey \1 += Etat —(08,)'t, (3-10) 

ie é d 4 c2 aS 2 ; 
(Un Vesp+UnUnsp) ee mo — I”) (6&) , (3-11) 
Bil E » 4 oS » 2 é 9 
Ue Ue + nap Vt nie fi? Be eet CHT) (6s) , (3-12) 

12 p 
(2p Upsp HVE Uns p) =1—4 : (dE,)*, (3-13) 

Ex 
~where 

a= {(- p) +4}. (3-14) 


‘With the use of these expansions, we obtain the expressions for Of', dg’ and 6h’, 


iGiic al 203° — ES AE," gh aie 2 
apr 1ST? yy (2 Se 2 lea ae oe ees 
ae E,(E'—Ed) \ER(B—E2) (EE)? za! fk 

(3-15) 
: Sik, 1 | 2 =e," 4E,2 sel . 
dg! = + = dE)", 
Mimraes (PE) Ey |(E—EDER | GER! ag 3 O™ 
(3-16) 

. 4 , 18, 2174.36? 4Eé,” ) 
dh! =A sy Eo E (06)? 3-17 
pean ag EE) Ea Ep?) oe 

Inserting (3-15), (3-16) and (3-17) into (3-9), we obtain 

2 2 
E90 (p) 16 PS eR ey ong, (3-18) 
V HS 


‘The average value of 0&, with respect to the direction of the wave vector & is ex- 
pressed as 


ede=(F) gh a (BY pet 2 Fe, 29) 


s 
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where ky is the wave vector at the Fermi surface. The summation over k can be 
replaced by the integration 


Se a ke( =)" | HS (3-20) 
Using (3-19), (3-20) and the relation 

N/Vean= (1/32) ky, (3-21) 
we obtain, as the plasma excitation energy, 


Ex=47e nh? /m=a, fh’, (3-22) 


where w, is the plasma frequency of the normal state. For large p the plasma 
energy should be equal to the normal value because of a small energy gap. There- 
fore, we arrive at the conclusion that the plasma frequency in the superconducting 
state is expected to be the same as its normal value. Thus, we confirm Anderson’s 


result completely. 
$4. Wave function of plasma excitation 
The eigenfunction of a plasma excitation is given by 
Py =U * fo= Se (p(k) Bp (k) — Xp (Kk) B-» F) 1 fo. (4a) 


where ¢, is the wave function of the ground state. ,(k) and 7%,(k) are deter- 
mined by (2-16a,b). Noting that for a plasma excitation Y=7=0, we obtain 


Oe, (ty Ve gpk UE tpiy) 


¢,(k) —%,(k+p) =J vote ; 
‘pl +~kp 
+2v(p) Ey (Un Vi op + Ven) ¢— Eee Uattery Ue Pere) é (42 
pt— Eny pe tp 
E iy A ) a 
og, (k) +%,(k +p) =F ip (te Ve ovat ry 
pl kp 
+2v (p) Ep (Ux Vip + UeUnrp) Pani J) En (attery + U4 Vern) é. (4-3) 
a — Exp R J Eye 


Moreover, we obtain the following relations from (2-19) : 


yp ea (J+20(p)) 9 En) (4-4) 
ae Phat 


VV) 


Inserting (4-2), (4-3) and (4-4) into the normalization condition (2-14), we: 


obtain the relation determining £ as follows : 
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1= dh (p(k) +%,(A+P)} {Pp (k) —%p(k+p)} 


Ey: Lp (Ue VerptUeUnrp) se 
ayes 9 Ai) NA pl *~kp <P 
MET 200)" Be EG 
_ II Fn) ' (Epi t+ Exp) (Ue Vet Uap Very) 
1+Jh’ (E,2) (Ep: eo) ; 
Fg" (En) <2 Ey Bip Un tespt Ve Very) }. (4-5) 
{1 aie dh! (E41) ee (Gis —E;,3) ; 


‘This can be written as 

Bf" (Ey) 2J9! (Ey) 89" By) 
OE, ied, 

Fg" (Bg) OW Ea) 

(lh! Bt? Ole, 


as V pra) 2 
c= (F+20(p))*{ 


(4-6) 


On the other hand, we obtain the following equation by differentiating the secular 
equation (3-4) by e?: 


1 ad 4200p) pee _ adg “of! dy or | 
e’ (JE,,/0e*) 2v(p) OE TETH OE; (4+Jh')? 067) 


(4-7) 


Using (4-7) in (4-6), we can simplify the expression for ¢* as 


Cente Tay Obie, (4-8) 
~ — Vu(p) de” 


(4-2) can also be written as 


Po (k) —tn(k+ p) =C(J+20(p))} Het lta Poe Uae) 


2 2 
Ey a Exp 


aS Jg' (Epi) Exp (2p Up sp + VE Deen) : 
Is-Sh’(E;) yD 


(4-9) 


§5. Gauge invariance 


‘In this section we shall consider the effect of a magnetic field. Let us decom- 


pose the vector potential into Fourier components, the p-component of which is 
written as 


Ae” Aen (5-1) 
The component of the current operator becomes 
I= Gotjae” + (jf +f2) e-, (5-2) 


where j, and j, are expressed in terms of ag, and a, as 
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Cp a OE ag aa en hf 

a i ea Oe (5-3) 
° eyo? e ii - e - 
ue NLC V a Dats Regie Be sere Dike: Ak_ps Ak+ps . (5 . 4) 


The expectation values of j, and j, in the ground state are given, to the lowest 
order in A, by 


oe 


Jpdav = Dee (Olle (|fp|0) + (CO|jr|é) @|H410) }, (5:5) 
(Japav= — £ A, (5-6) 


where i and 0 denote the excited states and ground state and & and £; are the 
unperturbed energies of the ground state and excited states. H, is the perturbing 
Hamiltonian linear in vector potential and is expressed as 


H,=—V/c(jp-A4* +j_5°A)- (5-7) 
If we insert (5-7) into (5-5) we obtain the following expression : 
wk DV 1 : bat. 
(Jp)ao= De (O|j_p-Alz) (|j,|0). (5-8) 
E,—E; 


(jaw is the diamagnetic or London current and ¢jp)ay is the paramagnetic current. 

According to the B.C.S. theory, if we take individual excitations as excited 
states i, the paramagnetic current (jy) vanishes in the limit of =O on account 
of the existence of an energy gap and only the diamagnetic current remains. In 
this calculation, the gauge of the vector potential is chosen as divergenceless, name- 
ly (A-p)=0. The gauge invariance means that for the longitudinal component of 
the vector potential (A||p) the paramagnetic current (jp cancels the diamagnetic 
current (js)a- 

Anderson® pointed out that if the potential part of the Hamiltonian is com- 
mutable with the operator exciting the plasma mode, namely 


( FZ potenti ea peas Ans | = 0, (5 E 9) 


the gauge invariance is satisfied, and moreover, that the paramagnetic current aris- 
ing from the plasma excitation cancels the diamagnetic current for a longitudinal 
component of the vector potential. Here, we shall show that this is actually true 
by using the wave function derived previously and evaluating the paramagnetic 
current due to this excited state. 

The paramagnetic current ‘operator iF 
Fermion operators as 


jo=—en/2mV dix (2k +p) { (laterp—VeVerp) (Qo We + p0 — V+ v1 Ne) 


is expressed in terms of the Bogoliubov 


(5-10) 


+ (uty Uerp—Ville+n) (Ago Cig t Xn vp a) bs 
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and the operator of the second term of this expression is written as 
Axo Oi sss + Hy +99 rr =", (k+p) —f, (k) - (5 ‘: 1 1) 


Since ¢ is the state with the lowest energy, the matrix element of the current 
operator between the ground state and the state of the plasma excitation can be 


written as 
(YprlFnl fo) = (Up: Yo In Yo) = PolU mr» Jn] 0)» 
(Poli—plY me) = (Pop Up $0) = (Pol f-» Un: 10). 
Using (2-12) and (2-6), the following commutation relations are obtained : 


[Ups bt,(k+p) —§,(k) |= {o7,(k+p) = XM) ene 


(5-12) 


’ (5-13) 
[85 (k—p) pup (iy; Us |= 1p (k) “i= (kop) On, —p+ 
Inserting (5-10) into (5-12) and applying (5-13) to it, we obtain 
(yp) Liple) = Gol Ups fol |$o) 
= —en/2mV >* (2k+p) (2p Uni p— Un Un+p) (Y_» (k+p) ie (k)), (5 14) 


($olJ-nl bn (— p) ) = (4 oe eal lo) 
=eh/2mV Dk (2k—p) (ux Uk—p — Uk iby dy) (—o2, (k) dee (k—p) ) C 
Using (5-14) in (5-8), we obtain the expression for the paramagnetic current as 


ee 1 eh 
(Ipdav= BORE) Gece 


X De (2+ P) (te Verp—Vitlesp) (Gp (kK) —%p(k+p)), (5-15) 
where in the right-hand side p is replaced by — p- 

In order to verify the gauge invariance, we assume that the Fourier component 
of the vector potential A is parallel to the vector p, the direction of which is taken 
as the z-axis. Since we are interested in the limiting case of p=0, we evaluate 
<Jjvdaw in this limit. Picking up the terms of lowest order in p, we obtain 


) Die (2k +p) +A (Uz Virp—Vettery) (Yp(k) —%,(k+p)) 


(2k+ p)-A=2k, A, (5-16) 
and 
2 
Uk Uk +p — Ue Up yp = ati 0&€,= se i ay ver (5-17) 
Ex zo = 0 
From (4-9), we also obtain 
a =o 21K, Bir Leo 9) E 
¥p (kt) —%p(k-+p) =2¢0(p) Na 0 (My no \. 
‘ 2 big (Ey —Exe) {1 +Jho! (En)} (E2—EQ) 


On account of (3-5) and (3-6), this becomes 


$n (k) —,(k+ p) =4¢0 (p) (I/Ey Ew). (5-18) 
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Inserting (5-16), (5-17), (5-18) into (5-15) and using (4-8), we obtain 


a5 eed = (4): 2a(er)'(= Ne 


(OE y,/9e*) 
Vu(p) 


Taking into consideration the following relations: 
—1 —1 il 
Bape rt) ie Srgatia o} 76% 
a m oo a m y & 


de a 5 pl> 


Qu(p EP (Seek): (5-19) 


and (3-21), we arrive at the final value for (j,)« 
Toe = ee At (5-20) 


Thus, we realize that the plasma excitation guarantees the gauge invariance as 
Anderson® pointed out. 

The paramagnetic current for a longitudinal component arising from the indivi- 
dual excitation begins with the term linear in p’. This is expected to vanish com- 
bined with the p’-term of the paramagnetic current arising from the plasmon state. 


§ 6. Spin wave-like excitation 
In this section we shall deal with collective excitations of spin reversal. This: 
type of excitation is given by applying 
Gixpy er ANd Akins Any 


to the ground state. Referring to the Bogoliubov Fermion operators, these corre- 


spond to the following two types of operators : 
is, (k) =a a5. Spt Ans 


re (k) = Ai np0 A= 1 2 


(6-1) 


The Hamiltonian for these two kinds of excitations can be expressed, in the 
Brueckner-Sawada approximation, as 
H= Diep Exp (op (R) p(k) +7p &) MCR) 
4 Se enpCe (ky b’) {og (he) op (hk!) +e (&) t(D} 
4+ Saw pDy (key ke) (og (he) t2,(!) +2 -p (FY oC). (6-2) 


C,(k, k’) and D,(k, k’) can be evaluated in a similar way to the case of obtain- 


ing A,(k, k’) and B,(k, k’) in (2-7) as follows: 
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C,(k, k!) ={—J(k, k’) +0 (\k—k'|)} Lk, bk’) L (e+p, i +p) 
~{-J(k, Ik’) +u(\k+k'|)}L(k, +p)L(#, k+p), 6-3) 

D,(k, k’) ={—J(k, k') +0(\k—K’|)} M(k, k' —p) M(k’, +p) 
—{—J(k, —W) +u(\k+R|)} Mk, )M+p, +p), 6-4) 


where p has been put as zero in J and v. 

Throughout this paper we have used the same assumption as B.C.S. that 
—J(k, k')+v(|k—k’|) is constant in the vicinity of the Fermi surface and zero 
outside this region. In this approximation, it is found from (6-3) and (6-4) that 
both C,(k, k’) and D,(k, k’) vanish in the limit of p=0. Therefore, we obtain 
the conclusion that there is no collective excitation with reversed spin in the super- 
conducting state and confirm the result previously” obtained that the paramagnetic 
susceptibility in superconductors vanishes at the absolute zero of temperature, as 
far as this approximation is valid. This result is inconsistent with Reif’s experi- 
ment.” 


§ 7. Conclusion 


It has been shown that the plasma frequency in the superconducting state is 
the same as that in the normal state, and that the paramagnetic current from the 
plasmon state cancels exactly the diamagnetic current for the longitudinal component 
of the vector potential in the limit of p=0. Thus, we confirm Anderson’s result 
and arrive at the conclusion that ‘the B.C. S. theory of Meissner effect is really 
gauge invariant. 


I should like to thank Dr. Anderson for showing me his preprint prior to 
publication and for his illuminating discussions on superconductivity while I was in 
Berkeley. I should also acknowledge valuable discussions with Dr. Yoshimori, Dr. 
Takano, Dr. Yokota and Prof. Matsubara. Especially those comments given by 
Prof. Matsubara and Dr. Yokota were most useful. 
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By using identities first pointed out by Buckingham, it is possible to derive explicit and 
manifestly gauge invariant expressions for the linear magnetic response of a statistical 
system. If the approximation employed for the statistical operator fails to satisfy these 
identities, the lack of gauge invariance shows itself through the fact that different explicit 
expressions, which ought to give identical results, now yield a whole range of results 
depending on an arbitrary function a(g). However, it is possible to select the best function 
a(q) by a variational procedure. The form selected in this way is usually different froin 
the prescription of calculating everything in London gauge, without making use of identities. 


§ 1. Introduction 


Recently there has been considerable discussion” concerning the question of 
gauge invariance in the theory of superconductivity. An alternative way of looking 
at the problem is presented in this paper. This way amounts to a rephrasing of 
the question, and leads to a unique method of evaluating the magnetic response 
of any system, normal or superconducting. The method is applicable even if the 
approximation used for the statistical matrix of the system is not gauge-invariant, 
and hence in particular fails to satisfy the Buckingham sum rule.” From the 
practical point of view, this is helpful because full gauge invariance, or even the 
weaker condition imposed by the Buckingham sum rule,**** is a very stringent 
condition on the permissible approximations. Some very useful approximations, in 
particular the Bogoliubov approximation,” without “ collective excitations ”’, violate 
this condition. The evaluation of the Meissner-Ochsenfeld effect in the Bogoliubov 
theory, making use of the present method, has been performed by May and 


* The first author was at the School of Physics, Sydney University during part of this in- 
vestigation. 
*& Present adress: Research Institute for Fundamental Physics, Kyoto University, Kyoto, Japan. 
*#k Supported by the Nuclear Research Foundation within the University of Sydney. 
*%&k The Buckingham sum rule ensures gauge invariance for the linear response of the system 
to an applied magnetic field. An approximation may satisfy the Buckingham sum rule, and yet 
fail to be fully gauge-invariant; the lack of gauge invariance would then show up in terms of 


higher order in the applied field. 
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Schafroth.” ns 

The usual way of calculating the response of a physical system to an applied 
magnetic field, ie., the magnetization produced by this field, is as follows : One 
makes some approximate treatment of the field-free system; then one introduces 
a vector potential A into the approximate Hamiltonian by replacing p by p— (e/c) - z 
thereafter a series of steps is required to eliminate this vector potential again in 
favour of physical quantities (the magnetic field B) ; and all too frequently this 
elimination proves to be impossible: the free energy can not be expressed in terms 
of curl A only. 

In such a case the approximation is said to be not gauge-invariant, and such 
approximations have had to be discarded, as being of insufficient accuracy to allow 
any conclusions to be drawn. 

We would like to suggest an alternative way of looking at the problem. Jf 
the exact Hamiltonian of the system is known, both for the field-free system and 
for the system in the presence of an arbitrary magnetic field, then it is possible 
to eliminate the vector potential A in favour of the magnetic field B once and for 
all at the beginning, making use of identities which must hold.” For the linear 
response of the system one then gets an expression of the type: 


M(q) =K(q)B@), (1-1) 


where M(q) is the q’th Fourier component (in space) of the magnetization density, 
B(q) is the q’th Fourier component of the impressed magnetic field, and K (q) 
is given by an explicit formula which involves expectation values of well-defined 
operators over the statistical matrix U of the field-free system. Thus (1-1) is 
“ manifestly ” gauge invariant. 

Of course, the problem which showed up previously as a problem of gauge 
invariance has not simply disappeared; it has merely changed its form. It turns 
out that not only is there an explicit formula for K(q) in (1-1), but there are 
infinitely many formulas, of type: 


a 


Kq) =Ka(g4 OLD, (1-2) 


where K,(q) and G(q) are given by explicit formulas, and @(q) is a completely 
arbitrary function of gq. The condition that all the forms 


| (1-2) give identical 
results is the ‘‘ Buckingham sum rule ”’, 


G(q) =0. (1-3) 
As long as no approximations are made, there is no difficulty. However, let 
us now replace the exact statistical matrix U of the system by some approximate 


statistical matrix U. We then get a set of approximations to the magnetic response 
function K(q), namely 


Kiq, @(q) |=Kx(q) sa (1.4)..° 
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where the A on top of any quantity indicates that it is computed from the explicit 
formula, but using U instead of the exact U. Unlike the exact G(q), (1-3), the 
approximate G(q) may, and often does, differ from zero. We then say that the 
approximation in question violates the Buckingham identity.* When this happens, 
instead of getting a unique, well-defined, and manifestly gauge-invariant result, we 
have an infinity of different results for K(q), one for each choice of a(q) in (1-4). 

However, there must be some best function a@(q) which makes (1-4) closest 
to the correct kernel K(q). We snall determine this best a(q) by a variational 
condition. The exact statistical matrix of the field-free system is 


U=exp[9(F—H)]. | (1-5) 
We shall assume that the approximate statistical matrix U can be written also as 


the exponential of an operator (this is always possible in principle if U' is positive 
definite) : 


U=exp[W()]. (1-6) 
Let us consider the difference between the exponents as a small quantity :** 
W(8) —8(F—H) =éH’ (1-7) 


and let us expand the approximate kernel K{q. a(q)|, (1-4), in powers of the 
the parameter &, around the exact result. This gives, in principle: 


K(q, &) =K(q) +€K,(q, @) +€&K, (q; Gri (1-8) 
where the leading term is the exact result, and hence independent of the choice 
of a(q). Let 1 be the lowest order of € for which we get a non-vanishing vari- 
ation K,(q, @). We now demand that this variation vanish identically, thereby 
getting a condition to determine the function a(q) : 

K,.(q, ®) =Knx(q) +@(q) Gi(q)/q°=9. (1-9) 
It should be noted that different values of q mean the imposition of different 
external magnetic fields on the system, thus condition (1-9) is a separate condition 
for each value of q, and defines a function a(q) of q.*** 


* Every approximation which violates the Buckingham identity violates gauge invariance ; but 
an approximation which satisfies the Buckingham identity may yet violate full gauge invariance 
(see earlier footnote). 

*& Sometimes the nature of the approximation used demands that different orders of smallness 
be assigned to separate parts of this difference; e.g. the right side of (1-7) may have to be written 
as €H’/+eH”. This is true of the Bogoliubov scheme. The modifications introduced by this change 


are of course obvious: we consider the lowest non-zero variation (in fact of order ¢2) and demand 


that it vanishes for all q. re 
*** Tt is typical of variational methods of this kind that linearity has to be postulated a posteriori, 


and does not follow from the method itself. That is, suppose we impose an external field which 
is a superposition of two different Fourier components @; and q:. We then postulate that the 
magnetic response of the system to this field shall be calculated by a linear superposition, using 
values a(q,) and a(@2) determined from (1-9), i.e., on the basis of each Fourier component being 
the only one present. To the extent that the Fourier decomposition used depends on the shape of 
the specimen (e.g., it becomes a Fourier-Bessel decomposition for a cylindrical specimen) the values 
«(q) are also shape-dependent. This is of no practical importance, however, and we shall always 
“assume we are working with a periodicity cube, and ordinary Fourier series. 
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In practice, this condition must be rephrased slightly, because we cannot expand | 


around the exact results as in (1-8), but must expand around the quantity we: 


can calculate, i.e., around K(q, aoa —eitis¢ 
K(q) =K(q, «) +€Ki(q, &) +262 (q, @) +°, (1-10) 
where the leading term is just (1-4), and the correction terms come from ant 


expansion of 


U=exp| W (8) —€H’) (1-19 
in powers of €. The variational condition determining @(q) is: 

K.(q, @) =Ku(q) +4 (4) Gr(q)/¢ =0, (1-12) 
where » is the lowest order of € in which K,, and G, are not both separately: 
zero. To the extent that € is really a small quantity, ie, that U is a good! 
approximation to the exact U, conditions (1-9) and (1-12) are equivalent. 

Once a(q) has been determined from (1-12), the best result for the magnetic 
response function K(q) which can be deduced from the approximation U is obtained 
by substituting this a(q) into (1-4), Le., 


R(q) =K5(q) —LDE® | (1-18) 
G,(q) 

As usual with variation principles, the method does not allow one to improve 
the approximation systematically. If a better result than (1-13) is desired, a better 
approximation U is necessary, and this better approximation must be obtained in 
some other way. But the variation principle allows us to find the best possible 
explicitly gauge-invariant magnetic responce function for any given approximation U. 

The form (1-13) is usually mot equivalent to the prescription” of calculating 
everything in the London gauge (divA=0) without making use of identities such 
as (1-3). This prescription in fact means the choice : 

a(q)=1 (all q) (1-14) 
and it is only very indeed that this choice follows also from (1-12). 

‘The fact that (1-13) is variationally correct means that the function K (q) 
is: considerably better than the approximation U on which it is based. For example, 
in the calculation of telercuce (5) it is seen that even the straight-forward Bogoliubov 
theory in lowest order approximation gives a K(q) which contains enough of the 
final (infinite order of perturbation theory) result to be nearly indistinguishable 
from it experimentally, even though there are significant differences in principle. 


§ 2. Elimination of the vector potential* 


We consider a system which, in the absence of magnetic fields, has the 


* The derivation given here differs only in details from the one of Buckingham,?) as extended 
to systems at finite temperature by Schafroth (unpublished) . 
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Hamiltonian 


H= s VG Xy,°°*, Xe), (2-1) 


and we assume that particle 7 interacts with the electromagnetic field only through 
its charge e;. This assumption means that we ignore spin magnetic moments; the 
spin terms do not change anything essential, and are omitted only for the sake cf 
simplicity. We note that the Ansatz (2-1) includes a very accurate model of a 
solid body, namely a system of N, nuclei and N, electrons (N,+N,=N),. inter- 
acting with each other through Coulomb forces. The electron-phonon interaction 
is contained in this model. 

We now include one Fourier component of the applied vector potential of the 
form : 

A(x) =A(q) (2/V)"" sin(q-x). (2-2) 


We can restrict ourselves to one Fourier component at a time for purposes of the 
linear part of the response of the system to the applied field. The magnetic field 
derived from (2-2) is: 


B(x) =B(q) (2/V)*” cos(q-), (2-3a) 
B(q)=qX4(@q). (2-3b) 


When we introduce (2-2) into the Hamiltonian (2-1) by the usual prescription 
of replacing p; by p:—(e:/c) A(%;), we obtain the new Hamiltonian : 


H(A) =H+Ay4t+HAaa, (2-4) 
where | 

H,=— (1/c)j(q) -A(@), (2:5) 

Hys=3L(q) |A(q) le (2-6) 


 j(q) is the q’th Fourier component of the current density operator 


s 


I(@ =) 2 [pisin(q-%,) +sin(q-%;) pi], (2:7) 


and L(q) is the operator 


L(q) = S12 sin®(q-%,)- (2-8) 
i=1 Vi,c’ 


We use the Goldberger-Adams method” to expand the normalized density 


~ matrix.® 


| 


. 


6 


weperce (Pe ete war 


U (A) =exp{8[ F(A) — H(A) J} 
=exp{P[ (F—H) + (Fa— Ha) + Faa— Has) + J} (2-9) 


We find that the linear correction to the free energy, F,, vanishes (the Bloch 
theorem), and the quadratic correction takes the form: 


750 J. M. Blatt, T. Matsubara and R. M. May 


Pys= —4Jy.(q) AgAgs (2-10) 
where 
J w= ee (2-11) 


Here L is the expectation value of the operator L over the field-free system, 
L=Tr(LU) =Tr{L(q)exp[#(F—F) J} (2-12) 


and S’,, is defined in terms of the density matrix U of the /ield-free system and 


the operator j(q), (2-7), by 


Qi s awit 7 
Sig eee alla eres ea) OS). (2-13) 
c? Jo 0 
Since A,A,=A,A,, the quadratic form (2-10) involves only the symmetric part 
of Sj, Le., we can write 
BI ee Smells (2-14) 


where 
1 
Syv=o (Suv + Sty) =F deTx[U™ j(q) U* j,(q)}. (2-15) 


Although the free energy F44, (2-10), appears expressed in terms of the 
vector potential, actually it can depend only on the magnetic field B(q) ; according 
to (2-3b), the component of A(q) parallel to the vector q is quite arbitrary, and 
must not enter into F4,. This gives the gauge condition: 


J uvQv=GQud w=0 (2-16) 
or (taking note of the symmetry of all expressions, and using (2-14)): 


Suv — La, =0. (2-17) 


Although (2-17) must hold in one sensible theory, 
explicit expressions (2-8), (2-12), and (2-15) will now be 
density operator 


its direct verification starting from the 
given; the q’th component of the charge 


N 
o(g= & €:(2/V ) cos (q-x;) (2-18) 
is related to the current density operator j(q) by the continuity equation 
q:-i(M = (h) A, o(q)]_. 


(2-19) 
Using the operator identity 


d 
ap (Spe! 2) = —e7 #2 [Q, p}_ ete (2-20) 
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to perform the integration over ¢ involved in the first term of (2-17), and using the cyclic property 
of the trace, we get 


Suva = @/he?) Tr{U [0(@), 7, (@)]-}- (221) 


It is obvious from (2-7) and (2-18) that the components of j(q) perpendicular to g commute with 
o(q) ; for the component parallel to q direct calculation yields 


[0(4), ju(@1-= Gia LUA, 0(@)1, 0(q) | =—ig,he2L(@) . (2-22) 


Combination of (2-21) and (2-22) establishes (2-17). 


For the sake of simplicity, assume cubic symmetry of the crystal, and let the 
direction of the vector q be direction number 3. Then we have 


A oe eau for UA v (2 s 23) 
and the condition (2-17) becomes the Buckingham sum rule 
Ssg—L=0 (2-24) 
or, for arbitrary orientation of the coordinate system, 
G(g=> ** S,,(q) -—L=0. (2-24/) 
wy @ 
The magnetic free energy becomes, in the special coordinate system, 


Fy4=—$dy (A+ Ay’) ==, Ju (B+ B;’) . (2-29) 
q 


The last form is manifestly gauge-invariant. The magnetization of the specimen 
in thermal equilibrium is given by 


- M(x) =M(q) (2/V)'?cos(q-*) | (2-26) 
where 
M, (q) =~ S44=K(q@) Bu(@) (2-27) 
with 
Kp) Senlaeoe Se (2-28) 
gq ¢g 


The form (2-28) is the simplest gauge-invariant expression for the magnetic 
response of the (cubically symmetric) system ; this form corresponds exactly to the 
prescription of Bardeen -) evaluate everything in London gauge (A;=0), without 


making use of identities such as @-DAY. 
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On the other hand, we may use (2-24) to eliminate L altogether ; this yields 
the “ Buckingham canonical form” for K(q) : 


Sus: ‘ 
5AQ) =— = (2-29) 
For arbitrary orientation of the coordinate system (but retaining cubic symmetry) 


the canonical form becomes 


Kx (q) = 34 (3-H ) So (q)- (2-29) 
qi ty q 

This form is unique in the sense that it is the only form which does not involve 
L. The most general form for K(q) is given by (1-2), with K, defined by 
(2-29’) and G(q) by (2-24’). The London gauge form (2-28) is the special 
casee@=1 of (1-2). 


§3. The “absence of complete cancellation”. 


In the phenomenological equations of London for superconductivity” the magnetic 
field expulsion (Meissner-Ochsenfeld effect) is described by the kernel 


K(q) = ae (London equation) (3-1) 
Ar A*¢? 

where 4 is the London penetration depth. On the other hand, a system with 

normal magnetic behaviour (diamagnetic or paramagnetic) is described by a kernel 


K(q) nearly independent of q for small q, with 


VS GD SE (Normal system) (3-2) 
where 7 is the isothermal magnetic susceptibility of the system. 

It has often been noticed that the London gauge form (2-28) for K(q) would 
lead naturally to a kernel proportional to 1/q’, ie., to the London form (3-1), 
provided only there is “ absence of complete cancellation ” 
of Sj, in an expansion in powers of Guiend The That is, 
regular at q=0 and expand: 


between the leading term 
if we assume S,,(q) is 


Suv (q) = Sv +SO.5q093-+ BOoEs (3-3) 
we would obtain the London kernel provided onl 


y that (in the coordinate system 
in which q is along the 3-axis) 


SIPAL - (Absence of complete cancellation) . (3-4) 


There are many arguments in the literature purporting to show that “< 
functions’ can lead to precisely this kind of behaviour. 
We now prove the theorem: 


stiff wave 
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Theorem: A material of cubic symmetry in which S,,(q) is an analytic function 
of the three components g, of q at q=0 is a normal material, magnetically. 
Proof: he cubic symmetry simplifies the géneral expansion (3-3) to the form: 


ie (q) = Suv + Sq +« Gugvyt-"', (3-5) 


where So, S., and S}; are constants. We substitute (3-5) into the Buckingham 
canonical form (2-29’); the terms proportional to 0,, drop out, and we obtain: 


K(q) = —S:+order (q’) (3-6) 


which proves the theorem. 

This theorem is a more formal way of stating Buckingham’s argument” against 
“absence of complete cancellation”. The state of affairs envisaged in that 
approach to the theory of superconductivity simply cannot happen; as long 


> 


as’ S,(q) is analytic at q=0, the “ Cancellation ” is always complete. Conversely,. 


in a valid theory of superconductivity, S,,(q) must not be analytic at q=0. 


$4. The use of approximate statistical operators 


At this stage of the discussion gauge invariance as such is not involved; all 
the forms (1-2) for K(q) give manifestly gauge invariant formulas (1-1). The: 
problem has been transformed into the following one: How are we to choose- 
sensibly between an infinity of forms (1-2) for K(q), all of which are equivalent: 
to each other as long as the statistical operator for the field-free system, 


U=exp[8(F—H) | (4-1) 


is known exactly, but which become inequivalent when U is replaced by some- 


approximate form U ? 
Given some approximation U to the statistical operator, the corresponding: 


approximation for L is: 


i PAL). (4-2) 


This is however independent of what approximation is used for U, and is always. 


equal to the exact value 


L=L= = y—; - (4-3) 


This is true because the expectation value (4-2) is taken over the field-free 
in (2-8) always gives rise to the average value 3. 


system, so that sin’ (q-%;) 
for Syy(q) is obtained from the exact (2-15) 


The corresponding approximation 
by replacing U by U, 1e., 
Sq) = [de Te) iD OVID) (4-4) 
0 


CC 
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Note that the operator j,(q) here is exact, i.e., it is based on the exact Hamiltonian 
el) ; 

Although (4-4) defines a definite approximation for S,,, given any approxima- 
tion U to the density matrix, in practice the evaluation of (4-4) is extremely 
difficult unless U can be expressed conveniently as the exponential of some operator, 
i.e., the form (1-6). However, it is mot necessary that the operator W (/9) in the 
exponent have the simple temperature dependence 


W (8) =8[F (8) 1— Ha)“ Hamiltonian approximation ” So 


where i is the unit operator, F() is some c-number function of /, and the 
approximate Hamiltonian H,,, is independent of temperature. On the contrary, 
W (3) in (1-6) may have a much more complicated temperature dependence without 
lea ling to any trouble in the evaluation of (4-4). 

An example of a non-Hamiltonian approximation is the Husimi” extension 
of the Hartree-Fock method to statistical mechanics. Another example is the 
Bogoliubov approximation? in the theory of superconductivity, in which the 
coefficients wu, and v,; are in general complicated functions of the temperature. 
‘One the other hand, it has not so far proved possible to write the quasi-chemical 
equilibrium approximation" ™ in the form (1-6). 


Given approximations for S,, and for L, we define the approximate quantities 
K, and G by 


rs iL = 3 ON. Gas as 

K;(q) = <a (Aj, — 24 Sq), (4-6) 
q ee q 

C@) =>) ae A Gp ee (4-7) 


Finally, the “ approximation a” to the kernel K (q) is denoted by Klq, a@(q) | and 
as defined by equation (1-4). 

We have already discussed, in the introduction, the variational condition which 
we shall impose on K\|q, @(q)]so as to select the best function a(q). The con- 
dition is (1-12), and it merely remains to write down an explicit formula for the 
quantity K,(q, @) which appears in that equation. 
that there is a significant variation already for n= 
The extension to higher 7 is obvious.* 

Let us expand S,,,(q) in powers of € around § 
through the density matrix (1-11). We write 


We shall assume, for simplicity, 
1, 1e., in the first order in & 


uv(q), (4-4), where € appears 


Sus (Q) =Syx(q) +€T yy (q) border & (4-8) 
and get by direct calculation : . 


* Actually, the expansion has to be carri 


Re ed to order €2 in the. Bogoliuboy theory, to obtain 
a non-vanishing term. See an earlier footnote 
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Ty (4) = "7 | ae| dse Tr yen Gy Tj) O)G.@) + HT. 
(4-9) 


In terms of the eigenstates |k> of the approximate density matrix U, and hence 
also of its logarithm, W, we get* 


7 Wy. Ww Ww W 

rrdie es) Be p Ss eae < we —eWanr — e’e—e a 
PE igeme ate: Wai, |i Wie Won, a= Wea 

[CR ju (q) [RKB ju (q) [RD + (HS ») J. (4-10) 


If we let the q-direction be direction number 3, for simplicity, the condition 
(1-12) becomes, 


Tu (q) he T's (q) +@(q) T33(q) =()., 
¢ 


(4-11) 


nan 


There is of course no correction in this order arising from the expansion of L, 
since L is always exactly correct. 


§5. An example; The ideal Bose gas 


As a simple example of the use of these procedures, let us choose the ideal 
Bose gas in the limit of zero temperature, which is known to be a superconductor 
obeying the London equation.” In this limit, the exact results are: 


Sw(q)a=LLt (5-1) 
q 
and 
Kye | (5-2) 
qd 


where L is given by (4:3) as: 


Bae OeN | (5-3) 


We note that (5-1) satisfies the Buckingham sum rule, and also that (5-1) is a 
non-analytic fuction of the three components q, of the vector q at q=0. 

Let us now “approximate ”’ the true density matrix U of the system by an 
expression of the same form, but with the mass in the Hamiltonian H changed 
artificially to some neighbouring value m*. This altered mass appears in U but 
not in the operator j,(q), equation (2-7). The resulting approximation S,,(q) 1s: 


* The states & here are states of the entire system. If W has an “ independent-particle form”, 
W=D\wy;as*as, it is preferable to evaluate (4-9) differently, in terms of sums over independent: 
s 


particle states s, SORE 
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Se: (q) = (m*/m) Sy (q)- (5-4) 
‘The Buckingham form G(q) is no longer zero, but rather equals: 
Gq) =(“"-1)L=eL, (5-5) 
m 


and the approximate kernel Kia, a(q) |, equation (1-4), is: 
oT ve : 


where the smallness parameter € stands for the fractional change in mass, as in 
(5-5). | 

If we now differentiate (5-6) with respect to € and set the variation equal to 
zero, we get directly: 


a(q) —1=0 (5-7) 
and hence the variational result is, from (5-6) and (4-7), 
Rg) (5-8) 
q 


In this case, therefore, the variational result (1-13) agrees identically with the 
exact result (5-2). This is a consequence of the very simple nature of the 
variation involved here. 

We note that the choice (5-7) of a(q) in this case does coincide with the 
Bardeen’ prescription of using the London gauge. This was to be expected: 
Reference (16) shows that, 7f the wave functions are “ stiff’? in any gauge what- 
soever, then the London gauge is this preferred gauge, and a variational calculation 
must lead back to the London gauge prescription. The wave functions are indeed 
“stiff” in the case of the Bose gas. 

However, it is not permissible to use this argument the other Way around, 
Le., to calculate in the London gauge without further ado, for an unknown system. 
For this procedure amounts essentially to assuming stiff wave functions, i.e., a 
‘property equivalent to the Property we are supposed to prove, (the Meissner effect) . 
The procedure given in this paper does not make such an assumption, and does 
not in general lead to the London gauge choice a(q) =1. 

We are grateful to Drs. S. T. Butler and M. R. Schafroth for many enlightening 
and useful discussions regarding this subject. One of us (T.M.) also would like 
ito thank Professor H. Messel and the Nuclear Research Foundation within the 
University of Sydney for making possible his stay in Sydney, and another of us 


(R.M.M.) would like to thank General Motors Holden for the grant of a Research 
Fellowship. 
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Recent advances in Astrophysics teach 
us the relations between thermonuclear 
reactions and the stellar evolution. To 
study the time-variation in fusion reactors 
by analogy of these results seems to be 
worth while. For this purpose, besides 
the two variables so far used, the plasma 
temperature T’ and the number density 
of ions N, we introduce time t into the 
set of fundamental variables, which 
command the basic equations to be com- 
mon to any thermonuclear fusion system. 
Since the object of any fusion reactor 
is to get the energy gain, the basic 
equations must be those of energy 
balancing, which should include all condi- 
tions necessary for selfsustaining thermo- 
nuclear reactors. Therefore we define 
two kinds of time-dependent energy 


balancing equations as follows. One of 
them is ‘“‘ energy balancing in the narrow- 


sence’, or ‘“‘ power balancing ” in which | 
at each instance the energy generation | 
rate overcomes the sum of all kinds of © 
energy loss, i. e. ion-electron and electron- | 
the loss in | 
heating and cooling processes of plasma, 


electron bremsstrahlung, 


etc. The other is “ energy balancing in 
the wide sense’ 


3 


in which the generated 
energy integrated through the whole 
duration of operation overcomes the 
integrated energy losses. Only one 


compound parameter s=Nt, called re- 


duced time, can take the places of two 
parameters N and t because of the two- | 
body interactions, when long-range and — 


external forces are negligible. Here N 
plays a role to renew the unit of time 
scale from the point of view of the 
irreversible changes caused by the mutual 
interaction of N particles in the system. 


Therefore the solutions of the basic | 


equations give the following 
dependent on t. 
i) When the initial fuel consists 


mostly of deuterons, the energy genera- 
tion rate increases suddenly with < owing 
to the increase of secondarily produced 
nuclei, T? and He®, which have larger 
reaction cross sections than D2, Then 
the number of the secondary T? and He? 
become in the transient equilibrium with 
the primary D?, and so the energy 
generation rate decreases again as the 


results — 
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fuel decreases. But in the case of the 
mixed fuel with more T* than ~102%%, 
there is no increase of the reaction rate, 
since the original tritons have the reac- 
tion rate large enough to neglect the 
contribution of the secondary ones. 

ii) The radiation loss caused by ion- 
electron scattering increases gradually 
due to the increase of multiplly charged 
secondary nuclei, He® and Het*. 

iii) From the energy balancing in 
the narrow sense, we get two kinds of 
critical values for reduced time, 7,,;, and 
Tmax After 7,,;, the energy generation 
rate becomes larger than the radiation 
loss, because of the sudden increase of 
the combustible secondary nuclei, when 
the initial energy generation rate is 
lower than the radiation loss. 7, can 
not exist in the case of the mixed fuel 
with the large number of T®. After 
Tmax the radiation loss overcomes the 
energy generation rate because of the 
decrease of the fuel and the increase of 
jon-electron bremsstrahlung caused by 
secondarily produced He’ and He*. | Tnax 
gives a practical criterion of time at 
which the old fuel must be replaced by 
a new one. 

iv) Similarly, from the energy 


balancing in the wide sense, two kinds 
of criteria for reduced time, Tin, and 
Emax are found.  7min 18 the same with 
Lawson’s criterion,” which is the mini- 
mum duration necessary to regain the 
energy Jost in the heating and the cool- 
ing processes. So the available energy 
gain can be stored only in the interval 
PRK Dect ublnl OS available energy 
gain should again be entirely consumed 
in the interval of Tmax <7 <Tmax> supply- 
ing the increasing radiation loss, 


Table 1 
ak Tmin Tmax Tmax 
oK key | See cm™ | sec cm™ | sec cm™ 
5x107| 4.31] | 1.710% 


8x107) 6.90) 1.01015) 1.57 x10) 4.2.x 1016 
1.16108} 10.0 | 8.7x10") 1.27x1018| 3.4101 
3X108) 25.9 | 4.8X10!4| 5.90X1015| 1.8x101 
5108) 43.1 | 6.610%) 4.20x 108) 9.6 x 101 
8Xx108) 69.0 1.1x101 | 3.04x108 | 4.7x 10 
1.16 x 108) 100.0 2.24 x 1015 
2.32 x 10°| 200.0 8.7101 | 


Here the efficiencies of energy carried by various 
particles except neutrons are assumed to be 
1/3 in a combined system of a reactor and 
subordinate apparatus. And the initial fuel 
includes 50% T3. 

v) Secondarily produced nuclei act 
double roles which affect energy balancing 
considerations in the opposite sense, 1. e. 
the increase of energy generation rate 
and the increase of radiation loss. _ Initial 
ratio of the number of D? to the number 
of T? determine which of these two 
roles overcomes the other. In the case 
of pure deuterium fuel, the positive role 
of the secondary nuclei overcomes the 
negative one, and so the total available 
gain of energy should increase if the 
magnetic field is strong enough to trap 
the secondary nuclei having a higher 
energy than primary ones due to the 
reactions. In the case of mixed fuel 
with 50% T’, in contrast with the case 
of pure D? fuel, confinement of the 
secondary charged nuclei decreases the 
total available gain of energy. 

The details of this work will be 
published in the Journal of Nuclear 


Energy. 


1) J. D. Lawson, Proc. Phys. Soc. 70B (1957), 
6, 
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Coupling Constants and the Mass 
Levels of Baryons 


Brian Bransden and Gordon Moorhouse 
The University, Glasgow, U. K. 


February 17, 1959 


Recently attempts have been made to 
explain the observed mass levels of 
baryons in terms of the self energies 
which arise from the strong 7 and K 
meson interactions, assuming that the 
baryons are mass degenerate in the 
In the 
lowest perturbation approximations, it 
has been shown that the observed mass 
splitting is not given by the Gell-Mann 
scheme” of global symmetry, in which 
all the z coupling constants are taken 
to be equal, if the baryons all have the 
same relative parity.” 


absence of these interactions.” 


In this note, we examine the limita- 
tions placed on the coupling constants, 
of the baryons to the z and K mesons, 
by requiring that within a certain model 
the observed masses are obtained cor- 
rectly. The model at present investigat- 
ed is the Tamm-Dancoff approximation 
applied to the Hamiltonian of d’Espagnet 
and Prentki,” assuming scalar K and 
(0-7) = interactions, that all baryons 
have the same relative parity, and the 
same mass M, in the absence of interac- 
tion, and that integrals over momenta 
are cut-off at a value Kin. This model 
applied to K*—p Scattering has been 
found to give reasonable results.” 

In the single meson approximation, 
the following system of integral equa- 
tions is obtained for the mass shifts,? 


4M(N) =3frnh(4MW)) 
+3 (vex + Irn) i (4M (N) 
4M (A) =3fkxli(4M(A)) 
+2 (xxat Jenn) 11 (4M (A) ) 
4M (2) = (2fgatSivn) (4M (4)) 
+2 (9vez+Gerz) 14M (2) 
4M (=) =3f2,1,(4M(£)) 
+ (392xn+9ena) J(4IM(4)) (Q) 


where J4M(B)=M,— M(B) ; 
19 fe 
1p) = hee ee 
eats (x+a(k))" 
prin didipegy 
dohFea 4 | Ge WP : 


and o(k) =V1+R. 
WA) =V pet+P 
Consistently with the model and ap- 
proximation used in obtaining (1), — 
charge renormalisation may be applied ~ 
to obtain renormalised coupling constants 
Ji, fi SO that, for example, 
Frn=fwn {1+ 3f%,h(4M(N)) 
+ (89 3ar+Ginw) J,(4M(N)) }-1 
x {1+4 five (4M(N)) 
+ 29x xw/ five Guxvfen 
+feav9axw) J2(4M (NY) | (2) 
Using the known values of M (B) 
and assuming three relations amongst 
the eight | coupling constants, and re- 
quiring /v¥,=0.08, the five equations 
(1) and (2) were solved numerically 
for a range of values of M, and for 


+ Units h=c=,=1 are used throughout, 
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three values of K,,, 5.51, 6.60 and 7.8. 
The range of M, is limited if it is 
required that the coupling constants 
obtained should be real. 

The following relations between coup!- 
ing constants have been investigated : 

(1) The Gell-Mann scheme: f/y,= 
Sisa=Sru= fen: 

(2) Schemes based on the suggestion 
(from a consideration of K *~—WN scatter- 
ing)® that (a) Jsxv=9'axv or (b) 392 xn 
=9,xw, assuming also that (a) gaxs= 
Jaxx or (b) 393x3=9' sxx and writing 
fen=Xfxn, solitions have been found 
for cases (a) and (b) with x=0.5, 1.0 
and 2.0. 

No solution with real /’s is possible 
for the Gell-Mann scheme, confirming 
the work of Katsumori and Shimoura.” 

Similarly, no solution was found with 
x=2 and it appears that f2, cannot be 
much greater than /;,. 

Figures (1) and (2) display the 
calculated coupling constants as a func- 


2 =? 
Bsxn—Sann 


0 10 2.0 


2 
Eann 


Fig. 1. Unrenormalised constants as a function 
of gi ny for K,,=7.8, Sig ORB: 


0,025 


0 10 2.0 


Em 
Fig. 2. Renormalised constants as a function 
ofguayfor K,,=7-8) fri =0:08. 


tionn of Garey tor the cut-off AK ,=/.8, 
and the case Yxxs=Jwea 3 Jexn=Jexa 5 
Be=s0; 

The renormalised coupling constants 
involving 5 have been suppressed as 
they are of less interest at present. 

Using the same model, the K*—N 
elastic scattering cross sections are 
Gu =0.7, for K—1.8.. Fig. 2 shows 
consistent with that the corresponding 
predicted values of fia, Fan ate 0.066, 
0.058, values not inconsistent with the 
hyperfragment binding energies. Results 
at K,,=5.51 and K,,=6.6 and for the 
other cases mentioned above display 
very similar features. 

A full investigation of the problem 
with pseudoscalar mesons with 75 coupl- 
ing is in progress, and it is intended to 
discover whether the resulting coupling 
constants are consistent with phenomena 
depending on fax, fxx Such as hyper- 
fragment binding energies and reactions 


762 


eee Si etic: 

We wish to thank the staff of the 
Glasgow University Computing Labora- 
tory for their assistance and advice in 
the operation of the Deuce Comouter. 


1) H. Katsumori, Prog. Theor. Phys. 19 (1958), 
344; D. Kleitman, Phys. Rev. 107 (1957), 
1453; H. Katsumori and K. Shimoura Prog. 
Theor. Phys. 20 (1958), 578. 

2) M. Gell-Mann Phys. Rev. 106 (1957), 1296. 

3) B.d’Espagnat and J. Prentki, Nuclear Phys. 
1 (1956), 33. 

4) D. Amati and B. Vitale Nov. Cim. 6 (1957), 
261; L. Taffara, and C. Ceolin ibid. 425. 


Electromagnetic Structure of 
Nucleons 


K. Hiida,* N. Nakanishi,** Y. Nogami*** 
and M. Uehara** 


*Research Instiute for Fundamental 
Physics, Kyoto Univ., Kyoto 
**Department of Physics, Kyoto 
Univ., Kyoto 


*** Department of Physics, Univ. of 


Osaka Prefecture, Sakai 


March 6, 1959 


The r.m.s. radii of charge and a. m. 
m. of nucleon have been measured by 
the recent experiments of high-energy 
electron-proton scattering at Stanford” 
and the experiments of low-energy 
neutron-atom scattering. Their values 


are 
Cons Ti = 0.80.1 On cm): 
and >EXO. ) 
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Though many authors have so far caleu- 
lated these theoretical values, it seems 
that they do not sufficiently recognize 
the limitation on the applicability of 
meson theory. The quantity which 
sensitively depends on the very inside 
behaviour of nucleon, such as the magni- 
tude of a.m.m., may receive a large 
contribution from the region where the 
theory and approximation methods are 
very doubtful. However, r.m.s. radii 
will not be essentially affected by our 
ignorance of inside behaviour thanks to 
a weight factor r’. 

The main purposes of the present 
investigation are as follows. 

i) It is known from the analysis of 
nuclear force that meson theory is valid 
in the region r21/p. So we calculate 
the distribution functions of charge and 
a.m.m. in this region in order to sup- 
plement the lack of experimental infor- 
mation. 

il) By comparison of our calculation 
with the experimental r.m.s. radii, we 
examine whether or not meson theory 
is semi-quantitatively valid in the region 
1/e2r21/M. It is worthwhile to 
to notice that ¢7")}" should be normaliz- 
ed by the experimental value of a. m. 
m. so as to avoid the doubtful contribu- 
tion from the inside region. 

With respect to the outer region of 
nucleon structure, higher-order effects 
seem to be less important. Therefore 
perturbation theory will be reliable at 
least semi-quantitatively in the region 
re A Mi, 

The main contributor to the r.m.s 
radii of the isoscalar part is probably 
3z-state as was pointed out by Chew et 
al..” but so far no calculation: has been 


a siniing i wake, 
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carried out in spite of its importance. 
We have calculated its lowest order 
terms of perturbation (g*-order). The 
results obtained are as follows. 

The distribution functions of charge 
and a.m.m. respectively are 


/ 
(A427 05(r) = \dea Cede (2) 7" 
—2« (x) rhe“™’™, 


4 fs (2) 
4z77 0,5 (7) = | dx\ B(x)«(x)r 


\ re (2M) 2A, (x) a ba tey 


where 


eh hk 2) I dx.(2.=0) 
and A(x) >0, B(x) =0 and «(x)= 3p 
are explicitly obtained: These forms are 
displayed qualitatively in Fig. 1. The 
distributions (2) are very favorable (at 
least qualitatively) to explain the ex- 
perimental results (1). A lower bound 
of (7*),’ in rough approximation is* 


Arp (r) 4rrp3(r) 


(a) (b) 


Fig. 1. In (a), the amount of the positive 
charge is equal to that of negative one. The 
sign change occurs roughly at r~1/M. The 
peak in (b) is extremely high. 


Gry >(0.6 X10 enx)”. (3) 


The numerical evaluations of (2) are 
extremely tedious because these are eight- 


* ‘We did not separate the contribution from 
the inner region in this estimation. 


fold integrals. Rough numerical evalua- 
tions of (r”),°, <r’),5, etc., (no-cut and 
cut-off) have been carried out. 

We have investigated also the isovector 
part from our standpoint stated in the 
beginning. We have calculated the dis- 
tribution functions by means of static 
theory and relativistic perturbation up to 
g‘-order, and examined higher order 
effects and recoil and s-wave effects. 
Hyperon effect (closed loop) has also 
been studied. 

Detailed accounts will be reported be- 
fore long in this journal. 

The authors would like to express 
their deep gratitude to Prof. H. Yukawa 
for his kind interest and to Profs. S. 
Hayakawa, G. Takeda and Mr. M. Kato 
for their valuable discussions and. cri- 
ticisms. ; 
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and S. B. Treiman, Phys. Rev. 112 (1958), 
642. 
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In the previous note” we reported 
some results about high energy n—d 
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elastic scattering. In the present note 
we shall report the calculated results 
about high energy protons ejected in 
high energy —d collisions. If these 
protons should be obtained through the 
process in which the incident neutrons 
interact with the protons in the deuterons 
and knock out them, we could use the 
n—p scattering spin matrix to express 
the interaction between those nucleons. 
The scattering spin matrix of spin % 
particles has been analysed by Wolfenstein 
et al.” and related with the phase shifts 
of nucleon-nucleon scattering by Wright 
et al.» In the present note we use 
Wright’s notation for the scattering spin 
matrix. 

Using the impulse approximation,” 
after some algebraic calculation, we can 
express the differential cross section and 
the polarization of high energy proton 
ejected in the high energy 2—d collision 
as follows: 


10) =¥e | dhl {[21Nsl*+2/ al 
+ ¥3|Gi3|? + 8 |Gis— M,5|?+10|C,,|? 
+% |Gis—2N5|?+ 4 2|Gis + Mis 
— 9Brs|*] | Li? +[2|Ci9|?+ | Ais? 
+ |Gi3—2N,s|? 
+%41Na+Gi+ 3B, | fl" 
= [2Nw*Nue-+2His* Hy 
+14 Gi3* 23a + 34 (Gi3* — N,*) (Gis 
a 2) + L0CEC., 
-10( 3 — 2N,3*) (Gy3 — 2.Njs) 
+VYe (Gis* + N,3* — 9B,;*) (Gy; 
+Ne—9 Bs) \di* Ji 
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—[2C,3* Cos + Ais* Aes 

+ ¥% (G,3* —2Nj3*) (Go3 — 
+a (Not +Gu* +3Bu*) (Ne 
+Gy+3Bx) hit hah | By—E, 
—E,—E;), (1) 


2N.3) 


and 
PW) I() = Vo | dita] {[% (Nis* Cis 
+ Ny3Cy3*) —¥ (Bys*Cy3 + Big Cy5*) 
+ V4 (Gis* Cis + Gis Cis*) J [Tet 
+[% (Mis* Cig + Nyx Cua*) 
+% (By* Cis + BuCu*) 
lh (Ge Oph CRCH | 


154 


“| 
) 
a {9% (Nis* Cos + Nig Cu*) 
“9B Cao CRF) 

+ YS (Gys* Cos + Gig Cog*) | Lol* Tf 
—[% (Mis* Cas + Nu Cug*) 

+ (Bu* C+ Big Cu*) 


= M% (G,3* Cy =F Gis Cy*) | [,i* 13} | 


X0(E,—E,—E,—E;), (2) 
where 
i = | x ‘(r) exp| (— pate r)| 
Xx ¢(r) dr, (3) 


here g(r) is the deuteron wave function, 
Yn(r) is the wave function of final two 
neutrons, and 7¢, s indicate the singlet 
or the triplet state of final two neutrons, 
while 1, 2, and 3 refer to the incident 
neutron, the neutron and the proton in 
the deuteron, respectively. B, dG etes 
are the coefficients of the »— Pp scatter- 
ing spin matrices related with the n— Pp 


: 


. 
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In derivation 
(1) and (2), we neglect the 
contribution from the D-state of deuteron 
wave function. 

In order to calculate the B, C, etc., 
we use the phase shifts of 90 Mev n—p 
scattering calculated by Gammel and 
Thaler? with the phenomenological 
potential and by Watari” with the meson 
theoretical potential. These sets of »—p 
scattering phase shifts can reproduce the 
same experimental data of. free n—p 
scattering very well although the manner 


scattering phase shifts.” 
of eqs. 


of reproduction are quite different. If 
we approximate 4/%;'(r) by plane waves 
and use the deuteron wave function 
suggested by meson theoretical potential” 
for g(r), however, the calculated results 
of eqs. (1) and (2) 
different for the both sets of n—p scat- 
tering phase shifts. 

As the magnitudes of the correspond- 


are somewhat 


ing terms owing to the Pauli principle 
differ for the both sets of n—p scatter- 
ing phase shifts, these calculated results 
show the different features. 

When the Coulomb interaction is 
neglected, the study about the protons 
ejected in n—d collisions is the same 
as that about the neutrons ejected in 
p—d collisions. If we had accurate 
experiments for these collisions, we 
would obtain more knowledge on the 
nucleon-nucleon interaction which could 
not be obtained from free nucleon-nucleon , 
scattering. The rigorous calculations 
for eqs. (1) and (2) are now in progress. 

The author would like to thank Prof. 
M. Kobayasi for his encouragement. 
Also the author is indebted to the 
Yomiuri-Yukawa Fellowship for the 
financial aid, 
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Fig. 1. The differential cross section for high 
energy proton ejected in the high energy »—d 
collision. 

Curve I is the result calculated by using the 
90 Mev n—p scattering phase shifts calculated 
by Gammel and Thaler5) with the poenomeno- 
logical potential. Experimental values are mea- 
sured by Powell.®) 

Curve II is the result calculated by using the 
90 Mev n— scattering phase shifts calculated 
by Watari® with the meson theoretical potential. 
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Fig. 2. The polarization for high energy proton 
ejected in the high energy »—d collision. 

Curve I is the results calculated by using the 
Watari’s phase shifts. Curve II isthe results 
calculated by using the Gammel-and Thaler’s 
phase shifts, 
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Statistical Nuclei with Repulsive 
Core Interaction 


Takehiko Ishidzu 


Department of Applied Physics, 
Faculty of En gineering, University 
of Tokyo, Tokyo 


February 5, 1959 


The usual statistical theory of nuclei 
has been developed for the two-body- 
interaction for nucleons, which is ex- 
pressed by 


Va=J (ra) W+MD,+4BD, 


a) 


with 
J (Pin) = —Jo {exp (—rin/10) / (rin/7») 
exp (— rin/Bro) / (ra/BY)}, 
where cap and > are the well-known 


space- and spin-exchange operators, and 


W, M, B, H are the weight factors for’ 
the Wigner, Majorana, Bartlett and! 
Heisenberg forces respectively ; we can\ 
assume that W+M+8+H=1. The: 
space-dependent part of the interaction, 
J(r.), has a repulsive core, being a: 
sum of two Yukawa potentials, the at- 
tractive and the repulsive, as shown in 
Fig. 1. J, and 7, are the aepth and 


Fig. 1 


range of the attractive potential, and — 


J,a° and Br, are those of the repulsive 

one; for these constants the conditions 
O0<@<1 and fa®>1 

must be valid in order to give a real 

repulsive core. 

The expression for the total energy 
of nuclei may be easily obtained in the 
Same way as in the case of a simple 
Yukawa attractive potential” If we 
adopt for the interaction Viz the sym- 
metrical theory of the nuclear forces, 
ie, if we put W=H/2, B=M/2, then 
the ordinary (not exchange) interaction 
energy can be eliminated from the total 


= 


: 


energy, because of the vanishing of its 
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Table 1 

ia a J [2x Bro a B x? D fs LG fecal 
Go-Sem) | (Mev) | 0-'em) (108 em) | ao“Bem) | “eee 

0.6 628 0.36 2.73 1.64 0.445 | 0.725 45 

08 | 177 0.28 7.52 2.63 0.418 0,684 40.8 

1.0 84.7 0.24 141 3.38 0.385 0.638 38.4 

1.2 52.1 0.20 26.0 4.34 0.352 0.585 40.8 

ro) | 35% 0.20 27.6 3.95 0.320 | 0.552 38.5 

! | 


coefficient a(= W—M/44+ B/2—H/2), 
and in this simplified case solutions of 
the constant density distribution which 
minimize the whole energy of nuclei 
become possible. Neglecting for simpli- 
city the Coulomb energies between the 
protons and also the difference between 
the proton and the neutron densities, 
we seeked for such solutions of the con- 
stant density as a test of our theory 
and for the purpose of obtaining some 
information about the allowable values 
of the various potential constants. 

Now, we equate, for convenience, the 
theoretical values of the binding energy 
per nucleon, —#/A, and of the radius 
constant R, defined by R=R,A™’, R 
and A being the radius and the mass 
number of any nuclei to the experimental 
ones,” 

—E/A=8 Mev, Ro=1.22X10-" cm, 
then two of the four unspecified para- 
meters 7, 2, @ and a’J) of the interac- 
tion remain adjustable, where a’ is the 
coefficient of the exchange interaction 
energy and is equal to a’=—W+4M 
—2B4+2H=3W-+6B in the case of the 
symmetrical theory. It should be noted 
that for purely attractive potentials with 
no repulsive core (a@’=0) the value of 
ry) must be chosen, in order to conform 
to the above two experimental data, to 


be about 3X10-“cm which seems too 
large as a reasonable range of any single 
nuclear interaction.” 

For given values of 7 and 8(7m=0.6, 
0.8,:1..0,.1,2 atiddl.41057 emiin? 0-1, 
0.2, s+: , 0.9 for each value of 7) the 
remaining two parameters a” and a’J) 
were calculated, as well as the ‘core 
radius’ D, the minimum —J,, and the 
minimum point 7, of the potential J(r) 
as defined in Fig. 1. It is found that 
for each choice of 7 the core radius D 
has the maximum value for some value 
of 8; the calculated values of a’Jo/27, 
a, Ba’, D, fm and a'J,,/2% correspond- 
ing to these maximum D values are 
shown in Table 1. It is remarkable 
that a’/2z times the minimum (absolute) 
values J, of the potentials are approxi- 
mately equal, being of about 40 Mev in 


all these five cases. 
A full account of our results has 


been reported in Soryisiron-Kenkyi 14, 
No. 3 (1957), 237 and 18, No. 6 (1959), 
542 in Japanese. Our next task is to 
find more precise density distributions 
corresponding to experiment” by taking 
into account Weizsacker’s inhomogeneity 
correction term for kinetic energy; such 
calculations are now proceeding, and 
further the difference between the proton 
and the neutron densities will be con- 
sidered at next stages. 
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1) P. Gombas, Acta Phys. Hung. 1 (1952), 3) See for example A. E. Glassgold, Revs. 
329 ___...Mod. Phys..30_(1958), 419. 
2) N. V. Findler, Nuclear Phys. 8 (1958), 4) Cf. reference 1, § 8. 
338, 
Errata 


Dispersion Relations in Nucleon-Nucleon Scattering 
S. Matsuyama and H. Miyazawa 
Prog. Theor. Phys. 19 (1958), 517 


The proof in §5 that U(w) tends to adiabatic potential in the static limit is not correct. The 
replacement of Sp by —2iS is not justified. In general (e.g. scalar pion theory or pseudoscalar 
theory with pseudovector coupling) there appear terms in U which have no static limit. Correct 
results will be published shortly. 


Errata 


On the Exchange Magnetic Moments 
E. Kuroboshi and Y, Hara 
Prog. Theor. Phys. 20 (1958), 163 


a) In the discussion in § 3, the triton exchange magnetic moment due to pion current, M (=), should 
have the value +0.13 n.m. instead of ~+0.3. 

b) In the formula (2), page 167, the sign of f¢(x) should be replaced by plus. 

c) As the result of the correction listed in (6) the contribution from nucleon current to the triton 
exchange magnetic moment. vanishes exactly, instead of —0.062n.m. due to our calculational error. 
d) In the statement in concluding remarks the value ~+0.24 should also be corrected to +0.13. 
e) Correction should be made also in the case of heavy nuclei. The table shown in page 169 should 
read as follows, (The values calculated when 79=0.8 are listed here for the sake of convenience.) 


Gi) j=l+1/2 


The authors would like to thank Dr. R. Te 


Blin-Stoyle and Dr. A. Arking who kindly pointed out. 
the calculational errors, 
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Kinematics of the Neutron-Deuteron Scattering 


Tetsuo HAMADA 


The F. B.S. Falkiner Nuclear Research and Adolph Basser Computing 
Laboratories, School of Physics*, 
The University of Sydney, N.S. W., Australia 


(Received December 12, 1958) 


The kinematics of the elastic neutron-deuteron scattering is studied taking into account 
the possible spin-orbit coupling in the scattering interaction. The investigation covers the 
general structure and the parametrization of the scattering matrix, the differential cross 
section and the polarization, and the behaviour of those parameters characterizing the scatter- 
ing matrix near zero energy. The present paper will provide a rigorous and explicit basis 
for the phase shift analysis of the elastic neutron-deuteron scattering. 


$1. Introduction 


A considerable number of theoretical papers are available on the scattering of 
neutrons by deuterons”. However, the spin-orbit coupling such as the tensor force 
is taken into account in very few of them. Indeed, the tensor force has been con- 
sidered only in the Born or impulse approximations (which are not applicable to 
low energy scattering) except in the recent work by Bransden et al.”** On the 
other hand, the spin-orbit coupling may well be important even at low energies 
because of the rather large deuteron radius. Although the recent series of obser- 
vations” of the spin polarization of scattered neutrons from deuterons in the 2-3 
Mev region is not yet conclusive, it is felt that the time has come when one should 
set out for a large scale computation including the spin-orbit coupling. The present 
paper aims at presenting the kinematical preliminaries required for such computa- 
tions. It will also provide the rigorous and explicit basis for the phase shift analysis 
of the experimental data. 

When the spin-orbit coupling is present, the orbital angular momentum / and 
the spin s fail to be good quantum numbers. This has the effect that the scattering 
matrix S describing the scattering is of multichannel type. §2 and § 3 of the 
present paper are concerned with the study of the structure and the parametriza- 


* Also supported by the Nuclear Research Foundation within the University of Sydney. 

** Some of our results are also contained in reference 2), which came to our notice after the 
present work had been finished. Such results should be regarded as included in the present paper 
for the sake of completeness. The emphasis in reference 2) is on the derivation of the Schroedinger 
equation using the resonating group method, and not on the detailed study of the kinematical 


aspects of the problem. 
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tion of SS for the elastic neutron-deuteron scattering. The only assumptions we 
make are the unitarity and the symmetry of S for given total angular momentum 
J and parity //. 

In § 4 we give the explicit expressions for the cross section and the polarizar 
tion in ane of real and independent parameters characterizing S. The behaviours 
of the parameters near zero energy are studied in §5 using the derivative matrix 
formalism for nuclear reactions. This will make it possible to define two scattering 
lengths which characterize the zero energy scattering completely. 

The inelastic events such as three-body disintegration are not taken into account 
in the present work. We note, therefore, that the parameters characterizing S in 
this paper will, in general, be complex at higher energies where the inelastic scatter- 


ing becomes important. 


§ 2. Classification of scattering siates 
The total angular momentm J of the neutron-deuteron system is given by 
J=I+s, (2-1) 


where 7 is the relative orbital angular momentum of neutron and deuteron (not 
the total orbital angular momentum of the three-body system). Since the deuteron 
has even parity, the parity of the neutron-deuteron system is equal to the parity 
of 7. s is the channel spin defined by 


eta (2-2) 


where 7 and J are the spins of neutron and deuteron, respectively, with the magni- 
tudes i=3 and J=1. Notice that J is not quite the sum of the intrinsic spins of 
the constituent nucleons in the deuteron because of the D-state admixture in its 
ground state. The two possible values of s, + and 3/2, are referred to as doublet 
and quartet, respectively. It is important to notice that. this terminology does 
not refer to the three-body spin functions. 


Throughout the present paper, the phase of the channel spin function will be 
fixed by 


a= 21 GLingm,—m,\ilsm,) Leto, (2x3) 


where the bracket symbol is the Clebsch-Gordan coefficient defined as in Condon 
and Shortley®. This choice agrees with the one used by Simon and Welton” in 
the reduction of spin matrix elements. 

For given J and // there exist, in general, three possible sets of (s, 2) which 
we specify by the numbering / as shown in Table 1 for the first few values of J. 
These three states are coupled to each other to form the scattering eigenstates. 
The only exception to this general rule occurs for J = where only two substates, 
one doublet and one quartet, are coupled for each /7. 
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Table 1 Classification of scattering states 


had 3 2 | 1 2 3 
1/2 Si) = ‘Dye’ | 2 aP yp ‘Py, = 
3/2 2Ds/2 4Ds/o 4S3/9 2Psio *Ps/o 4B s/o 
5/2 2Ds/o 4Ds/2 4G5/2 2F s/o 4 Fs /9 4Ps/e 
7/2 2Gr/o {Gr/2 4Da/o | 2F i/o 4 Foals 4A 


It is stressed at this point that, although the notations look similar, the classifi- 
cation of neutron-deuteron scattering states given in Table 1 is quite different from 
that of triton states as considered by Derrick and Blatt®. In fact, the classification 
of scattering states is essentially that of a two-body system, the internal structure 
of the deuteron entering only in the definition of the channel spin s. 


§ 3. Parameirization of scattering matrix 


Given the total angular momentum J and the parity //, then, according to 
the results of § 2, one is to deal with three radial wave functions (multiplied by 
r) uz(r) (p=1, 2, 3) describing the relative motion of the neutron and the center 
of mass of the deuteron. Here, the parity // is related to ¢ by /J=(—1)’. For 
more detailed description on the separation of the radial wave functions we refer 
to Blatt and Biedenharn”. 

At sufficiently large distances for which kr>max(/,), u y(r) are the super- 
positions of incoming and outgoing spherical waves : 


uz, (1) Ay exp{—i(kr—J,7/2)} — By expi(kr—1,7/2). (3-1) 
The 3X3 scattering matrix S for given J and // (equal to the parity of /,) is 
defined by 
BY= x See! ae (3-2) 
According to Blatt and Biedenharn”, the matrix S has the following structure : 
S7" = (Uz,)~* exp (2741) Usa, (3-3) 
where 4,,, is the diagonal matrix 
(Aves Onv: (3-4) 
and U,, is an orthogonal 3X3 matrix. The real parameters 04" (“=1, 2, 3) in 
(3-4) are the eigen-phaseshifts. The matrices U,, which generate the linear trans- 


formation on the incoming amplitudes to form the scattering eigenstates are iso- 
morphic to three dimensional rotations. Hence, in terms of Euler angles a, f, 


and 7, 
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cosa sina 0][1 0 0 cos7 siny 0 
Um=|—sina cosa 0||0 cos sin? || —sin7 cos7 0}. (3-5) 
0 0 1){0 —sinf£ cos 0 re! 


Indices J/] on the Euler angles are understood. 

The physical meanings of the parameters appearing in (3-4) and (3-5) will 
be clear from the following considerations. Suppose that we are given the ratios 
of incident waves A,/A,,.. (we suppress indices J// in the following when there 
is no risk of confusion.) — If 


(A,/Ay) = (B,/ By) = (> Spr Ar) / (2 Spar Aa), (3-6) 


then S is diagonal in the sense that it only induces a shift in phase. Substituting 
(3-3) into (3-6), we get three solutions for A,/A,, : 


(A,/A,)) ie Oy eel > -=1, 2, 3. (3 a, 


Thus the matrix elements of U specify the necessary mixtures of three substates | 
for given J and // in order to form the scattering eigenstates. To see the meaning 
of 0, in (3-4) as the eigen-phaseshifts, substitute the y-th solution of (3-7) into 
(3-1) to get 


u(r) =U,, sin(kr—1,7/2+0,). (3*8) 
This establishes the statement that 0, in (3-4) is the eigen-phaseshift of the s-th 


scattering eigensolution charactrized by (3-7). We note an orthogonality relation 
to be satisfied by the three eigensolutions : 


Deu 0p se (3-9) 
Pp 


This is a direct consequence of the orthogonality of U. , 
The situation in the special case of J= 3, where there are only two substates 


for both //, is wellknown in the study of the triplet nucleon-nucleon scattering. 
Therefore, we shall not go into this special case. 


$4. Cross section and polarization 


The scattering amplitude f may be regarded as a matrix in the six dimen- 
sional channel spin space. Elements of this matrix are given by 


Sst 


= . ce) J+s 
(s'm,/| f\sm,) = @/ 2 hil) Se (2+ 1)*? (Olsm,|lsJm,) 


J=112 l= |J—s| i= |7—s1 
X WL s'm,—m,'m,!\ I's! Sm.) (Us| S7™— 11s) ype (4, @). (4-1) 
Here, Y/” is the normalized spherical harmoni 
The parity is fixed by //= lis Ci) 4 
the numbering as specified in § 2. 
we have used the fact that they are in 


cs defined as in Condon and Shortley”. 
for given 7 and J’. The set (Z, s) defines 
In specifying the elements of the matrix S, 
dependent of the z-component of the channel 
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spin. From this and the symmetry properties of Clebsch-Gordan coefficients, it 
follows that of 


(s’—m,'| f|s—m,) = (—) **8/*™*™s (s'm,!| f|sm,), 
for g=0. (4-2) 
If an automatic computor is available it may be preferable to calculate the cross 
section and the polarization directly from (4-1) without using the reduced expres- 
sions derived below. In such a case, the identity (4-2) will be useful since the 
values of the amplitudes at g=0 only are required for that purpose. 


The differential cross section I,(#@), when the incident neutrons and the target 
deuterons are both unpolarized, can be written as” 


UL) es OF 6.5) 3a ann a (4-3) 


where f* is the Hermitian conjugate of f and the trace is taken over six channel 
spin states. The polarization P(#) of the scattered neutron under the same situa- 
tion is given by® 


I, (0) P(¢)n= (1/6) Tr(f* of), (4-4) 


where n is the unit vector to the plane of scattering and o is the Pauli spin ope- 
rator for the neutron. 

The sums over magnetic quantum numbers which arise by introducing (4-1) 
into (4-3) and (4-4) are of purely kinematical nature. They can be evaluated 
by using the technique of Blatt and Biedenharn” for (4-3) and Simon and Welton” 
for (4-4). 

The total cross section is given by 


a= (20743) S SM (2J+1) (sin?d3" + sin? df" + sin? 03"), (4:5) 
J=1/2 W=+£ 


where it is recalled that there are only two eigen-phaseshifts for each // if J=3. 
The differential cross section can be reduced to the form 


I,(0) = (4/6) >} By, P,(cost), (4-6) 


where 
PO DS) DS psih Ol" sit 029 cos (82 0299) Bz’ Callie See (4-7) 
Aw AJ2 ila 


and 
Bry (Adi th, PJ Tz) = Sie Dl > (-1)°V?Z bbs; sL) (Gainap(U ana epe® 


s=1/2,3/2 71( 111) 22( 2) 
(4-8) 


Here the sum over /(//) means that it should be taken over / of parity // only. 
-p, and p, take the values 1, 2, and 3 according to the combinations (J;/,s) and 
(Jyl,s) as defined in § 2. Indices 4 and + refer to the eigensolutions. The explicit 
expressions for the relevant matrix elements of U in terms of independent para- 
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meters are found in (3-5). The Z-coefficient in (4-8) differs from the one original 
ly defined by Blatt and Biedenharn” by the phase factor i7~""* in accordance with 
the remark by Huby”. 
We observe the symmetry property 

By (ASIN, PJ» ITs) = Bz! (pd Ss, AJ, IN). (4-9) 
Further, B,’ vanishes identically unless |J;—J;| DL —Jieds and I-Ie (— es 
The last property reduces the sums over //, and //, in (4-7) to a single sum. 
We also note that the total cross section is given by 

o = (27%?/3) By. (4-10) 


ae 2: 


(4:7) by formally defining as follows: 


The special case J=4 may be incorporated into the general scheme (4-6) and 


ps? — ot == 0; 
Qe — >) es == N es (4-11) 
Le Pipe == 0. 


Turning now to the polarization* P(#), (4-4) can be reduced to the form 
I,(0) PO) = (#//3) >) Ar P;' (cosf), (4-12) 
IL 


10) 


where P;! is the normalized associated Legendre function’ and [again with the 


convention (4-11) | 


A;= 2 > Pa sindv sin pha sin (dx — oat) 
AJ2 Wile 


x Be OS Lh, (Pall) AG ATL, Pi (4-13) 
Here B,’ is defined in (4-8) and 
AGG Judy, aod SS) St (aes 


Sis2 21(111) Ze(Ll2) 
x[ (2441) (2441) (25,41) (2541) (25,41) 25,41) 
X (4,.4,00|d, 2.10) WB 5145.3 11) X(yh 53 Jelssy; LL) 
x (Uym) ap (Uren) bep2> (4-14) 


in the same notation as in (4-8). W is the Racah coefficient and X the Fano- 
Racah coefficient (9-7 symbol) ™. 

An intermediate expression leading to (4-13) has been checked against the 
general expression for the polarization obtained by Simon and Welton?. They 
agreed except for some numerical and phase factors. The difference turned out to 


be due to the different definition of the polarization used by those authors and to 
Huby’s correction”. 


| ’ 3 
The author has since been informed that the polarization in N-D scattering had also been 
considered by K. Smith (private communication). 
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It is easily shown that 
Az’ “ASST, Pda fTs) = —Az! (eIelh, Ad, He) (4-15) 


The sums over //, and //, again reduce to a single sum. This, together with 
(4-15), makes the actual evaluation of (4-13) much simpler than it appears. 

Before closing this section, it may be worth noting that B,’ and A,’ can both 
be reduced to the forms 


> Cc GF IT,, Js 11) CO pan) Pella) Lk > 
eke, 3, (4-16) 


by explicitly performing the indicated sums in (4-8) and (4-14). The new coeffi- 
cients C (for both A,’ and B,’) have been tabulated for L=1, 2 and Ji, Jo<7/2(+). 


§5. Behaviour of parameters near zero energy 


The general behaviour of the parameters characterising S as a function of 
energy requires the knowledge of the basic interaction causing the scattering. How- 
ever, their behaviour near zero energy can be determined purely kinematically. 
The formalism appropriate for this purpose is that of the derivative matrix 
introduced by Wigner and Eisenbud”. This formalism was successfully applied to 
the nucleon-nucleon scattering with spin-orbit coupling by Blatt and Biedenharn to 
determine the variations of eigen-phaseshifts and mixture parameters near zero 
energy. The method has been generalized to a full extent by Delves recently.” 

Suppose that the scattering interaction vanishes for r>R. Then the 4th 
eigensolution can be written in the form 


ut (7) U, j[eotd. Fig (yr) +G,,(r)], (for r—=Rk). (5-1) 


Here F, and G, are the usual regular and irregular solutions ot the free wave 


equation. 
Now we introduce another set of linearly independent solutions of the same 


free wave equation : 
2 (r) =G(R) Fi(r) —FR)G), 
6, (r) =(F/ (R) + U/R) F(R) Gir) 
—[G/ (R) + U/R) GAR) | Fi(r) 
=H, (R)G(r) -[(R) Fir), (5-2) 
where F(R) =[0F;(r) /Or],-r, etc. The eigensolutions (5-1) must also be ex- 
pressed as the linear combinations of these functions, i. e., 
u(r) =af Dy, (r) +o S,(r), Gor r=). (5-3) 


The 3X3 derivative matrix R (indices J// are understood) is defined by 
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bf= pa Reps aa (2, p=l, 2, 3)3 (5:4) 
p/ 


Jt is real and symmetric, and its elements approach certain constants in the zero 


energy limit. 
From (5-1) to (5-4) we have 


pol ay af G, (R) = (Ra") , H,, GR) 5.5 
oe a F,, (B) —(Ra*) ,L,(R) ” cae 
PU ig Be’ Go BNE Raly Til) (5-6) 


alt, Gig (R) — Rea") Li (R) ” 


where (fta"),= >) K,,,at,, etc. Notice that (5-5) actually contains three equations | 


(e=1, 2, 3). Two of them can be used to determine two ratios of the amplitudes | 


at/at, (e.g., a”/a;” and a,*/a;") in terms of R-matrix elements and the values 
of H andJ at r=R. The third equation and (5-6), then, give cot 0, and U, apf eee 
as functions of these variables, respectively. We are interested only in the zero 
energy limits of (5:5) and (5-6). Hence, we follow this procedure only after eéx- 
panding all quantities in (5-5) and (5-6) in power series in kR and dropping all 
but the leading terms as kR-0O. 

There are two cases to be considered separately : 


L=h=J-1/2=1, h=J43/2St=19' 2 (5-7) 
LahoJ+W/2hi bad 3/oe 18 (5-8) 


We first give the answers for os *8) because this includes the most interesting case i 
(as kRR->0), , where “Ss)2, 7Ds;2 and *Ds,. are coupled together. All matrix — 


elements of 2 ae to zero energy in the following expressions. Let us first define 
K,=,,—R/ (21,41), 
X= (1/2)[ {2Ria Ris— Ros (Ru— Rn) } Ks 
— Ras { (Rs + Ris) .D?} ] [Rie (I2, — R2,) 
+ Ros Ris (Ma — Ras) 174, 
Je=—|Ket+ Rr )/ Ra, 
where 
D=K3{ (Hu—Rn)?+ 4K} 
+265 { (Ru— Rar) (Rs — Ris) — AM» Ras Roo 
+ (Ras + Ris)? 
Then, as RR->0, we obtain 
k cot 0; ~ (RR) “1 (21—1) PLA — Ris Fis/ Ros 
+ (Ris — Ks Rio/ Mos) /ae,}-3, 
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k cot d, = (RR) -*[ (22—1) [Ka Ria Reos/ Pas + (Ras — Ks ia/ Ris) /y 47 
Robt d, = (RR) s.,(2U 19 UP Kat (5-9) 
where (2/—1) !!= (2/—1) (2/—3) «-- +++ +--+: 3-1, and 


cos @ cos7—sina@ cos siny 
GUS osT— si Dp ilig es 
cosa@ siny-+sina@ cos/ cosy 


pols. 


__ sina cos7y+cosa@ cosf siny ~ 
ie / a Tat B i 
sin@ siny—cosa@ cos cosy 


Us;/ Us=—tany = Ris/ Res, (5-10) 


wo Wien 


Ais = cos@ siny+sina cos$ cosy (kR)~?(21—1) (21-3), 


sina sinf 


eee oa 
Crit, = cosa cos cos7 sina sin ~ (,R)-*(21—1) (21-3) y_, 
cosa@ sin’ 


Uss/ (vi= —tan/f cos/ a (RR) 3 Fos [ (21— 1) (2/—3) a Ken ‘ 


Thus the eigen-phaseshifts show the behaviour 


6,, 0,00 7 *) i. e.,.as l-wave, 
; ths (5-11) 
6,00k%"*, 3. e., as l'-wave, 
as expected in the limit k->0. For the special case of J+3/2(+) (=2, I’ =), 
the last equation of (5-9) defines the quartet scattering length a, at zero energy: 


k cot 02?* = — (a,)™*, as k->0. (5-12) 


From (5-1) and (5-10) we also see that the eigensolutions 1 and 2 are predomi- 
nantly the /-waves whereas the eigensolution 3 is predominantly the //-wave. Further, © 
the mixture parameters (Euler angles) behave in the following manner : 


a, yocconst., Bock’. (5-13) 


This is the expected behaviour because a and 7 are related to the mixture of two 
substates with different channel spins but the same /; /, on the other hand, concerns 
the mixture of two substates with the same channel spin but different orbital angular 


momenta J and /’/ (=/—2) [c.f. (3-5)]. All these results are, of course, in agree- 


ment with Delves’ general results”. 


The other case (5-7) can be treated in the same way leading to similar results 
corresponding to (5-9) and (5-10). We shall not go into detail in this case except 
to state that (5-11) and (5-13) remain valid. 

The behaviour of the parameters in the special case of J = are wellknown 
in the study of the triplet nucleon-nucleon scattering™. In particular, for J=3(+) 
where 25,2 is coupled to *D4)2., we have [c. f. (4-11) ] 


‘ 2 
Og ook’, Prja+ oc k*, 
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and 
hk cotdv?+ = — (a,)*, k- 0, (5-14) 


defines the doublet scattering length a, at zero energy. 
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Proton hyperfine interactions in aromatic radicals and aromatic ions are calculated by 
the MO (molecular orbital) method, and the basis of the semi-empirical equaticon,-ay=Qop, 
is clarified; here ay is the splitting constant referred to proton N, p is the unpaired electron 
density at the carbon atom adjacent to proton N, and Q is the semi-empirical constant 
assumed to be the same for all CH bonds. Two essential approximations in this treatment 
are: a) the singlet-triplet excitation energies in orbitals are replaced by an averaged value 
AE ay, b) all o orbitals containing CH bonds are transformed into ¢ orbitals which are strongly 
localized to each CH bond, and are approximated to be CH bond orbitals between the Zs 
hydrogen atomic orbitals and the carbon sp, hybrid orbitals. Then it is shown that the 
calculation of proton hyperfine splittings in the hypothetical CH fragment leads to the same 
results as in the case of the entire set of the aromatic system. The above two appro- 
ximations are shown to be reasonable for aromatic systems. 

The calculated value of Q in the present paper is —22.2 gauss, which is quite close to 
the semi-empirical value —22.5 gauss. 


§ 1. Introduction 


Important information on unpaired electron distribution in aromatic radicals 
and aromatic negative ions can be obtained from proton hyperfine splittings in their 
electron spin resonance spectra in the liquid state. If ay is the hyperfine split- 
ting constant due to proton N, then ay is related to the unpaired electron density 
at the carbon atom adjacent to proton N by the simple equation 


ay=Qp, (1) 


which is proposed by McConnell” semi-empirically. Here Q is the semi-empirical 
constant whose value is —22.5 gauss” and is assumed to be approximately the same 
for all aromatic CH bonds. The unpaired electron in the aromatic system, to the 
first, crude approximation, moves in a = MO antisymmetric with respect to the 
molecular plane. The hyperfine splittings are those arising from in-plane aromatic 
protons. In attempting to formulate a theory of the relation between the odd 
electron densities at carbon atoms in aromatic systems and proton hyperfine split- 
tings one is immediately led to a striking paradox. First all dipolar hyperfine inter- 
actions average to zero because of rapid tumbling of molecules in the liquid state”. 
Only the contact Fermi hyperfine interaction” can contribute to this interaction. If, 
however, the odd electron density in aromatic system is confined to a 7 MO, there 
is zero odd electron density at the in-plane aromatic protons, and the contact hyper- 
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fine interaction is also zero. Weissman” has suggested that the out-of-plane zero) 
point hydrogen vibration might account for the observed couplings. However, , 
calculations by Venkateraman and Fraenkel® on this model in the case of p-benzo-: 
semiquinone ion gave couplings of the magnitude 0.053 gauss, which is too small. 
compared with the observed value of 2.3 gauss. Therefore we may safely rule out 
this mechanism. 


As has been pointed out by many authors,’”*” 


it seems certain that the 


observed proton hyperfine splittings are mainly due to the o-7 electron exchange | 
interaction. Among them McConnell and Chesnut” have discussed the proton | 
hyperfine splittings in terms of a hypothetical CH fragment involved in aromatic | 


systems and showed that the MO method and the VB (valence bond) method can 
produce almost indentical results. Jarrett’? has performed a numerical calculation 
in terms of the CH fragment by the VB method and obtained 28 gauss as the value 
of Q. The author’? has calculated the splitting constants of the naphthalene 
negative ion and p-benzosemiquinone ion in the same scheme, and obtained good 
agreement with the observed values, in which the 7 MO occupied by the unpaired 
electron is approximated to be the lowest vacant MO which is constructed by a 


linear combination of 2p7 atomic orbitals. 


—a Ss 


McConnel and Chesnut” have generalized the theory of the indirect proton | 


hyperfine interaction in the CH fragment to the case of polyatomic 7 electron 
system, e.g. large plane aromatic radicals and ions. They have performed this 
generalization by the use of the MO method and succeeded in the derivation of eq. 


(1) and in expressing the semi-empirical constant Q in terms of the fundamental — 
molecular integrals. If we look into their theory, in more detail, however, we find | 


that there is a quantitative disagreement between the CH fragment treatment and 


the general treatment. This disagreement is essentially originated from the trouble 


in treatment of o orbitals, of which accurate calculations have not been worked out. 
Though McConnell’s recent studies!?™ are concentrated on the unpaired electron 


density of 7 state, the author thinks it more important to study the o state to some ~ 
extent, by which the theory of the proton hyperfine interactions will probably be — 


put a step forward. 


§2. Fermi contact Hamiltonian 


It is allowed to take the strong field approximation in the discussion of the 
proton hyperfine interactions in aromatic systems, because the proton hyperfine 
splittings are very small compared with the Zeeman splitting due to the applied 
field. In this approximation the Fermi contact Hamiltonian which gives the non- 
vanishing isotropic hyperfine splittings for molecules in solution is 


I= (8798/3) (44/D) bale (rex) Sezl yz, (2) 


where is the Bohr magneton, 0(7,y) is the Dirac delta function of the distance 
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between electron & and nucleus N, say proton here, /4; is the magnetic moment of 
proton N, and Iyz is the z component of the spin of proton N, in unit #. Eq. 
(2) can also be expressed in terms of the coupling constant for proton N, ay 


Kyv=9faySzlwz, (3) 


where S, is the total z component of the electron spin angular momentum. Thus 
if Y, is the ground state electronic wave function, 


ay = (87/3) (44/1) Ox (4) 
in which ay is given in gauss, the unit of the strength of magnetic field, and 
oy= (Vo|319 (raw) Sxa| F)/Sz : (5) 


We seek to study the relation between ay and the unpaired electron distribution. 
In the following the unpaired spin density” in a 7 state 


(Pn SSt2| Fa)/Sz (6) 


will be introduced instead of the unpaired electron density, because we are interest- 
ed only in the configurations which give the unpaired spin distribution to the aroma- 
tic protons in o orbitals, as will be discussed below. 


§ 3. CH fragment 


Now we shall apply the MO method to the hypothetical CH fragment in 
aromatic- systems, in order to discuss the aromatic proton hyperfine splittings. 
This treatment has first been developed by Weissman”. 

The lowest electronic configuration of the CH fragment, to the first approxim- 
ation, is that the paired electrons are in the CH o bonding orbital, and the un- 
paired electron in a 7 MO, 

(y= Acorajsa (7) 
where the labels for the electron coordinates appear as cotaBa=a(1)o(2)7(3)a(1) 
.9(2)a(3), and A is the operator of antisymmetrization and normalization. is the 


bonding orbital constructed by a linear combination of wz, the sp, hybrid orbital of 
carbon and h, Zs atomic orbital of hydrogen. 


o={2(14S)}-* (+h). (8) 


Here for simplicity the coefficients of and hf are taken to be equal and S is the 


overlap integral 
S=|uhdv ; (9) 


z is the lowest vacant MO of the corresponding aromatic molecule in the case of 
‘the aromatic negative ion and the non-bonding MO in the case of the aromatic 
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radical. It is constructed by taking the linear combination of 2p7 atomic orbitals; 
x; of carbon atoms 


a > Ciras (10) 
As we are now interested in a CH fragment, we are allowed to pick up only the: 
contribution to this place from the z MO of eq. (10). 

1 es as (11) 
where x; is the 27 carbon atomic orbital of the CH fragment. Therefore the un- 


paired electron density in question is 


pete (12) 


The configuration expressed in eq. (7) does not contribute to the proton 
hyperfine interaction because the spins of o orbital are paired, but an admixture of 
a doublet excited configuration ¢, does. 


$,=6-" Aoo*n (20a —afa—Paa) (13) 
where o* is the normalized anti-bonding MO orthogonal to oc: | 
Gr=(2(1 5) een (14) 
The other excited doublet state with the same configuration 
jh! =2-" Aoo*n (aa — faa) (15) 


does not give the hyperfine splitting, so we need not take it into account in the 
following discussion. The variational parameter describing the mixing of ¢, into — 
¢ is considered to be very small: <1 


Pe=Potkyr , (16) 
Ey Ae G2) 
Here 
dE y= Hy — Hy > (18) 
Hy =| Elf, dv (19) 


and H is the effective electronic Hamiltonian for the three electrons under discussion 
. . . 3 
expressed in atomic unit, 


FI =i> 1/3, > 
z i>j 


f= (—1/2) 4,— (A/ re) — (1/1) (20) 
+ (eeatea| + (wsees| +0 (x2| —1/2{ (us|. + (us|e03 + w (22 x} 


where (pp| and (p| p are coulomb and exchange operators respectively due to an 


electron in the p orbital. In an aromatic system, there exist paired electrons in 
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the bonding  MO’s, whose effect of screening the nuclear attractive potential are 


included in w(x2| and (—1/2)w(2|2, where w is the population of z electron in 
this place. 


Fiy=21,+1,.4+Joo+2Jon—Kon » 
Ay =I, + Iox+ Leste) cestan tb Jand Koon (i / 2) Bact (1/2) Korn 2 (21) 


Here 


fs \6 (2) H,6,, (2) dv () 
Tn=\ 8p (2 85 (H) (1/7) $y) 8,2) do) dv) (22) 


Ky,=|6, (12) b) (12) (1/7 ys) by) bp (2) dv (1s) dv (v) 


AEy of eq. (18) is calculated by means of the electronic Hamiltonian of eq. (20) 
and the result which contains w and ¢ as parameters is 


4E,)=0.7577 +0.0041~+0.0899p . 


If we use the following approximations: . As usually seen in the aromatic system, 
w1 and p<1, the second and the third terms may be negligible [compared with 
the first term. Then we can obtain the probable value of JE, for the CH frag- 
ment not depending upon w and p. 


AE 0.758 (a.u.) =20.6eV . (23) 
Next, 
Ha (3/1/ 6) \o* (2) 2 (2) (1/ Tw) 2) 6») do(p) dv) 
= —,/6/4(1—S’) gi Coe = ah) (24) 
fs —,/6/4(1—S’) -1/2 (Kerguy— Keren) ? ? 


From eg. (5) and eq. (16) 


Oon= (4/)/ 6) ko (rx) o* (rn) (25) 
and by combining with eq. (17) and eq. (24), 
Dog =1/{24E(1—S*)} (Kagan —Ke) (a (rx) — h?(0))p- (26) 
Here approximately 
u;° (ry) <i() 


and further we may approximate 


Kajn ~ SRagus > 
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which is obtained from that the h orbital is expanded at the position of carbon atom 
with its orbitals, then we obtain 


don= —1/ (24) Ky,.,h’ (0) p « (27) 


We can see from the actual calculation that the above two approximations cancel 
their errors with each other. Here available molecular integrals are: S=0.7221, 
Ky, = 1.805 eV and K,,,=0.764 eV. 


Ley 


Therefore we obtain 
Q= (82/3) (¢4/D (—1/2) (Kag,/4Ew) h’ (0) 
= —22.2 gauss, (28) 


which is in good agreement with the semi-empirical value —22.5 gauss. Though 
our calculated values of 4E,, and K,,,,, are much larger than those estimated by 
Jarrett” or McConnell” from experimental values, it seems that deviding the second 
by the first in eq. (28) makes the errors owing to the use of the Slater orbitals 
considerably small. As well known, the Slater orbital is not fully accurate near by 
the nucleus. 


§ 4. General treatment 


The electronic state of an aromatic system, to the first approximation, is 
written as 


Y= AO 

O=0,0; . 
Oo= 0; (1) 02 (2) +05 (#4) o5(v) (1) 9(2) --a (4) BQ) i" 
On=M (1) 7 (2!) «+7; (t) (1) 8(2’) az). 


Here the unpaired electron is in a 7, orbital. Some comments are necessary to be 
made about O,. It is a good approximation for aromatic negative ions to approxi- 
mate the z electronic state as a single configuration, AO,"”. In this case z; must be 
the lowest vacant orbital of the corresponding aromatic molecules. But in the case 
of aromatic radicals in which the =; orbital is the non-bonding MO, the above ap- 
proximation is not necessarily adequate. If we separate the carbon atoms of the 
aromatic radical into the stared and the unstared ones, as Coulson has done, the 2; 
orbital is constructed by taking the linear combination of 2pz atomic orbitals of 
the stared carbon atoms only. Therefore no proton hyperfine splittings can be 
obtained theoretically from the protons bound to the unstared carbon atoms. The 
actual observations sometimes agree with this, and other times do not”. Generally 
the configurational interaction between 7 configurations must be taken into account, 
about which McConnell has discussed taking allyl radical?” as an example. The 
proton hyperfine interactions of triphenylmethyl radical are very complex”, in 


(29) 
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which the configurational interaction between 2 configurations should be invoked 
and, moreover, the non-planar structure of this radical which seems certain makes 
the situation very complicated. 


The configurational interaction between 7 configurations is taken into account 
as 


F.= A{diOx (Hs) +diOx (Fx) +--+} 
ASO, (Ee): (30) 


Here O,.(7;) is the configuration which has the unpaired electron in 7;. It is 
needless to say that O,.(z;) is the lowest energy configuration. Therefore if we 
perform the replacement 


0,—>3d.0, (4%) (31) 


in eq. (29), a more general treatment may be possible. 

The configuration in eq. (29) does not contribute to the proton hyperfine 
interaction, so we must consider the admixture of the doublet excited configurations. 
Among them those which contribute to the proton hyperfine interaction are 


P= AJ | 
J = >3d jo, (1) o2(2) ---05 (4) oF (Y) +++; (7) (32) 
x {--1(/// 6) 2a(p) ar) ---B(z) -—a(“) 8) -- a(t) —B (Har) --a(z))}. 


By using the mixing parameter k,, the ground state wave function is written as 


Fo= Pot > a (33) 
Considering k,7<1, we can use the second order perturbation theory, then 
k= —Ayp/4E po; (34) 
4E,,=H,;— Hw , (35) 
Hyj=(¥;| | Fp , (36) 
where H is the electronic Hamiltonian. Neglecting k,', 
Oy= —212/ (S24E wn) (P| Al Pr) F\330 (raw) Srez\ Po) - (37) 


Here we use the approximation that all 4JE,.’s are replaced by the average value 
4E 4 of them. 


ME 2 4E ar (approximation I). 


A similar approximation about orbitals can be considered: o and o* orbitals are 
suitably transformed into « and o* orbitals, respectively, which are probably made 
to be localized to each CH bond, by taking linear combinations of o and o* orbitals 
respectively. In consequence « and o* may be approximately represented by the 
bond orbitals discussed in § 3. The above situation is written simply as 
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ee? Seue h 
Cnn pete wai | (approximation II) 
otSa*={2(1—S)} ?u—A) .’ 
These approximations will be discussed in §5. Then eq. (37).Ais 
Oy= —2/ (AE gySz) Us| Al FL) EASP (ra) Seal Po» , (38) 
J 
in which & is meant by that o involved in % is replaced by >. Each integral of 
eq. (38) can be simplified by careful consideration of Hamiltonian. 
(F138 (rex) See\ Po) = (IS (res) Seal (PO) 5 (39) 
where P is the permutation operator. If the electrons 4 and vy are in « which has 


the hydrogen atomic orbital corresponding to the proton N, the proton hyperfine — 
interaction due to the proton N is arisen from these electrons. Then 


(FAS0 (rex) Seal oy =(F|9 run) Sp2 +9 (row) Sv2| (1 — Py) O) « (40) 
Next let us discuss (P| H| v. oe L, and , are the eigen functions to H besides | 
o—z exchange terms, and then only o—7z exchange interactions are left as effective. 
(P| AP) = — (Ol (1/rep) + 1/7) | (Pret Pad J) (41) 
where 7 electron is to be in a z MO. Accordingly 


by=2/ (AE wS2) SXO| A/rn) + (1/7) | (Pant Paw) J) 


x CF\8 (raw) Suzt? (rw) Syz| (l= Vets) O) : (42) 


In order to take into account the unpaired spin density in the z MO to the first ~ 
approximation, P;, and P,, must be expressed in terms of spin operators. Pay is | 


separated into the spin part and the orbital part, 


P= yPy Poy j 
Pi, =1/2- (14-48,5,) (44), 
=1/4-{1+2(S:,—i82,) (SegsbaSyy)'+ 2 (Ses taSaSigeeeae) Sad See 2 


Remembering that the spin functions of #, » and c electrons are a, § and @ re- 
spectively, we get 


(O| Pi,812|0) 

=1/2-(aBa|S,,|apa) +2(aPa|S,2S,25.z|a8a) , 
(O|PS8y240) 7 
=1/2-(aBa|S,2|a8a) +2(aPa|S,SyS-|a8a). hang 


The first two terms of these equations cancel to vanish with each other. Caleuiag: ; 
ing the orbital parts corresponding to the above terms, 


" 
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(O| (1/ rey) P29 (rw) (1— Py) |OD 
=|Sid,|*<er,| 1/replto)(e|0 (ry) 
(O| (1/ rev) P20 (ru) (1— Pwr) |OY 
= |Didil*Ez,|1/ re) E|9 (run) |F) =|Ddi|’ Kane (rn) P- 


0) =|S1d.|’Konslo (rn) |’ 


In the above integrals the terms arisen from P,, vanish. As the eigen value of 
Suzvz is —1/4, 


Ow=|Didi|*(—2/ dE gy) Kone| (rn) |? 1/S2) (a|S22|@). (45) 
By combining eq. (45) with eq. (31) and eq. (11), 
0= (—2/4dE gy) |didices|*(1/Sz) (@| S22] @)Kezg]¢ (rx) |? 
= (—2/dE sy) Ke.5|6 (rn) |’0 - (46) 


In the last derivation the definition of the unpaired spin density of eq. (6) is used. 
If we use the approximation II for Kz,; and «(rq) as those for a CH fragment, 


u(r) =0 
(ux,|Xjh)=S(ux,| Lu) =SKurj 
<uh|huy=S?(ux,| 2) =S’ Ky 2 - 
Then we can obtain 
Oy —1/ (24E gy) Ku (0) |’p, (47) 


which is just the same result as that obtained for a CH fragment. Here we shall 
see in the next section that JE,, is equal to 4E,, of the CH fragment. 


§5. 4Ey and o 


As we have seen, it is necessary to know the forms of o orbitals and the 
singlet-triplet excitation energies associated with them in order to calculate the exact 
values of the proton hyperfine spplittings. As to the o state, we have obtained 
only the self-consistent orbitals for some simple molecules using the LCAO (linear 
‘combination of atomic orbitals) approximation. However, such calculations of 
aromatic systems in which we are now interested have not been performed and 
will not be carried out because of the difficulties of actual calculations. On the other 
byhand, a large amount of information about 7 MO?’s of aromatic systems are obtained 
studying their spectra and others. In calculations with the 7 electron approxima- 
tion, the effects of o electrons are taken into account as core potentials and in 
many cases the form of the occupied carbon o orbitals are assumed to be the spe 
hybrid orbitals. These sp, hybrid orbitals are thought to be reasonable ones as to 
be approximated ones, strongly localized to each chemical bond of aromatic systems, 
which would be constructed by suitable transformation from the self-consistent o 
orbitals, if they could be obtained. In the simple molecule of H,O”, the self-con- 
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sistent orbitals have already been successfully transformed into the equivalent orbitals 
which are localized to each chemical bond. That is to say, the bond orbitals as 
shown in approximation II are thought to be a kind of equivalent orbitals. There- 
fore the self-consistent o orbitals of aromatic systems may be approximately obtain- 
ed by a linear transformation starting from the bases of bond orbitals. In this case 
the interactions between bonds are considered as perturbation. 
The above discussion will be illustrated for an example of the benzene molecule. 
If necessary, the following discussion may be easily generalized to other aromatic 
hydrocarbons. A bonding orbital and an anti-bonding orbital between carbon and 
hydrogen are 
—— —1/2 

w (CH) = {2(1+S)} 7" (u+h) (48) 

w* (CH) = {2(1—S)}-*"(u—h) 
respectively, where wz is the carbon sp, hybrid orbital and h is the hydrogen 1s 
atomic orbital, Here it is assumed for simplicity that two orbitals are homopolar 
Similar orbitals between adjacent carbons are 


w(CC’) = {2114+ 8S’) } ** (u+wu’) 
w* (CC’) ={2(1—S’)}-*# (u—w’) 


(49) 


where uw and w’ are sp, hybrid orbitals of adjacent carbon atoms, and \S’ is the 
overlap integral between them. ‘The four kinds of orbitals of eq. (48) and eq. (49) 
are bases of linear combination. Here we may take the following linear combinations 
which are not satisfactory but may be a good approach to obtain the self-consistent 
o orbitals of benzene. 


0; (CH) = 31 Jw; (CH) 
(50) 
o;* (CH) =>) [fos (CH) 
and ' 
Co; (CCH) =m yw: (Cie) 
(51) 
o;*(CC’) =>)\mkw;,* (CC). 


The molecular orbitals of eq.(51) which have no hydrogen atomic orbital do not 
contribute to the proton hyperfine interaction, so we can treat the electrons occupy- 
ing these orbitals as an effective molecular field. If we here take the interactions 
between bonds as perturbation, we can estimate the orbital energies of eq. (50), by 
a way quite similar to what has been done in the semi-empirical calculations in the 


= electron approximation. Thus the orbital energies of bonding orbitals are, from 
the lower to the higher, 


&€)(CH) = dey + 28 our 
€.,(CH) =aen+ Bou | 

£.,(CH) = aon hope RB? 
HEED wa oie OR de | | 
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and those of anti-bonding orbitals are 
&\* (CH) =a +288, 
é2,(CH) =ate+Bin | 
Ef: (CH) =ads — Bes 
ES (CH) =ady— 28h 


(93) 


a) 


where @y and a@oy* are the bond orbital energies of w(CH) and w*(CH) res- 
peetively, and if H is the electronic molecular field, Sox and Bea are 


Bou= |w.(CH)Hw,(CH) dv 


(54) 
Béa= | w* (CH) Hw (CH) dv. | 


In rough estimation of 81 and Be, they are assumed to be proportional to the 
overlap integrals between the corresponding bonds, 


jw. (CH) w,(CH) dv=\wt (CH) w* (CH) dv 


2 (1/2) (Juu'do +|hh'dv) 


=0.12. 


Therefore, when we consider that ,, the resonance integral of benzene, is —2 eV 
and the corresponding overlap integral is 0.26, we get 


Pou Pia —leV. 


€3* (CH) 

* (CH. 

ie ” * } antibody-bonding 
€4,* (CH) 
Ey* (CH) 


€3 (CH) 


€49(CH 
Sine sued June!) Linn v_ bonding 


€4, (CH) 
€)(CH) 


Fig. 1 Orbital energies of o(CH) and o*(CH) in benzene. 
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The difference between @oy and a%; is 20.6 eV as mentioned in § 3. The above 
situation is shown in Fig. 1. From it we can say that o(CH) and o* (CH) 
distribute energetically close about the center of w(CH) and w* (CH) respectively, 
and there are two bands which correspond to the bonding and the anti-bonding 
states respectively. Thus every singlet-triplet excitation in 7 orbital is thought to 
give rise, if it is allowed from the symmetry properties of benzene. Then ne 
meaning of the approximations supposed in § 4 becomes obvious: The probabilities 
of these excitations are assumed to be equal and the corresponding excitation energies 
are all averaged to the difference between cn and ag;. At the same time o(CH) 
and o*(CH) are transformed suitably to bond localized orbitals, 7 (CH) and «* (CH) 
respectively. Then we can replace the excitation from @ to o* of the CH bond 
for all excitations from o to o*. This is a substantial meaning of sp, hybridization. 
As has been clarified in the preceding argument, approximations I and II are ade- 
quate only if «(CH) and o*(CH) show dense distribution about the center of w(CH) 
and w*(CH) respectively, which should be probable in aromatic systems. However, 
the above conditions are not always satisfied in aliphatic systems about which the 
more exact treatment will be expected. 


§ 6. Discussion and conclusion 


We have already had very fine works about proton hyperfine splittings by 
McConnell and others. In the present article, some improvements on their results 
were obtained : 

McConnell’s semi-empirical equation (1) has been proved to be adequate in 
aromatic systems. And moreover it is apparent that the calculation in the case of a 
CH fragment leads to the same result as that for the case of the general aromatic 
system. The result of eq. (28) or eq. (47) is refined and is much simpler com- 
pared with that given by McConnell. In this problem the approximations I and II 
employed in § 4 are essentially important, and they are shown to be reasonable for 
aromatic systems. We can also say the value of Q—22.5 gauss is constant for all 
aromatic systems, to a good approximation. Therefore, in the calculation of the 
proton hyperfine interaction for aromatic systems, we are justified to use the 
hypothetical CH fragment combined with az MO which has the unpaired electron. 
The above situation is, however, not always correct for aliphatic systems about 
which we can conjecture from the fact that Q values of —CH,, —CHs, C,H,* and 
—C,H; are slightly different from each other. In these radicals and ion, we 
must note that o—7 interaction and hyperconjugation effect sometimes coexist. 

As mentioned earlier, McConnell and Chesnut have succeeded in a theoreti- 
cal derivation of eq. (1). The present calculation has made the physical back- 
ground of their work clear and made one step of development of this theory 
by the use of the knowledge of molecular calculations. Recent efforts of 
McConnell in the calculation of the proton hyperfine interaction are on the unpaired 


* 
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spin density under the various approximations of 7 electron theory, based on the 
semi-empirical equation (1). This would be natural from the reason that the proton 
hyperfine splittings give direct information about the unpaired electron densities of 
radicals and ions. It is, however, more necessary to inquire about o states and 
their excitations, because eq. (1) is essentially derived from approximations I and 
Il. The leading object of the present work lies in this point. 
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The equilibrium deformation of some heavy nuclei in the excited states have been calculated 
in the individual particle model of Nilsson. It is found that the deformation remains practically 
unaltered. With use of Nilsson’s eigenfunctions the electric dipole transition probabilities 
have also been calculated and it has been found that in most of the cases the retardation is 
maximum when the deformation of the excited state coincides with that of the ground state. 


$1. Introduction 


In the different rotational bands of the same nuclei, it is found that 77/29 has 
appreciably different values, which consequently implies that the moment of inertia 
for different rotational bands is not the same. This may be due to either a change 
in the configuration of the nucleons or in the deformation in the excited state. 
Thus there is a possibility that the deformation may be changed as the nucleus 
goes from one vibrational state to another. To see this we shall calculate the 
equilibrium deformation for some odd proton nuclei in their ground states as well 
as in their excited states. Moreover, the calculation of electric dipole transition 
probabilities from different bands also gives some information regarding the defor- 
mation of the excited states. 


§2. Determination of equilibrium deformations 


The energy eigen values for a single particle moving in a spheroidal potential 
has been discussed by Moszkowski” (1955), Nilsson? (1955) and Gottfried® (1956). 
Nilsson has given the eigen values as well as the eigen functions for individula 
particles by considering an anisotropic harmonic oscillator potential, spheroidal in 
shape. We have followed his treatment to calculate the total energy for some 
heavy nuclei. 


The total energy E for a system of particles moving in such a potential has 
been given by Nilsson” as 


E=tho! >| N+) 1-3 —%re) YER [+4 Ui (1) 


where the summation is carried over to all the nucleons. 


The contribution of U; to the total energy is small and is almost independent 


9 ditt bs lee 
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of deformation. € is another deformation parameter defined in terms of the more 
_ familiar parameter 0 as 


Vv (+30) —Y (—49) 
=3 —— : 
; Racerreraces ott 


(2) 


For a particular configuration of nucleons, we have calculated the energy E 


for various values of 7 where 7 is defined by 


9= (8/2 [1—4.°—1% 7 OH", © 


We have neglected U; in the present investigation, because its expectation value is 
independent of deformation. E/?fw,° for some nuclei has been calculated by vary- 
ing 7 from 0 to 10, both for their ground state as well as for their vibrational 
states. 


§ 3. Electric dipole transition probability 


The electric dipole transition probability according to the single particle model 
is given by” 


T (1) =1.5X10" AVE! (4) 


where EF, is the energy in Mev. 

In strongly deformed nuclei this formula gives the dipole transition probabilities 
to be very large compared with the actual transition probabilities. This retardation 
effect has been very satisfactorily explained by Nilsson’s model by various authors”. 

The transition probability for an electric dipole gamma transition of energy ho 


is given by” 
T (1) =162/9-1/h(w/c)*B(El), (5) 
where 


B(El, 3-1) =2(1—Z/A)*h/Moey-3/42|UI1KK'—K|I1 1K) ?+|G(E1) |? (6) 


~ with 


Gel) = >) (Ni D|r|ND,/ a (71002120) 


2 
- SWE aia ain FIAR— KI A’). (7) 


AAIZX/ 
where the symbols are explained in reference 2). 
Unlike the previous works we have calculated /1 transition probabilities con- 
sidering various values of 7 for the excited states but keeping the ground state 
deformation fixed. The results for individual nuclei has been discussed in the fol- 


lowing section. 
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$4. Discussion of the results 


In our investigation we have calcuiated the total energy and the dipole transi- 
tion probabilities for nuclei g;Eu'™, lm, Lu” and Np” which are known to 
be strongly deformed. 

(a) Eu’: The intrinsic quadrupole moment Q) of Eu’ is 7.6 barns from 
which 0~.3 in the ground state. The ground state spin is 5/2+. This corresponds 
to orbit No. 27 of Nilsson. The 98 Kev 5/2-state decays to the ground state by 
El transition. The experimental retardation factor ~10*. The excited state can 


: 
ry 
hi 7-0 
j i 
[| f 
! : a 
- 'S 
| 1 Res 
say leh 
L 4 % 
| & 
| ~ 
Cexp <10 9 sec. ; N 
(sar ot 
ies, | ! v 
3/4 ha, et > 
| \c N 
| \ 


Fig. 1. Curve (a) and (b) give the total energy of Eu3 in the ground state 
and the excited state respectively. Curve (c) corresponds to the lifetime 
with 4=0.55, while curve (d) is calculated by changing y» to 0.45. 
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be easily classified to be orbit No. 36 of Nilsson. 


With assumption of a configuration which corresponds to 7=6, the total energy 
for Eu’ in 5/2+ as well as in 5/2— state has been plotted in Fig. 1. It will 
be seen that at 7~5 there is a minima in the both cases. Moreover, the difference 


in energy involved is also nicely explained. The Nilsson’s wave function for the 
ground state is 


|48> =0.24944|442+ > +0.22799|422+ > —0.94116|443->, (8a) 
and for the 98 Kev state 


=G, 


Life time in sec.(x!0 )— 
® 
8 


ers 


786 


=o 
Cexp ~G-5x10 sec. 


784. 


782 


780 


778 


776 


Fig. 2. Curve (a) and (b) are the total energy of Tm169 in the ground 
state as well as in the excited state respectively. Curve (c) shows the 
variation of lifetime with the deformation of the excited state. 
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The coefficients appearing in (8b) will be different for different values of 7. With 
use of (8a) and (8b), J'(1) is calculated from equations (5), (6) and (7). This 
is also presented in Fig. 1. In order to investigate the effect of changing the 
parameter / (ref. 2) on E1 transition probability, we have calculated 7'(1) both 
for “4=0.45 and 0.55. It will be found that the dependence of T'(1) on y+ is rather 
remarkable. 

(b) ¢fm’”: The ground state deformation for Tm™ as calculated from in- 
trinsic quadrupole moment is 0~.28. The 63 Key transition occurs when the last 
proton comes down from orbit No. 35 to 25. As before the total energy for both 
the states and the lifetime have been presented in Fig. 2 against the deformation of 


al oN 
Sah ws 244-0 
oi 
825 S 
© 
Cexp ~3-4X10° sec. aS 
v 
g 
fo) x 
! 
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Biga3: Carye (a) and (b) correspond to the variation of total energy 
of Lu1’5 in the ground state and 


excited state respectively while cur 
(c) gives the lifetime. ; re 
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excited state. Almost similar results are obtained as in Eu™.* 

(c) Lu’: This has been widely discussed by Chase and Wilets®. The 
9/2-level has been identified as the orbit No. 32 of Nilsson and the 7/2+ ground 
state as the orbit No. 25. The total energy curve, Fig. 3, explains nicely the 


oN 
'S 
x 
N 
3) 
53) 
wH 
&46-0 
A : 
{ Texp(C) ~ 2x10 sec. ! : = 
3 Cexp (qd) ~ @x 10 "sec. \ 2 
3/4h WG \ x 
1216 
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=- 


\ 
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Fig. 4, Curve (a) gives the total energy of Np” in the ground state. 
In curve (b) the total energy is calculated with one of the protons in 
either of the 59.6 Kev or 267.5 Kev states. Curve (c) represents the 
lifetime of 59.6 Kev E1 gamma transition and curve (d) gives the life- 
time of 267.5 Kev level. (For curve (d) right-hand ordinate is to be 
multiplied by 10-2). 


* It may be mentioned that this case is slightly different, since orbit No. 25 corresponds to 
the 316 Kev excited state of Tm, and we have tentatively assumed that its deformation is the 
same as that of the ground state. (Refer to Nakasima et al. Prog. Theor. Phys. Japan, Vol. 19, 
No. 1. p. 40). 
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9/2-excited state, the corresponding value of 7 being 6 which coincides with the 
equilibrium deformation of ground state. But the variation of lifetime with defor- 
mation (Fig. 3) shows a different trend. As y is increased the retardation also 
increases continuously. This may be due to the fact that there are only two terms 
in G(E1) in this case, which may be purely accidental. 

(d) 3Np*7: Unlike the previous cases in this case there are three definitely 
established rotational bands” A, B and C with K values as 5/2, 5/2, and 3/2. We 
have considered the 59.6 Kev £1 transition from band B to A with a correspond- 
ing change in Nilsson’s orbital from 44 to 55. Figure 4 shows the calculated life- 
time with deformation. As in most cases the maximum retardation occurs at 7=6 
which corresponds to the ground state deformation. The total energy curve also 
supports this. 

The results for 267.5 Kev level (orbit No. 52) are also presented in Fig. 4. 
It will be seen that the deformation of the excited state corresponds to 7~4. 

Thus in the majority of the cases that we have treated it is found that the 
retardation in the £1 transition rate is maximum when the deformation in the ex- 
cited state coincides with that of the ground state. Moreover, as will be evident 
from Fig. 1, the 1 transition is rather sensitive to the choice of s, the strength 
of the I’ term in Nilsson hamiltonian, and often better values of the transition rate 
can be obtained by adjusting this parameter. 
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Considering the peculiar position of the muon among the elementary particles, it seems 
reasonable to assume an inner structure for this particle. As it seems we are now reaching 
a new experimental stage in which the determination of the structure of the muon seems 
possible, we must consider theoretically how to determine it through the various decay processes. 
The analyses proposed here are mainly connected to pion and muon decay problems. Assum- 
ing the so-called universal Fermi interaction, with V and A couplings, by which the decay 
processes are realized, our considerations are restricted to the behaviours of the non-local 
form factor which arise from the muon structure. Also possibilities of the electron structure 
are discussed. The present analysis sensitively depends on the deviation of the asymmetry 
parameter. Its deviations from the original local value must be within about 6%, and a 
value larger than this cannot be explained without considerations of the electron structure 


and some other sources. 


§ 1. Introduction 


Up to now any difference of properties between muon and electron, except the 
remarkable mass difference, has not been discovered. A little before the discovery 
of pion beta-decay,” the contradiction between experiment and theory was strongly 
suggesting another possibility of distinguishing the muon from the electron, but the 
recent experimental values are becoming surprisingly close to the theoretical value, 
the difference between these results being within the experimental errors. There- 
fore, the problem of explaining why elementary particles so similar to muon and 
electron have very different masses, is surely one of the most fundamental problems 
in future. 

Now, it seems to be very difficult to get any key for explaining the large mass 
value of the muon.*** The possibility of explaining the electron mass, through 


* On leave from Department of Physics, Rikkyo University, Tokyo, Japan. 

** On leave from Research Institute for Fundamental Physics, Kyoto University, Kyoto, Japan. 
*** A Salam and J. Tiomno (preprint) also start from the same opinion. They supposed the 
in order to explain its mass. Although this possibility 


existence of a strong interaction of the muon, i 
We thank them for sending us the manuscript 


must be analysed, it seems to be very unnatural to us. 
_ before publication. 
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the muon, is discussed by some of us elsewhere.” 

Concerning the decay rate of t>e+v and y+», as clarified by Ruderman 
and Finkelstein” and also by one of us (M.T.) and Tokyo group,” through a 
more detailed analysis, only the cases of Fermi interaction with A coupling for 
Sakata’s scheme* and of ps (pv) interaction for direct Yukawa’s scheme can explain 
its small value such as given experimentally. From these results, one can under- 
stand the reason why the possibility of decreasing the ratio is due to the mass 
difference between electron and muon. And at that time, if one had postulated 
very strictly the so-called universality of weak interactions, one would have predicted 
the fact that S, 7’ and P coupling cannot be the main terms in /-decays. On the 
contrary, today, from the agreement between theory and experiment in 7—e and 
§-decays, one may conclude that V and A couplings are the main terms in the 
universal weak interaction between leptons and nucleons, and possibly also other 
baryons. On the other hand, one could also hope, if the experimental results of 
the pion decays’ ratio would become more precise, to be in position for deciding 
whether the structure of muon and electron are same or not. 

As is known, Lee, Yang’ and other® have considered a structure for the muon 
in order to explain the experimental deviation of the Michel parameter from the 
theoretical value. Though the recent experimental values have become close to the 
value given by the two-component neutrino theory, there still remains some pos- 
sibility of such attempts owing to the insufficient experimental situations. 

The experimental evidences of pion beta-decay have made the circumstances 
better. However, we still have some doubts about the agreement between experi- 
mental and theoretical ratios and we rather believe that the progress of the ex- 
perimental techniques has been such as to allow the possibility of obtaining infor- 
mation about the muon structure in a more definite Way, even in the case in which 
the departure from the local value is small; in other words, if the experimental 
accuracy could be improved to another decimal order, then the problem would be- 
come a definite one. 

When many attempts were made to forbid the pion beta-decay,” after the 
experiment of Anderson and Lattes,® we were inclined to the opinion that the ratio 
should at least be the upper limit value given by Anderson and Lattes and that 
the departure from the theoretical value could be explained by taking into account 
the muon structure. This opinion first came to us by noticing the fact that every 
ratio of decay processes, for instance, K>e+v/K—->y-+», and Kort+pt+y/Kor+ 
e+y, sensitively depend on the mass ratios of the produced particles.** 

Although the present experimental situation has been much improved, such 


* The scheme of pion decay through the nucleon pair was first proposed by S. Sakata, Phys. 
Rev. 58 (1940), 83, and afterwards used through the famous triangle scheme by J. Tiomno and J. 
A. Wheeler, Rev. Mod. Phys. 21 (1949), 153. We then use the name of “Sakata’s scheme” for this 
mechanism, while the direct mechanism we call “Yukawa’s scheme oe 


** A similar idea has recently been proposed by K. F ujii and K. Iwata, in press. 
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improvement does not seem enough to give the values of the pion-decay ratio and 

-also of Michel and asymmetry parameters, in the muon decay, with sufficiently 
strict accuracy for determining the muon structure. The value of the muon ano- 
malous magnetic moment would become another tool for such an attempt.” But 
the experimental accuracy is also a little too rough to exclude the possibility of a 
muon spreading of about m,;'~2 yukawa.* 

The outstanding experimental skill displayed in the pion beta-decay business 
promises, however, to give better information in the near future. We wish, there- 
fore, to proceed with the analyses of the muon structure within the possibilities of 
future experimental values. 

Our analysis will proceed as follows: 

i) If the elementary particles have some structure, this structure will mani- 
fest itself through the interactions. We introduce then non-local interactions for 
the muon and also for the electron. 

ii) As we can guess the muon structure through the form factor appearing 
in the non-local interactions, we must analyse the way of determining it through 
the various decay processes in which the muon is present. 

iii) The baryons also may have some structure related to the strong interac- 
tions. In order to separate these problems from the so-called applicability problems 
in the present field theory, we restrict ourselves to the pion decay ratio, the Michel 
and asymmetry parameters in the muon decay and kaon decay ratios, i.e., K-e+ 
y/K>p+y and K>r+p-+y/K>7+e+». Their absolute rates are not discussed. 

iv) The analyses are devoted mainly to Sakata’s scheme, in which decay 
processes are realized through the Fermi interaction with V and A couplings, in 
accordance with the recent experiments. The usual assumption of V—A combi- 
nation,’ seems to be unnecessary. 

Before a detailed analysis, we build up the formalism of non-local interactions 
expressing the muon structure (§ 2) and roughly estimate their effects on the pion 
decay ratio (§3) and the muon decay (§4). Such analysis is used to determine 
the muon structure (§5) and its validity, and effects on kaon decays are discussed 
(§6). The possibility of a structure for the electron and its relation to the muon 

structure is considered in the last chapter (§ 7). 


§2. Formulation of the muon structure 


The interactions which represent the lepton structures are only the electro- 
magnetic and weak ones. _ Restricting ourselves to the decay processes considered 
here, there is no contradiction with the assumption of Sakata’s scheme, in which 
the decay processes are produced by Fermi interactions between four kinds of 


* 1 yukawa=10-%cm. As this unit is closely related with the pion Compton length, it is 


suitable to use the name of Yukawa for it. See M. Taketani, Prog. Theor. Phys. Suppl. 3 


(1956), 5. 
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fermions. For beta-decay, muon-capture and muon-decay, this scheme has been 
almost established since its proposal by Sakata. For the pion decays, there is no 
evidence to decide whether they occur through Sakata’s or through Yukawa’s scheme 
with the direct couplings.* Even if we restrict ourselves to the former scheme, 
we cannot decide whether this scheme can be extended to include all baryons or 
notes 

Considering the possibilities of hyperon-lepton decays, we introduce tentatively 
the following three kinds of Fermi interactions : 

1) Nee INGE 

i) N,+eZNn,t+y 

Tye eee 
where N,, N., 4, e and v are baryons, muon, electron and neutrino, respectively. 
We assume, moreover, in this scheme, the conservation of electric charge, baryon 
number and also lepton number.*** 

The structures of the elementary particles turn these interactions to the non- 


local ones.™ 


The general form factors appearing in the interactions may depend 
not only on the space-time coordinates of the four kinds of fermions, but also on 
their properties and also on the coupling types. 

In order to clarify the model proposed in this paper, we must restrict it by 
the following assumptions, which will be introduced step by step. 

Assumption I: The form factor are invariant against any translation of 
coordinates, as well as Lorentz transformation, and their local limits must exist. 

The translational invariance restricts the form factor, which initially depends 
on the four coordinates of each fermion, from four to three space-time degrees of 
freedom. Although the requirement of Lorentz invariance is too severe to construct 
a consistent theory,” we can hope that the future non-local theory will include it 
in a consistent way and the deviations from the local theory will not be drastic 
enough to forbid us to maintain our usual images on the elementary particle physics. 

Assumption II: The form factors do not depend on the type of couplings. 

If the form factors are mainly due to an intrinsic structure of the particles, 
they will appear in the interaction without a strong dependence on the coupling 
types. Then the change of the type of coupling could be ascribed, approximately, 
to the change of the numerical value of the coupling constant. After the proposal 
of Lee and Yang concerning the phenomenological non-local effect on the muon 
decay, some generalizations were proposed by Bludman and Klein and also by 
Sirlin in order to include the dependence on the coupling types. But from these 
generalizations no new results were obtained. 


* A little before the discovery of pion beta-decay, some arguments were put forward on this 
problem. See S. Ogawa, Prog. Theor. Phys. 13 (1955), 367. 


ek : 
ne The discovery of hyperon-muon decay has been reported recently. 
We define w-, e~ and y as particles and y*, et and 7 as anti-particles. 
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Taking these two assumptions into account the Fermi interaction Lagrangeans 
_ can be written as follows: 


i) Case Ni+¢2N.+v. The form factor depends on the structures of N,, 
N,, # and ». 


L,N,N; fv) = — | dx,dx,dx,dx,F (xy, £2, Xs, x4; N, Nip) 
MON Ce) A) O(C HCD MLD. (1) 


ii) Case N,j+e2 N,+». The form factor depends on the structures of N,, 
N,, e and »v. 


Lin eS |deidadadx.F (ax, Fe) 
; > N (x1) O; No) -@ (23) O(Ci+75Ci/) o(xy)- (2) 
iii) Case Bry ety. The form factor depends only on the lepton structure. 
ert \ Pio ol rool tog ae Nang Pe eee 9) 
. > @ (£1) O; 4 (2) -¥ (3) O; (Ci +75 Ci’) v (24). (3) 


Here N,, N., 4, e and »v are the baryons, muon, electron and neutrino fields, 
respectively, which depend on the 2z.’s coordinates; the F’s are the form factors. 
The summation is taken for the five coupling types, i.e, S, V, JT, A, P, which 
correspond to the following operators ; 

Ors Oey Ys Ope SSS ar); 
2V 2 
O,= 1. 15> Op=7, (4) 


C, and C,/ being the coupling constants, which are not necessarily equal for all 


cases. 
Our next task is to separate these form factors so as to make them correspond 


to the structure of each particle, this being achieved by the introduction of the 


following assumptions. 
Assumption III: The form factors can be separated in factors mainly 
corresponding to the baryon pair (N,, Nz) and lepton pair (fv) or (ev). 
This assumption can be accomplished by reducing the coordinate dependences 


of the form factors, such as 


F (21, 22, 23, 1; Ni Not») =| da! Ga, ay, z'; N,N.) F(x’, Xs, 243 HY), , (5) 


Bey tay ts, Ces NY) =|a2'G(m, Xa, x'; N,N.) F(a’, xs, X43 €»), (6) 
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HOCH), ony hey las CY) — | de’ F(a’, Ly, 4; ev) F(z’, Xa, Ls; BY). (7) 


As it seems safe to assume that the form factor for the baryon pair is likely to 
be produced mostly in the strong coupling region, it seems that the separation ac- 
cording to this assumption is very reasonable. And the same reason may assure 
the next assumption. 

Assumption IV: The structure, i.e. the form factor of baryon pair (N,, 
N,) does not sensitively depend on the leptons. 

We can then take 


C(t, a4, 2°; MN) =Gla—m; NN) 0(2'- BES )., (8) 

As the separation of the form factor of lepton into the (/#v) and (ev) pairs 
does not seem to be a suitable one, we must consider it more rigorously. But if 
we expect the form factors to have the same footing through the three cases, the 
previous assumption is not so unreasonable. The ways of the separation into two 
lepton pairs are three, as proposed by Lee and Yang, but they are not independent, 
independent cases being confined to (4~v) and (e,») or (#7 v) and (ev) 
means antineutrino). Then if the neutrino structure is not so important, the sepa- 
ration can be proposed as above without loss of generality. 

Concerning the muon and electron structure, we must discuss the following 
three cases : 

Assumption V-a: The muon structure is more dominant compared to the 
electron structure. 


We can substitute 


RG ey tS ea Oa =a) O(a (9) 
for eqs. (6) and (7). 


Assumption V-b: The electron structure is more dominant compared to 
the muon structure. 


In the opposite way to (9), we can take 


JO eel Mea ere Lv) = 0 (x! —2 3) 9 (x,—2,) (9’) 
for eqs. (6) and (7). 
Assumption V-c. Neither the muon structure nor the electron one are 
negligible. 
As explained in the introduction, there may exist some reasons for taking the 
assumption V—a. Detailed discussions are, therefore, devoted to this case. But as 
the other possibilities remain, that is V—b and V-c, we shall discuss them later. 


Assuming the canonical formalism, and using eqs. (5), (6), (7), (8) and (9), 
we have for the first order Hamiltonians : 
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H, (N,N, iv) sor} a dp dp, dp, dp, 0" (pi— pot Pu— pr) 

; > N,(p1) O; Nz (p2) *B(p,) OCs +:7sCy!) (py) 

~G[— (pi— p2)?/ MM, M/ M2) 

Ful — (ba pr) */my’,— pa/m,?,. — p3/m,2], (10) 
H,(N,Nsé») = (27) *| dB, dBrdB.dB,(p.— pst be— Ps) 

; at N, (p:) O; Na (a) -@ (pe) O;(Ci +78) » (py) 

- G[—(p.— p,)?/M2, M?2/M,], (11) 


H,, (6 pd) = (22) ~*\ dp. dp dB, dB.) 0 (p.— put Pv— by) 
i > ra (p.) O.L (Px) y (py) O; CC, +75C,’) v(py’) 
» Fenl— ups) */mye, — pe/mye, —pv/m,"), (12) 


where 


G(a2,—2; N,N,) = (22) <i dp e?-™ Gl — p*/M2, M?/M,], 


EE PA, a fia) = (28) -*| died] etm ttter-on 
-Fuy[—k’/m’, —(k—-D?/m’, —P/m,’]. (13) 


For the: decay processes considered here, these first order Hamiltonians are 
sufficient. Moreover, in this approximation, as we consider the leptons to obey the 
free Dirac equations, i.e, —p,’?/m,’=1, —p//m,’=0, the form factor for muon 


becomes 
Fess (Pu— pv) tae 1, Ola= Fey) — (pu— Pv) “hatte. | (14) 


which is essentially a one parameter function. We can get, therefore, from the 
decay processes, information about the behaviour of this function only in the 
—(p,—p.)’?/m,’>0 region, just opposite to the case of electron-proton scattering. 


§ 3. Pion decays 


The present evperimental evidences” on both pion decays, i. e., 7>e+v and 
7—>#s-+y are in agreement with the usual theoretical predictions, which take into 
account similar mechanisms for both cases, regardless of whether direct interaction 
exists between pion and leptons or not. Both the direct (Yukawa’s) scheme and 
the indirect (Sakata’s) scheme give the same formula for the ratio of these decays, 


2 2 Duala 
R=a”" EE za | ead a, (15) 
mye m~—m, 
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The coefficient a@ expresses the detailed contributions for the ratio, aue to: 
i) non-derivative coupling and derivative coupling effects for Yukawa’s scheme and 
ii) P and A coupling effects of Fermi interaction for Sakata’s scheme. This term 


can be written as 


ee leet (16) 
erry 
where 
FPS Fea le) mel GL9) Fim. FEI), one 


if we start with 
EES Nee) = dB, by dP (Pa— put Pv) Fs —Pa'/my'| 
Ob (px) 2B (Py) (i7s(f+15 6") +175 7px) (I+7s9’) |v (py) (18) 


for Yukawa’s scheme, where 6(f,) is pion wave function with momentum p, and 
f, f' and g, 9’ are the non-derivative and derivative couplings constants respectively. 
Similar expression is given for the electron case. 

On the other hand, for the case of Sakata’s scheme, we obtain 


LF ayia |e | se) {(Cg4C,) AGns /My, mg f M4 
+ 1/my ‘ eo 32 ee) Pon, My m., /M,*) Ps (19) 


and the similar expression for the electron case, where the summations are taken 
on all baryon pairs N,, N, compatible with strangeness conservation, and the func- 
tions A, P are the contributions from each pair through A, P couplings respec- 
tively. 

The possibilities of getting small values for the decay ratio as indicated ex- 
perimentally are either i) the case in which the non-derivative coupling in Yukawa’s 
scheme, or P coupling in Sakata’s scheme, is negligible compared to the other 
couplings or ii) strong cancellations occur for the electron case in Sakata’s scheme. 
At any rate, it is necessary to retain the derivative coupling or the A coupling of 
Fermi interaction for the pion decay processes. 

Although the present information give no decision as to the mechanism of pion 
decays and, consequently, cannot exclude the second possibility, it seems to be more 
suitable to take Sakata’s scheme with the first possibility. 

If the pion decays are realized through Sakata’s scheme, they are closely related 
with the f-decay phenomena. Although all recent experiments on /-decay have 
been in favour of V and A couplings, it is still very difficult to exclude S, T, P 
couplings completely. 

The theory with only V and A couplings, however, have two good advantages 
for the pion decay. As we can discuss the ratio without knowing much about any 
strong interaction phenomena, the ratio may give some information about the weak 


4 case he 
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interactions and the structure of leptons. And we must not worry about the com- 
petition between 7—>e+v+7 and y+» processes, as before, when all experi- 
ments were indicating the S and T couplings. 

The universality of Fermi interactions with the restricted form is not yet 
established rigorously, but it seems to be natural and simple to take this standpoint. 
We assume then: 

Assumption VI: All Fermi interactions of the V, A type are considered 
universal.* 

With this assumption, (15) becomes 


Rome SIO Pl gy Ma] Wa 18 Gay Mn Ty) | (20) 
and with the assumption V-a, 
R27 3-10™ (Ps (AS fore, (21) 


The muon structure reveals itself through the last factor, i.e., the value of 
the form factor at a point m,”/m,’=1.7. Therefore, we can get some information 
about the form factor from 


Rich /Rexp =f (mn / my), \f (2) =F ay (@)- (22) 
Although the experimental value of the ratio R.x, is not yet definitely established, 
we may at least take** 
Re 04-10: 
that is, 
| 0< f(m.2/m2) S3.3. (23) 


As far as V and A couplings are concerned, there is no difficulity for pion 
radiative decay 7—>e+v+7. The ratio of this decay to pion-muon decay, R,, 
becomes 


R, exp =F (tin fT Pia : K, loc.th. « (24) 
Taking the theoretical ratio” 


—8 
Ne Joc,th, = 10 


* Strict universal Fermi interactions with V and A couplings have the form of V—A. Other 
possibilities have only a restricted meaning. For instance, the statement that V and A couplings 
depends on the orders of operators. The proposal here considered is restricted to the charge retaintion 
order chosen in the previous chapter. Even if we start with V and A couplings for (@On) (yO’y) 
j. e. charge retaintion order, this gives not only V and A couplings, but also S and P couplings for 
(¢Ov) GO’) i. e. charge exchange order. 

** This value was given by T. Fazzini et al. loc. cit., and it is almost equal to the maximum 
value given by H. L. Anderson and C. M. G. Lattes, loc. cit. 
x The recent values reported are all surprisingly close to 1.31074. The maximum value is 
CERN’s (1.4+0.2) -1074. Although the experimental errors are still large and the way of correcting 
them incomplete, we may safely put the minimum limit for f to 0.8~0.9. 


808 Taketani, Katayama, Ferreira, Bund and Paula e Silva 


and considering the condition for the form factor (23), the theoretical value is not 


inconsistent with the experimental value’” 


Ree or 0. 


Texp~ 


§ 4. Muon decay 


The muon decay is one of the best examples for the consideration of the 
existing weak interaction theories. No strong interaction intervenes in this process 
and the radiative effects are at most of the order of a few per cent, the field reac- 
tions of the weak interactions being negligible. Muon decay may then give some 
information about the muon structure, within the uncertainty of the radiative effects. 
The calculations of the radiative effects worked out by Kinoshita and Sirlin’ have 
indicated that the corrections to Michel parameter is about 6%, while the correc- 
tion to the asymmetry parameter is almost zero. Therefore the asymmetry para- 
meter seems to be more sensitive with respect to the muon structure than / is. 

The energy and angular distribution of electron is given by 


dN= jue AES | {Ki-2Ki i ena Rae 


¥ ieost{—Ki + (2-2) Ki +1/i—z2) K>} | (25) 
in virtue of Hamiltonian (12), where 


L=|P\/\Pemxks @=Cl ECL CL HC, 
da=~2(C,'C,4+-C,C,) (26) 


and 


a 


mal duu'[ f(xu) +f(x—au)], K-=Kz=K;. 


In order to see the role of the form factor, we assume it to be so smooth 
that its derivatives higher than three can be neglected. We have then 


Hine gu ada x | | 622) A@/2) 42-42) 7 (a/2) 


Ax(1— ‘ 
20-2) (2/2) +f" (2/2) )} #4 cos0 { (1-22) f(x/2) 


x (3—4 ) ' ‘ag : 
+282) p"(2/2) +2 (pf (2/2) +f" (2/2) | (27) 


for electron spectrum and 


A4p= 2p a_ 3 Art A—)A,/3 
4 32 Ay—(1—/) A,/24’ 
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Je gs Be 4) "Bip 
10 B—(1—A B,/20 


for the deviations of Michel and asymmetry parameters from the local values, where 


iB) IZ 
ae ae ee 2 Eee ae my 
saa imped stir alter ay 


i 23 2 
A;= f'= 5 fl+ 7 5 he Ay=f’——f +p" (29) 


(28) 


and 


Bap B pp pr 2 ym 


3 Al 2 5 
(POP we ie HOT Po fans FNP 
“ints 5 t 2107 i 3 A 21 f 


the values of all functions, f’s, being taken at the point m,’/m,’=1. 

The remarkable consequences deduced from the above formulae are the follow- 
ing : 

i) The Michel parameter depends on the coupling constants through / in 
virtue of the form factor, in opposition to the local V and A theory. But if we 
expand it in terms of the deviation from the V—A theory, i.e, 1—/4, we get 


3 1 oo on 1 aay 
1 30 
7 z 8 a,) . 8 a ey 


As we can estimate the first correction to be of the order of a few percent, 
the contribution of the deviation from the V—A theory then becomes negligible. 
ii) The correction to the asymmetry parameter is proportional to A, as 


ny 1 B 
é ~Al (1 fi et ead aa a1 
1. 10 By 200 trae By, Bo Sic 
Then € is sensitive to the initial value 2, and gives a good support to the 


V—A theory, but not to the two-component neutrino theory."? 
iii) Using for FP, the usual functions 


(1+ €72?/m,’]", ({1—e ax], Yukawa 
Fu (—2'/m,)) =4 [1+ e7k?/2m,")7, f(#) =4l1- e?x/2]-*, Exponential (32) 
pokes | 
with small values for ¢*, we have* 


dp —-1_(1--) © <0, pape 
8 ee 4 


ee | ae ai —— 
ea (ie) ee Oat 24: (33) 
bie “F 


exp(e’x), Gauss 


* Similar conclusion for p was taken by Lee and Yang, loc. cit. The tendency of &<A is 
_ different from Sirlin’s calculation, loc. cit. 
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The last conclusion seems to be inconsistent with the experimental tendencies 
which favours 400 and 4¢>0. The possibilities of removal of this descrepancy 
are the following: the first is to include the radiative corrections which may cancel 
out 4p, that is, making Jo~0. The next possibility is to take into account the 
higher derivative terms, like f” and f’” in order to realize the usual tendencies. 
As the former possibility seems to be too accidental, we should consider the latter. 
If this procedure would be correct, the form factor could be restricted by more 
detail. The next chapters are devoted to this procedure. 


§5. Analyses of the form factor 


We discuss here the way of determining the form factor from data given by 
the decay processes raised before. If we restrict the behavior of the form factor 
to the energy region between 0 and m,,, the information available are: i) condition 
of local limit, ii) Michel parameter, iii) asymmetry parameter and iv) 7>e+v/z—> 
-U+y ratio. 

The experimental data about the last three points are not yet definite and the 
values reported recently may change to some extent. The data presently available 
are the following : 


Pex: 0.68002,” 0.67 0.05. 0.7420.02 0792004 
Sexy: 0.87+0.12,™ 0.909+0.144,” 0.95+0.06,™ 0.97 40.05,” 0.89+ 006.™ 
Rez, LO: 0.4, -0.9:404,. 1244-008," 1340.29. 144-029 


Judging from these experimental circumstances, we are obliged to see how the 
behavior of the form factor changes if we make the sufficient allowances for these 
three data, as the aim of this paper is to predict the possibility of the muon struc- 
ture when the experiments would give the definite values for them. It seems 
sufficient to take, for the allowance regions, the domains 


0.65 <p $0.85, 0.85 $F $1.15, 0.5-107°<R<1.6-10- 


In order to simplify the interpretation, the V—A combination which makes 
4=1 is chosen in the following analyses, but this is done only for the sake of 


convenience and sometimes this choice may become unsuitable for the interpretation 
of the results as discussed afterwards. 


If we use the following definitions of the deviations for the case of V—A 
combination 


4o=0.75 ries Aca} —é, I= Ricotn,/Rexp— hi (34) 
the above mentioned regions correspond to 
0.10 40¢< 4010, 0.15 S465 4-095) 0 20 4rS4+1.6. (35) 


It may be sufficient to assume that the form used here is effective at most 


up to its third-order derivative and there is no data from which we can get infor- 


) 
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mation beyond this restriction. The validity of our approximation then depends on 
whether the form factor behaves so smoothly that its derivatives higher than the 
third can be negligible : 

Assumption VII: The form factor here proposed should be effective at 
most up to its third-order derivative. 

If one accepts this assumption, one can get the following equations from the 
four conditions stated before. 


1=f(0) =f: (1—X+0.50Y—0.17Z), 

do=— (0.09X—0.05Y +0.01Z) / (1—0.63X +0.21Y —0.05Z), 
d= = + (0.10X—0.06Y +0.02Z) /(1—0.60X-+0.20Y —0.05Z), 
Ay= + (1.69X —0.26Y +0.22Z) /(1—X+0.50Y—0.17Z), 


36) 


where 
f=f)y X= W/Q), Y=r'’O FO, Z=f" OF). 


Then if we take the conditions (35), we can know the allowance regions of X, 
Y, Z. Though the approximation used here depends on the assumption VI, one 
must bear in mind that they only give the rough tendencies of the form factor. 

In order to judge the general tendencies, we select the suitable values distributed 
within these regions and indicate them in Figs. 1, 2, and 3. 

We retain 4o=0 throughout all Figures, because the deviation of the Michel 
parameter cannot be fixed without definite knowledge about the radiative corrections. 

The “reasonable” curves thus obtained are three curves corresponding to the 
value 4o=0 and 4¢=0 with the three different values of 4r(1b, 2b, 3b). They 


S(—F/m,”) 


a=—0.67| 40=0.00 
7=0.00 | 4€=0.05 


} 
1 17 1 lala 1 ed, 
Fig. 2. 4r=0.40 
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—2.21|49=0.00 5 
=+1.30| 4€=0.00 ° 


a 
b 


Fig. 3. 4r=1.60 


Behaviors of square of the form factor /(—k?/m,?) =F2(—k?/m,?), corresponding the 
deviations of three values 47, 4p and 4é, defined bs eqs. (34). The ordinate axis corresponds 
to the values of square of the form factor and the abscissas the values of —&? in unit of 
m,?. The solid lines are phenomenological ones determined from our analysis, and the dotted 
lines are approximated analytical curves. The straight line is the standard local limit. 


show that there is some possibility for changing the pion-decays ratio without 
destroying the muon decay spectrum predicted theoretically. We could approximate 
them by choosing either the exponential, Yukawa or Gauss type for the form factor 
within the experimental errors. But to retain the least deviations from 4Jp=0, and 
4==0, it is more suitable to take the Gauss type, that is, we take 


i LS- We, 
yes) Si acunt ior K-==4 0-0-4 (37) 
exp[0.56 x], OS .105— 
which correspond to 
1, 
Foy) (—k?/m,") =4 exp[—0.10#?/m,?], (38) 
Saas R?/m,"|, 


the corresponding spreads* in space-time being 0, 1.073! 


=1.4 yukawa, 1.7m73= 
2.4 yukawa, respectively. 


All other curves can be interpreted as some deviations from these standard 
curves. As the tendencies of their deviations are common to each Figure, they 
can be approximated by the following formula with some correction factors Z(zx), 


f(£) =Z (x) exp[ex], (39) 


where ¢° takes the values 0, 0.20 and 0.56, corresponding to Fig. 1, 2 and 3 re- 
spectively. 


All curves appearing in F ig. 3 can be realized by taking 


* We define the spread as (72) = —6d Fy, (—B/mi 


u)/d(—k/m2,) 42.9, but this does not mean 
that the muon has such a spread. ; , 
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f(x) =[1l+axr+bz"] exp(0.56 x}, (40) 


the exceptions being the cases for 4¢ >-+0.06, which will be discussed later. We 
also plot these approximate curves, dotted with the coefficients a and b which were 
chosen so as to make minimize the deviations from the Jo and 4¢ values taken 
from the beginning. 

The use of similar correction factors, as applied to Fig. 3, becomes not good 
for certain part of the curves in Fig. 2 which resembles the behavior of a cubic 
function. Judging from the nature of the approximations used here, it may be 
more convenient to approximate with quadratic functions, because we may expect 
all third derivatives to be very small. Then we also take 


fo(x) =[1+axr+bz’] exp[0.20 x] (41) 


for all curves in Fig. 2. 

Since the standard curve in Fig. 1 corresponds to the local case, i. e. the 
straight line, the other curves are very sensitive to the values of do and 4¢. The 
rough behavior of all curves appear as sine-like. The functions which best fit 
them are 

fi(a)=1+Asinoxr-e™. (42) 


Although they are very curious, we indicate them in Fig. 1 by the dotted 
lines. 

As indicated in Figs. 1, 2, and 3, the approximation used becomes poor in the 
region of 4€>0. One can read from the Figs. that the variations of curves 
are sensitive to the variations of 4€, specially in its positive side (but not to dp). 
In order to understand the circumstances, we add three curves corresponding to 
4==0.05. We also point out the region of validity of our approximation in Fig. 
3. From this region, it is safe to restrict the deviations J¢ into 


4é <0.06. (43) 


We are then obliged to conclude that the large deviations as 4¢ ~0.13 (which 
corresponds to the value ¢=0.87) cannot be realized by the above considerations. 
' Even if the experiment about the asymmetry parameter is very difficult, we hope 
that more experimental data must be accumulated. 
should consider some other reasons. The following consideration is one of the 
possibilities: The statement is to change the Cy/C; ratio from —1 as in the /- 
decay. From (27), we have ¢~/[1—B,/10B)]. Supposing the correction B,/10B, 
would be the maximum value, i.e. 0.06 from (43), and ¢=0.87, then we would 
get 40.93. With use of the definition of 4 and (taking) the two-component 


neutrino theory, C,4=C,’ and Cy=C,’, this gives 


C4/Cy=—1.5 


which is not inconsistent with C4/Cy~—1.2 for @-decay. If we accept the usual 


‘ 
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prescription of the renormalization theory, C,4/Cy of interaction is less than the 
corresponding quantity for #—e interaction, because the axial vector coupling of 
nucleon pair will become less than in the case of #—e interaction, owing to the 
renormalization effect (C4 ren. << Caren.) Of the strong interaction. 


§ 6. Kaon decays 


In considering the kaon decay problems, we apply the same line of thought. 
Comparing it to the pion and muon decays, the present experimental knowledge 
about kaon decays is rather crude. Although we cannot expect any detailed infor- 
mation about the muon structure, it may be worthwile to know the asymptotic 
behaviour of the form factor previously discussed, as any small variation of the 
form factor in the region from 0 to m, will be amplified in the region where the 
kaon decays are considered, i.e. from mx—m, to m,. The experimental values 
for the kaon decays, if their accuracies would be improved, could then give a good 
criterion for the analysis of the muon structure. 

The considerations are here restricted to the K->e+v/K—p-+» and the K> 
™+p+v/K—>2+e+y ratios, as a similar argument used in the case of pion decays, 
concerning the strong interaction effects applied here. 

1) K->e+v to K>p-+» ratio 

Taking Sakata’s scheme of Fermi interactions with V and A couplings, we 
have 


Ke 


K ‘ 2 ey Bs 2 "72 
Rae Tent fn) Res | Tan] Ba 108 *(2.8), Jo (Ad) 


Kopt+y my Lmxe—m,” 


which is similar to the pion case. 

If we extrapolate the form factor obtained in the previous chapter, its maximum 
value becomes about 10? (or 10°) for the case of R=0.9 107‘ (or R=0.5X10~). 
That is, we have 


10S (Com 10s ie Re 10 (45) 


which is not inconsistent with the present experimental knowledge. 

i) Koa+p4+yv to K>2+e+4» ratio 

Assuming Sakata’s scheme with Fermi interaction, the matrix element for muon 
decay is given by 


If the such large deviation of the asymmetry parameter would be correct, we 
Muy = S1G x, (Dex M, M,) pr +G’ (pr, (ORS M, M,) px*|- Jeu 
: O (Pe- Pa— Pu— Pv) Fe (Pps Py; 7A), (46) 


where 
Jin =lpe Pa PO pj 7A +AC)) AO), 


the summation is taken over all baryon pairs (N,, N.) which have the total 
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strangeness equal to —1, and the unknown strong pair effects appearing through 
‘G and G’. The total probability per unit time is 


Px \dpdp.-f- | mex (2 pe! p'-+mx(p2?—M)) ||? + m,? (M— p,°) |G’ |? 


—2mv pv RG A) |, (47) 


where 


fa 0 ped gy : : 
pv =™,— px — fp, M= (mx +m,"’—m,”) /2mx (pion maximum energy), 


H=G+G', G= >) G( pr, pu; M,M,), G= >) G' (pe, pz; M,M,), 


Ni,N2 Ni,No 
f=F (y[1+2mx(M— p,”) /m,’]. (48) 

Since we cannot get the exact value for the ratio, the following assumptions 
are introduced : 

i) Concerning the form factor, we suppose it to be a monotonic function in 
the region 1<1+2mx,(M— p,”)/m,’?<12, and we replace it by the average value. 

ii) G and G are almost independent of p,. 

We have then* : 


K-37 p-+p 
Ria= ~F(6)[0.79—0. 7) +0.08l7|2 
Oe ey F(6)[0 0.33 Re (7) +.0.08]7]"], (49) 


where 


7=G'/(G+G). 
As the perturbation calculation gives 
G(M,, M,)=G’'(M,, M2), (50) 
we can estimate 7~1/2. The ratio becomes 
Rrs 2 0:64£(6). (51) 


If we take the maximum value of f(6) as ~3 (or ~30) for R=0.9-10~* (or 
R=0.5-10~*), we have 
0.6 S Rig SVS oore192): (52) 


This result is still consistent with the experimental value Rep Oa 
(The case of R=0.5-10~* gives too large a value, so that this case must be ex- 


cluded) . 


§ 7. Possibility of the electron structure 


In the previous chapters, we have assumed the existence of a structure for the 
muon and discussed the way how it could be determined from the meson decay 


* Our result is a little different from the result of R. F. Streater and J. C. Taylor, Nucl. Phys. 
7 (1958), 276. Their result is 0.92—0.42 R,(7) +0.08|7|? for the second factor of (49), a modification 
which replaces (51) by Rx;—0.73 f(6)- 
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processes. Since the problem is not, strictly speaking, a definite one, still depend- 
ing on the future experimental results, it may give, at least, a possible answer to 
the questions raised. We cannot of course, deny the rather probable case of an 
agreement between the experimental and the usual theoretical local values. On 
this point, we can consider the two standpoints: either the muon structure may be 
too small to be experimentally detected, or the muon structure may be masked by 
some othér effects, for example, radiative corrections or by the electron structure. 

Although the assumption V-a which takes into account only the muon structure 
seems to be preferable as stated in the introduction, we cannot reject the opposite 
possibility, in which the electron structure plays the principal role (assumption V-b). 
This last possibility, is somewhat akin to the classical picture of Lorentz. And we 
also must consider the third possibility given by assumption V-c. 

For the V-b case, the form factor appearing in muon decay must be replaced 
by Fy) (—k?/m,) instead of Fyy(—k'/m,”), in virtue of (9/). For the ratio of 
the pion decays, we have 


Riven Rashid Cia Ute Ve (53) 


As the effect of the form factor is opposite, if we take the Gauss type of the form 
factor as the case of V-a, we have 


RRisean: << Kags . (54) 


In the case in which we consider the electron structure, the way to realize the 
same experimental possibilities as before, i. e., 


0.38 -S fie (m.'/me) S1, (55) 
is to introduce a stronger form factor, such as 
Fe) (—k?/m,*) =exp[— «7 k*/2m.']. (56) 


But the effect of this form factor for the muon decay will be opposite to the 
former case. 


For the V-c case, the effect on the pion decay ratio becomes 


. Fe (mz /M,) LF ws ie eis) 
while for the muon decay, the effects will appear through 


Ie EN ah Gas Nec Bey (— k*/my") . 


Summarizing the above effects, through their rough estimates, we may conclude 
as follows: 

1) If the pion decay ratio would become larger than the usual theoretical 
value, one should consider two possibilities: either the smooth (simple) electron 
structure or the singular complex muon structure would be dominant. The contri- 
butions to the muon decay would be opposite from one use to the other. 
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2) If the pion decays ratio would become in agreement with the usual theore- 


tical value, one should also consider two possibilities: either the both structures are 
negligibly small or both of them are almost the same. The spectrum of the muon 
decay could decide which of them is correct, because, in the latter possibility, the 
deviations of the parameter might be doubled. 

3) If the pion decay ratio would become smaller than the usual theoretical 
one, two possibilities should again be considered: either the smooth (simple) muon 
structure or the singular complex muon structure would be dominant. The contri- 
butions to the muon decay would be opposite from each other. 
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Some possibilities for understanding the dynamical origin of the electron mass are ex- 
amined. As the present formulation of quantum-electrodynamics does not give, within its 
region of validity, a satisfactory answer to this problem, two possibilities for obtaining the 
electron mass, starting from a zero bare mass, are presented. The first one is a nonlocal 
modification of quantum-electrodynamics, which may be closely related to the electron struc- 
ture. The other is to get the electron mass from the masses of other elementary particles 
through weak interactions, because at the high energy region discussed here, the weak interac- 
tions become more predominant compared to the electromagnetic interaction. These possibil- 
ities can be examined by improvements in experiments. The former depends on the experi- 
mental accuracies of the electron moment and the latter is related to the degree of coexistence 
of S, P, T couplings in coexistence with the main V and A couplings in #-decays and/or to 
the degree of the deviation from the V-A combination in the muon-electron interaction. 


§ 1. Introduction 


The idea of the electromagnetic origin of the electron mass has been much 


considered since Lorentz proposed it in his famous book”, 


The present quantum- — 
electrodynamics, however, seems to be out of this line of thought. The thought | 


that the electromagnetic mass of the electron is only due to its charge has been . 


believed for a long time. But the present calculation shows that any electro- 


magnetic energy of the electron cannot be obtained without the help of the 


intrinsic electron mass, that is, the electrom 


different to realize the whole mass of the electron. 


This is easily demonstrated 
as follows. 


For the Lagrangian of the electron without bare mass and taking the Lagrangean 
of the interacting system as electromagnetic field, 


L= —|dx lé(x)7.0.e (x) —iéé (L)ieAg (x) e(x) +3 0A; (x) /0x,-0A, (x)/Ozx, (1) 


where e and A, are the field quantities of the ele 


ctron and the electromagnetic field 
respectively, and € means charge, we see that this 


Lagrangian is invariant not only 


* On leave from Research Institute 


for Fundamental Physics, Kyoto University, 
** On leave from Department of Ph 


Kyoto, Japan. 
ysics, Rikkyo University, Tokyo, Japan. 


agnetic interaction is qualitatively too _ 


On the Origin of the Electron Mass 819 


under the gauge transformation, but als6 under the following transformation, with 
an arbitrary constant, § often found in the literature”: 


e(x) >exp (77s) -e(x), (2) 


while the desired self-energy term 


Pah jave ones (3) 


is not invariant under this transformation. In other words the electron without the 
bare mass cannot get any field reaction. 

One more difficult point is the following : supposing the electron to have a very 
small bare mass 72) compared with the true mass m, (1)<m,) and using pertur- 
bation theory, we get the radiative correction 


am =. a (3/27) Mo log (A/mm) > 2 


where a=€*/4z is the fine structure constant and / the cut-off energy. Then in 
order to get the electron mass, we are obliged to use the theory up to the energy 
4~m, exp(27m,/3am), a value far beyond the limit of the validity of quantum- 
electrodynamics, the limit being usually taken as /,,<,~m, exp(37/a@).” 

It seems, then, that in order to obtain a satisfactory answer for this problem, 
we must look for some modification of the present quantum-electrodynamics. The 
proposals presented here are restricted to some possibilities within the framework 
of the present quantum field theory. 


§ 2. Non-local electromagnetic interaction as the mass origin 


The first possibility is some modification of the usual formulation of quantum- 
electrodynamics by considerations of non-locality. Though such a modification would 
be needed from more general and profound considerations, we shall here be satis- 
fied with the introduction of non-locality only in connection with the interaction 
between the electron and the electromagnetic field. 

We then propose to replace such an interaction by the non-local one” 


L,=i€ ( darda.dxé (7) 1 gh (24,— 2X2, Xe — 2X3) x exp| —1€ de, Ag (2) le (x2) y Ag (23) > 
: (5) 


where the form factor is generally given by 


fe) 
J ion (4 — £3, La— X3) = Ops S (x1 —H3, L2— Ls) = (7a) rs Lee V(x — X3,X%_— X3) ? (6) 
3a 


r and S$ being the spinor indices. S and V are now some scalar functions. 
The requirement of gauge invariance restricts only S to* 


* An alternative condition which we could take is 0S/023,=0, but we consider it too queer to 


use.) 
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S(a1— 2X3, L2— Ls) =0*(2,— 23) O (aga) (7) 


The modified interaction then becomes 


L,=ie\dxe (2)7,e(2) Au(2) 


a E \dadanda @ (21) eis € (X2) Fas (23) exp[ —zE \ dx,A,(x)] V(21— 23, X2— 2X3), 
, = 
(8) 


where F,; is the electromagnetic force. ) 

The self-mass of the electron will be produced by the last term, as this term: 
destroys the invariance under the transformation (2), while the first term is again) 
invariant. Since the main contribution to the radiative mass comes from the termi 
similar to Pauli’s, its magnitude is closely related to the experimental accuracy of! f 
the anomalous magnetic moment. | 

In the lowest order approximation, the contribution to the mass comes only: 
from the cross-terms of both interaction terms, and it is given by 


Om™M=a = 2 |dadbac- os log & mat (a,b,c) +v (b,c,a) , (9) 


EG 


where v_is the spectrum function, i.e. 


V (41-23, Ly_— 2X3) = (27) ‘| dkdl-exp [ik (21—23) +il(2.—23) Jv (R, FP, (R+0)”), 


2 72 see abc 
DUCED) ) = |dadbde Gs — Me (10) 


Though our aim is to point out some qualitative possibility of accounting for 
the elactron mass in terms of the interaction (8) we can roughly estimate the | 


magnitude of dm™. If we take the magnitude of the new term at a very low. 
photon energy (which is equivalent to the introduction of Pauli’s term), 


[da db dc v(a, b, c) =0/m,, (11) 


as large as the possible deviation of the experimental value of the electron moment 
from the theoretical one, for instance, 10,-°* and replace the form factor to some 
cut-off factor with the cut-off energy 7, we have 

Sime) 


eee 2 
8z m, 2) 


Om™=~ a 


* The present situation of the ex 


perimental and theoretical values of the electron moment pis | 
as follows: 


(Hel #0) th. =1.00115965), (He/ 9) exp=1.001146=- 0.000012, 
1,001165+0.000011.6) 
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his gives the whole electron mass by using the cut-off energy 17~10* Mey, a 
alue which has not of unreasonable order of magnitude and is more familiar to the 
assical electron theory. The smaller 0 becomes, the greater the cut-off energy must 
2 taken. This means that we have a possibility of deducing the electron mass 
‘ithout destroying the usual successes of quantum-electrodynamics. 


§ 3. Weak interactions as the mass origin 


The second possibility is to take into account all existing interactions of the 
lectron. If the electron, having no bare mass, cannot get any reaction mass 
srough the local electromagnetic interaction, we must consider the possibility of 
etting it from the masses of other elementary particles with which the electron 
ateracts through weak interactions, that is, the nucleon (baryons) can “share” 
's mass with the electron through the /-interaction, and the muon can do it 
srough the muon-electron interaction. The assumption of the pre-existence of the 
ucleon and muon masses is made for the sake of simplicity. The possibility of 
xplaining the nucleon mass through the pion-interaction still remains, but the ap- 
lication of a similar argument to the muon seems to us to be rather questionable.* 
‘ome of us treated the problem that the large mass difference between the muon 
nd the electron may be closely related to the inner structure of the leptons.” 

If we introduce weak interactions and assume the pre-existence of the nucleon 
baryons) and the muon masses, the whole system is no more invariant under the 
ransformation (2), which means the revival of the possibility of getting the radia- 
ive mass of the electron. But the possibility depends on the conditions imposed 
m the weak interactions. 

For the purpose of getting such conditions, it is convenient to separate the 
ield quantities of all elementary particles in eigenstates of the chirality: 


VH=POLPO, PH=(147)/2-¥. (13) 
Beastie rai Then the invariance (or non-invariance) of the bili- 
eit (ey). 'e(e”) near quantities of spinors under the transformation 
rT — Se 


(2) corresponds to no chirality change (or chirality 
cihoa change). 

The desired reactive mass term, as indicaten in 
ig. 1, belongs to the case of a change of chirality. In this diagram, the chirality 
nust change an odd number of times as the electron changes to other particles, 


‘e. to muon and neutrino, or to electron itself, through weak interactions.** It 


* A. Salam and J. Tiomno favor the opposite standpoint and assumd the existence ofa strong 
teraction for the muon. If such interaction does exist, why it is not detected by the cosmic ray 
shenomena seems to be a problem. The authors express much thanks to them for sending their 

i blication. 
Be we Pee He eae scheme in which the electron and the muon appear together with the 
neutrinos. The electron cannot be changed to the muon without the mediation of the neutrino. 
Por this scheme, it is more suitable to take the charge exchange order (Ov) (vO/e) rather than the 
charge retaintion order (7Oe) (yO’v) usually considered in the literature. 
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is sufficient to focus our attention concerning th 
chirality changes only to the “‘course” startin 
from the initial electron, which does not include 


? 


‘ associated line ”’.. 


« 


any closed loop ; this we call the 
We give one example in Fig. 2, the associated line 
being denoted by the double line. 

The chirality changes in the associated line are connected not only to the in- 
teractions, but also to the muon propagator.* This propagator can be splitted,, 
according to the chirality change, as follows: 


Bigs 2: 


———— Vries il tant 
ICE NG WT ECO W ere 1 leds cai p)= KS (x—-y; P) 


Zz 


and (14) 


4 a 


(Te (2) PE (y)) o= — : . oe s mAp(a—y; #) SKS P eay; P), 

where Ky and K, are the chirality conserving and chirality non-conserving parts of 

the muon propagator, respectively. | 
All interactions, i.e., the electromagnetic interaction and the weak interactions 

with the five couplings can be classified in much the same way as the propagators. 
Then we have the following conditions for obtaining the reactive mass: 


Ns+Np+No+yi=0dd, 
(15) 
Ns+N,+Np+N,+N,=even, 
where N, is the number of times the weak interaction with x-coupling appears at - 
the vertices on the associated line, and My: gives the number of K, propagators of | 
the muon. 
From these conditions, we can easily draw the following conclusions : 
i) When the weak interactions with the restricted form as stated in the: 
footnote in p. 821 have only V and A couplings, the electron must change to the 
muon an odd number of times in the intermediate states in order to get the non- | 
zero reactive mass. And if the muon also has no bare mass, V and A theory - 
cannot give any mass for the lepton. 


ii) When the weak interactions have only S, JT’ and P couplings, the circums- 
tances are similar to the above ones. 

ui) The possibility of getting the electron mass, without the intervention of 
the muon along the associated line, is restricted to the coexistence of V, A and 
S, T, P couplings. Here the electron mass 1s given from the sources of the masses 


* The electron mass appears in the propagator, owing to the renormalization technique. But 
this effect is completely cancelled out b 


y the counter self-mass term. Therefore we may consider 
neither the K,-part, nor the center self-mass term of the electron, 


This argument also can apply 
to the reactive part of the other elementary particle mass. 


On the Origin of the Electron Mass 823 


of other elementary particles, nucleon (baryons) and muon, which intervene in the 
closed loops. 

In order to realize the first two cases, the assumption of a four-component 
neutrino is necessary, while the last case holds either in a four-component neutrino 
theory or in a two-component one. 

Though we cannot draw any quantitatively definite answer owing to the present 
unsatisfactory situation in quantum field theory, we try to estimate the above result 
by using perturbation theory. 

From the recent experimental results of beta and pion decays, the allowable 
ratios of the mixtures of S, T and P coupling to the main V and A couplings 
would be 


ICs], |Cs'], [Cr], |Cr’l, |Cel, |Ce’|S 107°: (Cr, 1Cr’|, [Cals 1Cul), = 16) 


where the coupling constants Cy and Cy,’ are defined through 
A,=>) cP Ox N) (€Ox(Cxt+isCx’) v) +hic. (17) 
pa 


as usual in the literature. The main contribution to the electron mass comes from 
the case iii), the effective square of the coupling constant being proportional to 107” 
erg’-cm® rather than to the usual one, ie. 10~” 


of the electron through the /-interaction is given by 


erg’-cm’. Thus the reactive mass 


9 ; 2 

So) as eg? Veal 

om — n’ log 
(anit M,, 


ree —af (Cee Grey) See, 407C4) | (18) 
If we extend this consideration so as to include the whole contributions of baryon’s, 
a pair of baryons with masses M, and M, gives 


A ~ . zi 
+ 9,7M,/* lo | 
M, J2 lo eM, 


dh | am log 


oy as af (Cy Cs+Cy'Cs) — (CuCp+C,4'Cp') —3 (CeCy + Cr’Cr’) 
CA a geterey a9) 
g=—al (CoCo + Cr'CS) + (Cir C4Ce!) +3 (Cre + CoCr) 
6 (Ca Cug Goad | 
The reactive mass of the electron is also given through the muon-electron 


interaction. The ratio of the S,7’ and P couplings to the main Vand A 
couplings of this interaction depend on the electron spectrum of the muon decay. 


824 Y. Katayama, M. Taketani and J. L. Ferreira 


The small deviation of the Michel parameter from 0.75” shows that the interaction 
could be 


= (87,ft) (7,(Dy +1sDy')¥) — (Fetal) Pes(Dat7sD.')¥) thc. (20) 


and the oe accuracy of the asymmetry parameter” does not forbid the 
difference between D, and —D, within 10% to 50%.” If we rewrite the Hamil- 
tonian in the order we are here considering, we have 


A= Pf) (@(CstisCs!)») + Cott) (Crs(Co +7sCr’) ») 
+ (al) (Cre (Cr +7sCr')¥) — Fert) (Gets (Ca t+7Ca’) ») + hc. Ad) 
with 
Cs=—Cp=+ (Dp +D,),'| —Cf=—Ce'=2(D/ + DJ), 


C= —C,= Fs (D, — D4) > C,/= —C,/= ae (Dy) — Dz) > 


where the upper and lower signs correspond respectively to the assumptions of 
commutation and anti-commutation of the fields. Then we can take 


ICs, |Cs'], [Cel, |C2"| S10 (|CyI, |Crl, 1Cu’1, Ca’), 
[Col |Co"|=0 (23) 


within the experimental accuracy. The contribution to the electren mass is given 


by 


iy ~~ A 
On or mane m,* log a 
P=—3| (CrCstCyCs) + (Cle + CAC = (24) 


the effective square of the coupling being £?~10-" erg?-cm® instead of 107% erg’: 


cm?®. 


The contributions to the electron mass from the cases i) and ii) become of 
higher order and sensitively depend on the existence of the four-component neutrino. 
The assumption of the four-component neutrino gives rise to the reactive mass for 
the neutrino. For instance, the case iii) gives 


VW) ~ 2 2 
OMI. axe nL! g” M,* log 4p af Ph log} 
9g" =—1(C,C,—C,'Cs), for $-coupling, (25) 


i= -3 (CpCs—C,/Ce) + (C{,Ce=CyYC;) | for /-e-coupling, 


which becomes zero in the case of the complete polarization of the neutrino. 
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§ 4. Semi-quantitative estimates of the electron mass and discussions 


The main aim of this paper is only to show the possibilities of getting the 
reactive mass of the electron through the elementary interactions. Since the order 
of its magnitude depends fundamentally on the validity of quantum field theory in 
the high energy regions, we are still on speculative grounds. If, nevertheless, we 
dare to indicate some rough estimates, we must discuss every possible case accord- 
ing to the probable limitations of field theory. 

The applicability of the present quantum-electrodynamics seems to be assured 
experimentally upto 10° Mev, but around 10*~10° Mev, a region which is now being 
considered mainly in connection to the electron-nucleon scattering”. Unfortunately, 
if quantum field theory would break down in this region, we could not get a 
satisfactory answer for the reactive origin of the electron mass from the usual formu- 
lation, because quantum-electrcdynamics cannot give any contribution and _ the 
contributions from weak interactions become very small. Nevertheless, the modifi- 
cations of field theory would remove the difficulty from two aspects. The non- 
local modification of quantum-electrodynamics would give a good answer as sketch- 
ed in §2. And even if the contributions from the weak interaction were so smail 
as to give the experimentally undetectable mass to the electron as to the neutrino 
for instance, 10?eV™, the new quantum-electrodynamics might add sufficient con- 
tributions only to the electron mass so as to distinguish it from the neutrino’s. 
This is only an expectation, but it seems to be a probable one, because there is no 
difference between the electron and the neutrino except by the charge. 

Fortunately, if quantum field theory holds over 10° Mev, or still has some 
meaning for such energies, the usual quantum-electrodynamics would be much modified 
-by the interventions of weak interactions*, the contribution to the electron mass 
from the latter becomes stronger than the former at energies of 42 a?/\/g , 
where g means the order of magnitude of the weak coupling. And from (18), (19) 
and (24), we can see-that the whole electron mass can be explained only by weak 
interactions with the cut-off energy 4 10°Mev. While the contribution to the 
neutrino mass is quadratically proortional to the deviation from the two-component 
assumption. If the two-compopnent (left-handed) neutrino is realized in nature, 
the weak interactions give the direct answer to the origin of the electron mass, 
at the region where weak interactions become predominant over the electromagnetic 
one. 

The arguments presented here depend on many assumptions. The important 
one is the necessity of a modification of quantum-electrodynamics or the existence 
of the S, T and P couplings in the f-decay or the muon decay. Unfortunately, 
if these cases would be completely eliminated, the question of the origin of the 


* One of the authors presented this possibility: M. Taketani, Report at the Meeting of the 


- Physical Society of Japan, Kanazawa, 1957. 
Also a similar argument has been proposed by D. I. Blohincev, Nuovo Cimento 9 (1959), 925. 
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electron mass would become mysterious problem than ever. The small deviation 


from the two-component neutrino and the existence of the muon or nucleon mass 
are also important assumptions. We believe that more profound considerations are 


necessary for these problems. 
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Yang and Mills’ idea of generalized rotation group in iso-space is extended in such a way 
that one of the bose fields, which are newly introduced there, can be indentified with z-meson 
field. In our theory iso-space becomes to have some correlation with ordinary space-time. 
Gell-Mann’s global symmetry results from our theory and the type of interaction between 
mz-meson and hyperon is restricted to pseudo-vector coupling. 


$1. Introduction 


Recently, some tentative theories have been proposed by many authors to explain 
various characteristic features of the phenomena inclusively, in which the so-called 
strange particles take part, and there the analogy to electrodynamics plays an im- 
portant role generally. For instance, Schwinger’ proposed to consider that 7- and 
K-meson fields characterize the nucleonic charge and the hyperonic charge respec- 
tively, in a similar manner as photon field does the electric charge. Further he 
expressed every kind of charge by a third member of a set of Pauli type matrices.” 
This corresponds to the situation that electromagnetic field specializes the third 
axis in iso-space. Such an idea includes also the universality of the coupling con- 
stants between bosons and baryons, and the universality is treated in a more 
phenomenological way by Gell-Mann”. Here we may emphasize that Gell-Mann’s 
global symmetry means the universality of the coupling constant between 7-meson 
and baryons, and that it requires a more strong symmetry than charge independence. 

For z-meson field, the correlation between electromagnetic field and the gauge 
transformation, which is another important character of electrodynamics, is followed 
by Yang and Mills’. But they failed to establish the parallelism, as the boson 
field, which was introduced by the existence of their generalized rotation group in 
iso-space, has the vector character in both Minkowski’s space and iso-space. The 
introduction of the generalized rotation in iso-space is equivalent giving mapping 
group of the representation space of the group which is generated in iso-space, as 
will be seen in §2. In the following we call such a mapping Yang and Mills’ 
connection of iso-space.* As far as the connection is considered to be independent 


* R. Utiyama®) already pointed out that, considering from the point of view of invariance 


theory, Yang and Mills’ theory had distinct formal similarity to general relativity theory. 
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in any sense of Minkowski’s space, we cannot make any further progress in this 
direction. 

Such attempts following the example of electrodynamics have their origin in 
the facts that electromagnetic field is most familiar to us and that it has resulted 
in brilliant success. Further, it seems to be natural that we expect for boson field 
to play some similar role to electromagnetic field. 

On the other hand, there are provisional theories to make iso-space correlate to 
Minkowski’s one by some possibilities. Klein” attempted to take the degree of 
freedom of isotopic spin out of Kaluza-Klein’s unified field theory in a five di- 
mensional space. Further, Okabayashi” recently proposed to construct a field theory 
in such a way that there exists some correlation between our ordinary space-time 
and iso-space, by analysing the characteristic features in the weak and strong 
interactions. 

In this article, we want to try to improve Yang and Mills’ connection of iso- 
space by taking into account the possibility of the correlation mentioned above. 
Section 2 is devoted to explain briefly the concept of connection® which is funda- 
mental in differential geometry and to rewrite Yang and Mills’ theory in a more 
convenient form to the latter extension. In § 3 we propose to modify Yang and 
Mills’ connection in such a way that 7-meson field plays the desired role. In the 
general theory of relativity the concept of connection is fully used to construct 
unified theories”. The possibility to extend our theory in such a direction is discussed 
in the Appendix. 


§2. Connection of iso-space 


The concept of connection may be understood as follows. First, a representation 
space E(P) of a certain group ¢, which may be a spinor-space or a tensor-space, 
is attached at each space time point P. Second, a mapping from E(P) to E(P 
+dP) is given, where P+dP is a point in the neighborhood of P. The mapping 
is required to form a mapping group G.* Namely, the connection is characterized 
by the space E(P) and the mapping group G. For example, if E(P) is a vector 
space and G is the affine group, the connection is an affine conection and the 
mapping is called a parallel-displacement, and if E(P) is projective space and G is 
the projective group, the connection is a projective connection. 

. In Yang and Mills’ case, E(P) is the space of iso-spinor ¢(P) and G is 
given by a rotation group in the iso-space. The connection js defined by 


f(P+dP)=$(P) +I, (P)¢(P) dz", 


where 


Py(P)=aT ¢ (Pye; (1) 


* G happens to be identical with % in many cases, 


for example, in Yang and Mills’ 
But generally they may be different from each other as wil : rata 


1 be seen in the next section. 
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and the generating operators are it,’s. Here x* is the coordinates of point P and 
¢’(P+dP) is the image. of #(P) at P+dP by the mapping. The connection of 
a vector space is determined usually by that of the spinor space, by taking account 
of the situation that V,=¢*-7,¢ is a iso-vector. Then the connection of V, is 
given by 
Ve (P+dP)=V.(P) +1 ya(P) Va (P) dz", 
where (2) 
Po a earl tae) — itl )c.) |. 
On the other hand, in order to discuss Yang and Mills’ generalized charge 


independence, we must consider the rotation of iso-space which may be different at 
each space time point, 


$(P)>S(P)Y(P). 


This rotation transforms [’, also, and the connection for the transformed spinor 


S¢ becomes 
(SY) prao= (SP) p+ Ti? (P) (SH) pa x*, 
where /’{” is the transformed Ty. S~*(P+dP)S(P) is to have the form 
147:Hy(P)t.dx", 
as it is also a infinitesimal rotation operator, and we get the following formula 
BO — SU ills Te )sG (3) 
(We omit P in the following.) Then, if we define iso-covariant derivative as 
V,.p=0¢/dx,—T',¢ (for spinor) 
and 
VaVe=0 Vet —1 | wats | LIOR SVECLOL , 


V,¢ and V,V., are the spinor and the vector of iso-space respectively. The quan- 


tities 7,7 ,.¢ and dw (where g=¢*7,) are invariant with respect to the trans- 
formation S(P). Further we have another invariant, 


RE RGR», (4) 
where R,, is the so-called Riemann Christoffel tensor. [ Appendix Al 
R,, is given explicitly as 
Ry=9l,/02°—9l,/ax* + Ty, My—L Ty. (4)’ 
Thus we have the Lagrangian, which is invariant in Yang and Mills’ sense, 
L=—(1/4f)R-$ [rl .+M) ¢, 


where /, M are constants. 
If we put 
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Ne (P) =f 42 (P), 


the coupling between the 12-field and ¢-field becomes f 12 P7.te9, and 7," must be 
a vector field with vector coupling and f is the coupling constant. The Xy-field 
and 1/f:R,, correspond respectively to b,-field and F,, in Yang and Mills’ article. 


§ 3. An extension of the connection of iso-space 


In the previous section, we used spinor space or vector space with respect to 
isotopic spin as E(P) and the mapping group G belonged to the rotation group in 
iso-space which was just the group . However, if we take into account 
Okabayashi and Klein’s idea, we must use the direct product E’(P) XE™(P) as 
E(P), where E’(P) and E”(P) are the representation spaces in iso-space and 
Minkowski’s spce respectively, and the mapping group G should be different from 
% contrary to the previous example. Here we must assume that G is invariant 
as a whole under proper Lorentz transformation. In the following, we restrict the 
group G more strictly so that it commutes with proper Lorentz transformation. 
(This means that each element of G is invariant under the transformation.) Further, 
for instance, the quantity which has the spinor character in iso-space and the vector 
character in ordinary space we name spinor-vector. 

In order that, except for the simple rotation group in iso-space, there exists 
the mapping group G which commute with proper Lorentz transformation, EGE) 
must be the space of the spinor fields with half-integer spin. Because, as to the 
quantities with integer spin there is no matrix which commute with a proper 
Lorentz group, contrary to the spinor case where 7; matrix has this property. 
Further, scalar-spinor fields are also excluded, as the group G then cannot have 
any correlation with iso-space. 

Now, we must treat not only spinor quantity but also tensor quantities. In 
the previous section, it has been assumed that the connection of vector quantity is 
induced by the one of spinor field. Usually, such a fusion technique is fully used, 
but it may be considered to be only coriventional from the point of view of the 
theory of connection.* Therefore, we try to give their connections independently 
and to set up some correlation between the connections in such a way that the 
desired physical results are obtained. Then, the relations established by the fusion 
technique may be disturbed by the connection, but here we do not enter into this 
situation. 

Thus we assume that only spinor-spinor fields have some generalized connection 
mentioned above and that the connection of other physical quantities are given by 


the simple rotation group in iso-space as in §2. Then the following three groups 
are permissible for spinor-spinor fields, 


* For instance, 


Einstein and Mayer started from a projection technique instead of fusion 
technique.10 
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G,: the group whose generating operator is it,(1—7;), 
G;,: the group whose generating operator is it,(1+7s), 
G,: the group whose generating operator is it, ite‘ 
If we use G,, I’, has the form 
Cee (5) 


But this form is not kept invariant under the generalized rotation S(P). Because 
the transformed [°° contains the term which is proportional to t, but does not 
accompany the factor (1—j7;), as will be seen by repeating the similar calculation 
as in the previous section. Therefore, this group is excluded as long as we require 
the invariance of the theory under the generalized rotation S(P). Similarly, G, is 
excluded, too. Accordingly, for spinor-spinor fields we use G, which is the direct 
sum of Gz, and G;. Then the connections are written. as follows, 


f' (P+dP)=$(P)+L,(P)¢(P)dz*, 
(for spinor-spinor) 
ff (P+4P)=$(P) +L, (P)¢(P)dz*, 
(for spinor-scalar, spinor-vector, and etc.) 
Vi (P+d4P) =V.(P) +1 ya(P) Va(P) dz", 
(for vector-scalar, vector-vector, etc.) 
where 
| ERT Ree OR Peers 
and 
Putin Ca: 
Next we must set up a correlation between these connections. We assume as 
O%= I, 
and 
ReSpesete eal pte) (6) 
The covariant derivative is to be defined as follows, 
V,p=0¢6/dx"—Lyp (for spinor-spinor) , 
Pippo — lay. (tor spinor-scalar, spinor-vector, etc.), 


V,, Vaso Oat Jake Vig, SOK vector-scalar, vector-vector, etc.). 


* The first equation shows that this correlation is a projection of L, to I’, and the second 


equation has the same meaning as in § 2. 
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Vi, VV. are iso-spinor and iso-vector, respectively. ie 
We can construct the so-called Riemann-Christoffell tensor in terms o e 
quantities L,, I’, and 4. But, for our purpose, it is more relevant to use a new 


vector-scalar field y* covariantly defined by 
A= gV 9° (7) 


instead of the vector-vector field /,°, as will be seen soon. As to the //,%-field, we 


cannot give any iso-covariant equation similar to the equation (7); vas dTpas mot 
iso-vector. Thus the invariants which involve ¢*, %,2(=f7*J/,*) and their first 


derivatives are 
R, VOV ee. g* 9g", 


and we can take Lagrangian < as 


R i a a Pepe aa hie : 
L=— Af? 9 [Pug lrgt +m eo" |—Orly+tM] ¢. 
Here, R is given by Equation (4). 

The interaction between ¢g* and ¢ is given by 


- 0o% = ye 
ig—t CT pTstaPtig§}lh ee Pi prsteY, 
On 


and the first term has the same structure as the ordinary coupling between nucleon 
and z-meson. Therefore, we can identify the g*%-field with z-meson field. Further, 
y’ may be considered as the field operator of every kind of hyperon which is 
rearranged to iso-doublet. Thus, we get also the global symmetry. We have no 
physical field to be identified with the 7,°-field which is vector in Minkowski’s 
space and has no definite tensor character in iso-space. Therefore, the coupling 
constant f may be considered to be so small that the 7,%-field is not observed. 


Then the second term of the above interaction can also be neglected, as / eens 
proportional to /f. 


§ 4. Discussion 


The invariance under the generalized rotation in iso-space introduces the 7-meson 
field in a similar way as the second kind gauge transformation is correlated to the 
electromagnetic field. There the following points are essential. First, the group of 
the mapping G has some correlation with Minkowski’s space, even if it commutes 
-with proper Lorentz transformation. Second, the correlation between the connections 
of spinor and vector field is released from the so-called fusion technique. There 
are many kinds of possibility to assume the correlation, and the one used in the 
previous section is only an example adequate for our physical purpose. 

It may be emphasized that our theory not only gives a universal coupling 
constant for the interactions between z-meson and’baryons, (i. e. global spmmetry), 
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' but also restrict the type of the interaction to pseudo-vector coupling. It may be 


considered as a support to our theory that it unifies three characteristic features of 
the interactions of z-mesons, though they are not yet established experimentally. 

As to the 7% field, the mass term is not permissible in the Lagrangian, be- 
cause it is not invariant under the transformation S(P). Therefore the range of 
the effect of the 7, field must be as long as the electromagnetic field, and the effect 
must be observed macroscopically, if the coupling constant is not zero. 

In the previous section the mapping group G, and G, are excluded by the 
reason why they do not allow the generalized rotation invariance. If we are con- 
tented with the ordinary rotation in iso-space with constant parameter S instead of 
S(P), they are also permissible, and we can include the interaction of §-decay of 
hyperons into our scheme as follows. We begin by assuming 

i) electron and neutrino form an iso-doublet ¢‘° and its mapping group is given 
by Ge, 

ii) all hyperons are iso-doublets” and their mapping group is Gy, 

iii) there is no quantity which has the mapping group G,. (Here #-meson cannot 
be taken into account.) 

Then the connection coefficient for hyperons and electron-neutrino doublet are given by 


LO=i hide cdf tors 
and 7 
L@=iSft.0—10). 
Further, we assume 
Myf = Dives 
and rewrite A,’+J//,7 as 0. Then L,” can be rearranged as 
LO=i> nase +1D i) Taio, 
and L, becomes a projection of Le * liewe pat 
O2=-99°/Bc" 
and 
Dy tf Ay, 


y* can be identified with the z-meson field as in the previous section and A,* is a 
vector-vector field. The A,?-field may be interpreted as the similar field introduced 
by Schwinger” and Feynman and Gell-Mann”. If the interactions of the 2-decay 
of hyperons are considered as the secondary effect through the intermediary of the 
A,? field, they must be of V-A type and have the same coupling constant : 


Ae [Prp(1—7s) taf) [G71 79) Fa"). 
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Before concluding this section, we may remark that we can easily connect this 
theory to the general theory of relativity. For this purpose, we may extend the 
mapping group G in such a way that G is a direct product of a proper Lorentz 
group Gy) and some group G, which is commutable with Gy». Then we can apply 
Fock’s theory to this Gyo, as will be shown in Appendix B. Here we may remark 
that in this case the group G does not commute with the proper Lorentz group. 
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Appendix A 


For completeness, we here give the derivation of the Riemann-Christoffel tensor 
and explain its geometrical meaning, 

The geometrical meaning of the Riemann- 
Christoffel tensor is as follows. If we displace 
a spinor ¢(P) in accordance with the rule of ptiptdp 
a connection and make a round along the 
circuit as shown in Fig. I, starting from a 
point P, P>P+éP>P+0P+dP5>P+4+dP> 
P, the finally obtained spinor, ¢’ (P), is general- 
ly different from the initial one. We can ex- 


ptdp 
press the transformation as piss 
Wt (P) =(L44R pdx dx) 6(P), 
Tensor R,, thus defined is the so-called P 
Riemann-Christoffel tensor, Fig. 1. 


The spinor ¢/(P+dP) at the point P+dP can be expressed by the spinor at 
the point P as 


f(P+dP) =$(P)+d$(P). 


Then, Equation (1) which defines the connection coefficient /°,(P) can be interpreted 
as 


dfs (P) = (8¢(P) /8x*—P, (P)(P)) dz". 


If we displace $(P+0P+dP) to P through the following path, P+dP+dP-3P 
+dP-—P, we get 


$(P) +db(P) +06 (P) +do¢(P), 
if we displace it to P through another path, P+ 0P+dP>P+0P 5P, we get 


> 


and 


Global Symmetry and a Connection in Iso-Space 835 


b(P)+06(P)+d¢(P)+0d¢(P). 
Therefore, the difference between these quantities is just }R,,f0%xdx" and is 
given by 
d0op—ddp=d(0¢/dx"—T,d) 0x" —0(0¢/dx*—T,b) dx” 
=} (0l,,/oxr*—0l,/o2* +00, —TT Jor dx"ld. 


Thus we obtain the expression in Equation (4)’. 


_ Appendix B 


In this appendix we want to show it is possible to make our theory melt into 
Fock’s theory about the spinor field in the general theory of relativity. Then it is 
necessary to use G.X Gy) as the mapping group, as was mentioned in § 4, The 
concerning connection coefficient L, may be written as 


L,=LO+L® 


where L{” and L{” are the connection coefficients which correspond to G, and Gyo 
respectively, and it is sufficient to give the correlation between the L, and the con- 
nection coefficient in the Riemannian space, the so-called Riemann-Christoffel’s 
symbol {4}, 

The generalized Dirac matrix 7," attached to an oblique coordinate in the theory 
of spinor in Riemannian space, which is defined by the commutation relation 


a2 05,0) _— 
ful se =29 ur» 


is a function of space-time. Here g,, is the metric tensor of our space-time. If 
we make the connection in the Riemannian space following Fock’s idea that $7) / 
is connected as a vector in the space, we must put 


GAD) rrar= GaP) rt to GAP) dz’, 
(Gre Py ora=P! (P+ dP)ri(P+4P)p' (P+4P), 
and 
go! (P+dP) =¢(P) +L,¢(P) dat. 
Therefore, L, must satisfy the equation 
070 /Ox* +7QLy +r Li rip = {wh Te 
Since L{? is commutable with 7,7? and the relations 
LO*=— Lo 
and 
pe na — Le 


hold, we get 
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Ori /ox”+[72 LO ={apn 


L® is determined by this equation uniquely. In the above discussion it is essential 
that Li? is commutable with 7,7,, because otherwise the above equation is not 
satisfied. And this means that L{? is commutable with Gyo. 


10) 


12) 
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The general S matrix of nuclear reaction is derived by the method of second quantization 
in order to take account of antisymmetrization of the total system. As an example of the 
general theory, a deuteron stripping reaction is treated. The ampliude obtained by this 
method is compared with those obtained by other theories in this reaction. The amplitude 
of this reaction is discussed for a special target which seems to demonstrate the effect of 
antisymmetrization most clearly. In the case of Ol7(d, p)O%8 the effect of antisymmetrization 
becomes comparable with the direct part. 


§ 1. Introduction 


Although many theories of nuclear reaction have hitherto been proposed, most 
of them have not taken of antisymmetrization of a total wave function based on 
the Fermi-Dirac statistics except for some cases in which light nuclei were treated. 
One of the reasons why they did not take account of the Fermi-Dirac statistics is 
that impractically complicated and tedious calculations were required; in other words, 
there was no formalism which is ‘suitable to treat the antisymmetrization. So far 
as we know, however, there are no reasons to justify the neglect of the antisym- 
metrization. 

The first aim of this paper is, therefore, to establish a general formulation 
of nuclear reactions which is suitable to treat the antisymmetrization. In our method 
we treat the nucleon as a nucleon field and postulate adequate commutation relations 
among creation and annihilation operators, so that we can introduce automatically 
the effect of the antisymmetrization into a reaction S matrix without tedious 
considerations. This method is familiar to us in treating meson scattering at low 


* Based in part upon the thesis submitted by M. Soga to Tokyo University of Education in 
1958, in partial fulfillment of the requirements for the degree of (D;) Se: 
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energies by Chew and Low.” As 

Since Butler proposed the theory of deuteron stripping reaction”, numerous 
theoretical studies and analyses”~* have deen performed on the deuteron stripping 
or pick up reactions. They calculated the angular distribution of stripped off nucleons 
from the external region by the Born approximation neglecting the antisymmetriza- 
tion, and reproduced the forward peak of the angular distribution. As to the 
backward shape of the angular distribution Owen and Madansky™’ proposed the 
heavy particle stripping theory which gave a good agreement with B"(d, 7)C” 
experimental data. They antisymmetrized a loosely bound neutron of B"with the 
neutron of the incoming deuteron. A question arises from their treatment of the 
final states; one of the states comes from a direct stripping process, the other from 
a heavy particle stripping process. In the former state the residual nucleus is 
approximated by the target nucleus + the loosely bound proton, and in the latter 
by the core of the target nucleus + the bound deuteron. As they are not exactly 
the same with each other, we cannot expect great interference to occur between 
two processes. Owen and Madansky avoid this inconsistency by using an arbitrary 
parameter, but we cannot understand what their parameter means. Recently, 
French” proposed an approximate formula for an exchange amplitude. He treats 
the antisymmetrization in the configuration space, but he neglects a part of the total 
interactions. 

The Second aim of this paper is to apply our general formula of nuclear react- 
ion to a deuteron stripping reaction and to discuss the effect of antisymmetrization. 
If the deuteron energy concerned is not so low that deuteron stripping processes 
occur mainly in an external region, we may consider antisymmetrization only among 
a nucleon of the deuteron and loosely bound nucleons of the target. When the 
deuteron energy is so high that the Born approximation is applicable, or so low 
that the resonance peaks are observable, we must consider the antisymmetrization 
of the total system. 

In Section 2, we derive the general formula of nuclear reaction including 
elastic and inelastic scatterings which take account of the antisymmetrization. In 
Section 3, we apply this method to the deuteron stripping reaction generally. In 
Section 4, we compare the results obtained by our method with the results by other 
methods. In Section 5, we apply this method to deuteron stripping reaction of a 
special target nucleus at moderate energies. 


We select a target nucleus composed 
of a hard core and a loosely bound nucleon, w 


hich seems most clearly to demonstrate 


the effect of antisymmetrization on the angular distribution of (d, p) and (d, n) 
reactions. 


The method proposed in this may be applied to many other types of reac- 
tions and may be the first step of refinement for the theory of nuclear reactions. 


§ 2. General formulation 


We assume for simplicity that the total System concerned is composed of N 
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‘identical particles. The initial state is composed of two systems of A particles and 
B particles respectively and the final state is composed of two systems of A’ particles 
and B’ particles, where A+ _B=A’+B’=N. The interaction among them is assum- 
ed to be written as the sum of two-body interactions which depends only on the 
relative coordinates and can be expanded in Fourier series. The total Hamiltonian 
of the system can be written as 


i 


pe (2-1) 
As was mentioned in Section 1, it is convenient to introduce the second quanti- 


zation formalism. In this formalism the nucleon field ¥(x) and the Hamiltonian 
3 are given by 


if Ss xz 
Pia) = i 2 
(x) On PO ee read u(Pn) 5 (2-2) 
x= DOK nding, Meghyy F BV > PT + 9 yl = gu. nl Chey! w,(4k My, > @ a3) 
Fey, ” a 
where 

hk, 1 { = 
Ox. = =, = NB) eT dx ; 2-4 
Fen 9M q Q ( ) ( ) 


ax», and ay», are creation and annihilation operators respectively of the nucleon 
with momentum k, and spin 4, and 2 is the normalization volume. 

An eigenstate of this Hamiltonian (2:3) may have any particle number, so 
that systems of A particles, B particles, A’ particles and B’ particles are all eigen- 
states of the same Hamiltonian (2-3). Therefore, we have 


[46 —E,(A)]%.(A) >o=0, €27'5) 


where A is a particle number, a represents a state of this system and >») a vacuum 
state. In (2-5) we denote by ¥,(A) >o the state whose total momentum is zero, 
and now by Y%e(A) >» the state whose total momentum is K and internal state 
is a. As the center-of-mass of %,(A)>, can be separated completely, we can 
construct Yye(A) >o from %,(A) >> as follows: 


Peg (A) > o= Ak) 44 heyy, Anne a(A) > o> (an) 
which satisfies the Schrédinger equation 


[46 —Exw(A) | Pxa(A) >0=0. (2-7) 


be se (2-6) means that 


De > >. (Ky:-Ieg) tara eth ara 


7m 


+ (-) PPV (hye) et RAEI AD ora. eth gt(K/A)+r 4 
ee Dick 


Loews 
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Here we consider a wave packet with regard to the center-of-mass of the state 
U,,(A) >» in the configuration space. Let us denote by c(K) a weight of the total 


momentum K, then the wave packet is represented by 
Oct) eC Ce ee ae (2-8) 
t 2» Qo a = 
where R means the coordinate of the center-of-mass and ¢ are the internal coordi- 


nates of the particles relative to it. It is natural to postulate that at t»— oo the 
wave packet is very far from the origin and its internal wave function is localized 


around the center-of-mass ; 1.e. 
9(0,€;—c)=0. (2-9) 
Then we have 
201K ee 0 (t>— oo). (2-10) 


In the case when, besides the system /y<4(A) >o, there is another system ¥%,(B) >> 
whose center-of-mass is at the origin, the wave packet is expected to be 


@(t) => }c (K) ¥x. (A) & (B) Se eee, (2-11) 
K 


In order to show that (2-11) is the case, we first note that P(t) satisfies the follow- 
ing time dependent Schrédinger equation 


in O(t) —%0(t)=Kit) , (2-12) 
where we define Vx. by 
[36, P(A) |=Ex.(A) Pieg(A) + Vue; (2-13) 
and we have 
KR) =—Dic (K) Vices (B) > 9 FO + E218 (2-14) 
K 


Next we show that K(t) vanishes at t>—co. If Vic«w is a slow varying function 


of the momentum K in a region where c(K) is large, Vi-.%3(B) >» can be re- 
presented by V,%;(B) >, approximately, and we have 


KO== Dic (KK) eK ae VoL. (B) > 9 ena Bula | (2-15) 


From the property of (2:10), we see that t>—co K (t) becomes zero. 
We consider a state in which a system of A particles with the total momen- 
tum K comes from infinity and approaches to a system of B particles at the origin 


and is scattered. We define a state Y* >, by the boundary condition that there 
are an incident wave Pica(A) 


",(B) >, and an outgoing or incoming wave at in- 
finity. If we write 


CS = et) Y,(B) > o+x%™, (2-16) 


(+) : 
then %‘*? represents a scattered wave. YS) >) satisfies the Schrodinger equation 


Use of Antisymmetrized Wave Function for Deuteron Stripping Reaction 841 


[26 — (Exe(A) +E5(B)) PS >o=0. (2-17) 
From the equations (2-13), (2-16) and (2-17) we have 
PS > =P a(A) %(B) >o 


— 1 = 
MLE ey, (A) EB) 


Vals (B) >o . (2-18) 


Similarly, we have 
PO > p= Pace (A’) Yo (BY) > 0 


i 


= V easy B’ = 9 2-19 
ne WEE aie 3 (B’) > o (2-19) 


for the final state which consists of a system of A’ particles and a system of B’ 
particles. The S matrix of B;(Axa, A’xar) B's reaction is defined by references 
35) and 36) 


SUA Be Ay Bp) Se OPT a! (2-20) 
From Equations (2-18) and (2-19) we have 
POs = WO > .—2710 (H —Exe(A) —E;(B)) Vice¥s(B) >; (2-21) 
D> 9 = U> gb 2018 (26 —Excrar(A’) — Ep (B')) VicrorPos (BY) > 0+ (2-22) 
Therefore the S matrix becomes 
Sle Rast a oles Solent se 
— 2718 (Excra (A') + Es (BY) —Exe(A) —E;(B)) Tce(P), (2-23) 
Ta(P)=<%5, VwPs(B) > 0, (2-24) 
or 
S(AnaBs; Alicia By) = < 859, FO > 
— 2710 (Exe(A) +Es(B) —Enra(A) — Ey (B’)) There (), (2-25) 
T cre: (2!) =< Po (BY) Vicrer PE > oo » (2-26) 


where | represents a hermite adjoint. Moreover, since the initial and the final 
states with the same boundary conditions are orthonormal, we have (FS, PS )00 
=(BS, SY 9=0,,. Thus we arrive at the final form of S matrix: 


Sif) =o — 2710 (Ey— Ex) Txe(P) 2027) 
T me (P) =< Ls (B’) Py crar (A’) Vico’ s (B) - 00 


— < By (BY) Viena eae Vee TM e : (2-28) 
a 


SG f) =0 pn —27710 (Ex— Ey) T's PF), (2-29) 


_ or 
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Tra (8) =< Fp (BY) Vitra Pxa(A) Ys (B) > 00 
ee ee 
HX —E,—ié 
where E,=Ex,(A) +F;(B) and E,=E xa (A’) + £;,(B’). From Equations (2-21 )e 

(2-28), (2-29) and (2-30) we have 
< Vo, (B) F kre (A) Vico? s(B) > w= < Pp (B) Vira Pa (A) Pp (B) > w - (2-31) 
This equation means that the so-called initial interaction and the final interaction 


give the same result for the Born approximation. Generally, we can represent 
(NN) >» in such a form as 
P(N) >o= DS) Gr Cki ew 5 ax) ea Cee >0> (2-32) 


kv ken 
Pie RN 


— <P (BY) View Vices (B) > 0 » (2-30) 


and Vira(A), Virrer(A’) or the vacuum expectation values in Equations (2-28) 
and (2-30) can be calculated explicitly. Consequently Equations (2-27) and (2-29) 
give the general S matrix of the reaction including both elastic and inelastic scat- 
terings taking account of antisymmetrization. 


§ 3. Deuteron stripping reaction 


As an example we apply the general method above mentioned to the deuteron 
stripping reaction. For the sake of comparison with other theories we assume 
that the two-body interaction among the nucleons depends only on the relative 
distance of a pair of nucleons. In this simplified case we can treat proton and 


neutron as distinguishable particles. Therefore we introduce the proton field and 
the neutron field separately : 


Pe) BY Ahr Pam Uta) (3-1) 
; 1 th 
Pu) = Bh Cin 7m eit) (3-2) 


and postulate the commutation relations as follows - 


Liens Arr pr} = Oc Orrys} =O rere) O yt > 
rains Ginws} — {Qiew > Qkrypr} =0, (3-3) 
{biu > bins} =e {Ory > repr} =0 > 
{dieu » Cinwh = {icy » Dior} =U 


where a;, refers to proton and bry, to neutron. The total Hamiltonian is given 


by 
x = Ho + i: (3 ; 4) 
= oe OK, Aku, ax, w+ Pa OK, bi,u, Oru, ; (3-5) 


iD 
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=—1 S S * * 
36; B210q 21 * (ay, +00, Qk on, Uk! Urey 
q mn 


= “n 
Ky Mn Kh, Ss 


* * 
a Di, char O;.,1 =O sh bx. Ok La 


2 9d 


9 4* * 
+2ax + ou, bi —aueyt by.,11,,1 Ue,,2,,) « (3-6) 


Mm 9d 2 9d 


As the ground state of deuteron is approximated by a pure S® state, we obtain for 
the state of deuteron with the total momentum K and the z component /, of spin 


Vicw, (2) > o= 21>) 44 /4ytp|140) Dak (Rk) Gicja+kppOK p—Kyy > 0> (3-7) 
PYN : 
and for the energy 
Ex (2) =40K+Ep, (3-8) 
where 7(k) is the Fourier component of the deuteron wave function, —E, is the 
deuteron binding energy and k=|k}. 
Now we calculate the interaction term Vxp, according to the definition (2-13). 
The commutation relations (3:3) lead to the following results : 
(260, Parwp (2) ]=hox Pay (2) 


SS wae Zh ¢y'r\1 pd) > (Rk) OnACK 2) + kp bb 12) Ky ; (3-9) 


NP 


[261, Pcup(2)]= >) Gdevttr| Ler) 332 (2) 


ep 
3 X {vc +e p OG )2)—Ky + Abc )2) +k p WK 2)-key} » (3-10) 
where v and w are defined by 
Vip= |, ary], 
Wry = [4% y bier) - (3-11) 
Thus the form Vr, becomes 
Vicunp= >) 33 HeHw| len) Dit (k) 
x { (2o~— Eg) abc 2) +10 p OG j2)-K+-y (3-12) 
+ UK )2)+kep COCK 2)-hty + aici) +teupt UK 12)—Ki y} . 


If View, Yous (A) >o does not depend so sensitively on the momentum K, we shall 
be able to write the initial state in such a form as shown by Equation (2-18). 
Writing View, Pond (A) >> explicitly and examining each term we can easily obtain 
the condition under which Equation (2-15) is established. The condition is that 
both the target system Yoi4(A) >o and the deuteron system V7 Ky, (2) > > are so 
strongly localized around the origin and the center-of-mass of the deuteron, respectively, 
that their wave functions occupy very wide domain in the momentum space. As 
this condition seems to be realized by the system under consideration we can ex- 


_ press the initial state in the following form, 
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qT 
CH >o= DS) (4H rHwlley) DX (k) ax 12) +Ku pK j2)—kitp Low, (A) >o 
pl k 


1 ’ 
ee Vio Cet) Sa, (3-13) 
6 — (1/2) ox —Ep—E, (A) Fi€ KEp on ( >a 


where | 


[26 —E)(A) ]Po4 (A) >o=0. (aia) al | 


Similar result is also true for the final state. When the emitted particle is proton 


and residual nucleus is left in a state m, we have 
Pr A+1) >o 


== L Vi. 
ERAS ORE Beige a OO as 


(e- =k 
L ) >o= AK p¥ + 


Pri ,(A+1) >o, (3-15) 


where 
[26 —E(A+1) Pint, (A+1) >o.=0, (3-16) 


and the definition of vz,, is the same as Equation (3-11). According to the de- 


finition (2-20) of S matrix we can construct S matrix of (d, p) reaction from 
Equations (3-13) and (3-15), and we obtain 


S(Dxvp Aon 3 Pept p> Baws 
= 67, — 2710 (Ox, em “+ 1) es, 40K —E,—E,(A) ) Tr. (H4) ? (3 4 17) 
T cup Ha) =< Fig (A+]) anu, Viewy Pon? (A) > oo 


ee OU CAME Vy! 5, 1 Vig wis 
i) Key 7 He wnpn,—E,(A+D = 98 K wp Loud (A) > 00> 
(3-18) 

or S(Dxz,, Ais : deh eiyslens #9) 
= 04, — 2770 (hog +Ep+Ey (A) Op En(AFt 1)) Trepiny (25 4 
(3-19) 
Tipu, (He) =< F mip (A+1) Ubu Pap, (2) DiA (A) > 

ee AS ae I © ye 
é a H —404,—Ep—E,(A) —ie View y Pog (A) > 00 - 
(3-20) 


Equations (3-17) and (3-19) represent all the processes that occur in the (d,p) 
reaction, but hereafter we should like to omit the so-called “ 
and treat only the Born term which gives a direct rearrange 
consider only the cases when the Born approximation is valid. 

In accordance with the shell model we assume 
in one of the shell states of the target nucleus. 


compound process ” 
ment reaction. We 


that the neutron is captured | 
Then the state of the residual 
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nucleus can be expanded into a shell state of the captured neutron and the state 
of the target nucleus, 


pig (AFD) > o=D(Amel jj) iLateal Latte) 
X D3¢1m () Dita Put (A) >o, (3-21) 


where J and m are the orbital angular momentum and its z component, and 3 and 
v are the spin angular momentum and its z component, of a shell wave function 
$14;,(7,0). I, and /44 are the total spin and its z component of the target nucleus and 
T, and /, are of the residual nucleus. The Born term then becomes 


M,=>\ (Ampl jj.) GLijtalletz) 
mY 
>< > Pin (k) <s Dy A (A) bry Ak p 7 Vu, CoA (A) = 00 > (3 ° Ze) 
My=D) (Uhmptl jj.) GLaj-tal Lotte) 
mi 
x Ss on hy Vit (A) bryD prs Pru (2) FouA (A) >> (3-23) 


where the suffixes I and F mean the initial and the final interaction formalism re- 
spectively. In order to obtain the final result we only need to calculate the expect- 
ation value of the initial interaction or the final interaction by the target state 


Pond (A) >o- 
$4. Comparison with other theories 


In order to compare the amplitude obtained in the preceding section with those 
of other theories we write the initial interaction and the final interaction explicitly 


as 
Ory Up» Vie pag Lppy| 1p) 2 (k’) { (2o—— Ep) Ory Upmy 
x aK /2) + Tert pOUK [2)—k! ey a Ledryte ps WK +kl+qp 
x ps (ai,,-94,, yey, Djs, 9%, Te) bf )2)—-kra Nn 
9b" 9b 
38 Dire ute pe pH 1K [2)+K/¥- pK )2)—k!-qu. y 
x Pp, Far ain Ak, “te bie, Dr.) (4-1) 

and 


Ory, UO repty Prup (2) => (43 /pPAn| 1p) Dat (k’) 
x {4 UpPiew 2 (aie, Gh ane Fb, Br,,— dn) 
q non 


* 4-2 
X ak prays atic 2) + kn pOCK 2) hry) ’ ( ) 
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where g=|q|.- | 
First we consider the final interaction formalism M,. Using the explicit 


form of the interaction (4-2) and putting for the target system the vacuum | 
state** with the spin J, and its z component /44, we obtain 
MEDS (34H 1en) (Qmp|jj.) Glaj-Hallebe) 
x Sey ke +q— (K/2) |) pha Khe) « (4-3) 
The Butler amplitude” M” is obtained from M, if we divide 9f,(K—k,) into | 


two parts, one of which is related to the internal region and the other to the 


external region, 


Lim (K — kp) =i. K— ie) + Pin (K—k,) , CE. 
al LK 
* (K—k,)= — | A -ik kp-r J 
SE emery ot ° 
fi Ik 
* (K—k.) = | * ~tK-kp1 Jp ; 
Lin ( r) 70 Pin(r)e dr (4-5) 


where R is the radius separating the two regions, and we are interested only in 
the external region. Namely, 


M?=) (344,4\1e,) Lampeljj.) GLlijta\ Tete) 
X Gin K— kp) Sivek ([ke+ q— (K/2) |) . (4-6) 


Moreover if the outgoing preton comes from the external region, the operator of 


the outgoing proton aj,u 7 8 exchanged by Stuf, (kp) arr pu , and we obtain the — 
Kel p(ext) : 


direct stripping amplitude of Nagasaki’s theory”, 
ie (34H ley) ampli 7.) GLajeta\ Lette) 
X Stk (kr) gin (K— He) Siok (|! + q— (K/2)|) , 
where ; (4-7) 


ua 


—tkp—k! p-r 
ee Q | i Ae (4-8) 


Ir]>R 

As it is easily seen from Equation (4-3) that the Butler amplitude is obtained by 
neglect of the interaction between the deuteron and the target, it is natural to 
consider that the final proton wave comes from the external region. Experimental 


distribution of protons at small angles seems to be explained better by Nagasaki’s 
amplitude than by the Butler amplitude. ; 


If the target Pois(A) >» can be divided into a proton and the rest in the fol- 


**K B 
A y the vacuum State, we mean a state ¥> y where the operator ¥ commutes with the inter- . 
action term and with any other particle operators. 
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lowing way, 


F Ss poi Pali 
Poe (A) > = woe Lk’ Ge) GT je Pel Latta) 
x Germ (k’) Airy ae (A=1) >a (4-9) 


and equate ¥% (A—1) >» with a vacuum state** with the spin I, and its z com- 
nent /4,, we obtain French’s amplitude” 


> 


Miers >. ‘ (Ade py| 1p) amp j 7.) GLaj fall ete) 


pe ym 


XK DS 5m! FG!) GTS rl Latta) 


Umi pl jlj,t1,. 


CL hm pg je") GT Ge" Ur | Latta) 


UI mI IPI GIN 5,11 


XD (FR) S16, (KE) Sih Ch) > 38 or mr He") S104 
ki k ks kt g 


a * * 
X < agp rey >> (ajz,u,, Ue, — qn Die Mn bk,—an) 


X Akpraty UKM +krnp CK )2)— Ky Terres > 00 - (4-10) 
However, French neglects the proton-proton interaction, and then M* takes a simpler 
form 
M*¥=M°’ (direct) + M” (exchange), (4-11) 
M* (direct) ee (BAe tLe) mpl jj.) GLajtal late) 
X Gin (K— kp) S30 9h (| +y— (K/2))) ; (4-12) 
M* (exchange) =—, >) Ebert y) bmi) Tait ata) 


x So Cm! p eli G/) GLU Taba) 


Um j! ja L yp 


SL gel te) 55!) Ged tee Tata) 


Um 1 grt 


x DM dik (| (K/2) —k+4 ) Oirrmr (kp +4) 


x 9%, (k) bm: (K—k-+q) - (4-13) 


The M’(exchange) term (4-13) is equivalent to G amplitude of French’s notation. 
Next we consider the initial interaction formalism M,. If the target is compos- 
ed of a loosely bound proton and a hard core of the spin J, and its z component 
Pe > 
Pout (A) >o= pal (Uhm! tj! je!) (Gi Tojebel Lata) 


** ibid. 
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X SWiK!) abr Yor? (A—1) >o. (4-14) 
Kk 


M, becomes 
Mr iy, aMHlIi— GLijfal Inte) Uam'p!\j'72) 
x (GF Leje! Hel Latta) U 5m" 2! 7/92!) (G'Tede! Hel Lal) 
X D1¢im (le) SiGirms CK) Sor mir "") 


<x < Duo (A-1) airy Drew Ak pe Viv, errr D op (A—1) = 00 - (4 . 15) 


Here we put for Piya (A—1) >» a vacuum state** with the total spin J, and its zz 


component /,, and obtain 


ve Ss : (Zamp|jj2) GLajetal|Tebe) U9m'p'|7'72/) 


mye! Pmt AI 1h he 
X CF Tejebe| Latta)? Vamp! |5'9/) S83 ex| Hp) 
X >im(k) > Pir (k’) > Porm (hi) 2 1(k"”) 


* * 
X <aprys rey App (2K — D) QK/2) +k pp O&K 12)-K wy 


2 9d nm 2 


* 
=F 10,445 +h bi 
q 5 


“7; 


* * 
- Rau eG aku + OF ga. br ) bce 2)-KeIM y 
ee 9d 


Ba hs * ¥* 
oe Dat J2) +h p b&K [2K qu 23 2) See ax, + Of, 4am, Dre ,) } 


2m 7 


X Akers > 00 . (4-16) 


Using the equation of ground state of deuteron (2w,—E v(Z(k) =S)v,%(|k+q]), j 
(4-16) becomes . 


M,= M, (direct) + M;, (exchange), (4-17) 
M, (direct) = seas Bat Len) (Cmte 77) 

X (GLijtalTnbts) 9m! 5/5)? G' Teje! Hel Latta)? 

x Seyi K+ q— ker) Wn (ke) ore (le +4) 


X {X(|ktp— (K/2) —q|) +2 (|kp— (K/2)|)}, (4-18) 
M, (exchange) ~ pn aegn Baltrl| Ln) (hentel jj) (GL aj al Lotte) 


x Um! tel jj.) Um! ty j'5) (G'Ted' Mel Latta)? 
x DM iFim (K + q—k’) Dir mt (k’) Dzronr) (kp+ q) 
X {X(|k!— (K/2) —q|) +2 (\k’— (K/2)|)} . (4°19) 


In the nominations of Owen and Madansky M, (direct) is the direct stripping 


eo mabice 
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‘amplitude, but /,(exchange) does not correspond to the heavy particle stripping 
amplitude. 


§5. Angular distribution of emitted particles 


If the energy of the incident deuteron is low, the Born approximation is not 
valid inside the internal region. Therefore we only consider the external region by 
the Born term. For simplicity we treat a special target composed of a loosely 
bound neutron and a hard core. This target nucleus seems to demonstrate the 
effect of antisymmetrization most clearly. Moreover, we assume that the spin of 
the hard core is zero. Therefore, the target and the residual nucleus may be ex- 
pressed by 


Pac (A) > oe (amp| Lita) DP im (k) bi, Pn (A—1) >o., (5-1) 


PTE (A+1) >o= >) (Uhm p77.) Um" UNG G2) GI'G-4e Tob) 


mil mI 5, De! 


x >Pumt (k’ ) SP um (k’ !) Aikinasr baru iD (AS Diss (5-2) 


Te MAF) So= her’ 59.) Um GI 5:52 |Le' ee) 


mpl mIMBl G25 af 
Se mR!) Serr (He) Bh Bigs FAV > 0, 68) 
where V72,(A+1) >o is the residual nucleus formed by a (d, 7) reaction and 
gin (A+1) >, by a (d, p) reaction. In the final interaction formalism the ampli- 
tude of the Born term for (d,) and (d, p) reactions is given by 
RCO tate. BY 
a eC. 


Ve pt yt Hm! 217 Rahat 
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where @m(k), Oim(k) and w;,(k’) are Fourier components for the external region 
(ext) (ext) (ext) 


defined in Equation (4-5). Now for simplicity, we assume [,=j=j’ and /=//=1", 
This is the case with such a target as O” and a residual nucleus as F™® or O”. 
Therefore we obtain the following final results: 
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In Equation (5-6) the 1st term gives the amplitude by Nagasaki’s theory, the 2nd 
term gives the exchange amplitude by -p force, the 3rd and the 4th give the direct 
and the exchange amplitudes by 7-n force. In Equation (5-7), if we use the sym- 
metry property of Clebsh-Gordan coefficient 


(jrjomyms| JM) = (—)**?-7 Gajimym,|JM) , . (5-8) 


the 1st and the 2nd terms give the amplitude by Nagasaki’s theory, the 3rd and the 
4th give the amplitude by the force between the proton of the incoming deuteron 
and a neutron of a target. Therefore, if the value of 2/,—TJ, is even, (d, p) 
stripping reactions cannot occur by the mechanism which we consider here and if 
the value is odd the amplitude is larger by factor 2 than the ordinary one. 

As easily seen from Equations (5-6) and (5-7) the ampliudes of (d, 7) and 
(d, p) reactions for such a target as O” are different even iu J,=1,'.. Uhis makes 
the angular distributions of neutron and proton to be of different shapes. The 
differential cross section of the stripping reaction can be expressed by, 


da ool 
dQ Jeep Fan 
X dOK yikp) * (5:9) 
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As an illustration we calculate the angular distribution of O'(d, p) O* strip- 
ping reaction. In this case [,=5/2, I,=0 and/=2. Even in the simplest case of 
the two-body force of @ type, calculation of the exchange amplitude is not easy 
without the assumption that the spread of the deuteron wave function is negligib- 
ly small as compared with the radius of the target. The accompanying figures 
show the angular distribution curve of (1) the pure direct term, (2) the pure ex- 
change term, (3) the cross term of direct and exchange amplitude and (4) the sum 
of (1), (2) and (3). The incident energy of deuteron is assumed to be 10 MeV 
(Fig. 1) and 4 MeV (Fig. 2), the binding energy of loosely bound neutron is assum- 
ed to be 4.143 MeV and then the final energy of emitted proton is 11.943 MeV 
and 5.943 MeV respectively. The nucler radius of O” is assumed to be 3.96-10-* 
cm. From the result of the calculation we see that the exchange effect is of com- 
parable order of magnitude with the direct part and modifies the shape of the 


angular distribution. 


§ 6. Discussions 


In the preceding sections we derived the general S matrix taking account of 
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— | relative (4) 


(1) (2) 


Fig. 1 Ol7(d, p)O18 
(1) Direct Term 


(3) Cross Term 
(4) Total 


exchange amplitude seem to be of comparable order of magnitude. 


calculation of O" (d, p)O* 
10 MeV 


Ep =10MeV 
(2) Exchange Term Ep=11.943MeV 
R=3.96-10-%cem 


150 


( 


3) 180°0 
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antisymmetrization of the total 
system and applied the method 
tothe deuteron stripping reaction 
and showed by an example that 
the effect of antisymmetrization is 
appreciable. We took only the 
Born term into account but this 
procedure is not exactly correct 
even if we are interested in the 
external region, since the wave 
in the 
modify the wave in the external 


internal region may 


region. In order to refine the 
theory we should treat T matrix 
more exactly. One of the pro- 
cedures to improve the theory 
may be to treat “compound 
process”) by considering the 
antisymmetrization of the formal 
theory of the nuclear reaction. 
The most important point of 
this procedure is what kind of 
nuclear model we should select 
for the composite particles in 
the initial, intermediate and final 
states. 

As to the deuteron stripping 
reaction at moderate energies, 
the Butler and the Nagasaki 
amplitudes reproduce fairly well 
of the 
angular distribution of stripped 
off nucleons. This seems to show 
that the approximation mention- 
ed in Section 5 is fairly good. 
Therfore we selected a special 
target, for which both the 
Butler type amplitude and the 
Our result of 


the general features 


a shows that the exchange effect is appreciable. At about 
of the incident energy of the deuteron the angular distribution of emitted 


proton shows a forward peak as in the case of the pure Butler type, but the 
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position of the peak is shifted 
to the large angle part by about 
Fh relative 10°. The position of the peak 
o (4) depends on the radius R, i.e. a 


small R gives the peak at a 
+ large angle. The absolute value 

of the cross section is changed 
by about factor <2 by the ex- 
change effect. This absolute 
value also depends on the 
radius R, that is, a small R 
gives a large value. The same 
features are also seen at 4MeV 
of the incident energy of the 
deuteron. The peak of the 
angular distribution of emitted 
proton is shifted to the large 
angle part by about 20° or so 


ot in comparison with the case of | 
10 MeV. In both case, we 
must mention, the exchange 
amplitude modifies the backward 
component of the total cross 
section curve, while the pure 
Butler amplitude falls down 
rather in the forward angle 
region. And, if the radius R 


becomes larger, the exchange 
amplitude becomes of a large 
value in relative to the Butler 
one. 

If the pure Butler amplitude 


120 180°O 
is considered’ the wave of the 
emitted proton consists of 


Fig. 2 O'(d, p)O” jx(|K—k|-r) only, where K and 

(1) Direct Term Ep=4MeV k are the wave numbers of 

s ee tem a sc grain deuteron and proton. On the 
ross erm =O. u 


other hand, the exchange am- 
plitude gives three kinds of 
waves of the emitted proton, namely j.(|K—k|-7), jx(\K—k|-r) and jk hi 
which suggests the possibility of the spin flip reactions” and the modification of 
the angular distribution at low incident energies. The O"(d, p) ©" reaction is one 


(4) Total 
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of the most typical reactions which is suitable to test the effect of antisym- 
metrization. Our method is also applicable to other target nuclei which have several 
extra nucleons. When the incident energy of the deuteron is so low that the final 
proton wave can be approximated by the distorted wave by means of the cloudy 
crystal ball model*”, Equation (2-24) shows that the transition matrix is approxi- 
mated by the distortion of the final wave without the distortion of the initial one. 
This is because we use the exact interaction Vx,. 

Our method is most useful to treat the exchange character of two body interactions. 
In this case the interaction Hamiltonian is modified to 

He 1=4Dd109 SS DS bal 5 Ens’ Fifa yen el ey Boga atlas 
q 


Kk,)/ BB hy, S/S 


m9 
ToT oa/ Toy// Ty /// 


Yew ni _ * * 
[Pn >on 3 ny Tn > Ak ty Biylty/! Qk -9 Bt DY, el Tp! aK & 


n> ? 


1 that 4 
P(x) ae > Bigg ty Rl . & u (Hn) i (&,) ? 
Vv 


nh nT Q 
where t is the charge spin operator, o is the normal spin operator and P(t,, Te Teskian 
is the exchange operator of two-body interactions. The procedure of treating this 
term will not be changed substantially. 
The method proposed in this paper may be applied to many other types of re- 
actions and may give the first step for refinement of the theory of nuclear reactions. 
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The behavior of the small ~p-wave phase shifts are investigated, with use of the 
integrated forms of the G.M.O. dispersion relations, which are free from the ambiguity due 
to the principal integral of the total cross sections but are sensitive to the real part of the 
amplitude at low energies (<100Mev). For the (3/2, 3/2) amplitude the result from Puppi’s 
analysis is used besides the experimental data, which greatly reduces the ambiguity due to 
the lack of precise experimental knowledge on the (3/2, 3/2) phase shift at very low energies. 
It is shown that Lomon-Chiu’s data on the small p-wave phase shifts are definitely in 
contradiction with the dispersion relation for the isospin even amplitude. This conclusion 
is not altered even if every one of the small p-wave phase shifts is varied by 100%. The 
disparity is removed, however, if we use rather large negative 6)3 at low energies (<100Mev). 
On the other hand, for the isospin odd amplitude, there is no such disparity irrespective of 


such alternative choices of the small p-wave phase shifts with the coupling constant of 
0.07~0.10. 


§ 1. Introduction and summary 


In the pion physics at low energies the small p-wave phase shifts are yet quite 
obscure both theoretically and experimentally, so it is very interesting to investigate 
into this problem. In this article a crude information is given on the behavior of 
the small p-wave phase shifts, with use of the integrated form of the G.M.O. dis- 
persion relation,” which can be easily obtained by integrating the G.M.O. relation 
multiplied by the factor €-? from €=0 to €=L with variable €, the lab. sys. pion 
momentum. 

In this integrated form, the integral of the real part of the scattering amplitude 
is expressed as the sum of the coupling constant term and the integral of the total 
cross sections. As the integrand of the cross section integral is singular only 


logarithmically at €=L, the integral is expected to be fairly insensitive to the de- 


tailed shape of the total cross sections. Further, the convergence of this integral 


is very good. On the other hand the real part integral is sensitive to the behavior 


of the phase shifts at low energies. Therefore, we can study in what extent the 


behavior of the small p-wave phase shifts may be compatible with the dispersion 
relations, if we can avail ourselves of the more reliable information about (3/2, 3/2) 
phase shift and s-wave phase shifts empirically or theoretically. 


Detailed analysis is given in section 3. The sources of the experimental data 


used in the present analysis are the following: Total cross sections from Anderson 


ee 
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‘et al.” (below 400 Mev) and Cool et al.” (from 0.4 to 2 Bev). The small p-wave 


phase shifts and the s-wave phase shifts from Lomon and Chiu.” The s-wave 
scattering lengths from Salzman and Schnitzer.” For the (3/2, 3/2) phase shift, 
the result from Puppi’s analysis with Chew’s static theory” is used besides Ander- 
son’s” empirical formula. L, the upper limit of the integral of the real part, is 
set equal to 300 Mev in this analysis. The results are as follows: 

1) There remains a certain discrepancy for the isospin even amplitude* so far as 
we use Lomon-Chiu’s small p-wave phase shifts extrapolated to the threshold from 
about 100 Mev by assuming Joc7*. 7 is the pion momentum in c.m. system. 
This conclusion is not affected even if every one of the small p-wave phase shifts 
is changed by 100% in the energy range below 300Mev. 

2) The discrepancy can be removed, however, if we adopt alternative 013, which 
is negative and rather large in magnitude at low energies; 9; is assumed to be 
— (0.05~0.1) 7° below 100 Mev. 

3) For the isospin odd amplitude there appears no such disparity irrespective of 
the wide variation of small p-wave phase shifts with the coupling constant of 0.07 
~0.10. 


§2. The integral form of the dispersion relation 


In this section we derive a relation which is more suitable for investigating. 
the behavior of small p-wave phase shifts at low energies, from the G.M.O. disper- 
sion relation. The guiding principle for deriving such a relation is to avoid the 
ambiguity originated in the principal integral of the total cross sections in the 
G.M.O. relation and to make the resultant relation competently sensitive to the 
phase shifts at low energies. The principal integral in the original relations is 
very sensitive to the detailed shape of the total cross sections near the resonance 
and, further, it yields unwanted error of 10~20 percent in numerical integration.” 

We start from G.M.O. dispersion relations for the isospin even amplitude, 

£2 


2 © =! bs 
ney SF © 42 op |S re, (1) 
mL 


G44 1 E/2__ &2 


and for the isospin odd amplitude, 


abe ERD Wap C OH ao Faye D) 
h CS gp areretee sail zat (<"), (2) 
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* The isospin even (odd) amplitude means the amplitude which is even (odd) in exchanging 


the initial and final pion isospin indices. 
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ne(é) = Re[ D*(é) —D*(0)], 
WL 


no(§) == [Re D’(¢) —/ 1 + ReD” (0) ]. 
my 1+¢ 

Here € is the pion momentum in the laboratory system, and D*() and D*(*) are 
the isospin even and odd amplitudes of the pion-nucleon scattering, respectively. 
o* and o are the total 7*—p and =~—>p cross section, respectively. m is the 
nucleon rest mass and g is the small coupling constant, renormalized but unrationalized. 
The symbol P stands for the principal integral. The unit H=c=p(pion rest 
mass) =1 is used throughout in this article. Multiplying (1) [or (2)] by the 
weight-function F(¢) =(2/7)&-*,* we integrate both sides of (1) [or (2)] from 
€=0 to €¢=L. Then, we have the following relations: 


L é 2 Sed bef 6 é | E| 
ale ds he (€) =—f?(0) 4 169" tan Le 2 | dé F@) lb +e) (3) 
7 J Opes m v0 iS jLa—<F4 
and 
2\ a PC) =— FO) —32gtan"L+ \ de oy (4) 


There are several characteristics in these relations. First, the integral of the total 
cross sections are fairly convergent at high energies, so the ambiguity coming from 
the unknown high energy region is very small. Second, the integrands of the in- ~ 
tegrals are singular at ¢=L only logarithmically, so the integrals are not sensitive — 
to the detailed shape of the total cross sections. On the other hand, the integrals 
of the real part are sensitive to the behavior of the phase shifts at low energies. 
The use of Chew’s static theory for (3/2, 3/2) amplitude greately reduces the 
ambiguity of the present analysis (see next section) . 


§ 3. Discussion with experimental data. 


Next we shall investigate how the small p-wave phase shifts may be compatible 
with relations (3) and (4). It is desirable to make the parameter L appropriately 
large to obtain a less ambiguous conclusion from the present experimental data. 
To make L smaller brings out the larger ambiguity as it should be from the deri- 
vation of the relations. In this paper we choose L to be 3, which corresponds to 


about 300 Mev of the pion kinetic energy in lab. sys. We shall study the problem 
for the isospin even and odd amplitude separately. 


* Tn general, the weight-function F 
singular than é-2 at the threshold. The 
simplest, and further minimizes the ambi 
(4) are also obtainable!) by combining 


(€) is somewhat arbitrary, except that F must not be more 
choice of F(€) in this paper makes the integrated relation 
guity of the cross section integral. The relations (3) and | 
Gilbert’s new dispersion relation with G.M.O. relation®, 
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i) Isospin even amplitude. 
First we shall investigate the right side of (3), which is set to If 
1416 g%an-? L—f*(0) +2 ("as Ae 

TsO J 


m : 


L=§ | 


(3’) 


The first term of (3’) is easily calculated with m=6.725 and L=3, and the 
result is 


"2.97 7. (5) 
f£°(0), sum of the total cross sections at the threshold, can be expressed as 
Ff? (0) = (o* +07) threshoia = (87/3) (ay?+2a;”), (6) 
where a@ is the s-wave scattering length and the suffix 1 or 3 refers to the isospin 
singlet or triplet state. The latest data by Salzman and Schnitzer” are 
a,=0.167+0.01,. a,=—0.10+0.01. (7) 
These a’s give 
f°) =0.41 + 0.06. (8) 
The integral in (3’), say H’, is the main part of If. To facilitate the dis- 
cussion, we separate the high energy part from the integral which corresponds to 
the domain of the integration above 2 Bev (*=15=M), where the total cross 
sections are not known experimentally. Further, we must take special care in 


integrating over the point ¢=L, where the integrand is singular logarithmically. 
Thus we separate the integral into three parts, namely : 


y 0.1 0.2 0.3 0.4 05 0506 0.7 08 09 1.0 11 12 Loa els Ve 


Fig. 1. Energy dependence of the x*+p and z+ total cross sections. The solid curves 
refer to the experimental cross sections?», and the dashed curves are those modified 


so as to reduce the disparity within the experimental errors. 
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H*=Af+H3+V*%, 
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H° is numerically integrable with suitable choice of J. In this paper 4 is chosenif 
as 0.1. The experimental data are taken from the results of Anderson et al. 
(below 400 Mev) and of Cool et al.® (from 0.4 to 2 Bev). Above resonance the} 
statistics is not so good and there may he errors of about 10 per cent in these 
data. The corresponding error to H,° is estimated from the modified curves ini 
Figee (Ch): 


The result thus obtained is 


10 : 
He 4.022001, OO) ee eet 
H,’ is analytically integrable with the ‘ 
Taylor expansion of the integrand in 
powers of (¢—L) and leads to a function 8 
of f*(L), its first and second derivatives 


with sufficient accuracy. f%(L) and its 7 
derivatives estimated from the above data 


(see Fig. 2) are 6 a 
J) =51205, af(Ljy==5.1, 
5 yy 
oe (L723. 
These values lead to ap 
F7,°=0.35 + 0.04. (11) 
The ambiguity associated with these b 
derivatives gives rise to certain amount aL 
of error, namely, 


OF, = —0.0000680f/2 + 0.00010f"”", 1.0 2.0 3.0 


4.0 5.0 6.0 & 
(12) Fig. 2. The first and second derivatives of 
F(§) at €=L are estimated by assuming 


The smallness of the factors in (12) the form .f(6)=a&+564¢, near FSS: 


ensures that H,° is extremely insensitive The best fit is obtained with a=3.64, 
to the detailed shape of the total cross Pibieai and ¢=53.3. This parabola 
- sections. (curve a) is shown together with the 


cross section curve b, 
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The high energy contribution V* can be easily estimated by assuming the 
‘constant cross sections above 2 Bev. The value of f’(¢) at 2 Bev is, according 


to Cool et al., 
Wie (2 Bev) aa (60 +6) mb» 
which leads to 


V°=0.25 +0.03. (13) 


The fairly good convergence of the integral ensures that V® does not increase by 
so much amount unless the cross sections increase considerably with energy of pion. 
In fact, if f?(€) increase linearly up to 2f° (2 Bev) at 20 Bey and then stays 
constant above 20 Bev, the increment of V* is about 20% of the value of (13). 
The total cross sections would rather decrease with increasing energy, for the 
forces with shorter range would play an essential role at very high energies. Then, 
we believe (13) may be an over-estimate. 
From (5), (8), (10), (11), and (13) we have 


1£=2.979?— (0.41 £0.06) + (4.02 + 0.21) 
+ (0.35 + 0.04) + (0.25 + 0.03) (14) 
— 2.979? +4.21 + 0.34. 


Next we examine the left-hand side of (3) : 


24E* Te Be mpl 
i= aS ne (é) =—| 


zJo & mm Jo 


© {ReD*(é) —ReD*(0)}. (15) 


The phase shifts expansion of the forward scattering amplitude D* is given by 


Ly (E) Sey (laz_ + (1+1) ai..], (16) 
n = 
where E and 7 are the center of mass total energy and meson momentum, respec- 
tively. The even amplitude a’ is related to both the isospin singlet and triplet 


amplitudes by 

a’=4(a,+2as). (17) 
Each of these amplitudes is expressed by a relevant phase shift as a=e® sin 0. 
The suffix J, in (16) refers to the state j=/+3. 


If we restrict ourselves to keep only s and p waves in the expansion (16), 
the integral (15) can be reduced to 


pari + Pi S* (18) 


with ~ 


L = 
ey dE sin 284s, (19a) 
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= 8 ("FE (in 26,,-4+2sin 28, + 2sin 23), (19b) 
3 Jo 7 
a See {4 (in 26, + 2sin 205) -2(1 ++) (a,+2a;) ! : (19c) 
Oa0yre a? . m 


Ps represents the contribution from the (3/2, 3/2) p-state, P{ the contributior 
from the other p-states, and S* from s-states. 

At first we discuss Ps, which is the largest of all terms in (18). Using 
Anderson’s empirical formula,® we have the following value of P%, 


P§ (Anderson) =7.51. (20) 


However, we need rather precise information about the phase shifts from 150 Mevy 
to the threshold in order to obtain a reliable result because of the denominator 774 
in the integrand of P%. Then, it is better to calculate P, theoretically, by means4 
of Chew’s static theory, since the theory is satisfactory on the (3/2, 3/2) scatter: 
ing phenomena below and near the resonance and further contribution from the4 


above resonance is only few per cent of Pf. According to Puppi et al.” thed 
(3/2, 3/2) phase shift is given by 


3 * + ai 
tan 0.3= ay g(a- —) eet =e ; (21) : 
3u* W% 2m 

with 
9’ =0.095 + 0.006, O—2224-0 20) 


The corresponding value of P¥ is 


P£=7.72 4.0.40. (22) 


P§(Anderson) falls within the errors given above. 
Next we examine the integral S*. 
given by Lomon-Chiu,™ 


the threshold. From the 


The latest data on s-wave phase shifts are j 
which are shown in Fig. 3, with extrapolation down to 
se data we have the following value of S*, i 


S*= 20.20. (23) 


However, the scattering lengths obtained by the above extrapolation are a,=0.144 
and a= —0.130, which differ appreciably from the values by Salzman-Schnitzer (an 
Therefore we calculate alternatively the value of S¢ ! 
phase shifts so as to give the scattering lengths by Sal 
The modified curves are also shown i 
value of S¢, 


by modifying these curves of 
zman-Schnitzer at the threshold. 
n Fig. 3. These curves give the following . 


Sioa= — 0.53. (24) 


Further, if Anderson’s phase shifts are modified to give Salzman’s scattering lengths, | 


we obtain the value of S* about —0.5. So we believe the true value of S® falls 
within the range —0.80~ — 0.20, L.e., 
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Fig. 3. S-wave phase shifts 6, and 63 Fig. 4. Small p-wave phase shifts, 443, 03, and 8,1, 


as functions of poin momentum. as functions of pion momentum. The solid 
The solid curves refer to Lomon- curves refer to Lomon-Chiu’s phase shifts 
Chiu’s phase shifts extrapolated to extrapolated to the thereshold by assuming the 
the threshold, and the dashed curves form of éccy8. The dot-dashed curve of 443 
are those modified so as to give the is that modified so as to give large negative 
scattering lengths by Salzman and 8,3 at low energies; the form 6)3=—90.1078 
Schnitzer at the threshold. +2.775 is assumed for 7 <1. 
S*=—0.50+ 0.3. (20) 


Now we are in the stage to see in what extent the behavior of the small p- 
wave phase shifts may be compatible with the dispersion relations. From (14), 
(18), (22), and (25) we have 


Pi=i— (P§+8°*) 
=e 13 0) 2,979: 120s (26) 


The value of (26) with the reasonable value of coupling constant must be equal to 


that of the integral (19b) of the small p-wave phase shifts. 
At first we examine the consistency of the data on these phase shifts with the 


experimental data known up to date. The most recent data on these phase shifts 
are these reported by Lomon-Chiu,™ though their reliability is not yet so certain. 
If each of these phase shifts is extrapolated to the threshold by assuming 90¢7* 
| (see Fig. 4), the integral (19b) is calculated to give 


Pe —0, Li. (27) 
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There is a disparity of 2.6+1.0~2.7+1.0 between (27) and (26). Above disparity’ 
is not removed even by varying one of the phase shifts by 100% to decrease the | 
discrepancy, leaving other parameters unchanged. 

Next we change @,; so artificially that it is negative at low energy (= —0.107°' 
+2.77° for 7<1) and changes its sign so as to connect with Lomon’s curve at 
about 180 Mev (see Fig. 4). There are some supports as to such a modification. 
The following result, 


01/7 = —0.055 + 0.06, (28) 


is reported at Genéva Conference (1958) as the phase shift at 41.5 Mev. And 
further, Chiu and Lomon insist on the unambiguously positive value of 0, at 150 
and 170 Mev. The above modified phase shift, others remaining unchanged, gives 


,=-—1.5. The discrepancy is barely vanished. Above results are summarized in 
Table 1. 


Table 1. The disparity 4 between (26) and P,¢, calculated with variety 
of the small p-wave phase shifts are shown. 


Lomon’s phase shifts | One of phase shifts Negative 6,5 
Coupling pete Ware LS | Ea yf 100% modified | below 100 MeV 
constant Fire 5) , as | 
Pee 1) 4 Rye A Pye | A 
| 1 
0.10 = 2i7e 1.0 -01,.]) 26410 | -09 | 1saao | 215, | ageao 
| 
0.07 = 2.82 1.0 —0.1 | 2.71.0 —0.9 1.9+1.0 10 | 1.31.0 


ii) Isospin odd amplitude. 


At first we examine the right side of (4): 


E+ 


£= —329°tanL—f°(0) + al oD Ty (4’) 
70 (= 


= 
= 
g 
= 
cos 


The first term in (4’) is just 2m times as large in magnitude as the corresponding 
term in (3’). With L=3, it becomes 


— 40.097. (29) 


The second term can be written as, except the sign, 


0 xs (ome BBM eg 2 
PO) =e 2 S (ata), (30) 


Using the data by Salzman et al. (7), we have the following value as Fal (ON 
F° (0) =0.15+ 0.04. (31) 


aoe integral in (4’) converges more rapidly than the corresponding integral in (3’), 
for it has the additional factor 7/1 +¢° in the denominator of the integrand. The 
similar analysis as in the previous subsection yields the result, 
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war ar ne 
Ts 0 ¢ ie—L 
(32) 
=— 0.57 + 0.03. 


‘The contribution from the high energy region (above 2 Bev) is quite negligible. 
From (30), (31), and (32) we have 


I2z= —0.72 + 0.07 — 40.09’. (33) 
Next, we examine the left side of (4), 
o 2 g d= Of(= o 
| fh? (€) = PP + PP +S? (34) 
730 ¢S 
with 
idiereris wee pron 
P= — 3 \, Ep /1 +2 sin 2033, 
pPe= 8 \, F (sin 20 —sin 20 + 28in 4,5) (35) 
3 7 ‘ 


‘og ars i : 5 : 2, it 
Doe \.43 : sin 20,—sin 20,) ——( 1 * a,—a | : 
Ey / 14% ( : ) 2) ie i gasmnets) 


Chew’s static theory, by the use of (21), results the fairly accurate value of 
P's 
P,? = —2.89+0.14. (36) 
Use of the Anderson’s formura gives also —2.89 as the numerical value of P;’, 
though this very coincidence is only by chance. S°’ is estimated quite analogously 
as S° and is led to 
iS Wie £08. (37) 


From Lomon-Chiu’s data on small p-wave phase shifts, extrapolated naively down 
to the threshold, we obtain the following value as P,’, 


P°=0.51. (38) 


And thus, from (35), (36), and (37), we have 
I7=—3.61+ 0.3, 


which, combined with (33), gives 
g?=0.072 + 0.01.” (39) 


This in good agreement with the authorized value 0.08. It is interesting to see 


how the coupling constant changes if we use the alternative sets of phase shifts, 


| 


* (39) dose not involve the error corresponding to the ambiguity associated with small p-wave 


phase shifts. 
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as has been discussed for the isospin even amplitude. If we set 0; equal to zero, 
P;° decreases by 50% in magnitude and the corresponding value of coupling constant | 
is 0.079+0.01. The variation of one of other small p-wave phase shifts by 100% | 
gives rise to smaller change in the coupling constant. The choice of negative 03. 
at low energies (<100 Mey) results P,°=—0.61, and correspondingly g’=0.10+ 0.01. | 
Thus, in this case, contrary to the isospin even case, we have the reasonable coupling 
constant irrespective of the wide variation of the small p-wave phase shifts. 

In conclusion, the authors would like to express their sincere thanks to Pro- | 
fessors Y. Ono and H. Tanaka and many other members of the Institute for 
valuable discussions. One of them (S.F.) is indebted to the Yukawa Yomiuri | 


Fellowship for financial aid. 
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New assignment of isotopic spin and the concepts of K-mesonic charge and of K-mesonic 
charge conjugation are introduced in order to characterize (Y, Z)- and (A, >))-modes. If the 
selection rule |4/|=1/2 is assumed for weak interactions, suitable combinations of them can 
be expressed in terms of (Y,Z)-mode, and they are invariant under K-mesonic charge con- 
jugation, and under the rotation in isotopic spin space, owing to the new assignment of 
isotopic spin. Then in decay processes neutral K-mesons appear always in (K,°, K,°)-mode. 
Strong interactions are naturally invariant under the rotation. Therefore the newly assigned 
isotopic spin can be treated as an absolutely conserved quantity in an approximation. The 
invariancy of strong interactions under K-mesonic charge conjugation is discussed. It. is 
shown that characteristic features of K-mesonic charge can be united well with the model 
proposed in a previous article). Thus, some close correlation between the three selection 
rules about hyperonic charge, isotopic spin and space pariy, which characterize the strength 
of interactions is achieved. 


$1. Introduction 


Special emphasis was expressed by the present author on the fact that 
there exists some kind of correlation between two conservation laws of hyperonic 
charge and ordinary space parity”. While both conservation laws hold in strong 
interactions, as for weak interactions it is possible to take the standpoint that neither 
of them is conserved in the zeroth approximation where the contributions from 
various kinds of cloud surrounding bare particles are neglected. In the article (A), 
+t was shown that we could construct a tentative model which gives the desired 
correlation between the two conservation laws. The degree of freedom of isotopic 
spin, I, whose selection rule also seems useful to characterize the strength of inter- 
actions, was laid up there. The selection rule about isotopic spin was first proposed 
to be 4J=+4 for weak interactions”. But some objections” compelled us to take 
into account other weaker interactions with various values of 4J. However, recently 
the experimental value’ of the branching ratio between the decays 0,°>7* +77 and 
6,°>27°, which was one of the important objections to the simplest selection rule 
4dI= +3, was revised, and the objection shows a tendency to disappear. Further, 

“it may have some heuristic significance to assume the selection rule 4J=+4 in 
‘order to find a comprehensive but tentative model which describes characteristic 
; features of interactions between elementary particles, even if there remain some 


ey. 


| 
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objections*. Then there are three kinds of selection rules which characterize the 
discrimination between strong and weak interactions: selection rules about hyperonic 4 
charge, isotopic spin and ordinary space parity. These selection rules are treated|| 
independently in the conventional theory, but it is desirable to correlate them with | 
each other. In this article a kind of characterization of the (A, >})- and (Y, Z)-+ 
modes is proposed as a stepping stone to correlate the selection rule about isotopic: 
spin with the one about hyperonic charge. ! 

The concerned correlation was already taken into account by the spurion | 
method”, but it is not sufficient as spurion is not physical entity in any sense and | 
the interactions which are obtained by eliminating spurion variables have no clear | 
prospect. On the other hand, searching for higher symmetry than charge inde- | 
pendence, it was proposed”’® to rearrange A and & which are a scalar and a vector | 
in isotopic spin space into two spinors in the space, Y=(3}*,Y°) and Z=(Z°,S)), | 
where Y=1/;/ 2 -(4’—>™) and D=1// 2-(4+>"). As will be shown in the | 
Appendix, if we use (Y, Z)-mode in stead of (A, $})-mode, some combinations of 
the interactions obtained by the spurion method can be simply expressed in terms | 
of them, and there remains no unphysical variable. 

At this stage, we may ask the physical significance of the modes Y° and Z°. — 
(Y°, Z°) is nothing but a different description of the same physical entity as 
(#, S$). The similar situation has already been seen as to neutral K-mesons, that 
is, there are two ways of description, (K°, RB’) and CK", Ke )en The R°) -mode ~ 
is a suitable one to production processes and characterized by hyperonic charge. 
On the other hand, K,° and K,° are the modes which appear in decay processes, — 
and they are characterized by C- or PC-parity. Further, there is a definite relation — 
between hyperonic charge and the operation of particle-antiparticle conjugation, 
which was fully used in the previous article (A). By the analogy to the case of | 
neutral K-mesons, we may expect the existence of such operators that characterize — 
theg@\”. Z))ande (AL. S) modes, anduol some relation between them. Moreover, _ 
the physical processes in which the concerned particles participate will be classified 
into two classes in such a way that the (Y°, Z°)-mode is realized in the interactions _ 
belonging to the one of the classes and (’, >1°)-mode in the others. In the next | 


section such a conjecture will be assured. There a new assignment of isotopic spin 


and the concepts of K-mesonic charge and of K-mesonic charge conjugation are 


introduced, and then (Y°, Z")-.. and. (A, 5) «modes: are_.characterized by them. 
Further, a new standpoint about the conservation of isotopic spin will be proposed. — 


In §3 the connection of the present scheme with the model proposed in the article — 
(A) will be explained. 


* The remaining objections may be taken into account in some corrections. 
Strange particles the effects of cloud 
bare particles considerably. For insta 
narily5), 


In the analysis of 
of various fields are not trivial, and can change the behaviour of 


nce, the proportion of parity violation may be varied extraordi- ' 


-approximatio 


have no 


is considered as a natural result. 


The phenomenological results obtained by this symm 


- Sakurail. 
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§ 2. Characterization of (Y, Z)- and (A, %)-medes 


Corresponding to the situation that the isotopic spins cf Y and Z states are 
different from the ones of 4 and 5} states, isotopic spins of elementary particles 
must be reassigned before everything. In the following this newly defined isotopic 
spin is denoted by & in order to be discriminated from the originally defined one, 
I. As to nucleon, =, Y and Z particles, they may be descriked as doublets with 
respect to &, as is usually done. In order to determine & of K-mesons, we vse 
the hyperonic charge symmetry* which was already pointed out in the article 


(A). The symmetry is as follows: The following combination of the strong 


12) 
> 


K-meson interactions which were proposed by d’Espagnat and Prentki 


Ve (NK A+ Nr&K 4+i27,.K*A+ifr&z,.K* therm. conj.}, (eR) 
where 
1 Kt K%* / K° 
hee apa, 4-,k7— = (2) 
F KR Kes \ —K- > 


can be rearranged in the from 


g{NYK°+NZK*— EYK-425ZK°+herm. conj.}. (3) 


The interactions which appear in the above combination are invariant under the 
rotation in & space, if we consider four K-mesons as four scalar fields in  space.** 
As for z-mesons, we may consider it as &-triplet as usual. Present experimental 
results do not seem to permit such symmetry where both hyperonic charge symmetry 
and global symmetry hold simultaneously, as analysed by Pais”, hence we must 
choose either of them. Hyperonic charge seems to us more fundamental, and the 
theory in which hyperonic charge plays a fundamental role, for instance, the ten- 
tative model proposed’ in (A), seems to introduce hyperonic charge symmetry 


automatically... Therefore, we accept this symmetry here as a kind of zeroth 
Hee 


* This symmetry was also proposed: independently by Pais”, and Sakurai! who named it 
“cosmic symmetry”. But this name does not seem to fit, as there may be such a more highly 
symmetrical world as proposed in another article! and “cosmos” is the largest world. K-mesons 
n-zero hyperonic charge and may be considered as such boson fields that discriminate the 
hyperonic charge of hyperons. Therefore our nomination may be more suitable. 

In the theory in which hyperonic charge is taken as a fundamental quantity such a symmetry 
But for the assignment of it is sufficient as a starting point 
to assume that 9 is conserved at least in the interactions where hyperonic charge is conserved. 

** The similar assigment was also proposed by many authors®®). 
**k At the present stage, we cannot see to what extent this symmetry describes our nature well. 
etry (cosmic symmetry) are analyzed by 
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Electric charges of elementary particles are expressed by the relation, 
4 


where 7 is hyperonic charge. This relation must be modified when we use 3d : 
instead of J. In order to get a similar relation, we must introduce new parameter | 


€, K-mesonic charge, in such a way that the new relation 
O=F, +47 +35 (5) 


holds. The assignment of K-mesonic charge to elementary particles is shown in 


TABLE 1 
cI N sath et | = Kam, ade 

Bo B-| p n|s* Yo|Z0 s-|a* z- 0 | K* Ko|K0 —K- 

a) eile: olf 00 =f ler <2 ole eee 
Oe ie Se ee lee Sy Ae ol pee 
7 UR ae +b heog ol -0 O00 0. ole ered oy 
é 0.01.0 Olen 4 nln 220 9 0 20 | eee 
X-conj | n S- gol y= Goryeo s+ le- at Lyd oR Ke |Ke K+ 


Table I. The following characters of K-mesonic charge may ke noticed. First, | 
together with hyperonic charge, it discriminates four K-mesons. Then K-mesons | 
may be described by real fields, as they are -singlet states. Secondly, hyperons — 
with non-zero hyperonic charge have K-mesonic charge zero and vice versa. 

Owing to this new parameter, S\*, Y°, Z° and SS)” states can be characterized — 
by the signs of &, and ¢, as will be immediately seen from Table I. Then / and ' 
>)” states can be written as 


1 
Pro = 7 


rae 


(O(+4, -1)+¥(-4, +1} 
and 
Pn =T—{P(44, —1)—#(-4, +}, 
V 2 


where the arguments in ¥ on the right-hand side refer to the parameters Y, and | 
€. These expressions suggest that /° and $%° states are characterized by the parity | 
with respect to K-mesonic charge conjugation operation, X, which is defined pheno- 
menologically as such an operation that changes the signs of 9, and €. Further it 
is convenient to get X-conjugation accompanied with the inversion of the sign of — 
hyperonic charge, as will be shown in the following. The most preferable recipe 
to X-conjugation is listed in Table I, and the formulation of the operator will be 
explained in the next section. Here it may be emphasized that this operation does ; 
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not transform the “particle” state into the “ antiparticle” state. Thus we arrive 
at a characterization of (A, >}) and (Y, Z)-modes, and a similar complemen- 
tarity between them to the case of neutral K-mesons. K-mesonic charge and 
X operation correspond to hyperonic charge and particle-antiparticle conjugation 
operation C2, respectively. 

In weak K-meson-interactions we already know that neutral K-mesons should 
appear in the (KY, K,°)-mode. Owing to our definition of the X-conjugation which 
change K°® into K°, not into K*, neutral K-mesons are realized only in the desired 
mode in the X-invariant combinations of the spurion interactions of K-mesons 
which are given in the Appendix: In the interactions H”(K),, @=1, 2, --, 
5), and H™”(K),(k=2, 3), the spinor biproducts multiplied to K, are the same 
combinations as the ones in the corresponding K°-meson interactions H” (K Je 
and H O>“CK );,. contrary to the strong K-meson interactions, equation (3). 
Further, as to these interactions, the K-meson interactions are transformed into the 
corresponding K-meson interactions by X-conjugation, and vice versa. The 
remaining spurion interactions of K-mesons, H“(K), and H OK ); where j#1 
and k=2, 3, 4, are not invariant under &-rotation. On the other hand, the 
interactions H™(K), and H (K),(k=2, 3, 4) are invariant under the rotation, 
and, as to H™(K),; and H M(RK),, we can construct such linear combinations that 
are invariant under &-rotation, as will be seen in the Appendix. Therefore, the 
behaviour in decay processes of neutral K-mesons suggests that we should impose 
the invariances under &-rotation and X-con jugation on the weak K-meson 
interactions. 

All the other & independent interactions can also be combined into such forms 
that are invariant under X-conjugation : The strong K-meson interaction, equation 
(3), is invariant under X-conjugation.* The following combinations of &-invariant 
m-meson interactions** are also invariant under X-conjugation. 

Strong interactions : 


N(r-m)N+8 (7+) = (6) 
and 
Y(r-m)Y+Z(r-)Z (7) 
Weak interaction : 
N(r-m)Y+8 (r-x)Z, (8) 


which is introduced in the Appendix. If we accept the combinations (3) and (7) 
simultaneously, we encounter Pais’ criticism”. To avoid this criticism various ways 
may be considered. Such interactions that disturb the symmetrical behaviour of Y 


* This interaction is also invariant under such an alternative X-conjugation that is not ac- 


companied with the inversion of the sign of hyperonic charge. 
** The other -independent forms disturb the conservation law of electric charge. 
H 
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and Z states without violating the -independence may be introduced. An interesting} 
alternative way may be to formulate a theory in which -invariance holds only in} 
weak interactions (and strong K-meson interactions)*. In all the concerned strong 
interactions 7{-invariance guarantees that they can be expressed in both modes (A, $3) | 
and (Y, Z).** Therefore the alternative suggests such a standpoint that the» 
(Y, Z) is a suitable mode to strong interactions and the (A, }})-mode is proper to) 
weak interactions in this zeroth approximation. | 

All interactions that can give rise to the A°— >} mass-splitting must be X-4 
invariant, as A° and >}° states have good -parity. Further it may be desirable +| 
that the mass-splitting is so induced that $}*, 40° and S}~ form an J+riplet (at | 
least in some approximation). Because that selection rule with respect to the ordinary | 
isotopic spin J describes phenomena considerably well. For this purpose, it is || 
necessary for the concerned interactions to be expressible in terms of both (A, $})- | 
and (Y, Z)-modes. 


§ 3. Discussions 


In the preceding section, (A, >})- and (Y, Z)-modes were characterized by in- | 
troducing K-mesonic charge and the operation of K-mesonic charge conjugation. 
The strange maze that the ordinary isotopic spin J was conserved in strong inter- | 
actions and that it changed by +4 in weak interactions would be solved, if the | 
(Y, Z)-mode was taken as a more fundamental one than (A, %*)-mode and if the | 
newly assigned isotopic spin & was considered as an absolutely conserved quantity 
in such an approximation as proposed here.*** If we require that a// interactions ~ 
must be invariant under XX -conjugation, it imposes on them a stronger symmetry ; 
than $-independence and leads to global symmetry and hyperonic charge symmetry - 
simultaneously. Therefore, in order to accept the above proposition, we must add such ~ 
independent interactions that violate global symmetry, or impose the invariance © 
on all interactions except for charge independent z-meson interactions. Further, — 
the selection rule JJ =+4 is yet very questionable. Taking these situations**** 
into account, it will be of little significance to compare the results obtained from ~ 
our scheme with experiments directly. However, (Y, Z )-description and 9-inde- 
pendence requirement may be taken as a better model in a zeroth approximation . 


* This alternative method may be realized in such a model as proposed in (A). Further the 
coupling constant of the charge independent K-meson interactions seems to be smaller than the 
corresponding one of z-mesons. It may be desirable in order to explain the smallness of A-Y mass- 
splitting in comparison with the other hyperon mass-splittings, 

** Here it may be noticed that in this alternative the T-independence of strong interactions of 
A and » is disturbed, and the deviation may be rather useful in some questions. 


aK 1 1 1 
it may be noticed that & -independence gives a stronger selection rule than 4IT=+1]2 to 
weak interactions. 

*“k* At these points, electroma 


x gnetic interaction and cloud of various fields may play important | 
roles. 
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’than the conventional ones. Because the ordinary isotopic spin J is not absolutely 


conserved and a kind of psewdo-quantum number which is conserved in some class 
of interactions, and we must explain why it changes by +3 in the interactions with 
4y=+1. Here it may be noticed that the interactions with higher values of 4I 
are weaker than the ones with J7=-+43, even if they are necessary. Further, we 
are enforced to introduce K-mesonic charge and X-conjugation operation, if we use 
the (Y, Z) mode at all. Provided that such a scheme as explained here cannot 
fit experiments by all means, we should abandon (Y, Z)-description itself, even if 
the mode is conyenient to formulate an inclusive scheme of elementary particles. 

Although these questions exist, it is interesting that the present scheme can ke 
easily connected to the previously proposed model”. The characters of the two 
parameters 7 and € picked out in the preceding section just correspond to the ones 
of the eigenvalues of the operators (7; and ¢;7; introduced in the article (A). 
Namely, there we proposed to consider (N, =) and (Y, Z) as eigenstates of. C375 
and £;7;, respectively. Further the hyperonic charge symmetry suggested that the 
tensors associated to K-mesons are characterized by projection operators (1+ €,75) /2 
and (1+£:7s)/2. [See Equation (4-17) in (A)]. The expression of electric charge 
(5) can be translated into the operator relation 


Q= PF ,4hloist3lors- (9) 


and its expectation values give the relation (5) correctly as to hyperons. The ap- 
pearance of the two non-commuting operators €2/s and £;7'; does not bring in any difficulty 
in quantized form. In quantized theory, for instance, the gauge transformation of 
spinor field is given by Y—>e'?*¥e~*®*, where Q=\Ord'z, and either of (475 or 
€375 disappears in Q. As to boson fields, the formulation of gauge transformation is 
impossible until we understand the fundamental significance of the phenomenological 
results obtained in the article (A) and formulate free boson fields completely. 

It may be emphasized that the relation (9) can be used for leptons too, if it 
is taken into account that the type of weak interactions is (V—A) and if we 
reassign the spinor associated to neutrino as V; Such a neutrino assignment is 
possible owing to the massless character, as pointed out in the article (A). Then 
the discrimination of hyperons from leptons may ke attributed to the existence of 
the degree of freedom of isotopic spin, and the two conservation laws of the number 
of leptons and of hyperons are guaranteed automatically. Such situation is of interest 
from the standpoint of the fundamental symmetry’, and may be taken as another 
support to consider @ more fundamental than I. 

By the above correspondences between é, 7 and C,75s. the X-conjugation operator 


can be represented as 


X~FOvh. (10) 


Then the complementarity between (A, S3)- and (Y, Z)-modes is expressed in the 


operator relations 
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{70, 4} =0 
and {9,, A= 0. (LEY 
These relations correspond to the relation 

{Hops Ca} =0 


in the article (A). The appearance of the operator ¢, (or (175) in X-operator and 
the character of spinor associated to neutrino might give some light on the future 
development. 

We may point out that the arbitrariness in combining the spurion interactions 
of K-mesons, which is pointed out in the Appendix, is removed by the existence 
of the projection operator (1+¢;3j7;)/2. For instance, the tensor Go associated to 
K°-meson has the operator (1+ 375) /2 on the right. Therefore the spinor @ in the 
interaction Y¥GxoP must be Y. If we resolve ¥ into ((1+Cz75) /2+ (1—€57's) /2), 


. 


the possible interactions are YYK° and ZYK°, and the latter does not conserve electric 
charge. Therefore, the concerned interaction is restricted to YYK°. Further it 
may be noticed that the assignment G,~¢.+7; forbids the direct Fiz interaction 
and disturbs the X-invariance. 

In the previous article, the types of interactions were not taken into account. 
Before connecting the present scheme with the previous one (A) more concretely, 
we must make a little modification of the latter scheme and find out the matrices 


associated to derivative operations. This problem will be treated in a forthcoming 
article separately. 


Appendix 


In this appendix, it will be shown that some combinations of the so-called 
spurion interactions can be expressed in terms of the (Y, Z)-mode. In the beginning, 
the following features of spurion, which was introduced by d’Espagnat®, may be 
summarized: Spurions «= (2) and y=(3) can be interpreted as a first kind and 
a second kind spinor in J-space respectively, as there is a relation y 


between them. Therefore there hold |4y4|=1 and |d7\/=4 simultaneously in the 


spurion interactions which involve x or y and are invariant under rotation and 
reflection in /-space. Further, either spurion must be so chosen in a spurion inter- 
action that electric charge is conserved there. 
differential expression of the relation (4), 4Q= 4I,+34y=0, and the fact that x 


and y pave I;=—1 and +1 respectively. For instance, electric charge is conserved 
in a spurion interaction N(r- (#3) )x, but not in N(r- (7X ))y. 

The processes with 
+ ih IV or 2), 
(A or S$) 4+275N; 


et IY Oe ae plus 


This situation corresponds to the 


|4y|=1 in which a z-meson is absorbed are (A or 5%) 
There are three kinds of spurion interaction* which decribe 


* In the following, hermitean conjugate terms are omitted. 
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Je ks (a), = —i§ FN (r- (7X 2))x 
V2 


=P (2, Sy— MD) $e ADD, 
V2 


H® (x),=—_ N(w-3) x 
v2 


ee 
— = 7(2,>3-+7_>)4 +7>\0)> | ue - 


and 


HOG = = N(r-n) Ax 
V 


=PAn,— - RAT. 
2 
As will be easily seen, the only combination of them that can be rewritten by 
Y-mode is 
—H® (), +H? (2), +H (@)s=N(rn)Y. (A-2) 
Further, any combination cannot be expressed by using the Z-mode instead of Y- 


mode, and it corresponds to the situation that the concerned spurion is 2, that is, 
to the conservation law of electric charge. In a similar manner, we obtain the 


linear combination 


_H® (2), +H® (),+H® (2)s=8 (rx) Z, (A-3) 
where 
H(z)\= ity EB (r(wX))y 
=o Fal -De 2S) +B D-T*- SH), 
V 


H @)= 5 E (w-3)y 


— 1 F(z, Sete Det oD) 


(A:4) 


and 
alk 


Ho? Oe a E (rm) Ay 


876 T. Okabayashi 


In this case any combination of interactions H(z), cannot be rewritten by the : 
Y-mode. The interactions (A-2) and (A-3) were already used by Takeda and } 
Kato”. (The operators (1+75)7, matter nothing to the present discussions.) | 

There are many kinds of K- or K-reactions with |47|=1. We begin with the | 
interactions where A or 5} particles participate. The spurion interactions which 
describe the reactions (A or >})+K—(A or 53) are | 


eNO Fee x*(r-(3X3))K | 
= (SEK. + DBS) Ko | 


gh 
Ves 


as 


H®(K),= x*(3-3)K 


(>) et + > ae 


H(K)a= 75 28 (1-8) KA | 


and 


H® (K)s= 5 2K 


} — 
=—— AAK,. 
Vee Tae 
There is no combination of them which can be expressed only by Y- or Z-mode 


ee Z- or Y-mode respectively. Further, there are several kinds of combination 
which can be expressed in terms of Y- and Z-modes. For instance, we have 
> 


aL 
Jz) HR) +H (K),+H%(K),+H(K),4+4H®(K)y} 
=(YZ)K,+(YY)K,, (A-6-1) 


il q_ 1 
age (K) +H (K),—H® (K)x—H® (RK), 4H (K),} 
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=—(YZ)K,+(ZZ)K, (A-6-2) 


or 


H (K),+H® (K)s=Fo{(YY) + ZZ) } Ke (A-6-3) 


Similarly, for (A or >}) 4+K (A or 33), we have 


ne K).= igs y*(t(BXZ))K 


=F: +> —-D) Ki— CSS.) K-. 
HK). = 75 @-DK 
=F Suis Boas Sh Y.en 
- 1 1 Sars 
H®(R),= = y* (173) KA = SAK —S_AK- 
(K) Viderens Fe Salts BONAR, 
H®(K),=—= Ay* ae 
v= TF Ay* (r%) K =F tok ADK 
and 
i) K miso A, geek eT y K 
H®(K)s ren y*AAK ; AK. 
The combinations corresponding to (A-6) are 
A AH® RtH® KH K.-H (R) AHO ®)s 
=(ZY)K_+(YY)Ko (A-8-1) 
Pot H Rt H® Rat 1? Rt HOR) AH Es} 
se (ZK IK (A-8-2) 
or 
H® Rt H? R= FoAGZ) + (YY) } Bo. (A-8-3) 


There remain six groups of interactions H“(K),H“(K);(=2, 3, 4, and 
j=l, 2, 3, 4). Here we explicitly write down only HOCK) 5: 
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H® (K),= (NN) (2*K) = (NN) Ko, 


H® (K)4= (NK) (e*N) = (PK. + Ky), | Aimy 
H”® (K)3= (NN) (2*rK) =26nK.,— (pp—iin) Ky | 
and H® (K).= (NeK) (2*rN) =(2pp+iin)K.=—pnK,. / 


H™ (K), is obtained from H® (K), by substituting = in place of N, and H™ (K) 78 

are interactions for N+K—><, for exampleyH™ (K),=(N#) (y*K). H@ CG jye 

are the interactions which are obtained by the substitutions No and xery. The 

& invariant interactions among them are only K“?(K), and K “CK ),G=2) 3) 4a 
As will be easily checked, the combinations 


HI (n)s+HO(z), j=1, 2,3), | 

H(K),+H(K), (j=1, 2, -, 5), | 

HK) PH OCR) t= 283). | 
and HOR) Ae 5, 


(A-10) 


are invariant under the x conjugation, if we use the recipe listed in Table I. F urther, 
neutral K-mesons appear in the mode K,° in the interactions H (5) 3+ eas 
(7 = 2,5), and A(R) tO (e263), and jn+the other) mee K,° in the 
interactions H (K),+H®(K )s(J=1, 3, 4). It may be noticed that 3 -dependent 
interactions H™®(K), and H(K );@=2, 3, 4 and 741) are not interchanged with 
each other by X-conjugation. 
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We investigated the elastic scattering of high energy neutron by deuteron, using the 
two-body scattering amplitudes and the deuteron wave functions calculated making use of 
the meson theoretical potential. 

We found that 

(1) the impulse approximation can well reproduce the experimental result of the differential 
cross section in the region 6<90° near 100 Mev neutron energy, 

(2) the phase shifts of nucleon-nucleon scattering and the deuteron wave function deriv- 
ed by using meson theory may give the best fit among others, and 

(3) the impulse approximation will also be expected to well reproduce the polarization 
at small angles. The experiment of the polarization may serve as a further test for discrimi- 
nating various sets of phase shifts of nucleon-nucleon scattering. 


$1. Introduction 


In connection with the problem of n-d scattering, Chew” first presented the 
impulse approximation. The fundamental assumptions underlying in this approxi- 
mation are as follows: (1) the collision time is very short when it is compared 
with the internal period of the deuteron ; (2) the wave function of the incident 
neutron at one of the two scattering centers in the deuteron is not appreciably 
perturbed by the presence of another center. This is due to the diffuse structure of 
the deuteron. Then the three-body problem is reduced to a superposition of the 
two-body problem. But, since the perturbation of the incident wave is not so small, 
the Born approximation may not be used. The amplitude of m-d scattering is 
therefore, described as the sum of the “true * two-body scattering amplitudes. 
This is the basic idea of the impulse approximation. 

The merit of this approximation is that two-body scattering amplitudes are 
treated as the empirical quantities. Besides these quantities, we have only to adopt 
some form as the momentum distribution of the target nucleus. In fact, the 


remarkable developments in the scattering theories in recent years were brought 


out by this simplification. As many experimental analyses on the two-body scatter- 
ing have shown, the potential acting in a nucleon-nucleon system is not so simple. 
Not only that its radial part is not monotonic as inferred from the low energy 
data, but also it depends on the states of the two particles. This fact made it 
difficult directly to introduce the two-body potential to the many-particle problems. 
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But in the impulse approximation, this difficulty is overcome, since we describe the 
two-body interaction not with the potential itself but with the experimental phase | 
shifts. Of course, these experimental phase shifts of the two-body scattering are 
determined only with the aid of some assumed phenomenological or meson theore- | 
tical potential. In calculations of the many-body problems, however, the direct 
use of the two-body potential is considerably laborious compared with the use of } 
the two-body phase shifts. (The main reason for this difference is found in the | 
neglect of the non-diagonal part of the “¢-matrix” in the latter case.* In the 
two-body scattering, the ¢-matrix always has only diagonal elements since the | 
momentum is conserved in the center of mass system of the two-body. In the ]} 
many-particle system, however, this is not the case. As for the application of the | 
impulse approximation, theoretical justification of this point has not been tried so | 
far. This will be discussed in a forthcoming paper.) | 

After the impulse approximation had been developed by Chew and his collabo- 
rators”, it was applied to the nuclear many-body problems. Watson and others” 
applied it to nuclear scattering problems. Riesenfeld and Watson” showed that phase 
shifts of the elementary scattering are related to the optical potential in nucleon- 
nucleus scattering. Brueckner and others” applied this approximation to the theory 
of nuclear structure and succeeded in explaining the nuclear saturation. These 
theories owe their successes to the tractability of the impulse approximation. 

However, the applicability of this approximation to many-body problems must - 
be examined in many respects. Part of this examination, e.g. the examination of 
the many particle Scattering correction, was discussed by several authors, but the 
validity of this approximation has not been examined yet in its simplest aspect. 
This means that the validity of the impulse approximation is not examined yet in | 
n-d scattering,the simplest of the many-body problems. Qualitative examination 
shows that this approximation is reasonable at least when it is applied to n-d scat- 
tering, as it was noted by Chew. Then it seems important to examine quantita- 
tively the validity of this approximation in m-d scattering, because if this approxi- 
mation should be found to be quantitatively unsuccessful even in its application to 
the n-d scattering, there would be no hope in its application to the many-body pro- 
blem. 

Unfortunately in those days when Chew put forward the idea of the impulse 
approximation, we had not any knowledge on the phase shifts of the elementary 
Scattering, although experimental results on the cross section of the elementary 
sedttotins were being accumulated. This made it impossible to test the idea of 
be ae ae a the nucleon-deuteron scattering. (Chew tried to test 

attering using the known data on the cross section, 


* The non-diagonal part of the “¢-matrix ” 
body scattering is neglected altogether in some 
partly by assuming some for 


or the “off-energy shell” contribution in many- 


papers. In other papers it is taken into account ° 
m to the off-energy shell contribution. 
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but he could not use the phase shifts of the two-body scattering, hence his trial 
was incomplete. Comparison of Chew’s result with that obtained by using the 
phase shifts was made in our previous note.”) 

In recent years the data on p-n or p-p scattering were analysed by using the 
phenomenological® or the semi-phenomenological potential” in the energy region up to 
310 Mey and by using the meson theoretical potential’ up to 150 Mev. On 
the other hand, Wolfenstein et al.’ analysed the scattering spin matrix between 
particles of spin 1/2, and Wright’ expressed its coefficients by the phase shifts of 
nucleon-nucleon scattering. © Now we can check the validity of the impulse 
approximation, making use of these results. Naturally, the first attack should be 
made to the reproduction of the experimental result of the high energy nucleon 
‘scattered by deuteron. 

Here we should note the following. We now have a few sets of the phase 
shifts.~ It is expected that analysis of the nucleon-deuteron scattering may 
serve to the discrimination of the nature of these sets. Thus the purpose of the 
present paper is laid on the following two points: (1) the experimental check of 
the impulse approximation in the nucleon-deuteron scattering and (2) the discrimi- 
nation among a few sets of phase shifts. In the previous note,” we found that the 
impulse approximation can reproduce surprisingly well the angular distribution of 


the elastic scattering of proton by deuteron. 
The difference between the phase shifts calculated by making use of the 


meson theoretical potential" and the phase shifts calculated by using the pheno- 
menological® or semi-phenomenological potential” was discussed in detail by Otsuki 
et al" They showed that different sets of phase shifts of nucleon-nucleon 
scattering calculated by various authors could reproduce the experimental data 
(cross section and polarized cross section) in quite differerent ways. (The main 
difference between the phase shifts analysed meson theoretically'°"’” and those analys- 
ed phenomenologically” is found especially in the *P,(J=0, 1,2), °“F:, 38,, °D,-state 
phase shifts and the mixing parameters €&,(J=1,2). At 90 Mev nucleon energy, 
which is of interest to us, the dominant contributions to the cross sections of the 
nucleon-nucleon scattering as well as the n-d scattering are determined by the 
aboved phase shifts and the above mixing parameters. 

In spite of this situation in the nucleon-nucleon scattering, we pointed out in 
our previous note” that the calculated values of the differential cross section of the 
n-d scattering give similar results for the two sets of phase shifts, given by separate 
authors. Nevertheless, in high energy n-d scattering the interference terms between 
nn and n-p scattering and the nature of the sticking factor is important when 
we compare the calculated differential cross section divided by the sticking 
factor. The manner of interference and its magnitude are quite different for 
various sets of phase shifts.** The reason why we obtained quite similar results 


‘for both sets of phase shifts is found in the fact that the sticking factor acts to 


* See Fig. 6 of the present paper. 
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mask the difference between the various sets of phase shifts.* For the purpose 
of discriminating phase shifts, then, the reproduction of the differential cross section | 
of the elastic p-d scattering would not be suitable. So we added the calculation | 
of the polarization. 

It might be expected that in the polarization the effect of the sticking factor 
is weak and the interference terms between n-m and n-p scattering would appear 
explicitly. Then the calculated result of the polarization may, when it is compared 
with the experimental one, serve as a tool to decide the more reasonable sets of 
phase shifts of nucleon-nucleon scattering. Strictly speaking, at large scattering 
angles, where the effect of the sticking factor is reduced and the interference effect 
becomes important, the impulse approximation itself is certainly not applicable. 
However, we are encouraged by the surprisingly good result of reproducing the 
differential cross section to large angles on the basis of the impulse approximation. 
This was the motive of our calculation of the polarization. The result of the | 
polarized cross section is reported in another note” by one of the authors. 
The present paper is devoted to the detailed descriptions of these two previous 
reports.”"” Theoretical investigations of the impulse approximation, for example, 
the investigation of the effect of the non-diagonal part of the ¢-matrix, etc., are now 
in progress. 


§2. Scattering spin matrix 


Wolfenstein and Ashkin™ and Dalitz™ gave the expression for the scattering | 
spin matrix between particles with spin 1/2 in terms of some quantities which are | 
invariant with respect to the space rotation and reflection and time reversal. It is © 


M=>=MgAg+ MpAp 


MgB (2 ; a) 
and 


M,=C(0,+6,)n+D(o,—0,)n+N(o,-n) (G,-m) 
+3G{(01+k) (o,-k) + (0,-p) (G,-p)} + 2H} (0, -k) (6,-k) — (o,-p) (a,-p)}, 


where As and Ap are the projection operators into the singlet and the triplet spin 
states of the two-body spin wave functions. B; C, DH, Gand” N. are) functions 
of the incident energy and the scattering angle. 
these letters are different for the scattering betw 
between unlike particles, 
nucleons respectively, 


Naturally, the expressions for 


] een like particles and for that 
The suffices 1 and ¢ refer to the incident and the target 


n,k and p are three mutually perpendicular unit vectors 


defined by 
k; xk, k.—k, k.tk 
n= Pais. ent eee = tb ¢ 
|e; X k,| |key— ke? P [ky +kh,| ? 


* There we adopted a fixed form as the sticking factor, 
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where k; and k, are the momenta of the incident and scattered nucleons in the 
center of mass system, respectively. Wolfenstein’? showed that the term D in the 
scattering spin matrix cannot be present if the nuclear force satisfies the require- 
ment of charge symmetry. Taking the direction of the incident beam to be z-axis 
and that of m to be y-axis in the right-hand system, and designating the angle 
between k; and k, to be 4, M is expressed as* 


Mp=3G+C (Oy +o) + (N—3G) OF ry 
+4 (01,01.—%12F 12) cos @— (612.04, + F101) sin @| c (2 . i) 


B, C, etc., in the scattering spin matrix were expressed in terms of the nucleon- 
nucleon scatering phase shifts by Wright’” and Stapp et al.” The relations between 
Wright’s expression and that of Stapp and others were discussed by Goldberger et 
al. We shall use Wright’s expression throughout this paper.**:*** 


§ 3. Cross section for n-d elastic scattering 


In this section we reproduce the impulse approximation originally put forward 
by Chew. Our aim in this section is to give discussions on some approximations 
which will be adopted later to reduce some complicated formulas to the final tractable 
forms. These approximations are based on the physical intuition. Here after we 
name the incoming neutron 1, and the neutron and the proton in the deuteron 2 
and 3, respectively. 

The differential cross section for the n-d elastic scattering is given by 


eae) i oar : 

4 SS H aN is Bel 
I yam pgp om, ley (3-1) 
Doig (%,(1, 23), ( V wt V 13) (1 — Py:Qrs) “DE (3-2) 


* The authors are indebted to Dr. T. Sawada for discussions on Wright’s expression. 
** In the preprint which was sent to us from Dr. J. Sawicki in the course of our finishing 


- touch of the present paper, the m-d scattering amplitude is expressed in terms of the n-m and n-p 


scattering amplitudes in the form of Stapp et al. We wish to thank for his sending his manuscript 
to us before publication and for his communications. In the course of the present work, Dr. L. S. 


Singh also informed us of his work on the n-d scattering. 
*&* The differential cross section and the polarized cross section for the nucleon-nucleon scatter- 


ing can be expressed, using (2-1) and (2-1’) as 
SLMx%,) | (Mx) 


LO-aamaTSa Ie =1/4-{|Bl2+8/C2+2|H)2+2|N2+|N—G)} 


and 
S((Mx,)t (6,Mz;)] 
P(6)1(6) = : =NC*+CN*(in direction of n), 
te! Xi 


where %; are the two-body spin wave functions. 
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Here the following notations are used. 

@,: the final free state of the system, . 

V,,;: the interaction between the particles 7 and j, mere: 

P,. and Q,,: the space and the spin exchange operators of the particles 1 an 

Y: the exact Shes of the three-particle scattering problem. . ; 

According to the basic idea of the impulse approximation, which was describ- 
ed in the beginning of this paper, (3-2) is approximated by 


KOSS (9,(1, 23), Om) (Bras (Vie + Vis) (1 — P2Qi2) Pn) (On, M1, 23)). (3-3) 
Here 
ssi(d/ 270) 25° exp [7 (Ayr, + Ayr. + Kyrs) Woe ; 
m= (1/27) 
6, = (1/27)*°?*? exp [¢ (kyr, + kyr. + k,'rs) as 


ea (1/27) SEES exp [2k,"r, | exp E (k°; = k;) retry | P(1/2)(he4g9— Ke 5) (r;— r;) Xn » 


@; »=exp (tk; »(r—4(r2 +r) ) ]$o(r2—T3 3 02,03) pba 
ke; =2/3- | Feran| D 


PammKpe-Kj)(Fs—Ty) : the solution of the scattering problem of the 
two particles 7 and j. 
$o(T2—13 3 02,03) : the deuteron wave function. 


X’s are well-known spin functions of the three-particle system: four of them 
are quartet states and the remaining two are doublet states which are symmetric 


about 2 and 3. >‘ means the integration over momenta and the sum over spin 
States. 


After explicit calculations of (3-3), (%,(1, 23), d,) multiplied by (¢,, @;(1, 23)) 
constitutes the sticking factor. Then the Scattering matrix becomes very simple 
and tractable: it is represented by the sticking factor times the sum of the Scatter- 
ing amplitudes of two-body interactions. (See (3-20) .) 

To reach this simple form, 


however, some additional assumptions should be | 
introduced. First of all, we neglect the contribution from the D.-state of deuteron. 
This neglect is justified because of the fact that the D-state probability of deuteron 
is very small. Hulthén et al. obtained by the variational method that the D- 
state probability of deuteron is 4%. Twadare et al” estimated it to be 6.4% 
making use of the meson theoretical potential. In any case, the contribution from 
the D-state of deuteron is expected to be very small even at forward direction. 
The neglect of the contribution from the D-state of deuteron is the first step of 
simplifying the expression (3-3). Of course, this neglect is not basic to the impulse 
approximation, but terms to be computed are much reduced without introducing a 
serious error by this neglect. This makes the fnal form very simple together 
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-with further approximations which will be introduced later. We shall give numeri- 
cal estimates of the contribution from the D-state in § 5. 
After this first subsidiary assumption, (3-3) becomes 


I 55=S1Of, bn’) Gms (Vist Vis) (1 PrrQha) Pn) (bu O (3-4) 
Here ail 
Gm! =Pm/ Xm s 
On!’ =On/ Xn > 
and 


@; / =exp (ik; -(71—4 (rot+rs) ) |o(\r2—rs|)- 


Next approximation we wish to introduce is the neglect of the contribution 
from 3}(P/), Om!) (Om! VisPi2Q124m) On’, 9’) im calculating the forward scattering. 
mn 


We neglect this term because this term can never be expressed by the phase 
shifts of the two-body scattering and this makes estimating of the term not easy. 
The neglect of this term may perhaps not lead to a serious error, since the contri- 
bution from this term is mainly expected to the backward. This was examined by 
Wu and Ashkin® by using the Born approximation. 
On the contrary, a part of the contribution from 5}(/, bm!) Ons VieP2Qwn) 
wn 


X (dn’, D;/) can be described by the phase shift of the two-body scattering. Hence 
we take account of this part, although this part also is expected to give rise to the 
backward scattering. Then we start from the approximated form for He ae 


I ¢=>\ (Pp, bm!) Gres Via 1 ParQaa) + Vas) $n) (On!s P)- (3-5) 

The interaction Vig(1— PQ) can be expressed as 

Vis (1 — PuQua) = V7 01 — Pas) Ap + Vu (1 +Prs) As , (3-6) 
where A, and As are the triplet and singlet projection operators, respectively. 

Then 
(ns (Vie (1 — PrsQu2) Pn) = (Lonl Grn! | VPa2 1. — Pas) |Pn!) Ar 

+ (bm! | V812(1 + Piz) |Pn’) As| Xn) (3-7) 

where 


Pn! = Oni ha : 


At first sight, one may think that 


(— 2) Ma dal V7n = Pad Ife) Ar + GeV + Pad Wa As 88) 
would be the scattering spin matrix of two like particles 1 and 2, which was given 
by (2-1). In order to identify the expression (3-8) with the scattering spin 
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matrix (2-1), however, one’ must introduce further assumptions, to which we 


shall proceed. 
For this purpose, we shall calculate the spatial part of the matrix element in 


na y« in a more explicit form. After some obvious calculations, which we do not 


describe here, 


DP; Om’) (Dan's Veg bx) (dn, P;') 


= |dk, (1/27) val dra! exp) ite rly ( |7-93’’|) 


- (1/27) +0 dr! exp] — mee I, 


/ TS he { 
Tip iz (T12/ 3 G1, Do) P(1/2)-(hy— (heath ghey) (r’12) 


H (1/27) °° drs exp| —i ae em) ee ras [bo ( |7-23|) (3-9) 


and 


21(9/, Bm’) (Dmn’ 5 A et EAD) Ce D;') 


= [eth (1/27)"" dra” exp |i HTB 97 Jn (|0!"a) 


: 3/2( _k,—k . 
(1/27) \ar's exp E iAP ry] Masai (rie 5 01,02) Pr/2-(ky—(Ko+k p—ky)) (r'ss) 


: ( . 2(k,+k,) —k, 
(1/2n)*"\ dry exp | =i ( aie ris [fo(lral) > (3-10) 


a 


where 
1 Be, 5 
Now we shall introduce a fundamental assumption that only one component, 
say ky, is important of k, in the interaction factors ; 


dr..! _, kjk, hi : 
\ Ti, Exp | aes va] Ma T's 3 Oj, 2) P1jay.chey— Cease phe) (x's) (3-11) 


and 


draléey | elm ts Vio 
| iz €xp | t 5 rel Ve el al 5 Ons CO) P (1/2) -(heg—(hra + ep eg) (r’,2) (3 y 12) 


in (3-9) and (3-10), respectively. This assumption was originally introduced b 
Chew.” Meanwhile, we shall discuss this assumption. We treat here the rhea: 
problem in the center of mass system. The initial wave number k; of the incid i 
particle 1 is equal to parallel and opposite to k,+k;, : ; ween 


k;=— (ky+ks) . (3-13) 
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k, is most likely parallel to k; with equal magnitudes. Hence we take ky as 
kG >= (1/2) k,=k,=k, : (3 - 14) 


Besides this assumption, we introduce another important assumption that we 
are interested in the forward scattering ; 


Rk. t PSrTS) 


By introducing this assumption, the off-energy shell contribution from (3-11) and 
(3-12) is dropped. Consequently, (3-11) and (3-12) can be expressed in terms 
of the phase shifts of the two body scattering. Besides, we can calculate (3-11) 
and (3-12), using the phase shifts of two body scattering of just equal incident 
energy to the energy of the incident particle in the three body scattering. This is 
due to the relation, 


k,—ky ES ke (ky +k,—k;) 
Be 2 


“a a 


aa (3/4) k;= (1/2) ky. (3-16) 


The two-body scattering angle is related to the three-body scattering angle by 
sin (1/2) 9 noay = (4/3) sin (1/2) Oe coax . 

After introducing the assumption (3-14), and (3-15), eqs. (3-9) and (3-10) are 
further simplified ; 


- ky— ky 
2 


Eq. (3 I= (1/27) 0 dr! exp| — Z nd | V5 (Tyy' 5 Oi, 02) 


. dk 
Dayyke-Keyp Tv’) [ars exp | =: 5 ris [IoC ral) 


and 


Eq. (3-10) = (1/27)°# |r’ exp ! Ber, | cl Ry 


. 4k ’ 
* Paya hy—-ky) (r'12) [ars exp | - t ra [fet |7°23! ) ly ’ 
where 
Hence 
(- a) (Hrs) 44 mn (Xm |Mas| %n) a (4k) 3 (3 ; 17) 


Here M,, is (3-8), but now it is the scattering spin matrix of two particles 1 and 
2 which is given by (2:1). S(4k) is the so-called sticking factor. S’”(4k) is 
- the Fourier transform of the deuteron position probability amplitude : 


888 Y. Sakamoto and T. Sasakawa 


$1 (ak) = (27) 4 de exp| —7 Hr ]-IgoCle (3-18) 
Similarly, 
( m/ Ath’) (Fess) 4 mn (Xm |Mos| Xn) Sate ( ry 4k) > (3 . 19) 


where 
={ Gu/|V Tala!) dnt Gull Vala!) As} x( 2). 


Finally, the differential cross section (3-1) becomes 


I(#) = = ASS (Mat Misl0" (Muy +Mys|2:) }S (4k). (3-20) 


Here 16/9 comes from the reduced mass effect. After some calculations, (3-20) 
can be expressed as 


I(t) = 9 LOCC +2HH* + (BB* +GG*) +28 : > NIN* 


—_(*G+4NG*) +2. (B*(N+G) +B(N*+G*))} (dk), (8-21) 


where B=By+By, C=Cy+C,; and so forth. By, Cy, etc., are the coefficients of 


n-n scattering spin matrix and By, C,; etc. the coefficients of n-p scattering spin - 
matrix. 


a 
If we adopt some form as the sticking factor, then the calculation is made 
straightforwardly. 


§ 4. Polarized cross section of n-d scattring 
The polarized cross section of n-d scattering is given by 
PO) 10) =» SY (Mia + Maal)! (Mia + 64.MiulQ) 1S (AB) (4-1) 
under just the same assumptions as described in Nine 


In terms of the coefficients of the two-body scattering spin matrix, eq. (4-1) 
becomes 


P(8) I(0) = — (1/2) (B*C-+C*B) + (1/2) (G*C+C*G) 


+ (9/2) (N*C+C*N)}S(4k), 
(in direction of n). (4-2) 


where B,C etc. are given in the previous section (§ 3). 
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§ 5. Sticking factor 


In the previous sections, we showed that the elastic cross section of the 1d 
scattering and the polarized cross section can be expressed as a product of the sum 
of the scattering amplitudes of the two-body scattering and the sticking factor. To. 
calculate the scattering amplitudes of the two-body scattering, we require the 
knowledge on the phase shifts. In the present paper, we adopt the phase shifts 
analysed by Tamagaki et al. and that by Gammel and Thaler. Naturally, we should 
assume the compatible form as the deuteron wave function in the sticking factor 
with the phase shifts which we intend to adopt. In this sense, we assume the 


deuteron wave function appearing in the review article of Iwadare et al.” 


S-state : 
1=1.039 exp (—0.3282) —1.392 exp (—2.3602) , 
D-state : (5-1) 
ww =0.02624 {1 +3/ (0.328) +3/ (0.3282) *}exp(—0.3282) ; 
— (1.298/z*) exp (—0.9622z), 


with the normalization 
| @e+w')de=1, 
0 


where 
a= (pe/h) r=0.7067r x LOFem.*s, (4%: the pion mass) 


This wave function is based on the meson theoretical potential. It is compatible 
with the phase shifts by Tamagaki et al. However, before showing the numerical 


results we shall examine the following problems. 
(1) Is the presence of the hard core in the deuteron wave function sensitive 


to the results ? 
(2) Is the neglect of the effect of the D-state in the deuteron wave function 


sensitive to the results ? 
(3) Hence, how much is the reliability of our numerical results of the cross 


sections (3-21) and (4-2), obtained by using the deuteron wave function suggest- 


ed meson theoretically ? 
(4 ieelsothe assumed form of the S-state of the deuteron wave function sensi- 


tive to the results ? 


The results of numerical calculations of the cross sections will be given in 


the next section. 


(1) Effect of the hard core 


| Before showing the explicit numerical example of the 
~ hard core and without it in the deuteron wave function, 


sticking factor with the 
we shall briefly examine 
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the effect of the hard core. The best way for it will be to inquire about the follow- 
ing: At what place does the product 


jo(dkr/2) X |u(x) |” (5-2) 
takes the maximum value for given dk? Here Jk is given by 
dk= (4/3) Kr sin 0/2 , 


where @ is the scattering angle. We shall take the case of 190 Mev d-p scatter- 
ing.* This is equivalent to 95 Mev p-d scattering. At @=10°, (5-2) takes the 
maximum value at r=1.7X10-“* cm, at 6=45° at r=1.5X10-" cm and at 6=90°, 
it takes the maximum value at 1.1107" cm. Since the radius of the hard core 
is expected to be about 0.4107" cm or so, the presence of the hard core will 
give only small effect to the sticking factor at the energy under consideration. 
Although, for the backward scattering, the hard core may give some effect, our 
concern is limited mainly to the forward direction, as discussed in the previous 


sections. 

Next we shall estimate the effect of the hard core directly. It will be proved 
that the above discussion is the case. Since the meson theoretical deuteron wave 
function is somewhat complicated, we shall estimate the effect of the hard core 
assuming the wave function resembling the meson theoretical one. This is as fol- 
lows. 


(I) The deuteron wave function with the hard core™. 


We adopt the following form as the deuteron wave function with the hard 
core. 1 


eye ne ; 24,3 (5-3) | 
0, pa 
Here 
N*= (a8 /2z) (a+) /(a—8)?. 


r, is the core radius and it is taken to be 0.4X10-" em. We shall adopt 
the following constants. 


a"=4.31X10-% em, B= (3/p!) (1+ (4/9) ap!) ?=3.050 10" em 
(’=p—2r,=0.90 X10-" em, 
P: the triplet effective range, 1.7 10-" em. 


On using the wave function (5-3), the square root of the sticking factor becomes 


* After completion of the manusc 


ript, experiments on high ener -d scatteri 
laboratories were reported, “1a panos: bad 


Constants. are @'=4.31X10-% cm, P= (3/p) (1+ (4/9) 4) c= 1.502 10" cm te 
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roma ©) 9 amd a (1 +2ar,(1 +ar,)) tan-2 4* 
4k 4a 
S20 + (e+8)r,(1+ oP) tae 
2 2(a+/) 
_, 4k } 
+ (1+28r,(1+fr-,)) tan ap” (5-4) 


(Il) The deuteron wave function without the hard core 
For comparison with (5-2), we take the deuteron wave function obtained by 
putting 7.=0 in (5-2): 
u(r) =N(e*—e-") , 
N=a8(a+f)/22(a—8)?. (5-5) 
1 
The square root of the sticking factor based on (5-5) is obtained by putting r-=0 
in (5-4) : 


S1? (dk) = —2 tan“ (5-6) 


82N" {tan 


4k “sdk 
tan 3 
Ak 4a 


2(a+8) Ap 
We shall designate the square of (5-4) be S,; and that of (5-6) be Sy. The 


result of comparison of S; with Sj is tabulated in Table I. For 0<120° the 
difference between S; and Sy is about 5% at most. 


Table I Comparison of sticking factors with the hard core (Sy) and without the hard core (Su). 
S; is given by (5-4) and Sy is given by (5-6). 


6 Si Su (ek 100 
; Si 
0° 1.000 1.000 0.00 
10° 0.942 0.929 1.38 
30° 0.596 0°577 3.19 
45° 0.374 0.358 4,28 
60° 0.231 0.219 5.20 
90° 0.0951 0.0922 3.05 
120° 0.0467- 0.0484 —3.64 
180° 0.0250 0.0286 —14.4 


eo Vii ee ee 


The above 


meson theoretical one. 


ation of the hard core effect. 
ean conclude that the presence of the hard core 1 


ls 


But the difference woul 


estimate was made by using the wave function different from the 
d not be so serious for the estim- 


(See discussions in (4) of this section). Hence we 


n the deuteron wave function is 
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not important for the calculation of the n-d scattering cross section near and below 
100 Mev neutron energy. The presence of the hard core gives the additi | 
contribution at forward directions, but the negative contribution at backwarij 
directions. 
(2) Effect of the D-state in the deuteron wave function | 
As discussed in § 2, we neglect the D-state in the deuteron wave function 
because the D-state probability is about 6% or so. If we take into account thal 
S-D coupling term, the expression for the cross section is not so simple as (3-20)} 
or (4-1). Nevertheless, we can estimate the contribution from the S-D coupling4 
term. | 
The wave function from the D-state of the deuteron is in general a linear 
sum of terms, whose angular parts are characterized by Yow(@,¢). Here M is the4 
z-component of the angular momentum and _ takes the value from —2 to +2! 
However, for the S-D coupling term, we should only take into account the ter : 
that is characterized by M=0. This is due to the conservation of the =-component 


of the angular momentum. Hence we only consider the terms whose spatial pa 
is given by 


[e-#+69 9 (rt (r) YoY Vu Odr = —V'5 | if eu (r)w(r)dr. (5-7) 
Here j, is the spherical Bessel function of the order 2. In Fig. 2, the absolute: 
value of (5-7) is compared with the square root of the sticking factor correspond-- 
ing to the S-state deuteron wave function of (5-1). 
the meson theoretical wave function (5-1).» From this figure, one can expect that - 
the contribution from the S-D coupling term is very small at small angles. The ; 
ratio of the absolute value of (5-7) (Curve M,. pv in Fig. 1) to the square root — 
of the sticking factor corresponding to the S-S term (Curve M,_, in Fig: 1) is4 
only 0.0445 at 30°, 0.105 at 45° and 0.366 at 60°. The “ sticking factor” for the 
S-D term must be multiplied by the Clebsch-Gordan coefficients, which take values — 


of (1/10)*? or —(4/10)1*, This coefficients thus pull down the curve M;_» about # 


40% ~60%. Total number of the §-D terms is just twice the SS terms. Of © 
these S-D terms, two-thirds 


are multiplied by (1/10)"” 
third terms are multiplied by — (4/10) 1? 
limit of the ratio of the contribut 
S-S term is given by 


(5-7) is estimated also using © 


and the remaining one- 
Hence a rough estimate of the upper — 
ion from the S-D coupling term to that from the 


S2{ (1/10) x (2/3) +|— (4/10)"" x (1/3) |} (Ms_»/M, -s) 
= 0.42 (M3_»/Msg_5) : (5-8) 


re than about 1.9% at 30°, 4.4% at 45° and 15% 


fe) 
at 60°, when we drop the \S- our numerical calculation. As 
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the calculated cross section smaller. 
(3) Reliability of using the S- 

state wave function of (5-1) 
os! From the considerations made 
in (1) and (2), we can estimate 
the reliability of using only the 
S-state wave function of (5-1) to 
calculate n-d scattering. In Table 
II, Ss_s is the sticking factor by 
0.4} making use of the S-state wave 


10 


0.6 


function given by (5-1). By defini- 
tion of M,-s, Sg-5 is the square 
of Mss. S’s-s is estimated by 
the square of M’s_s, which is given 


0.2 


by the relation 


0° 30° 60° 90° 120°, 150° 180° M',_5=Msg_s(1— (5:8)) 
Fig. 1. Effect of the D-state. S12 gi? 
Ms-_s; the square root of the sticking factor. 141 _ : (5-9) 
: sue 
This is given by (3-18). As ¢(|r|) in : 
(3-18), we assume zw of (5-1). Heme, (U—5'e_4/ Se) X00 shows 


Ms-_p; the effect of the S-D coupling term. 
This is given by (5-7). wu and w are 
given by (5-1). ing from the neglect of the effect of 


the hard core and the D-state in 
the deuteron wave function. In the forward directions, the hard core correction is 
larger than the D-state correction, ths S’5_5 > Dass. But’ for #>30°, the D-state 
correction overcomes the hard core correction, Hente Sect ees?) L bis table shows 
that the error is not greater than 1% for 6<30°, and not greater than 10% for 
40°<0<60°. But at 90° the error may amount to about 26% when we use Ss_5 
to calculate the m-d scattering cross section. 


the upper bound of the error, aris- 


Table II The sticking factor Ss-s obtained by using the deuteron wave function 
(5-1) based on the meson theoretical potential. In calculating Ss-s, the hard 
core effect and the effect of the D-state in the deuteron wave function is neglected. S’s_s 
is the upper bound of the sticking factor, if we take account of the effects of the hard 
core and the S-D coupling terms. S’s-s is given by the square of M’s_s which is 


defined by (5-9) : ———— 
| Ss_s—S’s-s 


0 Ss S ortega 100 
S-S 
0° 0.8761 0.8761 0.00 
10° 0.6849 0.6912 —0.92 
30° 0.4182 0.4518 4.0.57 
| 45° 0°2454 0.2344 +4,48 
60° 0.1455 0.1812 49.83 
 . 90° 0.05378 0.03976 426.07 


eee —————eeororocvrvm 
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1.0} 


0.8 


0.6+ 


0.4 


4 mas E —___. 


0° 30° 60° 90° 20° 150° 180° 


Fig. 2. Comparison of various sticking factors for 95Mev n-d scattering. 
(I); The sticking factor obtained from the Feshbach type wave function (5-3) in the 

text. This includes the hard core in the deuteron wave function. 

(II) ; The sticking factor obtained from the Feshbach type wave function (5-5) in the 
text. This does not include the hard core in the deuteron wave function. 

(ID ; The sticking factor which we adopted in the previous note.7) 

(IV); The sticking factor adopted by Chew.25) 

(V); The sticking factor obtained from the 

Ss.s; The sticking factor obtained from t 
Here the S-state probability is ta 
assumed to be 100%, 


wave function due to Hulthén and Sugawara.2)) 
he meson theoretical wave function w in (5-1). 
ken to be 93.6% whereas in (I)~(V) this is 


(4) Various forms of the deuteron wave Sunctions 
Although our final numerical calculatio 
function (5-1), we shall examine variou 


several authors. The form of these wave function are the same as (5-5) but con- 


Stants are different from each other. We shall compare various sticking factors 
calculated from various deuteron wave functions. 


ms are performed by using the wave 
s deuteron wave functions assumed by 
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mb/sterad.. 


0 
OF 20° 40° 60° 80° 100° 120° 


Fig. 3. Comparison of our numerical result with the experimental one (95 Mev p-d 
scattering). _The solid curve shows the result obtained by using the sticking 
factor Ss_s. The dotted curve shows the result obtained by using the sticking 


factor S’s_s : 


(II) The wave function which we have adopted in our previous report” 


Constants are 
a=0.323 X10" cm™, B=7a=2.261 X10" cm™. 


(IV) The wave function adopted by Chew” 
a=0.323 X10" cm”, 8=5.476a=1.76 X 10" em™. 


(V) The wave function adopted by Hulthén and Sugawara” 
1 


a—0.2317 X10" cm, B=5.751a=1.332 X 10" cm™. 


| 
_ These sticking factors together with the sticking factor obtained by using the 


) 
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meson theoretical wave function (5-1) are shown in Fig. 2. From this figure 
one sees that Curves (I) and (II) are very similar and Curves (II]), (IV) and 
(V) are very similar to each other. Curve S;_s is considerably lower than others. 
One reason is that in Curve S,s_;, the S-state probability is taken to be 0.936, 
whereas in other curves this is assumed to be 1. Adjusting this factors one will 
see that Curve (I) or (II) is very similar to Curve Ss_;. This justifies the estim- 
ation made in (1), where the hard core effect is estimated using (I) and (II) in- 
stead of using the proper wave function based on the meson theoretical potential 
with the hard core. 

This figure shows also that if we do not use the proper sticking factor, the 


error amounts to large values. 


§ 6. Numerical results 


We shall calculate the differential cross section and the polarized cross section 
for n-d elastic scattering at 90Mev. This numerical result will be compared with 
the experimental results of the elastic scattering of 190 Mev deuteron by proton.” 
At such high energy as 90Mev, we can disregard the difference between n-d and 
pd scatterings except for very small angles. Also we can neglect the energy 
difference between 90 Mev and 95 Mev. 

As discussed in § 3, under some simplifying conditions the cross section and 
the polarized cross section can be expressed by the product of the sum of the two- 
body scattering amplitudes and the sticking factor. To calculate the sum of the 
scattering amplitudes of nucleon-nucleon scattering, we use the phase shifts found 
by Tamagaki et aP~™, Ag the deuteron wave function in the sticking factor, 
we use the form given by (5-1). Thus the phase shifts and the sticking factor we 
used are compatible. Contributions from the S-D and D-D coupling terms and 
the hard core in the deuteron wave function is neglected. This is justified by 
discussions developed in detail in the previous section. 

(a) Differential cross sections 


Fig. 3 shows the comparison of our numerical result with the experimental 
one. Our result can reproduce the experimental one very well. (The good fit at 
large angle may, however, be accidental in view of our fundamental assumption.) 

In Fig. 3 the solid curve shows the result obtained by using the sticking 
factonsS. en. elheadotted curve shows the result obtained by using the sticking 
factors S/o eee Ihe agreement of the numerical result with the experimental one is 
not bad for the simplifying assumptions introduced in §2. In what follows, we 
shall argue that our result may be the best attainable one, if we stand on the 
impulse approximation, which is expressed by eq. (3-20) 

Equation (3-20) is expressed as the product of the sum of the amplitudes of 
the two-body scattering and the sticking factor. 
sticking factor Ss-s shows the lowest values am: 
we adopt other sticking factors without varying 


As seen in the previous section, our 
ong others for all angles. Then if 
the two body scattering amplitudes, 


The Elastic Scattering of High Energy Neutron by Deuteron 


Fig. 4. The comparison of our numeri 


Curve I: 


Curve II: 


the discrepancy between the experi 


_ serious. 


mb/sterad. 


50 


40 


mb/sterad. 


30 12 


20 8 


0 


0° 20° 40° 60° 80° 100° 120° 


phase shifts analysed meson theoretically. 


The sum of the two-body scattering amplitudes are calculated by using the 
phase shifts analysed by Gammel and Thaler. In both curves, the sticking 
factor’ia Sees in the text. “Sg-s’ is obtained by using the deuteron wave 


function compatible with the meson theoretical potential. 


cal results and the experimental one. 
The sum of the two-body scattering amplitudes are calculated using the 
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mental and the numerical results becomes more 
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Q(A) 


Fig. 5. Plot of Q(@) defined 
by (6-1) in the text. 


Q(0) gives the measure of the 
interference. By definition, the nume- 
rical value of this quantity is free 
from the sticking factor. Hence this 
quantity directly discriminates good 
two-body phase shifts from various 
ones. 

Curve I is the calculated value of 
Q(#) by using the phase shifts suggested 
by meson theory. Curve II shows the 
calculated value of Q(@) by using the 
phase shifts analysed by Gammel and 
Thaler. The shadowed region shows 
the experimental result. 


Next we shall examine the two-body scattering amplitude with the fixed stick- 
ing factor. For comparison, we choose the phase shifts of two-body scattering 
analysed by Gammel and Thaler®). Gammel and Thaler* got their set of phase 
shifts using the entirely phenomenological potential, whereas Tamagaki et al. got their 
set of phase shifts standing on the meson theoretical potential. In spite of the difference 
of the potentials which both groups used to calculate the phase shifts and the dif- 
ference of values between both sets of phase shifts, the calculated results of the n-d 
elastic cross section are very similar in their gross aspects and both can reproduce 
the experimental result very well. Seé Fig. 4. Naturally, the magnitude of the 
interference term of np and n-n scattering are quite different for all angles for 
both sets of phase shifts. But it is the sticking factor that makes both results 
so similar. The sticking factor acts to mask the difference of this interference 
term for both sets. 


Then the best way of comparison will be to use the quantity 
Se ae 


* Gammel and Thaler sa 


phase shifts. But when we follow Blatt-Bidenharn’s formul 
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O (A) SANs LEO A) 4 ; | 
I(P)nn +14) np (6-1) 


PO This factor is independent of the 
sticking factor. When the inter- 
ference is constructive, Q(#) is 
greater than 1. When the inter- 
ference is destructive, Q(@) is 
smaller than 1. In Fig. 5 Curve 
I is the calculated value of Q(@) 
by using the phases suggested by 
meson theory. Curve II shows the 
calculated value of Q(@) by using 
the phases analysed by Gammel 
and Thaler. The shadowed region 
is the experimental result*. From 
this figure we see that Curve I 
is very close to the experimental 
result. On the other hand, Curve 
II is not so good as Curve I. 


Then we can conclude that 


our numerical result expressed in 
Fig. 3 may be the best attainable 
stg result. Hence, the two body phase 
Fig. 6. The predicted value of the polarization of shifts and the deuteron wave func- 


90Mev n-d scattering tion suggested by meson theory 
Curve I is calculated by using the meson theo- 


retical phase shifts of the two-body scat- gives the best fit tovthe experunent: 


(b) The polarization 


tering. 
Curve II is calculated by using the phase shifts Next we shall investigate the 
analysed by Gammel and Thaler. polarization. The polarization is 


defined by P(4). Since both P(@) I(@), expressed by (4-1), and I(@), expressed 
by (3-20), have the form of the “dynamical” factor times the sticking factor, 
| P(@) is independent of the sticking factor. Hence in P(@) the difference of the 
nature of chosen sets of phase shifts will appear explicitly. This is shown in Fig. 6. 
This difference is exaggerated by the plot P (0) /sin @ vs 0. See Fig. 7. At 30°, 

the difference of P(#)I(@) for both sets of phase shifts is only 3 mb,!” and the dif- 
ference in the plot of P(@) is 10%, but the difference in the plot P(#)/sin @ vs 7] 


amounts to about 40%. 


* We used I(@)n-g by Chamberlain et al.26) As for I(@)nn and [(@)n—-», we used the values 
cited in Gammel’s paper®). Here we take our Ss-s as the sticking factor. This is the reason 
_ why we obtained so much different values for our “ experimental ” Q(0) from 4 by Chamberlain et al. 
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1 (6) =< POT) n-a/t 06/9) S(4k)] 
PU) TO) n+ t 1) aoe 


In Fig. 8, we plot the quantity 


(6-2) 


We see that the polarizations of 
n-n and n-p scattering interfere 
constructively at all angles. This 
is common to both sets of phase 
shifts. Unfortunately, we have no 
experimental results to be compar- 
ed with. The experimental re- 


*) at higher energies suggest 


sults 
that the impulse approximation will 
reproduce the experimental results 
well at small angles. But meager 
results are expected at large angles. 
Anyhow, the precise experiment 
on the polarization may serve as 
the further test of discriminating 
the chosen sets of phase shifts, as 


was seen in Figs. 6, 7 and 8. 


§ 7. Conclusion 


1) The impulse approxima- 
tion can well reproduce the ex- 
perimental result of the differential 


Fig. 7. The predicted value of the polarization cross section in the region 090° 
divided by sing. near 100 Mey neutron energy. 
Curve I is calculated by using the meson theoretical AT phase shifts and the 


phase shifts of the two-body scattering. Aout t ion deceaae 
Curve II is calculated by using the phase shifts euteron wave function derived by 


analysed by Gammel and Thaler. using meson theory may give the 
best fit among others. 

3) The impulse approximation will be expected to reproduce the polarization 
at small angle also well. The experiment on the polarization may serve as the 
further test for discriminating various sets of phase shifts. . 

4) The examination of the offenergy shell contributions is left untouched. 


This effect is expected to be small at small angles. The examination of this effect 
is now in progress. 
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Curve I and Curve II correspond to the calculated 
results in Fig. 4. 5. 6. 7. 
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On the Space-Time Formulation of Non-Relativistic Quantum Mechanics 
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For the case of the quantization of the usual non-relativistic classical Lagrangian 
function quadratic in the velocity the validity is demonstrated of the non-canonical space- 
time formulation of quantum mechanics proposed recently by the author, which aims to 
evaluate, without appealing to the Schrédinger equation, the transformation function 
K(a, t’’; y, t/) in the space representation on the basis of the composition rule 


ING Go 7 9 8 7) =| TS Cent pide Kees yes) (1) 


coupled with the supposition that it is approximated to zeroth order in the quantum of 
action h by the so-called semi-classical kernel 


Ko(a, ts y, t’) =[G/h) 0S /0.xdy] 1/2 exp [(é/h) S(a, t”; y, t’)] (2) 


written in terms of the classical action S(x, t/; y, t’) alone. 

In the first place the action function corresponding to the above Lagrangian is expanded 
in power of the interval of time T=t’”—?’. Then the deviation of the semi-classical kernel 
(2) from the unitary transformation function is shown to be of the third order in 7 and 
the corresponding correction term is evaluated by solving the integral equation (1). It is 
also shown that the semi-classical kernel is unitary for a free motion of a particle with its 
mass being a function in the space coordinate. 


§1. Introduction and summary 


In quantum mechanics the temporal development of a physical system is de- 


scribed essentially by the transformation function or the kernel K(z, t; Ys te 
such that for t=7’ 


1S Ger noaine)) =0(2—y)I Gia 
In the traditional formulation this is a solution of the Schrodinger equation 
th(0/0t) K(x, t; y, t’) =H (2, p, t)K (a, 2t5-y,t/), (1-2) 


where p denotes the differential operator —iii(0/dx). If 0H/d¢=0, the solution 
reads simply with T=z—7/ 


operator plays an essential part, which 
kind of formal correspondence with the Hamiltonian 
function H (q, p, t) in classical mechanics, where q and p denote the space ¢c 


oordinate 
of a particle and its canonically 


On the Space-Time Formulation of Non-Relativistic Quantum Mechanics 903 


In contrast with this, Feynman’s space-time version of quantum mechanics” 
‘aimed to establish, without the use of canonical variables, an equivalent and self- 
‘contained theoretical scheme in the usual space-time framework. The superiority 
of this approach starting from the classical action function to the usual one con- 
sists in securing a direct correspondence of quantum mechanical description with 
the classical mechanical one formulated originally in the form of Hamilton’s principle 
of stationary action in the usual space-time. 

Feynman’s formulation suffered, however, from the drawback, as was pointed 
out by himself, that it required an unnatural and cumbersome infinite subdivision 
of the time interval T. This is not only true from the side of mathematical con- 
ceptions needed therein, but also from the practical point of view of the actual 
integration of the transformation function. The exact realization of Feynman’s recipe 
has so far been limited to the simple and trivial cases of the free particle and the 
harmonic oscillator alone and no practical method of integration has been devised 
applicable to wider class of action functionals.” 

In the present paper the following two things are shown in the non-relativistic 
quantum mechanics of a particle of mass moving in one space dimension, whose 
classical Lagrangian and Hamiltonian functions are given respectively by 


L (qv) = (m/2F0"— V (q) (1-4) 
H(q, p) =(1/2m) p+ V@), (1-5) 


where v denotes the velocity dq(t)/dt. In the first place it is possible to construct 
a space-time formulation of quantum mechanics without appealing to an infinite 
subdivision of the interval of time. In the second place it becomes thus possible 
to evaluate the transformation function, when the potential V(q) is given arbitrarily. 
In order to make clear the differences between the fundamental postulates under- 
lying the present formulation and those in Feynman’s, it is needed first to analyse 
the essentials of the so-called Feynman principle. 

Let q(t) represent a classical path of a particle connecting a pair of space-time 
points (2, t’’) and (¥, ¢’), then az=q(t") and y=q(’). This function q(t) 1s 

- determined by the variation principle 


and by 


a (ide Lla® 7, 1)=0. (1-6) 


or equivalently by the Lagrangian equation of motion 
(d/dt) dL/dv=0L/9q, (1:7) 
and the time integral of the Lagrangian function 


Slat yet!) are Liq), v@), ¢] (1-8) 


along the actual classical path is called the classical action function. From the very 
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beginning of quantum mechanics the relation of this function to quantum mechanics 
has repeatedly been emphasized by various authors.” Especially Van Vleck showed 
that the transformation function could be approximated to zeroth order in the 
quantum of action h by the semi-classical kernel 


K(x, t; y, !) =[(/h) PS/dxdy}"exp| (i/h) S(a, t; y, t’)] (1-9) 


constructed from the classical action alone.” Of course this can not in general re- 
present a unitary transformation. But in some favourable cases it happens that 
this is correct to the first order in the time interval T’=t—z’, or more precisely 
that, supposing 0H/dr=0, 


K,(2, y, T) =[1— GT/h) H(z, p)]0(x—y) +O(T?. (1-10) 


Now it is well known that any finite unitary transformation is a result of an 
infinite unfolding of successive infinitesimal unitary transformations. It was thus 
asserted by Feynman that, when and only when the semi-classical kernel is correct 
to the first order in 7', the infinite unfolding of infinitesimal unitary transformations 
goes over to the functional integration method 


r 


TSC Ls yd) =| d (paths) exp[ (¢/A).S (path) | (1-11) 


over all possible imaginary paths in space-time with the common end points eee 
and (y, z’), of which the result will be the same with that of the Schrodinger 
equation. The reason for this was stated as follows. If a given finite interval of 
time, 7*, is subdivided into equal steps T, the number of the factors of the form 
(1-10) is T*/T. If an error of order T? is made in each, the resulting error 
will not accumulate beyond the order DP CLIYT ) ote 11) aca anies in the 
limit) £50; . 

This is actually the case for the non-relativistic quantum mechanics correspond- 
ing to the classical system characterized by (1-4) and (1-5). Feynman showed 
this by establishing, with the aid of the approximation formula 


S(z, y, T)= (m/2T) (x—y)’—TV(x) (1-12) 


to the classical action function (1-8), the relationship 


[ay Ky, TH) <-GT/MHe, DI@4O(T), > a 13) 


which is equivalent to the above (1-10). In this connection the question arises 
to what extent the semi-classical kernel is a correct one in the non-relativistic case 
now under consideration. The following three sections will thus be devoted to the 
improvement of the approximation formula (1-12) yielding the result 


S(x, y, T) =(m/2T) (2— 9)" TF, (2) — (PY 2m) F(a, y) +O(T), 
(1-14) 
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wherein 
r= | du Vly 4 uly) (1-15) 


and the expression for F3(x, y) will be found in (3-22). It will then be shown 
in §5 that (1-10) will accordingly be changed to the form 


K,(2, y, T) =K(a, y, T) — GhT?/240m’)[ (d/dx)*V (x) |0(xa—y) +O(T*) 
asks) 


with the K(2, y, TJ) given by (1-3). The semi-classical kernel is, therefore, 
correct to the second order in 7 and the transformation function should be written 
in the form 


K(a, y, T)=K.(2, y, T)[1+ GAT*/8m’) D(x, y) +O(T) | 
=K,(z, y, T) + GAT */8m’) D(a, x)0(x—y) +O(T"). (1-17) 
Gemparing. this with the above (1-16), we get at once the condition 
D(z, £)= (1/30) (d/dx)*V (2). (1-18) 


The task of the space-time formulation of quantum mechanics will thus be to de- 
termine the unknown function D(z, y) subjected to the condition (1-18) without 
relying upon the Schrédinger equation. 

It is evident from the above that the Feynman principle is correct at least in 
principle so far as we are concerned with the non-relativistic Lagrangian (1-4). 
But being hindered by mathematical difficulties, no attempt has so far been made 
to obtain by this method the function D(x, y) in the general case of an arbitrary 
potential V(g). Apart from this difficulty the limitation is inherent in Feynman’s 
method that it is valid only for the restricted class of action functionals, for which 
the corresponding semi-classical kernels are correct to the first order in the time 
interval. Therefore, as far as the correspondence with the classical mechanical 
picture is made via the semi-classical kernel written in terms of the classical action 
functional, the most general form of the space-time formulation of quantum mechanics 
applicable also to wider class of action functionals will essentially be at variance 
with an infinite subdivision of the interval of time. 

Now in so far as the parameter / is concerned alone, the semi-classical kernel 
is correct to the zeroth order in it for any finite interval of time. ‘The unitarity 
of the transformation function will thus be secured by putting 


K(a, t3 9, 1) =K.(4, #3 9; 1) OU (aptsay tb) (1-19) 
with the correction factor U(z2, t; 9; t’) such that 
lim U(a, t; y, ’) =1. (1-20) 
h->0 


Then in our non-relativistic case we have from (1-17) 


U(x, y, T)=1+ih[(T*/8m’) D(x, y) +O(T|+O@). (1-21) 
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But for the purpose of determining the unknown factor U(z, t; y, t’) the use of 
the unitarity condition 


Jae K(aes ei eonte tepeee (eon), (1-22) 


where the asterisk denotes the complex conjugate, is inconvenient, because the delta- 
function in the right-hand side is mathematically hard to manipulate. Therefore, 
the author has recently proposed” to base the space-time formulation of quantum 
mechanics on the use of the recursive condition 


K(a, 0"; 9,0) =| Kat"; 2, )de K(x, 0; 9,0, (1-23) 


which yields the above (1-22) for ¢’”=? according to (1-1). The final object of 
the present paper is thus to show that this recipe for the construction of the trans- 
formation function works well at least in the non-relativistic case wherein the action 
function is approximately given by (1-14). In §6 the integral equation (1-23) 
is solved to determine the function D(x, y) in (1 rl )-.as 


D(x, y) = (0°/dx0y)*F, (x, y) (1-24) 
in terms of F,(z, y) given in (1-15). This at once gives 


DRS =| due  4)?(d/dzyV (2), (1-25) 


which is nothing but the condition (1-18). In addition to this it will be shown 
in §7 that the semi-classical kernel corresponding to the classical Lagrangian func- 
tion 

L(g, 0) = (m/2)[w(q) v}? (1-26) 


will itself satisfy the recursive condition (1-23). Therefore the semi-classical kernel 
is unitary and we can put in this case the function U in (1-19) equal to unity. 

Now from the above one may safely expect that the space-time formulation of 
quantum mechanics based on the coupled use of the recursive condition (1-23) 
and the factorization (1-19) of the transformation function in terms of the semi- 
classical kernel (1-9) is valid in general for wider class of action functionals. In 
order to show that this is actually the case, it is needed first to devise some 
mathematical transformation of the condition (1-23) into a more tractable one and 
then to utilize it in quantizing classical systems different essentially from those 
treated in this paper. Moreover, in order that the present formulation should be 
a complete and self-contained one, or more precisely that it should be completely 
free from the influence of the Schrédinger equation, one has to be able to explain, 
in the framework of the recursive conditio 
from the factorization (1-19). This means, as has already been: pointed out by 
the author,” that the principle of correspondence with the classical mechanical 
description is to be implied, in the limit of the quantum of action h tending to zero, 


n alone, the reason why one is to start 
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in the recursive condition representing the group property of the transformation 
' function. In addition to these it will be of interest to investigate what condition is 
imposed on the classical Lagrangian function in order that the semi-classical kernel 
is correct to the first order in the time interval or accordingly that the passage to 
Feynman’s path integral method of quantization is really possible. These are the 
problems left to be solved and the solutions will be given in succeeding papers. 


§ 2. Evaluation of action function by the Hamilton-Jacobi equation 


Since the Lagrangian function (1-4) does not depend explicitly on the time 4, 
the action function (1-8) involves ¢” and ¢’ in the form of the difference T=2/’—?’ 
and can accordingly be written as S(z, y, T). In the case of free motion with 
vanishing potential it reads simply 


Sa, y, T) =(mn/2T) (2@—y)*. (2-1) 
When the particle is acted on by force, the explicit construction of action function 


is difficult to perform and it has so far been successful only for the restricted cases, 
where the potential is linear or quadratic in the coordinate. For 


Vig=kq and V(q)=(mo*/2)¢ (2-2) 
with the constants & and w, the results are respectively 
S(z, y, T)=S,(2, y, T) —(k/2) T(2+y) — (F/24m) T® (2-3) 
and ‘S(a, y, T) =(mo/2 sin oT )[ (z?+")cos oT —2xy| 
=S,/(x, y, T) —(mo*/6) T(x? +xy +9") 
— (mot/90) T {2 + (7/4) zy $y"J— (2-4) 


It is common to these that the first term S;(z, y, T) is followed by the terms of 
odd power in T, so that we put in the general case of an arbitrary potential V (q) 


> 


Stiey (PY SS ejyp/ TY PF; 9,T) (2-5) 
with Ree r= 5) (T?/2m)* Funes (2, ).- (2-6) 


The Hamilton-Jacobi equation derived from the Hamiltonian function (1-5) is 
(0/AT) S(a, y, T) + 1/2m)[(9/8x) S(a, », T) P+ V(x) =0, (2-7) 


which is transcribed with a=T*/2m as 
> at (a—y) (8/82) (a—y) Finer (t, YI= DG a"Gn(a, 9), (28) 
where G(x, y)=V(2) (2-9) 


nae Gon (2, Y) = o7 (0/Ax) Fae y1+ (0/02) Pon—car+15 (n>0). (2-10) 
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The solutions are given at once by 


Talay = ee) oe a | dz@—y)"Gm(2 y) + Cir (y) ] 


= ("du wu" Ginl g (u), y|\+ (x—y) OC ak (y), (2-11) 
v0 


where we have replaced z with g(u)=y+u(x—y) and Cy,,(y) are the integra- 


tion constants. : 
According to the definition (1-8) of the classical action, the term of the lowest 


order in T’ should be TL(qg, v), when the substitutions y=q and x—y=vT' are 
made in it. But from the above we get 


SQg+vT, g T)=— 3) (2m)*v-""Cy,.(Q +O(T), (2-12) 
k=0 


so we must put C»,,,(y) =0 in (2-11). Then for »=0 we get the solution (1-15) 
according to (2-9) and for n=1 we have from (2-10) and (2-11) respectively 
with the abbreviations V,(x) = (d/dx)*V (2) 


G,(%, y) =[(0/0z) Fi (az, y) F=[ | ew w Vilg(w) }P, (2-1) 


J 


el ie ‘es 
F(x, y) =| du wGlg (zu), y\= | au w|\ dw w Vil9 (uw) | 


=| du(/a |" dw w Vilg wy} (2-14) 


The results in this section were obtained by the author” in 1950 and essentially 
the same results were also attained afterwards in 1955 by Choquard.” Instead of 
adopting a roundabout method based on the partial differential equation (2-7) we 
had, however, better to construct the classical action directly according to its original 
definition (1-8). The next section will thus be devoted to this purpose. 


§ 3. Evaluation of action function by direct integration 


The classical path g(t) of a particle, whose Lagrangian function is given by 
(1-4), is determined by the Newtonian equation of motion 
m(d/dt)*q(t) =— V,[q(t)] (3-1) 


derived from (1-7) and in addition to this by the initial conditions L=ge")" and 
y=q(t’). Then in terms of a real parameter w defined by t=t/+u(t!/—2’) the 
classical path is represented by a function qg(w), such that x=q(1) and y=q(0), 
and at the same time the above equation is rewritten as 


q’ (u) = —2aVi[q(u) iF (3-2) 


where a=T?/2m and the prime denotes the differentiation with respect to the 
parameter w. . 
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In the case of a free motion the solution g(w) is at once given by 9 (u) =y +uF 
with g/(w) =§=x—y and g’(u)=0. Then putting in the general case of an 
arbitrary potential V (q) 


q(u) =9(u) +f(u), (3-3) 
we get f(1) =f(0) =0 and from (3-2) the equation 
(—1/2a) f" (u) = Vi{g (u) +f) | 


= V9 (uw) ]+ Vig (w) IF + 1/2) Valo If (@)?+-. (3-4) 
The expansion of f(z) in powers of a 
Flu) = >} (—2a)* few) (3-5) 
gives fo, (1) =f (0) =0 and transforms the above (3-4) into 
fil! (u) = Vig (u) = G/S) (d/du) Vig) ), (3-6) 
fi’ (au) = Vig @ |i), (3-7) 
fil (u) = Vig fi) + 0/2) Vilg wm) fa)’, (3-8) 
and so on. After repeated differentiations (3-6) gives 
fa”? (u) =" Vi 19 (a) | (3-9) 


and accordingly (3-7) and (3-8) are transformed respectively into 
Ef! (u) =§ V9 (~) lA) =h® MAW) 
=[fl WAWY— 3/2 AO"), (3-10) 
2E fel! (u) = 2fr®™ (wu) f(t) + (1/8) fa (ua) fae)’ 
=[filwfl (u) —3f MAM +5 Al WMAMY. G1) 
Now (3-6) is at once integrated to give 


fw = C/A —u | Jaw Vigce)] (3-12) 
= (1/é)u\ dw {V9 Caw) Vig e))} (3-13) 
and in the same way we get from (3-10) and (3-11) 
zfu(u) =A w) fale) — (8/201 fw | 1 tee AY Ce)? (3-14) 
a8 fa(u) =falu) fl (o) — Bf (a) ful) + | —u | Tadeo" (wo) faze). 8-19) 
According to the above results the Lagrangian function (1-4) is transcribed as 


L(g v) = (m/2T)[9! (w) +f) P— V(q(~) | 
=(1/T) S;(2, y, T) —~D(u) + (d/du)C(u) (3-16) 
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with D(u) = Vi qu) |+ (m/2T’) fw" (u) 
=V[g(u) + f(u) ]— 1/2) f@) Vilg(u) +f) ] (3-17) 
and C(u) = (m/2T”’) f(u) [2 (a—y) +f (uw) ], (3-18) 


which gives C(1) =C(0)=0. Then we get from (3-17) 


8 


D(u) —V[9(u) J= (1/2) (1/n!) (2—n) V,[9 (uw) If(u)” 


: sae 
nm 


= (1/2) eat (1/n!o") (2—n) fa*? (u) f (u)”™ 
= (1/2) fol! (u) f (u) — (1/12) fo (u) f(u)? + --- 
= —af,!' (u) fr(u) +2a°fy’ (u) f,(u) + O(a’) (3-19) 
and accordingly 
D(u) =V[g9(u) |+al fil (u)’— (fpf')’] (3-20) 
+a? (2/8) [fa (u)? + Pof2! fof’)! +€ (fi fi-—-faf 1) + O(a). 
Since (1-8) gives, with the aid of (3-16) and (3-18), 
Soe i [, du L{q(u), v(w)J=S,(2, y, T)—T |, du D()yB-20) 


one has, according to (2-5), (2-6), (3-20) and (3-12), in the first place the 
result (1-15) and then 


ea) {, du ff (u)? 
= (1/8) | du Vig Pt |, de Vig} (3-22) 


F(x, y) =(2/8)| du fl @)* (3-23) 
Finally according to (3-6) one has 
[A/u) \"dw w Vig qv) JP=[(A/u) [deo w fy" (w) 
=[ A) — 0/4) fw) P= fl)? (d/du)[ (1/u) fi(w)"}, ~ 3-24) 


and since (1/u)f,(u)? vanishes both for “w=O0 and for w=1 owing to (3-13), we 
see that (3-22) is identical with (2-14). 


§ 4. Some properties of action function 


Let a function g(¢) with q(t") =x and q(t/)=y represent a classical path 
(at Cad) olan particle and let an imaginary path, which is composed of two 
classical paths P(.x, 1// > q*,t*) and P(Qg*, t* ; y, t’) jointed together at (g*, t*) be 
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represented by a varied function g(t) +0q(t), then we have 0q(t’’) =¢q(t’) =0 and 
0q(t*) =q*—q(t*). The definition (1-8) of the classical action gives now 


Sele ee VG Pie NSO ds 20), 02') P18 (ERE) 9p 10") 
tu . . tH 
== ("at L(q+¢q, v+0v, t) — |" de Toone) (4:1) 


and taking up to the first order variation the right-hand side vanishes owing to 
(1-6), so that from the expansion of the left-hand side in ¢q(t*), we get, by 
putting z=q(t), the following two conditions, 


ie Payee) ao Pt oe ad) +S(z, t;y, t') (4-2) 
and (0/dz)[S(a, t!; x,t) +S(z, t; y, t/)|=0. (4-3) 


In the case of a free motion the classical path q(t) is given by 9(u) =ux+wy 
with w—1—z, and for the classical action (2-1) we have the relationship 


Sz, z,-wl) +S,(z, y, ul) —S,(2, y, T) 
= (m/2uwT )[z—g(u) P=Siz, gu), wwT |, (4-4) 


where = is taken arbitrarily. Then for z=g(u) the above conditions (4-2) and 
(4-3) are easily seen to be fulfilled. In the general case of an arbitrary potential 
V(q) they are rewritten with the aid of (2-5) and (4-4) respectively as 


wF (a, z, wl) +uF(z, y, uT) — FEL, Nandos (L/Auwe) [z—-g(u)} (4-5) 
and (0/0z)(wKF (2, z, wT) +uF (z, y, uT) |= (1/2uwa) [z—g(u) }, (4-6) 


where z is given according to (3-3) and (3-5) by z=g(u) —2af2(u) Oy 
Then in view of the expansion F(z, y, T)=Fi(2, y) +aF;(x, y) +0(a’) given in 
(2-6) the condition (4-5) gives with the abbreviation (o(z, y, z))=9[2, », 9()] 


(wF,(x, x) +uF (=, »))—Fi(@, ») =9 (4-7) 
and (w® F(x, Z) +uF s(z, y) > —F;(2, y) 
—2 f,(u) ((8/8z) [wFi (2, z) +uFi(z, y)])+ A/uw) fa *; (4-8) 
In the same way the condition (4-6) yields 
( (8/dz)[wFy(2, z) +uFi(z, ») y= — (1 /uw) fa, (4-9) 
which transforms (4-8) into 
Fi(z, y) —Gv'Fy(z, 2) +P, (z, y)) =u (3/82) (wi (a, 2) +uFi le, y)))”. 
(4-10) 
Finally (4-7) gives by repeated differentiations 
(3/ax)™ (8/Ay)"Fi(a, y) =w{[ 0/8x) +u (9/92) J"[w (0/82) "Fi (, 2)? 
4+ ul{u(8/dz) "[w (9/8z) + 0/8y) PFilz, 9) )» (4-11) 
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which reads more specifically 
D3 (x, y) = (8°/0xdy) Fy (x, y) 


= (w"D,(x, 2) +wD;,(z, y)> +uw(0/0z) [wk (2, z) +uFi(z, y)]) 
(4-12) 


and D(x, y) = (0°/8x0y)*F, (2, y) =Cw*D; (2, z) Pez, y)) (4-13) 
+2uw< (0/dz)*[w°D, (x, z) +u?D2(z, y) ]) + (uw)?((0/dz)[wF (2, z)+uF(z, y)]}). 


§ 5. Unitarity of the semi-classical kernel 


Before entering into the main subject of the present section to show (1-16), 
we shall first evaluate the free kernel or the transformation function corresponding 
to the classical free motion, for which the action function is S,(x, y, T) = (m/2T ) 
X (x—y)*. According to the definition (1-9) the semi-classical kernel reads 


K,(2, y, T) = (m/2zihT )" expl (im/2HT) (2—y)"] 
i (1/2) | du exp[— (AT /2m) wv +iu(x—y)] 
=exp[ (iAT/2m) (8/Ax)"|0(a—y) 
=exp|— (‘T/h) H(p) ]0(x—y) (5-1) 


with H(p)=(1/2m) p> and p=—ih (9/0x), which is evidently a unitary one. 
Then we have two equivalent expressions 


K,(x, y, T) =exp[4u(0/dx)"]0 (a—y) (5-2) 

and IAG, LD) =exp[4#(0/dy)7]0(a—y), (5-3) 
where we have put 

4=—iT/h, p=—f?/2m (5-4) 


and accordingly a=T?/2m=22n, 
Proceeding to the general case of an arbitrary potential V(g), the action 
function is given by 


D(a, 17) = S,y ih ES ee ip Echt ie A (2-5) 
and we have according to (2-6) 
(a, y, T)=Fi(x, y) +2 pF (2, y) +O(), (5-5) 


Then since the above (2-5) gives 
#S(x, », T)/Oxdy=— (m/T)[14 (T/m) oF (a, 9, T)/Bx8y], (5-6) 
the semi-classical kernel (1-9) is rewritten according to (5:3) as 
K.(a, y, T)=K,(2, y, T)W (a, y, T) 
= W(x, », T) exp[ip(8/Ay)"]0(a—y), (5-7) 
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wherein W(x, y, T) is defined according to (5,5) by 
log[W(2, y, T)]=4F (2, y, T) + (1/2) log[1+2248°F/dxdy] 

=AF, (2, y) +? uD, (2, y) +4 eFs (a, y) +O). (5-8) 
We thus get the expansion 


Wx, y T)= 3) 0/7) Wyle, ») (5-9) 
j=0 
with W(2, y) =1, W,(2, y) = F, (2, y), 
W,(2, y) =F, (2, y)?+2pD, (2, y), (5-10) 


W;(2, y) =F, (2, y)? +64 F3 (2, y) + F, (2, ~) 1, (2, y) |. 

With the aid of the abbreviation (¢(2, y))=¢(x, x) one accordingly gets by re- 
peated partial integrations 

| dy ee et VIG [ dy 0(a—y) exp[4#(9/9y)"] W(x, y, T)Y(y) 


Jv uv 


eee (1/R! 9!) Ae) *#C(8/dy)* W(x, y) PCy)? 
o n 2k 
= 3) Git/n') 3) Catt >) aC 0/89)! Wane, 9) (d/day*4Hh(2), 
i (5-11) 
which at once yields 


RAL, ¥n<4) = S) (4"/n!) M, (x, aia (aay) .©) (522) 


n=0 


with the differential operators 


M, (x, 0/Ax) =[4(0/9x)*}" 
+S Cut 3 uC 8/89) Wra-n a ¥)) (0/82) "4 (5-13) 
Since (1-15), (2:14) and (4-12) furnish the relationships 
((0/dy)"Fi(x, y))=(n+1) "Vin (2), 
((0/dy) Fila, y))=V(2) Vi (2), 
¢(A/dy)*F, (x, y)*) = (2/3) V(a) Vix) + 1/2) Vi (2) sy) (on ke) 
(F,(x, y))= (1/12) Veo 
((8/Ay)"D2 (x, y))=[(2+2) (n+3) Viner (2), 


we have according to (5-10) 


((0/ay)"Wi (a, y) = (at) Vala), 
(Wi (a, 9) = V(x)? + (4/3) Val); 
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((8/Ay) Wola, y))= V(x) Vi (x) + (u/6) V(x), (5-15) 
((8/8y)*W, (x, y)) = (2/3) V(x) Vox) + (1/2) Vi2)?+ (4/10) V(x), 
(Wala, y= V(x)*+4[ (1/2) Vi(x)?-+ V (2) Va(2) J. 
One obtains, therefore, from (5-13) the results: M,(z, 0/dx) =1, 
M,(x, 0/0x) =4(0/0x)’?+ (Wi (x, y)>=p2(0/02)?+ V(z), (5-16) 
M(x, 0/0x) =" (0/dx)*+2u[((0/dy)?W,) +2¢ (0/dy) Wi) (0/0z) 
+ (W,) (0/0.x)*]+ (Ws) 
=/2 (0/0x)*+p[V2.+2V,(0/dx) +2V(0/dx)7]+V? 
=[#(0/0x)*+ V (x) F, (S17) 
M; (x, 0/0x) =p" (0/dx)°+ | (9/10) Vit4V;(0/0x) +7V2(0/Ax)? 
+6V,(0/0x)°+3V(0/dx)*] 
+p[3VV,+2V?46VV,(8/dx) +3V2(0/dx)*]+ V3 
=[#(0/0x)’+ V(x) P— (4/10) V, (x). (5-18) 


Therefore, (5-4) and (1-5) tell us that the above (5-12) is identical with (1-16) 
up to the terms of the third order in T. 

Only when V,(x) vanishes, it is thus possible that the semi-classical kernel is 
a unitary one. It will then be shown for the classical potential V(g) given by 
(2-2) that the corresponding K, (x,y, T) is identical with the transformation 
function (1-3), or more precisely that 


K.(2, y, T) =exp[4(8/8x)*+4V (2) ]8(x—y). (5-19) 
For the linear potential V (q) =kq we have according to (2-3), (5-2) and (5-4) 
K.(2, 9, T) =exp[ (4k/2) (e+) + (1/12) 4pk']-K,(x, y, T) 
=exp ('vk?/12) exp (Akx/2) exp [44(0/0.x)*]exp (Akx/2) 0 (2—y). (5-20) 


This is transformed into (5-19) by putting «= and w=k/2p in Equation (A-1) 
in the Appendix. Then for the quadratic potential V(g) = (mw*/2)q° the classical 
action (2-4) is rewritten with ol*=sinwl as 


53 (0 gy) =i, (ey 1 ee (mew/2) (2+ y*) tan(wT/2), (5-21) 
so that one has by putting w=wT/2 and w=ih/mw 

Gay DL) =exp[(mw/2ih) (a*+?) tan(wT/2)]-K;,(2, y, T*) (5-22) 

=exp[(1/2w) x’ tan u] exp| (w/2) sin 2a (0/Ax)*]exp [(1/2w) 2x? tan x] O(z— y). 


Then since uw=/ and u/w=A(mw*/2), the identity (A-2) again yields the 
above (5-19). This furnishes an improvement of the operator calculus that was 
given in 1952 by the author.” 
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§ 6. Solution of the integral equation 
The function U(z, y, T) in (1-21) is rewritten according to (5-4) as 
U(x, y, T)=1+ (1/2) ## D(a, y) +O) (6-1) 
and we have from (1-19) and (5-8) 
Kay, T)=K.G, y, TU, y, T) SK, y, TY (ay, T) 6-2) 


with Y@, 9.7) =W (a, 9, T)U(x, », T). (6-3) 
Then since (4:4) gives with w=1—wz and g(u) =uxr+wy 
Ka 2, Ol Nee), el) —K, (ay, T)K,z, 9), uwT |, (6-4) 


the integral equation (1-23) is transformed into 
Ker T)=\ Riera PVIER EO UT) 
=K,(a, y, T)\ dz Kz, g(u), uwT]Y (x, z, wT)Y(z, y, uT) 


=K(x, y, T)| dz d[z—9(w) ]exp/4e ww 8/22)" 
MOY (pen eye 1d Cry, dt). (6-9) 
In terms of the symbol (¢(z, y, z))=¢[2, y, (u)] we thus get the equation 
1=(exp[Ap uw (0/9z)*| Y (2, z, wT) Y(z, y, WL) YA Yad ets (626) 


By putting 
YG, y, 2) =w (a, z) +uli(z; 9) —11G@, 9) (6-7) 


we get from (5-8) 
log W (2, z, wl) Wz, y, UL) W Gy vn L) SAY 9-2) 
+ 2py[w D(x, 2) +u*D2(z, y) —D,(x, y)] 
+2 [uF (a, z) +wFs(z, y) —Fs(x, »)]+O), (6-8) 
_ which yields together with the above (6-1) 
Y¥(x, z, wT)Y(z, y, uT)Y(@ y, T)7= > (8/j))¥j(a, y, 2) (6-9) 
with Y)(a, y, z)=1 and 
Ys y,.2)— Yi (2, 9, z)?+24[w'D, (a, z) +wD,(z, y) —D2(x, »)], (6-10) 
Y3(2, 9, 2) =Yila, » 2)? +6p w°Fs (2, 2) +u°F;(z, y) —F3(x, y)] 
+6hY,(2, y, 2) -[w*D,(2, z) +u?D,(z, y) —D,(2, 9)] 
4.3/2[w*D(a, z) +vD(z, y) —D(2; y) |: (6-11) 
| Then we have according to (4-7), (4:12) and (4-10) the relationships 
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(Yi (2, y, 2)7=0, 
(¥a(2, y, 2) ) = —2puw< (0/8z)Vi (x, ys z)), (6-12) 
(Ys(a, y», 2))—34'[Cw' D(a, z) +uD(z, y))—D(a% »)] 
= — 6puw< (0/9z) Yi (2, y, z) P= —3puw (0/8z)*Yi(a, y, z)”), 
so that the above (6-6) and (6-9) give 


= SM CEN GA" uw) (0/02) Y (x, yey 7 
j=0 


oo n—1 aan 
= D1 (AR l) oh Ci ard) “C0 0x) * Yas (yee 
k=0 


n=l 
=ACY,) + (2/2) (CY) + 2puw< (8/8z)*Y,)] 
+ (4/6) [(¥s) + 3puw< (3/0z)*Y2) +3 (uuw)* (8/dz)*Y,)]+0(4) 
= (4/2) (wD (a, z) +0D(z, y))— D(a, y) 
+ (urw/f) ((8/0z)?(Y2—Y1*)) + (uw) (8/dz)*Y,)]+0(4). (6-13) 
Therefore the equation for determining the function D(z, y) is 
D(x, y) =(w*D (a, z) +u*®D(z, y)) 
+ 2urw¢ (8/dz) [wD (2, 2) +u*D,(z, y)]) 
+ (uw)*((0/0z)[wF, (2, z) +uF,(z, y)]), (6-14) 
which is identical in structure with (4-13). We thus get the solution (1-24). 


§ 7. Quantization of the Lagrangian L= (m/2)[w(q)v}? 


If the classical Lagrangian is of the form 
L(q, v)=L(R) with R=w (q) dq/ dt (7-1) 


and d°L/dR? does not vanish, the Lagrangian equation of motion (1:7) gives 
dR/dt=0, which is integrated at once to give 


R=(1/T) \dqw(q). (7-2) 


When the Lagrangian is quadratic in R, as is given in (1:26), we get the classical 
action 


S(x,y, T)=T(m/2) = (m/2T)[(" dqw(@} 


= (m/2T) (X—Y)*=8,(X, Y, T) (7-3) 


e sd ry 
with X=|"dgw(g) and Y=| dqw(q). Then since 
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PS(x, y, T)/dxdy=— (m/T) w(x) w(y), (7-4) 
‘the semi-classical kernel (1-9) reads 

K.(x, y, T) =[w(a)w(y) PK A(X, Y, T), (7-5) 
which gives for T7=0 

K.(a, y, 0) =[20 (2) w(y)}98(X—Y) =0 (2-9). (7-6) 


Now putting G(uw) =uX+wY with w=1—u, we get according to (6-4) 
K,(X, Z, wT) K,(Z, Y, uT) =K,(X, Y, T) K{Z, G(u), uwT | (7-7) 


and then putting Z= i dqw(q) with dZ=w(z)dz, (7-5) and the relationship 
0 
\azK,z, G(u),uwT |=1 give at once 


| K.@, ee I ue te yD (7-8) 


‘The semi-classical kernel K,(x, y, T) can thus be identified with the unitary trans- 
formation function K(x, y, T). 
According to (5-1) we get the integral representation 


K(2, y, T) = (1/22) (w(x) w(y)}"| dk exp[— @T/h) (RR /2m) +ik(X— Y)], 
(7-9) 


which is nothing but the eigenfunction expansion of the transformation function 
and accordingly the normalized orthogonal eigenfunction  ¢, (x) corresponding to 
the energy eigenvalue E=7f’k’/2m is 


the) =[to (2) /22]}* exp|ik | dq w (a) (7-10) 
Since this satisfies the equation 
w(x). p-w (x) hy (x) =Nkp, (2) 7) 
with p=—ih(d/dzx), the Hamiltonian operator for this system is 
H(a, p) = (1/2m)[w (2)? p-w(z) eae (7-12) 
Appendix 


In this appendix we shall establish the identities 


exp[u(d/dx)* + 2uwax]=exp (uwx) exp [u(d/dx)*|exp(uwx)exp| (1/3) uw | 
Cig) 

_ and exp[uw (d/dx)?+ (u/w) x*]=exp [(1/2w) x*tan u] 

x exp| (w/2) sin 2u(d/dx)*]-exp [ (1/2) x*tan 2]. (A-2) 
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In order to prove (A-1) we first put its right-hand side in the form 
=exp| f(a) wx] exp[g(u) (d/dx)*| exp| f(u) wx] exp[wh (uw) | 


with the unknown functions f(2), g(w) and h(x) in the parameter x, for which 
we must put £(0)=9(0)=h(0)=0. Then the differentiation of both sides with 
respect to uw gives 


(d/dx)*+2w2z=f' (u)wxt+g! (u) ef (d/dx)*eSo 
ef XY Oe: Cee y= GG eer ay) 
=f! (u)wztg’ (u)[(d/dx) —f(u)w) 
Hf! (u)w(x+29(u)| (d/dx) —f(u)w]|+wrh' (u), 


which at once yields f’(«) =9’(u) =1. So we have J (®)=9@) =a and GH 
Then we get A(w) =(1/3)x* and accordingly (A-1) is proved. The (A-2) can 
be established in quite the same way, so the proof is omitted here. 
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An attempt is made to give a foundation to the charge independence based on the five 
dimentional theory proposed by Kaluza. It is shown that his fifth co-ordinate can be identified 
with the angular variable of the charge space describing the rotation around its third axis, 
and that a transformation with respect to this co-ordinate proposed by Klein as a generalization 
of the gauge transformation is isomorphic to the rotation in a three dimensional Lorentz 
space. It is shown that this space has a close relation to the charge space. 


§ 1. Introduction 


The hypothesis of charge independence has played an important role in the 
study of strong interactions, and it seems that we can hardly talk about the theory 
of elementary particles without this hypothesis. In the present form, however, 
this is of a very conventional one. The purpose of this paper is to try to give it 
a foundation based on the five dimensional theory proposed by Kaluza.” 

Let us start from the gauge transformation 


pe *eltod of, (1-1) 


and 
: Ayo Ay Oy f. (1-2) 
It has been shown that it is very useful? to interpret (1-1) as a rotation through 


_f around the third axis in the charge space, w;. To make the corresponding inter- 
pretation in (1-2) also, let us decompose A, into the transverse part (2, and the 


longitudinal part 9,4 :* 
Dig Cby0 eA. 


Under the gauge transformation, C, and A transform as follows 


* Strictly speaking, A, is given by 
Ay = Ch — OA + myny9/O2” (A-/A’), 
where n, is an arbitrary time like unit vector. We drop the last term since it vanishes by the 


Lorentz condition. 
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A, >A, (1-3) 


and 
HES Em (1-4) 


That is, (2, is invariant, and A is added simply by f. In (1-1), however, gauge 
transformation was identified with a rotation around @;. This means that if we 
wish to preserve the same interpretation in (1-2) also, we must identify A itself 
with the variable describing the rotation around w;. We shall call this variable Q. 
This suggests that if we can find a space in which the charge independence is 
contained as its integral part, at least some parts of the electromagnetic field must 
appear in connection with its geometrical structure. 

As an example of such spaces, let us consider the five dimensional space pro- 
posed by Kaluza and discussed by Klein® and by others. In Kaluza’s theory, a 
fifth co-ordinate x’ is introduced in addition to the usual space time co-ordinates 
x’, x’,---x* which satisfies the following requirements: 

i) all physical quantities should be periodic with respect to x°, 

ii) the momentum canonically conjugate to x° (quantum mechanically —10/Ax°) 

is proportional to the electric charge. 

With these variables, he introduced a five dimensional Riemanian space with 
the line element 


do=j7,,dx*dx* His=Tv) > (1 5) 


and started from the variation principle 
8 a 
\(z+ Eu 7 dx',...dz*=0, (1-6) 


where @=1/2« (x is the gravitational constant), 7;= |det 7,,| and L is the Lagrangian 
for the field: 


Et EN Eee Lay LA Geis 
with ; 
or, or. or 
Ths hyro( Swe Be ae) 
py = 97 De’ 4 aur Ree (1-8) 


M is the Lagrangian for the matter. Its explicit example -will be given in § 4, 
From this variation principle we get following equation | 


Pw= — 480, (1-9) 


where @,, is a five dimensional tensor composed of the energy momentum tensor 
and the current vector which can be regarded as a generalization of the energy 
momentum tensor. I',, is given by 

Lww=Pyy— 47 P, (1-10) 
with 


| 


( 
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Se = Ganka = 
(AGEN UO i eee L_seheart y . 
py nf eT aaa” og iF r ner ge joie (Gin ») 
and 
Pai Poe « (1-12) 
In general, 7,,’s are functions of x°------++: zx’. It can be shown, however, that 


it is always possible to choose a co-ordinate system in which 7,,’s with / or v equal 
to 0 are independnt of x°. Such co-ordinate system is called special co-ordinate 
system. Let us introduce A,, and Yn in the special co-ordinate system by* 
To, 
ie pri (1-13) 
Tmn=Jmn+ 2h Am An.- 


Then it can be shown that among field equations derived from the variation 
principle (1-6), those with » or » equal to 1-----: 4 correspond to Einstein’s equation 
for the gravitational field, and those with one of / or v equal to 0 to Maxwell’s 
equation in the gravitational field. (The one for #=y=0 is an equation determining 
a, It has not such counterpart.) The most general transformation which is allowed 
in the special coordinate system is 


av=f, ey Toa), 
fee p25 (1-14) 
gon ray ol @ ar cae ede 
24 = 29+ Bf (x, 2-2). (1-15) 


They correspond to the general co-ordinate transformation and the gauge trans- 


and 


formation. 

Now let us consider the relation of Kaluza’s theory to the charge space. First, 
let us note that, as it is clear from (1-4) and (1-15), 4 and 2° transform in exactly 
the same way under the gauge transformation. Therefore, we may suppose that 
there exists a simple relation between A and zx. A was, however, identified with 
g, an angular variable describing the rotation around «as. Therefore, it is natural 
to suppose that there would exist a simple relation between x" and g. Let us 
assume most simply that x° is nothing but ¢. Then we can see that this assump- 
tion fits very well with the requirements made for x° at the beginning. First, the 
requirement of periodicity is trivial if 2° is an angular variable. Second, if x° is 
reinterpreted as an angular variable, —j0/dx° must correspondingly be reinterpreted 
as a component of an angular momentum along w;, and the requirement that it 


* In the following we assume that greek indices run from 0 to 4, while latin ones from 1 to 4. 
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must be equal to the charge is nothing but the relation between the third component 
of the isotopic spin and the charge.* Thus, Kaluza’s theory can be reinterpreted 
very naturally in terms of the charge space. From (1-1), (1-4) and (1-15) it 
is readily seen that the precise relation between 2° and ¢ is given by 


g=x/ly, (1-16) 


where J, is given by 


DNB 
Ga) V 2«xhc= 10-"cm. (1-17) 
\ Fic 


Recently, Klein” reexamined Kaluza’s theory in connection with the parity 
problem. He showed that in the five dimensional theory, P (the usual space in- 
version) cannot be regarded as a meaningful operation, and instead we should use 
P-C (space inversion X charge conjugation). 

In view of these promising features, it seems of interest to examine Kaluza’s 
theory further more to see whether it is possible to get better understanding of the 
charge independence and of the parity non-conservation. At first sight this seems 
impossible, since Kaluza’s theory contains only one extra variable corresponding to 
g, while the charge space is at least three dimensional. It should be noted, how- 
ever, that Kaluza’s theory allows much more general transformations than the latter, 
which allows only linear transformations. Therefore, it is at least in principle 
possible that Kaluza’s theory can contain the charge independence. The main 
purpose of this paper is to discuss this point, and in fact it is shown that a 
transformation proposed by Klein® as a generalization of the gauge transformation 
is isomorphic to the rotational group in a three dimensional Lorentz space. ((§2).) 
In §3, an attempt is made to identify this Lorentz space with the charge space. In 


§ 4, a simple example of spin zero particles interacting with the electromagnetic 
field is treated. 


§2. Analysis of Klein’s transformation 


As discussed in §1, Kaluza’s theory contains only one extra variable describing 
the rotation around a. Therefore, at first sight it seems that even if it can be 
related to the charge space, we can expect to get only J, the third component of 
the isotopic spin I. What is important in the charge independence is, however, 
that the charge space is three dimensional, and I is conserved as a three dimensional 
vector. Therefore, it is important to clarify 


in what way such degrees of freedom 
are contained in Kaluza’s theory. 


* At first, we consider the sim 


plest case where the charge is given by I;._ For a more general 
case see §3. 
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For this purpose, let us consider a transformation proposed by Klein” as a 
generalization of the gauge transformation (1-15) : 


a= 4-ER9 Cx Eek), (2-1) 


~where € is an infinitesimal constant.* Since we can assume that g(2,x),°-£) Is 
Ln 7, eta ; 
‘periodic in x, (2-1) can be rewritten as 


gia +l, >it (ae el. (2-1)’ 


s=—o 


Let us investigate the transformation law of the wave function caused by 
(2-1)’. For simplicity we assume that the wave function ¢(2°,z',--z*) is a five 
dimensional scalar. (2°, x',---*) can be expanded as follows 


f(a’, x. 2) =Dipa(Z, ee t)U (A) /V 7, (2-2) 


where U(2x°) is the eigenfunction of the charge operator —i0/ d2°, and is given by 


BeOS: (2 . 3) 


U. (2) == 


VA 271, 


Under the transformation (2-1),’ OG is transformed into** 


* For simplicity we consider only infinitesimal transformations. 
*k In general co-ordinate systems the orthonormal set is defined by 


nO Vita dx, $19 AxXx*=Onm- 


Therefore, expansion of ¢(2°, zi,---24) in 2”, xI,---24 system takes the form 


y’ (Game Goh ee Be) ay Yn! (Ber ; ee) Up (x) / v t's G $ iW) 
that is, - 
aM, thea) VP =D br! (2p Un (Oe). (1) 


| Multiplying 4/7’ on both sides of (2-2), and using the invariance of p(x, x1,--24), we get 
b/ (a, zt,---24) > dn(ah,- O(a”) /V 7; (*-2) 
where ‘ 
O(a”) =U, (2°) v7. 
In our case 7’ is given by (1—2-€8-0g/0x°) r. Therefore, U,,(x%) is related to U,(2”) by 
Tn(2Y) =D Onn + 4€Qn/n) Un (2) 7. (*-3) 
Substituting (*-3) into (*-2), and comparing with (*-1)’, we get 


Pn’ 2; ey ~£4) 7 > (Onns +1€Qnn/) Yur Gel, i“ »Z4) : 
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Pn (a 4a ‘z) =>) CE, +2EQin) Prt fae, "7 ac") ? (2 
ni 
where Q,,, is given by 
Oe ber 3 (n a n') Sah : (2 
Further, if we assume that g(x°, x’,---2') is real, €,(2',---x*) satisfy 
Sp (Mies eC) C50, ar) (2 


Therefore, Q,,, is hermetic, and (2-4) is a unitary transformation. 


-4) 


-5) 


As seen from (2-4), this transformation connects various states with different 


charge. In this respect, it corresponds to the rotation in the charge space. 


To make clear the meaning of this transformation, let us consider the simplest 
case, where all €,(x’, ---, x*)’s expect for those with s=0 and +1 vanish. Writing 


Q corresponding to this case explicitly, we get 


— 4é, —3é_, 0) 
er ak ee sh | 
Q=-1 =o OU we (2-7) 
a Ca Boek 
0 36, Ae; 
Therefore, if we write 
cab, 
§,=a—ib, (2-8) 
(a, 6, real), 
(2-7) can be written as 
Q=—{,l,—2al,—2dI,, (2-9) 
where 
/ 
0 —3 0 
—3 0 —] 
L=4 peat ili, Aik (2-10) 
| O*« 3 
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(1) mn ui = Oneia = Onan) > 


_i . 
lass 1 0 1 Gai) 


and 


I= 0 (2-12) 


(Js) mn— MO mn 


Using these explicit forms, we can show easily that they satisfy following 


commutation relations 


(Lh, I,] = 11, 
[ 12, 1, \=ts (213) 
la td=il. 


This is noting but the commutation relation for generator of the infinitesimal 
rotation in the three dimensinal Lorentz space. Therefore, in this case, (2-4) is 
isomorphic to the rotation in the three dimensinal Lorentz space, and —2&a, —2€b 
and —&é) are nothing but the angles of rotation around the first, second and third 
axis. 

The unitary representation of the rotation group in a three dimensional Lorentz 
space has been investigated by Bargmann” in detail. Analogous to the rotation 


group in three dimensional Euclid space, 
Q=174+1)—I: (2-14) 


is commutative with I, J, and 4;, and the representation can be classified by the 
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eigenvalue of one of [;(2=1, 2, 3), for example, J;, and of Q. According to him, 
the following representations exist. (g and m are eigenvalues O and J, respectively) . 


Dees q is any positive number, 
m=0, +1, +2, ------ : 

2) aC eae Bea 
Matt, +B ...... j 


(2-15) 
3) Ds q=hk(1—R), ae it 3, Pe icinice ; 


m=k, k+1, k+2, .---- : 
4) De: g—h( Lk), k= 2, 1 ee : 
N= — ho — (ka 1) ta —( bocca : 


In our case, gq is easily calculated to be 4 Therefore, (2-10), (2-11) and 
(2-12) correspond to Ci). In fact, if we caleulate the explicit form of the matrix 
for this representation using Bargmann’s result, we get exactly (2-10)—(2-12) 
except for a simple unitary transformation. (See the appendix.) 

Next, let us consider the case in which all €.’s except for those with s—0 or 
+r vanish. Defining J, J, and I; in exactly the same way as before, we get 


) mn=4 (+N) (Om rn + Omen), 
(73) mn — =e (m +7) (— Oe +0,, te) > (2 7 16) 


Ce?) mn — 008 


(To distinguish from the former case, we wrote these as /,” G>1, 2 3) asin 
this notion, the former ones should be written as ie Calculating their commutation 
relation from their explicit form, we get further 


UO. Lot orlg?. 
Ee) Ltr Le (2-17) 
OOrs ye 

Therefore, if we define A by 


As <1, (2-18) 


they satisfy 


[ A®, A= a) A®, 
[A®, BP =i 8, (2-19) 
[ A®, A) =i B®. 
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‘This is again nothing but the commutation relation for the generator of the in- 
finitesimal rotation in the three dimensional Lorentz space, and if we calculate g, we 
get 1/4 independently of r. Therefore, all 4, with different r belong to the 
same representation, and they are connected by unitary transformations. 

The most general transformation can be written as 


1+2€O= (1—16)Is—2i€al,—2i€bI,) Il(—2iré and —2iréD J). 
ns (2-20) *** 


This is also a rotation since each factor is a rotation in the same space. The only 
difference from the usual case is that each factor differs by unitary transformations. 
Therefore, the inclusion of higher terms introduces nothing new, and essential features 
of Klein’s transformation is contained in the simplest case where all €,’s with s=2 
vanish. Thus, the content of Klein’s transformation has become clear. It is com- 
pletely isomorphic to the rotation in a three dimensional Lorentz space.*** 


§ 3. Relation of Kaluza’s theory to charge independence 


As shown in § 2, Klein’s transformation is equivalent to the rotation in a three 
dimensional Lorentz space. Therefore, as far as we are concerned with the special 
co-ordinate transformation and Klein’s transformation, Kaluza’s theory is equivalent 
to introducing the three dimensional Lorentz space other than the usual four di- 
mensional Minkowski space, and to assuming invariance under the rotation in this 
space. We shall call three axes of this space a, “2 and «3. (2° is the variable 
describing the rotation around ws.) Then the charge is given by the third com- 
ponent of an angular momentum in this space, and under Klein’s transformation, 
each eigenstate of the charge transforms according to an irreducible representation 
of the rotation group of this space. Therefore, putting aside for a while that 
this is not Euclidean, it would be very natural to identify this space with the charge 


space, and Klein’s transformation with the rotation in the charge space.**** 


* g(r) and br) are defined in exactly the same manner as in (2-9). 
*k There seems to exist an ambiguity in adopting ,(”) to construct covariants such as 
g* $0 when various i” (r=1, 2,--) appear. The five dimensional invariance requires, how- 
ever, that I should appear in the Lagrangian only in the form J? if there is no electromagnetic 
field. For J? expressions with different 7 are the same. Therefore, in practice, no difficulty appears. 
The ambiguity in placing ig€jI, in various factors of (2-20) is also irrelevant by the same reason. 
Thus the interpretation that Klein’s transformation is the rotation in a three dimensional Lorentz 
space is possible as long as we confine ourselves to quantities restricted by the five dimensional 
invariance and neglect electromagnetic field. 
x&k The reason why such situation occurs is because all quantities are assumed to be periodic 
with respect to 2°, that is, z° is identified with the angular variable. 
xeeK Ags seen from the derivation of (2-4), in the transformation law for ¢n, the variation of 
4/7 playas an important role. Therefore, in this scheme, the charge space appears aS a very 


conventional concept which emerges when interpreting Klein’s transformation in terms of uncurved 


co-ordinates. 
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In this scheme, seveal differences appear from the usual charge space concerning 
the transformation law of various quantities. First, we must transform the electro 
magnetic field also by the rotation in the charge space.* The reason is that 
the rotation in the charge space is a co-ordinate transformation in the original five 
dimensional space, and the electromagnetic field is not a scalar there. Second, 
special caution is needed to treat dd, (x*, ---2*)/Oxz™ and ng, In the special co- 
ordinate system, 7 is given by a if we neglect terms containing ~. Moreover, a 
is invariant under special co-ordinate transformations. Therefore, we can take a as 
constant in special co-ordinate systems. In this case, 7 does not contain x1, --- x4, 


and we get from (2-2) 


yy =p bale 2) oy cay, (3-1) 


On™ n On” 


In general co-ordinate systems, however, 7 contains 2°, x’, ---, 24. In these cases, 


we must define O¢,(2}, --- Da) FOB yy (S21), Therefore, in general, it is not 
identical with the derivative of ¢m. Similar caution is necessary in transforming 
Nn * 

To obtain the transformation law of the electromagnetic field, we assume that 
the Lagrangian is always bilinear in the matter field. Then )/ Y can always 
be absorbed in the matter field, and it is unnecessary to include its variation in 
the transformation law of the electromagnetic field. Thus we get as the transfor- 
mation law from the special co-ordinate system 

Aran (21, +28) = Ono FiENE,) Am (xt, 24) —@ RE Pin (3-2) 
eee 
where A,,, is defined by 


ce eee) = 35 Aim (21, -+-2c4) ein2Mto, (3-3) 
n 


The transformation laws for Og, (21, 2 oa and nv, are obtained by a slight 


extension of (2-4). Assuming that @ is constant in the special co-ordinate system, 
we get 


Ody (x1 ee) a 9é 
n > —=> Q ; . mass Seer 
Ox” eae (Pn +7E Qn) arm piheeys yee eine Paes 


and 


nen a > { Oats, *6 ze Bie) = 7 (n TE n’) Suohre 1 Py. (3 - 5) 


“ : 
If w appears, this must also be transformed. See the example in § 4. 


4 : 
The transformation law for ¢, takes a simple form only when the variation of 4/7 is 


included. Therefore the transformation law for 4/> Tl 1 
: a 0 0. (4 ; 
had better define Nr! (21,---24) by "Ta SES ie ea aS ale aie ea Be 
SY pam Oy’ Gxt. 9 ee) 
way F 0207 = Zi nbn! (x1,-- 24) -Un, (2), 
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Notice that the last term in the right-hand side of (3-4) is identical with 7€9Qnn»,/9x2™ 
only when ¢,’s with s40 vanish (the case corresponding to the gauge transforma- 
tion), and (3-5) is not equal to the rotation.* Therefore, when electromagnetic 
field exists, or when €,(x', ---x*) depend upon 2’, ---x‘ and derivative with 
respect to 2” appears, it is impossible to identify Klein’s transformation with the 
simple rotation in the charge space. In the following we shall confine ourselves to 
the case in which this identification is possible.** Namely, 

a) there is no electromagnetic field, 

b) @ does not contain x’, ---x* in the special co-ordinate system, 

c) all é’s except for €, do not depend upon x’, ---2x". 

Under these restrictions, we can treat the Minkowski space and the charge space 
as a direct product. We assume that the concept of the charge space is a restricted 
one valid under these conditions. When all quantities are transformed according to 
(2-4), (3-2), (3-4) and (3-5), all Lagrangians remain invariant. But in general 
they are not simple rotations. 

If no electromagnetic interaction exists, invariance under these rotations leads 
to the conservation of I, since in this case invariant quantity that can enter the S- 
matrix is only J?. Thus, in Kaluza’s theory, the charge independence appears as. 
a natural extension of the conservation law of the charge. 

Thus far, we have discussed the unitary representation of the Lorentz group, 
Ci. It has, however, a disadvantage that its charge multiplet necessarily becomes 
infinite. To get finite multiplet, we must introduce non-unitary representation.*** 
This representation has also been obtained by Bargmann. According to him, there 
exist irreducible representations denoted by D, with g=—74+1).j=0, 2 Le : 
To each D, belong (2j+1) eigenvectors Um with m=—j, —jt+l1, ---> sas et 
These multiplets are exactly the same with those of the usual rotation group in 
a three dimensional Euclid space. In this case, however, there arises another 
difficulty. Namely, the invariant in this case is not Slv,*vm but >)(—1)7 "Um Om 


* For example, in the simplest case in which all &,’s except for &) and 4; vanish, (3-5) 


becomes 


Ny’ =>) Onn 7 1EQnns) WM Uns —te (= 1) Gna + ié (n+1) E_yon41 
nl 


whereas the result of the rotation is 


Onn +1€Qnns) W Yn —18 (1 — 5) Edna +7e (n+ 3) E_1 Pri 
nl 


*& The case in which &,(21,---x4) depends upon zi,--z4 is related to the rotation considered 
by Yang and Mills.2 They pointed out that to assure the locality of the field concept, it is 
necessary to allow the rotation in the charge space which depends upon space-time co-ordinates. 
In that case it was necessary to introduce new field (which they named b-field). In our case, the 
invariance is guaranteed without introducing any new field. But in general it is not a simple 
rotation. 

*& It has been shown by Wigner® that there does not exist unitary representation with finite 


dimensions except for a trivial one-dimensional one. 
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Therefore, as pointed out by Higgs”, the Hamiltonian becomes non-positive definite. 
To evade this point, we must generalize Klein’s transformation and assume that 
actual particles correspond to the rotation where a and } become imaginary. 
Thus far, we have considered the simplest case in which the charge is given 
by J. Except for the case of pion, however, this is not the case, and in general 


it is given by 


e( anes = = for fermion, 
O= . © + 6) 
e(In+ =) for boson, 


where s is the strangeness quantum number, and 7 is the nucleonic number. In 
this case, our result suggests that O is also the third component of a vector as a 
whole, and this vector will be conserved if no electromagnetic interaction exists. 
This suggests that s/2, n/2 or (s/2+m/2) must also be the third component of 
some angular momenta, and these angular momenta will be conserved if I is con- 
served. Such pictures have been proposed by several authors. For example, Hara 
and Fujii” assumed that 


s/2=J;,, and n/2=K, (Ki =2y; 


and assumed that 


i) I+J+K is conserved in all processes, if electromagnetic interaction does 
not take part, 

li) In strong interactions, I, J and K are conserved separately. 

When applied to the decay processes, (i) leads to the JJ =% rule, while (ii) 
leads to several new predictions in antinucleon physics. Namely, in this scheme, 
nucleon and antinucleon correspond to +% and —4 of K, and K is conserved in 
strong interactions. This corresponds just to the charge independence of the two- 
nucleon system. In this case, proton and neutron correspond to +% and —i of 
I(|I|/=3), and I is conserved in strong interactions. Therefore, it is expected that 
just as neutron-proton force is related to proton-proton force by the charge in- 


dependence, some part of the antinucleon-nucleon force will be related to the nucleon- 


nucleon force by this assumption. Predictions from these assumptions can be 


compared with experiment. Therefore, it is possible to test the validity of our 
scheme experimentally, though not directly.* 


S 4. Simple example 


As the simplest example, we shall treat in this section spin zero particles 
i ee ee eres ls 


* We shall not try to derive J and K. 


It is outside the scope of the simple five-dimensional 
theory. 
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interacting with electromagnetic field. This is achieved by introducing for M* 
M=— 2h??? (0,¢* 20, b+ pe b* bh) * (4-1) ~ 


where ¢ is a five dimensional scalar quantity, and 7“” is the contravariant component 
of the metric tensor given by 


we — Ga 
i —fg""A.,, (4 2 2) 
i = = + Be Cue A te es 
The field equations can be deduced by the straight forward application of the variation 


principle. Since we are not interested in the gravitational effect, we shall take the 
limit 9-0, and put g”"=0,,.. Then, for the matter field we get 


: Od » 
At ie ste aa VP yp h, 4 f a 
oe saad 5) ce Ce) 


from which we get, using the fact that A,, and a@ do not depend on -° in the special 
co-ordinate system, as the equation of motion for the eigenstate with charge ne 


ine nM 1 /ne¥ 
Aka 1S tla Sin mret | 4-4 
Bern He )¢ eh = Lo ) Se 
0,” is given by 
; 0M OM 9 
fe Bee yo 0, ite IO, 4-5 
rH 30d) | 8Gs) fie 


We subsitute the explicit form for (4-5), and integrate over z° trom 0,to, 22), 
Then its (0, 7) component is given by 


_— 222 _—" 
ar=( Aan 7% Af =—>\- ine (Pn fe) ee — hy, *—9 ts 
v0 n | 


+ 2ine/Tic- Amn’ Pn) - (4-6) 


Also to the first order in /,** 


* More conveniently, this should be written as 
M= — 200243 (O,0* 1? OP + 0,077" OY) + pg* op}. 
*k Tf we neglect gravitational effects, and assume that @ is constant, 
L= —}8?(0Am/02n—OAn/O-Xm)?: 
This is just 2a« times the usual Lagrangian for the electromagnetic field. If we assume that 


U . — 
ie "LY pdx corresponds to the Lagrangian of the usual theory, an extra factor (27/7 ) appears. 
0 


celal ; 
Further, as shown in (4-11), \, ° My 7 dx is twice the usual Lagrangian for the matter field. 


Therefore, to make the correspondence with the usual theory clear, it is necessary to multiply a 
factor (2nla/7)7} at first before L. (4-7) is a result obtained by supplying this factor. 
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GFelaiisthe plage 2) OE __&A, ) (4-7) 
Therefore, we get from (1-9) 
0° A, a (4-8) 
a = 23 Im 
An Oke wile 4 c 
with 
Im= D1 — NENc* (PEO mln —Y romp) — 2 (ne) CU dn Am} - (4-9) 


n 


(4-4), (4-8) and (4-9) are nothing but the usual equations of motion for spin 
zero particles interacting with the electromagnetic field. (The second term in the 
left-hand side of (4-8) vanishes by the Lorentz condition.) The only difference is 
the second term in the right-hand side of (4-4). This term expresses that the rest 
mass depend on the charge. Usually such effect is not observed. Therefore, not 
to contradict with experience, a must be taken to be very large. If we assume 
that such mass difference is at most of the order of electron mass, it must be larger 
than about 10°. 

One point to be noted is that although (1-9) contains ? on the right-hand 
side, it cancels out when written in terms of A,,. Therefore although Einstein’s 
equation becomes trivial in the limit 80, Maxwell’s equation remains invariant. 
This means that there exists an essential difference between the gravitational field 
and the electromagnetic field when we consider their effects on the matter field. 

We shall give also the expression 


— (2x26 — i 
M=| MY ¢ dz’, (4-10) 
0 


which corresponds to the Lagrangian in the usual theory. Substituting (2-2) into 
(4-1), and neglecting gravitational effects, we get 


M=—28eS| = +ine An/tie jst ( 2 sine An/Re ) hn 
n : WiC = 


(e+ (8) se omy 
. 0 ? 


which is just the (twice) usual Lagrangian except for the last term. In this ex- 
pression, we see explicitly that this is invariant under the transformatio 


n given by 
(Zr4)* (3-2), (3-4) and (3-5) together with* 


On = (Bnp— 2in&E,) a, (4-12) 


* Combining (3-5) with (3-2), we get 


ni 


o ic OReR 
Wan. Oi 2 Sa {4,, (Onpay seal Oe) ae wes nan! | n! Pyrp. 
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where a,/ is given by 


Bie gee ly So (ee eee 
n 


§ 5. Concluding remarks 


Thus far, we have shown that Kaluza’s theory can be reinterpreted in terms 
-of the charge space. It may be said that by this way of approach, we could expect 
to get better understanding of the charge space or the charge independence. In 
this connection, however, we must emphasize that the concept of charge space 
is a very conventional one. Therefore, it would not be right to give it too realistic 
a meaning. 

Here it would be necessary to consider more seriously the necessity of introducing 
the fifth co-ordinate and the five-dimensional invariance. We usually say that the 
world is four-dimensional. This may be said as an expression of the standpoint 
that to describe the motion of a mass point it is sufficient to trace its spatial co- 
ordinates as a function of the time. If we assume, however, that the knowledge 
of the interaction is very essential, this standpoint is insufficient, and we have to 
require in addition that it is necessary to trace at the same time the way in which 
the interaction is taking part. If we assume most simply that this is determined 
by a single parameter, it means that this parameter must also be traced as a fun- 
ction of time, and the relativity of the physical laws must be satisfied including 
this parameter. We may say that the five-dimensional theory is an example that 
has realized this standpoint. 

In this paper we have limited ourselves to the special co-ordinate transformation 
and Klein’s transformation. In these cases, it was possible to treat the Minkowski 
space and the charge space as a direct product.* There exist, however, much more 
general transformations in the original Kaluza’s theory. One example is 


= 2 eye, (521) 


where €,,’s are constants. The transformation of 2° given by (5-1) is Klein’s 
transformation given by (2-1). But the transformations of x’, ---x* are different 
from the usual Lorentz transformation since they contain x’. Therefore, if we allow 
(5-1), it is impossible to treat these spaces as a direct product, and rather we must 
consider their amalgamation. Whether we can use the Minkowski space in 
this case in an approximate sense depends upon whether we can neglect x° in the 
transformation of z!, ---x*. From (1-16) we have g=2°/l,. From this, and since 
is defined to mod(27) only, we can restrict x° to be of the order of 4. This 
means that in a region smaller than about /, or in phenomena with energy higher 
than about fic/, it would be inadmissible to use the Minkowski space. On the 
other hand, in the limit «0, x°=0. Therefore (5-1) reduces to the usual co- 


* Strictly speaking, under the restriction mentioned in § 3. 


934 O. Hara 


ordinate transformation. In this case, we can use the Minkowski bape in an exact 
sence without restriction, and the concept of length loses its meaning in the charge 
space. This corresponds just to the usual picture.* . 
We shall finally review the representation of the group given by (5-1). It is 
known that the proper rotation in a five-dimensional Lorentz space (linear transforma- 
tion which leaves (a°)?+ (2')?+ (2*)?+ (2*)?— (2*)? invariant and with determinant 
+1) can be represented by a four row and four columed matrix of the form** 


it B } pL 
7 0 y o | 
* ailnst idbyone 9 catenail. (5-2) 
o —— oO == 
\ =f a —f OU 
where 
aod — $7 —40 + py =1, 
a ee 36 +74+0u=0, 
t / (5-3) 


4a.+ pj =real, 
7¥+0co=real. 


Therefore, usual four component Dirac spinors are, in terms of a five-dimensional 
theory, bases of the proper rotation, and the usual inversion (2”=— zl, 77 = 


ee a a a ee) Pi hidhoean he represented by 
eed) eee) \ 
D sQe50 wiaels| wae 
= | . 
ES) foul G38 | 
Wess RPA a 0) 


corresponds to the proper rotation in this space. Indeed, if we calculate the 


* There seems to exist an analogy between this situation and the passing from the Galilei 
transformation to the Lorentz transformation. In the latter case it was the light velocity c that 


connects spatial co-ordinate with the time co-ordinate. In our case it is the gravitational constant 
« that connects the Minkowski Space with the charge s 


pace. 
** If we assume that IM=2, dp, v and « must vanish. In this case (5-2) and (5-3) reduces to 

a p 0 0 

6 0 0 

Bet ‘ 
© 0 -F7 
0 0n = 8 teas 
and 
ad—Br=1, 


which are nothing but the representation of the Lorentz group. 
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transformation of x° caused by (5-4), we easily get 2”=—2.* This means that so 
_ long as we regard the five dimensional view-point as essential, and want to include 
the inversion, the Dirac spinor cannot be regarded as a suitable base. Therefore 
Klein’s result that o; cannot be regarded as a suitable operation is a very general 
feature of the five-dimensional theory. 

The scheme described here is insufficient in several points. For example, the 
relation of the rotation with imaginary a and 6 to the original five dimensional 
theory is not clear, or the derivation of J and K have not been given. On the 
other hand, it would be expected that the new situations in the inversion theorems 
and the amalgamation of the Minkowski space and the charge space suggested here 
will undoubtedly be related to the non-conservation of parity and the violation of 
charge independence in the weak interaction. In view of these promising results, 
it would be expected that the five-dimensional theory may be used as a starting 
point for a more profound theory of elementary particles. 

In conclusion, the author wishes to express his sincere gratitude to Prof. H. 
Yukawa for his interest taken in this work. 


Appendix 


According to Bargmann, let us introduce X defined by 


x" 10 
x =| (A-1) 
| ai+iz’ Fo ‘ 
and consider the transformation 
Y=WxXW-, (+ means hermite conjugate) (A-2) 
where W is given by 
pes B \ 
4 ‘ (A-3) 
ey Ba) 
with 
aa—PB=1. (A-4) 
From Y we can define y’, y' and y’ by 
iced Bote ar 
Yo ene 
Y= ( (A-5) 
y +iy? Be 5 
* The transformation x”=—.2° corresponds to y’=—g¢. This is not the inversion in the 


w-space. It seems difficult to relate the inversion in the charge space which was considered by 

d@’Espangnat and Prentki! to the five-dimensional model. Under g>—g’, ne>—ne, A,,>—Am 

and $n. Therefore all Lagrangians remain invariant since ve always appears as a product 
veo 2° 


with A,,. 
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Then we can easily see that the transformation x—> y is a Lorentz cornet 
With these a and f, the explicit matrix element belonging to C? is given by 


Pnn (gam " im" F(A 4+ m+o, }+m—a, 1+m—n, —f) 


(m—n)* 
Umn = Al (A 3 6) 
| Bran (q) &™*"8"-™F(2+n+to, $+n—c, 1+n—m, —fp) 
(mn), 
where @,,., iS given by 
i for. m=n, 


UmaG) == | Simoes (n+7)(m+j—-1)}'" for m>n, (A-7) 
* | (m—n)! j=1 


0a) for m<n. 


We shall show that infinitesimal operator given by (A-6) and (A-7) agree just 
(2-10)—(2-12) except for a simple unitary transformation. For infinitesimal trans- 
formations, we can put a=1+76, @=é +74, where €, ¢ and 7 are infinitesimal real 
numbers, and the transformation is given by 

=a 4 2og? 4 2E 49 

a" = 2°—2Ex1427x° (A -8) 

x" = 2° 4 2Ex'+2yx? ; 
where we have neglected terms of order &. At first we see that we can put the 
hypergeometric function as 1, since 88 is of order &. 

Let us calculate J, at first. For rotation in the (1, 2) plane, ¢=7=0. There- 

fore J; has only diagonal terms, and for diagonal terms we get 


(3) ne Sinn mM. 


2 


Py 


Therefore, 
C3) mn — TO rae (A . 9) 


Next sletsushkealeulate. kn Tos indice rotation in the (2, 3) plane, we must 
take €=¢=0. Therefore, only terms which satisfy m—n—=+1 survive. For these 
terms, we get from (A-6) and (A-7) 


(Wasim =S— Ooo ZF =n 4 1, 


21 7) 


Pye! de 
(1) nan = —Omaasn dy =4/2n—1). 


* q=t-07. 
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‘Therefore, 
(Ly) mn =|m +n| (Ona Own) (A-10) 


By exactly the same way, we get 
z 9 
(Zs) mm = —|m +n! (—¢, 1.2 +9%m+120)- (A-11) 


After a unitary transformation with U given by 
(1) 0, 2 for = 72 =_0, 


iN 


6... 0) fot ag 2a0: 


they go to 
(1,’) mn — £ (m =— n) ‘as +0 sa) > 


(1,') nn =— (m+n) (—On-1,.n tm +1,n) > 


Sg Vin 


which are nothing but (2-10)—(2-12). 


References 


1) Th. Kaluza, Sitzungsber. d. Preuss. Akad. d. Wiss. (1921), 966. 


2) O. Hara and Y. Fujii, Progr. Theor. Phys. 17 (1957), 313. 
O. Hara, Y. Ohnuki and Y. Fujii, Progr. Theor. Phys. 19 (1958), 129. 
3) O. Klein, Zs. f. Phys. 37 (1926), 895. 
4) O. Klein, Nuclear Physics 4 (1957), 667. 
5) O. Klein, Helv. Phys. Acta, Suppl. 4 (1956), 58. 
6) V. Bargmann, Annals of Mathematics 48 (1947), 568. 
7) C. N. Yang and R. L. Mills, Phys. Rev. 94 (1954), 631. 
8) E. P. Wigner, Annales of Mathematics 40 (1939), 149. 
9) P. G. Higgs, Nuclear Physics 4 (1957), 221. 
10) B. d’Espagnat and J. Prentki, Nuclear Physics 1 (1956), 33. 


Note added in proof From the explicit form of Gir, we get easily 


1 0 
1 
0-30 Isnt Iyor—*| 1 ; 


0 


independently of r. This is the reason why the most general transformation (2.20) reduces to the 


simple rotation in a three dimensional space. 
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The Influence of Interelectronic 
Collision on Conduction in 
Non-Polar Crystals 


Yoshiki Uchiyama 


Department of Physics, 
Faculty of Science, 


University of Tokyo, Tokyo 


February 5, 1959 


Up to this time, there have been many 
calculations carried out on the effect of 
electron-electron scattering in metals, 
which is very small as we know. 

But we do not know much about it 
in non-metalic crystal. Yamashita” 
calculated the distribution function of 
electrons in non-polar crystals without 
considering interelectronic collisions. But 
Herring and Debye-Conwell” pointed out 
thai in the strong electric field the 
interelectronic collision is dominant and 
in this case the distribution function of 
electrons is the 
function. 


Maxwell-Boltzmann 
Frohlich” considered that this 
function must be characterized by elec- 
tronic temperature. Recently Stratton” 
has proposed a method to calculate the 
effect of interelectronic collisions in con- 
nection with the dielectric breakdown in 
» onic crystals. He introduced two para- 
electron temperature 7 
and average momentum Py, into the 


meters i.e. 


electronic distribution function, and cal- 
culated j7F and neF, and eliminated 


these parameters. So we know the 


mobility as a function of electric field 
F and lattice temperature 7). 

The present author calculated mobility 
at #0 and obtained the result, 


4;,=lim-: p/m F= (e/m) - 
F>0 


ql A Ruy 
8VC(2m)(kT,)-1 [exp (2x0, Be we = 1} 


+[{exp(2u,/V = ta +1} 
-{4(2muy/kT>)*? +93 /64(2mee/kT >)” 
+ 27/16 (2mu?/kTy) +15/16} 


+ {exp(2ug/ 2 +V/2m/kT,) —1} 

-exp(uo / ART») {3/32 -Ko(mu?/4kT>) 

+ 3K (m2t9°/4kT 9) + EK o(mte?/4kTy)} 

X (wor 2m/kTy)* + (uo 2m/ kT)" 

{4K (mee /4RT) + 4K mue?/4kT )} J. 
In the limit of mz’/kT—0 


-; =v Mone ee ) TPM uy 
m EUSP. 


and in the same limit the usual theory 
gives 


Br? Miitu,? 
16Y 2 VC%m?(kT,) 3? 


Li/ Pe-ay.=0.711. 


ciewA: peat 
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In the limit of 22°/kT >> 


=A mMn' (kT,)* 
ee (ERTL? 


In Ge, (RT)"?/m'"up=6.21, so we can 


use high temperature approximation at 


room temperature, but in Si, (&7)'”/ 
pm 4,=2.41 and involving all terms 
bi / Ue-a.p.—9.1. 
Thus we know that electron-acoustic 
phonon scattering is negligible in Si if 
the interelectronic collision is dominant. 
We assumed that the interelectronic 
collision is always dominant, and mobility 
is independent of electronic number. 

But since mobility is, in fact, dependent 
on electronic number, we must calculate 
at what concentration of electrons inter- 
electronic collisions become predominant. 
This is obtained by equations of energy 
and momentum balance. 

According to Stratton’s” preliminary 
consideration, the interelectronic collision 
is dominant if electronic number 7 is 


greater than 
Ng RT o/muo 
where 


1 E2232! 


T Ga kT {E) 


Na 


and «=dielectric constant. 


n=10"/cm* at room temperature, and 
this is always satisfied. 

Harrison” proposed that in order to 
explain the temperature variation of 
electron and hole mobility in Ge and 
Si, we must assume that electrons couple 
with acoustic phonons at the ratio of 
4:1 compared to optical phonons, and 
holes couple with acoustic phonons at 
the ratio of 1:4 in Ge, and electrons 
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seldom couple with acoustic phonons. 
This can be understood on the basis of 
our theory. 
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T-Nt Diagram for Fusion Researches 


Mitsuo Imoto*, Gord Tominaga** 
and Saburo Fujii*** 


*Department of Physics, 
Kyoto University, now 
at the place marked by*** 
** Institute of Industrial Science, 

Tokyo University 

*&* Department of Physics, 

College of Science and Engineering, 

Nihon University 


February 16, 1959 


As explained in our previous letter,” 
the basic equations common to any” 
thermonuclear reactor system, energy 
balancing ‘“‘ in the narrow and the wide 
sense”, are commanded only by the 
temperature T and 7 the reduced time 
z= N¢besides other parameters of technical 
nature, where N is the number density 
of ions and ¢ is the time. By the narrow 
sense we mean the balancing of the 
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produced power with the loss at each 
instance, while by the wide sense we 
mean that of the integrated produced 
energy with integrated loss for the whole 
duration of operation. Therefore on the 
T-c space the energy balancing conditions 
can be plotted to form the regions. As 
a standard case, we assume that energy 
is injected only at the initial stage, -~0, 
and Tis kept constant for 7>0. 

If we plot on the T-c space z,,;, and 
Tmax, at each TJ, the critical values at 
which the energy balancing in the narrow 
sense is violated, they make a contour 
(the broken curve in Fig. 1), which 
borders the “ energy balancing region 
* denoted by the 
The temperature on the 


in the narrow sense’ 
region II. 
contour at a given t has two values, 


Depend deme Sel he valaesot leaeoat 


t=0 corresponds to Post’s criteria.” 


106 


1010 1012 


Fig. 1. T-Ne diagram for mixed f i i 
‘ig. J : uel of deuterium with 50% trit 
clencies of energy carried by all particles and radiation ae 


to be~1/3, and the efficiency for 


For T’> T\nax, the radiation loss, espe- 
cially due to an additional contribution 
from the electron-electron bremsstrah- 
lung, overcomes the energy generation 
rate. Similarly, if we plot 7,,;,, and Tmax 
at each temperature, the critical values 
of z at which the balancing in the wide 
sense is violated, they make a contour 
bordering the energy balancing region 
in the wide sense on the T-r space 
(the solid line in Fig. 1) and we can 
define T,,,,, and T,,,, ata given t. The 
region III in Fig. 1, which satisfies the 
energy balancing in both senses, is the 
very region at which fusion reactions 
could be energetically economical. For 
pure deuterium fuel, the energy balanc- 
ing region is so narrow* that the fuel 


* This is strongly dependent on the electron- 
electron bremsstrahlung, which is being studied 
in more detail than Thompson’s®) and will be 
published in the near future. 


104 z(sececm-3) = 1016 


Here the effi- 
S except neutrons are assumed 


the energy injected initially into plasma is also 1/3. 
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may be of no practical use, unless one 
would consider some cycling processes 
and the production of T* by the neutrons 
produced through DD reactions. 

The J-c space with various technical 
criteria as well as the energy balancing 
regions may be a strategic chart for 
fusion researches, which we name the 
T-Nt diagram. For example, neutrons 
more than 10° yielded by the thermal 
reactions from a plasma of 10°cm?* should 
be observable for the duration of time 
and the temperature corresponding to 
any point in the J’ on Fig. 1. All fusion 
researches so far reported have been on 
the way from I to I’. The values of 
T and < imply respective conditions for 
the heating and stability of the confined 
plasma. The projects of simple pinch 
experiments try to climb the diagonal 
path to reach the region II, since in 
the pinch processes both heating and 
confinement of the plasma are included 
together. The simple pinch process, 
however, may not have the possibility 
of the stable confinement. Thus in the 
recent researches, heating and confine- 
ment technique are strengthened, often 
separated artificially from each other. 
The variety of the direction of fusion 
researches may be effectively discussed 
on the IT —Nz diagram. In the case of 
low tritium ratio, ie.<1%, the region 
Ill, if reaction products are removed 
out of the furnace, lies more rightward 
and is more difficult to reach than the 
one if reaction products are left unre- 
moved, while, for mixed fuel with 
tritium more than 210%, the region 
III lies more leftward and is narrower 
in the former case than in the latter 
case as corresponding to the results in 


our previous letter.” 

In cases of thermonuclear bombs and 
energy generating stars, the region HI 
is much wider than that for reactors, 
because high densities of bombs and 
stars result in their high efficiencies and 
the large interval of = corresponding to 
small ¢. 

Details of this work will be published 
in the Journal of Nuclear Energy by 
one of us (M.1). 


1) S. Fujii, M. Imoto and G. Tominaga, Prog. 
Theor. Phys. 21 (195), No. 758 

2) RF. Post, Rev. Mod. Phys. 28 (1956), 238. 

3) W. B. Thompson, A.E.R.E. Report T/M 73 
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Note on the “ Toron” Formalism 


Developed by Montroll and Ward 
Ryuzo Abe 


Tokyo Institute of Technology, 
Tokyo 


March 26, 1959 


Montroll and Ward” have shown that 
the correlation energy of electron gas 
at high density limits obtained by Gell- 
Mann and Brueckner” is derived from 
another point of view, that is, by the 
method of toron. In this note we shall 
show that the toron formalism can be 
greatly simplified if we use the linked 
grand 


cluster expansion**” of the 
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partition function in terms of the 
Feynman graphs. 

It is shown that the quantum statistical 
equation of state based on the pertur- 
bation method is given for the interact- 


ing Fermi particles by 


PeViol log. 7, (aa) 


linked 


ESC Seer (1) 
i Uy 


ZAG, 1 ad) gr) St 


| dev-der, ee oe ee 
0 Ny) i 
(2) 


m2 sel 


where Z,(a@, 2) is the grand partition 
function of free particles, /’, indicates 
the class of Feynman graphs of order 
n,” v(I",) the number of closed polygons, 
9(I’,,) the symmetrization factor® defined 
to be the number of ways in which the 
topological property of the Feynman 
graph is unchanged by 2”7! permuta- 
tions 9(12---7) => G7, (a, 2) = 
(zi, xi), S(o,0;) a propagator, 
v(x;—x;) the interaction potential be- 
tween particles and dx, a space-tempera- 
ture integration. The summation s,, 5’ 
implies that over the spin states. 

If we perform a partial summation 
over the graphs of ring type shown in 
Fig. 1, it is shown that 


PV/«xT =log Z,(a, 8) 


- a> w(q)4i(q) —log [1 +(q)2,(q)]} 
(3) 


where »(q) is the Fourier component 
of potential function and 4; is given by 


i, 
5 (q) 72 


Jif(k+q)—f(b)} {6(k)—&k+q)} 


[€(k) —E(k +q) P+ 25/8)? 
(4) 
In eq. (4) &(k) 2 
is given by h*k?/ () ( Q 
2m, and f(k) is a v 
the distribution if 


function defined bs 

by ) ial 
ee mt Bs) 

100) = Sacra 


Figs iW 


If we expand the right-hand side of 
eq. (4) in powers of fugacity, it is 
verified that the result is identical with 
that given by Montroll and Ward.» 

The summation procedure is not only 
restricted to the graphs of ring type 
but can be extended to the more com- 
plicated graphs. As a matter of fact, 
there is a close relation between the 
Feynman graphs and the bond diagrams 
in classical theory, and it is possible to 
develop the expansion scheme corres- 
ponding to Mayor’s one in terms of 
pratotype graphs.” The detail of this 
article will be published elsewhere. 


1) E. W. Montroll and J.C. Ward, Phys. Fluids 
1 (1958), 757. 

2) M. Gell-Mann and K.A. Brueckner, Phys. 
Rey. 106 (1957), 364. 

3) J. Goldstone, Proc. Roy. Soc. A 239 (1957), 
Rove 

4) J. Hubbard, Proc. Roc. Soc. A240 (1957), 
539. 

5) C. Bloch and C. D. Dominicis, Nuclear Phys. 
7 (1858), 459. 

6) J.E. Mayer, Jour. Chem. Phys. 18 (1950), 
1426. 


Letters to the Editor 943 


Indirect Nuclear Spin-Spin Couplings 
_in Saturated Hydrocarbon Molecules 


Eiko Hiroike* 


Department of Physics, Tokyo 
Institute of Technology, 
Oh-okayama, Meguro, Tokyo 


April 9, 1959 


Previously we calculated a coupling 
constant Jy, of electron-coupled inter- 
action between two protons H, and H, 
in a saturated hydrocarbon molecule, by 
taking account of two important electro- 
nic structures, and obtained the results 
in fairly good agreement with experi- 
ment.” In the following we shall again 
calculate Jinx, by the use of a more 
accurate wave function including all 
possible structures. Recently Karplus 
and Anderson” have made a_ similar 
calculation with the assumption of 
orthogonality of atomic orbitals, while 
our calculation will be made without 
this assumption. 

Using the valence bond method, we 
express the ground state wave function 
w as a linear combination of independent 


canonical structures ¥;: 
LING Pe apes 
P=CoPo+ 23 C.F, > (1) 


where ¥ is the ground canonical struc- 
ture, namely all of the bonds in Y% are 
actual chemical bonds. Substituting (1) 
in the expression for Jimm given by 
Ramsey” and McConnell,” we obtain 


Jun = — 2/3h- (88h/3) 7p (AE) ks 
Bt COTO PRY (ris) O(Ppta)Si° S| Pr), 
se e (2) 


_ * nee Aihara 


where JE is the average value of energy 
differences between the ground state 
(singlet) and the excited states (triplet), 
and the other letters have usual mean- 
ings. 

We divide the structures into two 
groups: group A contains the structures 
involving H,—H, bond, while group B 
the structures not involving H,—H, 
bond. We denote the structures in A 
and B by ¥,, and %;, and their coefficients 
in & by C, and C, respectively. Then 
we can show 


Ade Piped (ris) 0 (TF j112) S;- S,| P) 
7 (P| >30 (ri,) 0 (rj) S;- S,| Po) > (3) 
a,j 


where TJ' is the order of overlap integrals 
between atomic orbitals which are not 
chemically bonded to each other and 
ig ee 

The dominant terms in (2) are 

Je —4/3h: (88h/3)*7 (4E) ee 

a CaCo( Ya Sram) re): S,| Py). 

: (4) 

The neglected terms in (2) are Dose 
7=0, 2) §=b (40), 47=0 and 3) §, 
73:0. The error of the neglect of 1), 
by taking account of (3), is about 47°C) 
/max|C,|, which is less than 10% 
when max|C,|21/20. A detailed con- 
sideration shows that this error does not 
exceed the limit even if max|C.|—1/40. 
The error of the neglect of 2) is about 
T?(number of 5) / (number of a), which 
increases with the number of bonds in 
the molecule. We can show that this 
error is less than 10% (20%) when 
the number of bonds is less than seven 
(ten). It can be shown that the neglect 
of 3), though its error is not necessarily 
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small, causes no effect on the below- experimental value, 12.4+0.6 cps” 
mentioned conclusions. measured in CH;D. 
Carrying out the calculation of (4), Details of this calculation will be 


we obtain the following results. (It is published in the Journal of Physical 
to be noted that the overlap integrals Society of Japan. 


between chemically bonded atomic orbitals The author wishes to express her 
appearing in (4) are not neglected.) appreciation to Professor K. Niira for 
1) When the electronegativities of his valuable discussions. 


atoms chemically bonded to H, and H, 
are large, Ji, is small, while J,,;, is 


almost independent of the electro- 1). EAlkiarapgvetthents Pkyeaot Wisse elie 


negativities of the other atoms. 2) M. Karplus and D.H. Anderson, J. Chem. 
2) When the distance between H, and Phys. 30 (1959), 6. 


IGE is large, ie is very stnall. Both 4), N.F. Ramsey, Phys. Rev. 91 (1953), 303. 


results agree with the experimental fact.” 4) HM MoConnell, J. Chem: Phys. '24°(1956), 


a = 460. 
Application of (4) to methane molecule 5) J.T. Arnold, Phys. Rev. 102 (1956), 136: 
(when we assume 4E~10 eV and use W. A. Anderson, ibid. 102 (1956), 151. 


the exchange integrals between atomic 6) J. H. Van Vleck, J. Chem. Phys. 1 (1933), 


orbitals given by Van Vleck®) leads to a ee 
7) M. Karplus, D. H. Anderson, T..C. Farrar 


numerical value, 11.9 cps for J HH and H.S. Gutowsky, J. Chem. Phys, 27 
This is in good agreement with the (1957), 597. 
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Errata 945 


Errata 


A Note on the Fundamental Symmetry of Elementary Particles 
Takao OKABAYASHI 
Prog. Theor. Phys. 21 (1959), 653 


“ YV—A” should be read as “ V-A” in all places except for the 19th line from the top on 
the page 654. 


Errata 
The Imaginary Part of the Optical Potential 
Atsushi SUGIE 
Prog. Theor. Phys. 21 (1959), 681 


1. p. 683, Fig. 2:. The curve labelled b is incorrect. It should be a monotonic upward 
convex curve passing the point E;/Ew=1.5, ¢/s=0.6.. Two end points are correct. This 
correction does not alter the conclusion in the text. 

2. p. 683, Caption of Fig. 2: o in the first line should be c. 

3. p. 684, Eq. (4): fn4(ro) should be f;,5 (79). 

4. p. 685, lines 4-6 from below: The condition given there to cause the mentioned cancel- 
lation is necessary but not sufficient. 

5. p. 686, Eq. (13): There should be Po; between (—) 0 and ¢. 

6. p. 687, line 6 from below: “single particle model” should read ‘independent particle 
model ”. 

7. p. 688, Eq. (16a): (¢n°?en%?/>I should be CEnOP or lyr: 

8. p. 693, the first line of the expression above Eq. (27) : Kos (1, 7’) 98” (r’)tdr’ should be 
Kos(r, 1’) }y2? (r’) dr’. 

9. p. 694, line 2 “the single particle strength function ” should be “the pole strength func- 
tion”’. 

10. p. 689, the last paragraph of the text: There was a misunderstanding about Frantz et al.’s 
work. Their expression for the optical potential corresponds to Eq. (26) in our case. 
Although Eq. (26) is very complicated and it is rather difficult to grasp, it ensures the 
orthogonality of the scattering state to the occupied bound states owing to the exchange 
integral K. So, Eq. (26) corresponds to Frantz et al.’s potential. 


PWP 


where P is the projection operator to the unoccupied states. In the second order approxi- 
mation the imaginary part of their potential becomes 


PwP/wP 


where P’ is the projection operator to the unoccupied states below the incident energy 
and w is the interaction matrix element. I, and only if, w and P’ are commutable, the 


above expression becomes 
P/w?=P/W 
as given in our text. Generally, however, w and P’ are not commutable. 


I am grateful to Dr. L. M. Frantz for sending me the preprint ot the full paper by him and 
Dr. L. Mills. 
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